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Non-compact sigma models and applications

» For “standard” stat. mech. models (Potts, O(n) ...):
scaling limit = Coulomb-Gas = compact boson
= conformal spectrum is discrete [he n=1(m\/z+e/\2)]

» Relax compactification constraint
= conformal spectrum includes continua
e.g. vertex operators of free boson CFT (V, = :¢e'*?:)

» Stat. mech. models with non-compact d.o.f.

AF Potts model, loop models with intersections ...
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» Chalker-Coddington model

g
RS

(one term in path integral for |G|?)
» Efetov’s SUSY trick

G(n,n)? = /[Dbi][Dfi](mb’ () (b b Y(r)e Albefib 1]

» Average over disorder: b7 0" T =2ms(me g mon)



Plateau transition in IQHE (2/2)

[Zirnbauer '99]

» Re-arrange creation/annihilation ops:
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Plateau transition in IQHE (2/2)

[Zirnbauer '99]

> Re-arrange creation/annihilation ops:

Go=bl, a=f, =-b, @w="f
w=by, a=f, o=+b, c=f
= Construct representation of g/(2|2):

Sap =CCs = [Sap:Sy| = 5675016_(_1)(a+ﬂ)(7+€)56a575

L
» Equivalent spin chain:  H = Z Sop()Sapsl +1)
j=1

» Scaling limit = o-model on non-compact %

consistent CFT for fixed point = 7
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Solvable lattice models with non-compact limit

» Known examples:
» finite-dimensional sl(2|1) spin chains
[Essler-Frahm-Saleur '05] [Frahm-Martins '10 '12]

» staggered vertex model
[Jacobsen-Saleur '06] [YI-Jacobsen-Saleur '08 '12]

» General argument

» Bethe-Ansatz equations: Lp(Aj) = 27l; = > 0(A; — Ar)
¢
» From “naive” analysis of continuum limit ...

p'(N) =2mp(N) — / du KA = pwp(p),  K:=0

FT of kernel (27 — R) is singular = continuous CFT spectrum
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General program

» Construct/classify integrable vertex models with singular
Bethe-Ansatz kernel

» Study finite-size effects (with Wiener-Hopf or NLIE)

» compute conformal spectrum + density of states
» identify CFT / non-compact o-model

» Use DDV approach on NLIE

» Construct+solve integrable perturbations
» Describe integrable scattering th. on non-compact target space

» Apply to physical problems: disordered phase transitions,
AdS/CFT ...



2. The critical spin chain and
its continuum limit
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Staggered six-vertex model

» R-matrix:
a(u) 0 O 0 a(u)=sin(y—u)
0 b(u) e ¢ 0
R(u) = . =si
(u) 0 etiie b(u) 0 s b(u)=sin u
0 0 0 a(u) c=sin7y
» Rapidity lines: u AD—ZL— = R(u—v)
v
» Staggered spectral parameters
u—
uts —
u—p
uts

o —>
ol —>

—>
N —>
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Integrable structure

» Family of commuting transfer matrices
t(U) = Tro [R072L(u — 7T/2)R072L_1(u) ... R02(U — 7T/2)R01(U)]
» Conserved quantities

(")_(

= (L) [logt(u)t (u+%)]],_
QUh = (&) [log t(u)t (u+5)] ],

» Important examples
> Hamiltonian H = < [log t(u)t (u+ )]

u=0
2L
H= _l . + -n2 z_z
= 20-1 12 SI ’70']'0']'_,'_1
Jj=1

+isiny (071 — 07 5) (0701 + ijaj'/ﬂ)}

» Momentum e~ o t(0)t(r/2)
> “Quasi-momentum” S := log [t71(0)t (3)]



Bethe-Ansatz solution (1/2)

1 H L H Qj—0Oyp .
; h( 2z
» BA equations: |:S|nh(aJ+W):| - _ | | sin ( 7+ IPY)
l

sinh(aj — ) sinh(252% — i)



Bethe-Ansatz solution (1/2)

sinh(ayj + iy)] L 1 sinh(%52% 4 iv)

sinh(aj — i) sinh( 2524 — jv)

» BA equations: [
2

L

2sin? 2y
» E : E =
nerey Z cosh 2arj — cos 2y

J



Bethe-Ansatz solution (1/2)

. . L . Qj—oy .

sinh(a; sinh(~ +
» BA equations: [W] = - H (Q.Ea ")

sinh(aj —i7) i+ sinh (2520 — i)

2sin? 2y
> Energy: E=
&y ZJ: cosh 2arj — cos 2y
» Low-energy states:
fm o /%:AUJF%”
——————— *0-06-0--06-90--06-0--06-060 - — — ——
—A N log L
| I Re a

T T

————— 0 o -0-90-0-0-0-0-0--—————-

— i
Q2j = Agj = g
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Bethe-Ansatz solution (2/2)

» BA equations and conserved quantities:

Lp(Aaj) = 2mloj — Y 0[Asj — Ape + im(a — b)]

bl
E= Zﬁ()\aj)a P = ZP()\aj)v S= Z(—l)a s(Aaj)
a,j a,j aJ

» Continuum approximation:

> pa(A) := density of roots of type a
» BAE P(N) = 2m0u(0) ~ 3 [ it K~ 1)ps()
b

» Kernel matrix: Kab(A) :==0'[A + im(a — b)]



Conformal spectrum

finite-size lattice BA solution

l

finite-size effects on energies

Wiener-Hopf method [Yang-Yang '66]

Conformal dimensions:  {xz s

“Coupling constants” :  gap(w) = 27, — Kab(“Q



Effect of singularity
» Eigenvalues of matrix g(w):
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Effect of singularity

» Eigenvalues of matrix g(w):

~ __ 2sinhyw cosh(7/2—~)w -~ __ 2sinhywsinh(7/2—7)w
gev(w) - sinh mw /2 ) gOdd(w) - cosh w/2
= 8(0)=T =g | Zuaa(0) =0

» Conformal dimensions for finite €, m:

5 5 € =6=¢€
Xe7m7,7,:7—|-fg—|—0><I’n7 m=my + mo

ﬁ’lzml—mg

» Correct scaling limit:

» L —>o00, (e,m)finite, m— oo, s finite
2 2 o2
> Careful WH or NLIE = Xems = oo 4 o 4 —
’ b 2 2g 7(_ _ 2/\/

» m= %(log L+ B), me2Z+m
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Identification of the CFT
» Conformal dimensions (v = m/k, k €]2,400]):
m?  ke? 52

Xems = =7 T —= +

2k 2 k—2

Same spectrum as WZW model on SL(2,R)/U(1)!

> k=level, (e, m)=exc. in compact direction, s=string momentum

> Density of states:  p(s) = 2[log L + 95(sB)]
» Numerical solution of NLIE — Bgy(s)

» Analytic calculation in SL(2,R)/U(1):
2
p(s) = ;[— log € + 9s(sB)]
1 1-m+ek . l1-m—ek .
B(s) = 2—Slm log [F <2 - /s) r <2 - /sﬂ

[Maldacena-Ooguri '01]
[Hanany-Prezas-Troost '02]
[Israel-Pakman-Troost '04]



Density of states

N NLIE +
TR SL(2,R)/U(1) ———

1.6 | 1

= a4l " ;
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3. Non-linear integral
equations
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Counting functions

» BA equations: Lp(Xsj) = 27y — Z Oab(Aaj — Abe)
bt

» Bethe integers: Iy € ’”“TH + 7Z (na = # roots,)

» Counting functions: Zy(A) = Lp(A) + Z Oab(A — Apr)
b

» BA equations < Za(Ngj)/(2m) = Iy

v

Additional (half-)integer values at holes:

Za(”aj)/(277) = Iahju Naj € R
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Finite-size NLIE

» Inverse kernels

= [ Dy e
1w 27 — K, ( ) A—+oo

dw i odd( ) 2
A — lwi Ho ~

> Hoaa(M) ][/w 21 — Koaa(w) dd()\)’\_)ioo$a)\

> Hap(A) = Hev(A) + (=1)*""Hoaa(A)



Finite-size NLIE

» Inverse kernels

[ Kev
s L) = [ e HetE)
Iw 21 — Kev(w) A—oo
dw i Kodd(w)
o = f’w/\i HO ~
i) = f TR i),

> ab()\) = Hev()\) + (*1)ainodd(>\)

» Non-linear functions: U,(\) := log [1 + (—l)naeiZa()‘)]
defined for 0 < ImA < 0

—qlA|



Finite-size NLIE

» Inverse kernels

> Hev()\):/‘f’lefkwM Hoy(\) ~ e P
Iw 21 — Kev(w) A—oo

dw i Rodd(w) 2
fe) - - ! wi/\ H0 ~

" Foaald) 7[ 0 2 Rogalw) T

> ab()\) = Hev()\) + (*1)ainodd(>\)

» Non-linear functions: U,(A) := log [1 + (—l)naeiZa()‘)]
defined for 0 < ImA < 0

» Exact NLIEs:

Zy(\) = Lo(A) + C =Y Hap(A = 0e)
bl
1

i [/r> dp Hap(X — 1) Up () — /r< dpe Hap(A — 1) Up(12)
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Scaling limit

> Scaling regime: A ~ £A + Afj

» Modified kernel Hoqa(A) := Hoqa(\) — aA?

> F’odd()\) ~ efq|/\| odd()\) —2a/\2
A——00 +oo

> Integrate by parts = extract divergent part of Hop(\ — 1)

v

Obtain scaling NLIEs:

ZF(\) = —2e* 4+ C+(-1)%(s) + B) Z Hap(X — 1)

X[ B - s - [ au x0T

r<



Scaling limit

> Scaling regime: A\, ~ A+ Afj

> Modified kernel Hoqq(A) := Hoad(A) — aA2

> F’odd()\) ~ efq|/\| odd()\) —2a/\2
A——00 +oo

> Integrate by parts = extract divergent part of Hap(A — 1)

v

Obtain scaling NLIEs:

ZF(\) = —2e™ + C+ (~1)’(s)\ + B) Z Hap(X — 1)

—Z[/ Hiah = 1) U5 () [ Fl(\ = 10T ()

r<

v

Density of states B = integration constant in NLIE!
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Conclusion

Analytical sol. of lattice model = continuous CFT spectrum
Identify scaling limit = SL(2,R)/U(1)

Setup NLIE in the presence of singular kernel

vV v v Y

Numerics on NLIE = density of states

v

Massive perturbations of non-compact models?
[Lukyanov, Zamolodchikov, Onofri, Fateev . ..]

v

More lattice models with singular kernels?



Thank you for your attention!
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