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Hook Product Formulae

e Frame—Robinson—Thrall

e Stanley (univariate z)

S | _ 1

T : reverse plane partition H’UED()\)<1 - Zhw]))
of shape A
e Gansner (multivariate z = (- ,2_1, 20,21, ") )
S —
v reverse plane pariition 110D = ZHDR)(V))

of shape A



Goal : (q,t)-deformations of multivariate hook product formulae

1 X (t7; q) oo
1l -2 / (73 q) oo
where (a;q)oo = Hi20<1 — aqi).
Our formulae look like

Z WP — H (tZ[HP(Uﬂ‘; Q>oo.

oc A(P veP

This talk is based on arXiv:0909.0086.



Plan

1. Symmetric function approach to Gansner’s formula
(an approach by Okounkov—Reshetikhin)

2. (q, t)-deformation of Gansner’s formula
(for ordinary or shifted reverse plane partitions)

3. (q, t)-deformation of Peterson—Proctor’s formula

(for P-partitions on d-complete poset P)



Symmetric Function Approach to Gansner’s Formula



Diagrams and Shifted Diagrams
For a partition )\, we denote its diagram by D(\):

D) ={(i,j) e P> 1 <j <\
For a strict partition p, we denote its shifted diagram by S(u):
S(p)={(i,j) €P? i< j<p+i—1}.

Example :

D((4,3,1)) S5((4,3,1))




Reverse Plane Partitions

A (weak) reverse plane partition of shape A is an array of non-negative
Integers
7'('171 7"'1’2 oooooo ﬂ-lel

o1 T T
= T2 T2 2

Trl T2 ©° T,
(i.e., a map D()\) — N) satisfying
Tij S Tigjtls Tij S Titl,)
Let A(D(\)) be the set of reverse plane partitions of shape \ :
A(D(N)) = {7 : reverse plane partition of shape \}.



A shifted (weak) reverse plane partition of shifted shape i is an array
of non-negative integers

011012 013 e 01,
022 023 09 1i9+1

Orgr = Or up+r—1
(i.e., a map S(u) — N) satisfying
Tij S Oijtl Oij S Oiglj
Let A(S(11)) be the set of shifted reverse plane partitions of shape  :
A(S(p1)) = {o : shifted reverse plane partition of shape u}.



Trace Generating Function

Given an ordinary or shifted reverse plane partition 7

define its k-th trace ¢;.(7) by

Le(T) =) T ik
i

— (W@)j), We

We write b ()
T _ ) i,
=1 = sz—z‘v
k 1,9
and consider trace generating functions with respect to this weight.
0133
Example : Form =113 , we have
24
2T =y 2, I 0HL 143,33



Hook and Shifted Hook
For a partition A, the hook at (i, ) in D()\) is defined by

Hp(io) = {(6.9)} U {(.0) € D) : 1> 5)
U{(k,j) € DA : k> 1i}.
For a strict partition p, the shifted hook at (i, ) in S(u) is defined by
He o (id) = {60} U LG, 1) € S() - 1> )

U{(k,7) € S(p) : k> i}
U{(j+1,0) € S(u) : 1> j}.

Z{H}: H Rj—1i

(¢,5)€H

We write

for a finite subset H C P2.



Example :

The hook at (2, 2) The shifted hook at (2, 3)
in D((7,5,3,3,1)) in S((7,6,4,3,1))




Gansner’s Hook Product Formula

(a) For a partition )\, the trace generating function of A(D(\)) is given

by |
> =1l | — 2]

reA(D(N)) veD(N) Hpp) @)

(b) For a strict partition p, the trace generating function of A(S(u)) is

given by 1
2. =l I — z[Hg(,)(v)]

o A(S(p)) veS(u)




Idea of Proof of Gansner’s formula
Consider generating functions

Rg(p),r(2) = Z 27

o A(S(u),7)
of shifted reverse plane partitions of shifted shape 11 with profile 7, and
express them in terms of Schur functions by using operator calculus on
the ring of symmetric functions.
Then we have

S 2"=> Rgyu (@) Rsp - (y),

e A(D()\))

> 27 =) Rgu.(2).

o A(S(p))
Hence Gansner's formulae follow from Cauchy and Schur-Littlewood
identities.



Diagonals and Profile
For an array of non-negative integers o of shifted shape 1, we define
its k-th diagonal o|k| by putting
O_[k} — ( "5 02 k42 0-17]€—|—1) (k — 07 17 27 T )
We call o[0] the profile and put

A(S(p),7) =10 € A(S(p)) - [0 = 7},

001233
Example : Foro= 1 2 3 3 3, we have
2 4
ol0] = (2,1,0), o[l] = (4,2,0), o2] = (3,1),
ol3]=(3,2), ol4]=1(3,3), ol5]=(3).



A key is the following observation.

Lemma The following are equivalent:
(i) o is a shifted reverse plane partition.
(ii) Each olk| is a partition and
{J[k — 1] = olk] if kis a part of p,
olk — 1] < olk] otherwise.
where we write o - ( if
ap = fPrzap=fPr=---,

i.e., the skew diagram o/ is a horizontal strip.



Let h;. and h% be the multiplication and skewing operators on the ring
of symmetric functions A associated to the complete symmetric function
hj.. Consider the generating functions

H'(u) = Z hu®, H™(u) = Z héuk.
k>0 k>0
and the operator D(z) : A — A defined by
D(z)s) = ZM‘S)\.
First we apply the Pieri rule
H"(t)s) = Z glrl=1Alg, H™ (t)s) = Z gl =g,
K= A K=\

and Lemma above to obtain



Lemma If we define ey, -+ ;en (N > 1) by

+ if kis a part of p,
E —
v — otherwise,

then we have
D(20)HN(1)D(21)H=2(1) D (20) H=>(1) - - - H*N=1(1)D(2y—1)HN (1)1
=D R (2)sr,

where RS(/L),T(Z) is the generating function of shifted reverse plane par-
titions of shifted shape n with profile 7:

Ry -(2) = Z 2.

o A(S(u),7)



Example : If u=(6,5,2) and N =6, thene = (—,+,—, —, +,+) and
we compute

D(z0)H (1) D(21)H (1) D(29)H ™ (1)D(23)H (1)
D(z))H" (1)D(z5)H " (1)1.

0] a[%{ab]\@

a0 < >~ < o[3] < al4] = a[5] = 0.




Commutation Relations
By using the commutation relations

D(z)H " (u) = H+(ZU) (2),
D(z)H ™ (u) = H™ (=~ 'u)D(2),
D(z)D(2') = D(22"),
we obtain
D(z0)H* (1) D(21) H™?(1) D(29) H™*(1) - - - H*N=1(1) D(2y 1) H™N (1)
= H (2 ) H™(2)?) - - HN(20) D(Zy),
where we put
2l = 2071 B_1-



Further, by using the commutation relation

1
H (W)HT(v) = HY(0)H™
() H (v) = 7——H" (v)H™(u),
we can derive
HE (2] H®2(Z52) - HEV(2,Y)
| r N—r
_ +(3 —(3
= T1 — 112"z ] H (Z0).
pHE<pu pg M k=1 =1

where 11© is the strict partition formed by the complement of 1 in

{1,2,--- N}
{“17'” 7#7‘}'—'{#?7 7“?\/'_74}:{1727"' 7N}



Generating Functions in terms of Schur Functions
Finally, by using the Cauchy identity

r
H H—i_(gluk)l — Z ST<2/L17 © e 7§Iu7,>87-,
k=1 T

we have

Proposition The generating function of shifted reverse plane partitions
of shifted shape p with profile 7 is given by

1 . -
Z Lo _ H —— csr(Zup, s Eu),

— < <
o€ A(S(p)T) HE<H pg. “H

Where {ILLl’... 7//0,,,} |_| {Iu/f’... 7[/[1?\[_74} — {1’27... 7j\]}, and ,:7:/]{ —
2021 Rl—1-




Proof of Gansner’s Formula (a) for Shapes
A reverse plane partition 7 € A(D())) is obtained by gluing two shifted
reverse plane partitions o € A(S(u)) and p € A(S(v)) with the same
profile 7 = o[0] = p|0], where two strict partitions p and v are defined
by
L; = A, — 1+ 1, Vizt)\z'—i-Fl (1 <1< pN)).

Example If A= (4,3,1), then u=(4,2), v =(3,1) and

(1)333 0013 013
22 7 2 '

3

Hence Gansner's formula follows from the Cauchy identity

S se(X)s: ) = [T S
- i LiYj




Proof of Gansner’s Formula (b) for Shifted Shapes

We have
> =D Rsp.(2),

o€ A(S(w))
so Gansner's formula follows from the Schur-Littlewood identity

1 1
ZST(X)ZHI—@-HI—:U

T
T 1<) ©J




(g, t)-Deformation of Gansner’s Formula



Generalization by Macdonald Symmetric Functions

We can play the same game for Macdonald functions instead of Schur
functions to obtain weighted trace generating functions for reverse plane
partitions. (See also works by Foda—Wheeler-Zuparic, Vuleti¢.)

We denote by P\ = P)(X;q,t) the Macdonald symmetric function
characterized by

® P)\ =m) + Z u)\jumu.
<A

o If X\ # p, then (Py, P,;) = 0.
Let @)y = ())(X;q,1) be the dual basis defined by

<P)\7 Q,u> — 5)\,/1'
Note that, if we put ¢ = ¢, then

Py\(X:q,9) = Q\(X;q,q) = s)\(X).



We write
9k = 9k(X34,t) = Q()( X5 ¢, 7).
Note that, if we put ¢ = ¢, then g1.(X; q,q) = hi.(X).
Let 9/—; : A — A be the multiplication operator by g, and let g, :
A — A be the skewing operator by gy, i.e., the adjoint operator of g]j :
g, (h) = hgr (h€N),
(g, (R), [) = hogr ) (f R €N).

Consider generating functions

G =Ygt G =Ygt

k>0 k>0
and the operator D(z) : A — A defined by

D(z)Py = PP,



The Pieri rule for Macdonald functions can be stated as follows:

G (u)Pg= " ¢, slq, tulI=17Ip,,

a3
G=(W)Pa= Y ¢} (0.t 7Py,
<
where |

90+ (q.1) = H fq,t(az — 6]'3]' Z)fq,t(ﬁi — 41 — Z))
o0 i< fotlas —ajig — ) fgt(Bi — Bj+1;5 — 1)
W_@@:Ilmm%_@d_@m”%_%ﬂd_w
8,0t 1<y fq,t(ai — ij_|_1;j — i)fq,t(ﬁi ﬁ];] - 2)7

and
n—1 iym+1

l—q
Jar(nim) = H) | — gitlpm




Proposition The weighted generating function of shifted reverse plane
partitions of shape 1 with profile 7 is given by

> Veloig,t)z”

o€ A(S(p)iT)

[ . -
— H ~—]i~ QT(*ZALla'” 7ZMT;Q7t)7

where {,ul,"- nu?"} L {:uclj? 7:“]\7_7»} — {1727 7N}1 and 5% —
2021 - 2—1. And the weight VS( >(0; q,t) is given by

Voo gt ngkl (q,1),

where ;. = + if k is a part of u and £;. = — otherwise.



This weight function can be written explicitly as

Vo (o:g,t)

m 1 fa.t( Uz,] Ti—m j—m—1;M)fq.t(0i j — Timm—1 j—m; ™M)

fqt — Oj—m,j—m> )fq,t(gi,j_U@'—m—l,j—m—lam)

(4,7)€S(p) m=0
1<J

H H fqt 04 — Uz’—m—l,i—QO)

(i €S () >0 fqt ») Jz—m,z—mam>




Theorem A (for shapes)
Let A be a partition. For a reverse plane partition 7 € A(D())), we
define

Wp(mq,t)
= II Ile@tﬂny Ti—m,j—m—1: 1) fq t(Ti j = Ti—m—1 j—m;m)

fqt Ti—m,j—m> )fq,t(ﬂi,j_Wi—m—l,j—m—ﬂm

)

(¢,7)€D(A) m=0
where 7.} =0 if £ <0 or{ <0. Then we have

tz|H V)1 Q) oo
Z WD( )( ) _ H ( [D(A)( )] Q> |

5 i NCE PN

Plane partitions of rectangular shape (¢") are obtained by 180° rota-
tion from reverse plane partitions of the same shape. Hence we obtain
Vuletic¢'s generalization of MacMahon formula.



Example : If A = (3,3), then the weight is given by

W33 <a Z f;q,t>
= fqt(a—0;0) X fqt(b—a;0) x fge(c —0;0) X fg¢(d — a;0)
“ fq,t(6 — b; O)fq,t(e - 30>fq,t<€ — 0; 1)
fqtle —a;0) fgele —a;1)
Xﬁﬂf—;whﬂf—&wﬁﬂf—mn
fq,t<f — b; O)fq,t<f — b; 1) |




Theorem B  (for shifted shapes)
Let 11 be a strict partition. For a shifted reverse plane partition o €

A(S(1)), we define

WS(;L)<J q, t)

fqt UZ] Oi—m,j—m; m)fq,t((fz',j — Uz’—m—l,j—m—lam)

@] ES m>0
1<

H H Jot(0ii — Oicom—t.i—om: 2m) fg1(0ii — Ticom—2i—om—1;2m + 1)
fot(0ii — Oicomi—om; 2m) f4(0ii — Oicam—2.i—om—2;2m + 1)

9
(i,i)eS () m=0

where 0y, 1 = 0 if k£ < 0. Then we have

Z WS<><U%> = ]

o A(S veS(u)

(tz[Hg(,)(v)]; @)oo
(2[Hg () (V)] @)oo




Example : If p = (3,2,1), then the weight is given by

ab c
Wsi32.1) ;ni

= fq,t<a —0;0) x fq,t(b —a;0) X fq,t(c —0;0) x fq,t( — 0;0)
« fq,t(e — C, O)fq,t<€ — QO)fq,t(e — a, 1)
fatle = 0:0) fg (e — ;1)
o Jatl] =0 faa(f — bi1) fqe(f —0:2)
fat(f —a; D) fgu(f —a;2) |




Proof of Theorems A and B : Same as the proof of Gansner’'s formula.
Note that the weights are related as

1
Wpo(miq.t) = b (g 1) Vsulo:a,t)Vsu)(pi g, 1),
bEI ,t
Waulo:iq,t) = EZ) ths wlo5g,t),

where

fqt(Ti — Tjg1;7 — 4
b (Q,t): : ) : :<P7P>7
' g fot(mi — 755 — 1) .

=TI fat(Ti = Tj41;0 — 1)

foi(mi =750 —1)

1<J
] — 1 1s even
Hence Theorems A and B follow from Cauchy-type and Schur-Littlewood-

type identities respectively.



(g, t)-Deformation
of
Peterson—Proctor’'s Hook Product Formula
for
d-Complete Posets



P-Partitions
Let P be a poset. A P-partition is a map o : P — N satisfying

r<yinP = o(x)>o(y)inN.
Let A(P) be the set of P-partitions:
A(P)={o: P — N: P-partition}.
The diagram D()\) and the shifted diagram S(j) are posets w.r.t
(¢,7) > (k,l) <= i<k, and j <.
Then

D(\)-partition = reverse plane partition of shape A,
S(p)-partition = shifted reverse plane partition of shifted shape p.

Gansner’s hook product formula is generalized to the generating func-
tion of P-partitions for d-complete posets P (Peterson—Proctor).



d-Complete Posets
e The double-tailed diamond poset d;.(1) is the poset depicted below:

- ¢ top
ool
side <> side
k2 i

- 8 hottom

e A d;-interval is an interval isomorphic to dj.(1).

o A d, -interval (k > 4) is an interval isomorphic to d(1) — {top}.

o A dg_—interval consists of three elements x, ¥y and w such that w is
covered by x and y.



Definition A finite poset P is d-complete if it satisfies the following

three conditions for every k:
(D1) If I'is a d;_-interval, then there exists an element v such that v

covers the maximal elements of [ and I U {v} is a dj-interval.
(D2) If I = |w,v] is a dj-interval and v covers u in P, then u € I.

(D3) There are no d__-intervals which differ only in the minimal ele-

ments.

HI ﬂ4 '

<><> O O
b A

<>

!



Example :

® rooted tree /lﬁﬁ\ ® swivel
e shape :

e shifted shape E



Fact |If P is a connected d-complete poset, then
(a) P has a unique maximal element.
(b) P is ranked, i.e., there exists a rank function r : P — N such that

r(x) =r(y) + 1 if x covers y.

Fact
(a) Any connected d-complete poset is uniquely decomposed into a
slant sum of one-element posets and slant-irreducible d-complete posets.
(b) Slant-irreducible d-complete posets are classified into 15 families :

shapes, shifted shapes, birds, insets, tailed insets, banners, nooks,
swivels, tailed swivels, tagged swivels, swivel shifts, pumps, tailed
pumps, near bats, bat.



Top Tree
For a connected d-complete poset P, we define its top tree by putting

T ={x € P: every y > x is covered by at most one other element }



Example : Top trees

® rooted tree /@j\ ® swivel
e shape :

e shifted shape E



Top Tree and d-Complete Coloring
For a connected d-complete poset P, we define its top tree by putting

T ={x € P: every y > x is covered by at most one other element }

Fact Let I be a set of colors such that #£1 = #1'. Then a bijection
c :I" — I can be uniquely extended to a map ¢ : P — [ satisfying the
following four conditions:

e If x and y are incomparable, then c(x) # c(y).

e If an interval |w,v| is a chain, then the colors ¢(x) (x € |w,v]) are
distinct.

o If |w,v] is a di-interval then c(w) = c(v).

Such amap c: P — I is called a d-complete coloring.



Example : d-Complete colorings

® rooted tree ® swivel 0\
./ldh\
o shape
/ <

e shifted shape



Monomials associated to Hooks
Let P be a connected d-complete poset and T’ its top tree. Let z,
(v € T') be indeterminate. Let ¢ : P — T be the d-complete coloring.
For each v € P, we define monomials z|H p(v)| by induction as fol-

lows:
(a) If v is not the top of any dj-interval, then we define

<lHp(0)] = T 2o I

(b) If v is the top of a dj-interval [w, v], then we define

 z[Hp(x)] - z[Hp(y)] v J
2(Hp(v)] = ==

where = and y are the sides of [w, v]. t
w




Conjecture
Let P be a connected d-complete poset with maximum element v and
top tree T'. Let r : P — N be the rank function and ¢ : P — T the

d-complete coloring. Given a P-partition 0 € A(P), we define

Wp(o;q,t)
1] for(o(@) —oy)id(z,y) || forlo(@);el,v))
Zl?,yEP ZCEP
_ r<y, c(x)~c(y) c(x)=uvg
[T  furlol@) — o)sele, ) feilolz) — oly)ie(z,y) — 1)
r,yeP
<y, c(x)=c(y)

where ¢(x) ~ ¢(y) means that c¢(x) and ¢(y) are adjacent in T', and

d(z,y) = (r(y) — ()—1)/27 e(x,y) = (r(y) —r(z))/2

Recall f;+(n;m) = (1 — g™t /(1 = g Hem).



And we write

veP
Conjecture
tz|H ) o
3y Wp a2 = I ((zz[[H p((;))]].y q)) |
O'EA UGP P 7q O

Known cases

e ¢ =t case (Peterson—Proctor’'s hook product formula).
e Rooted trees (use the binomial theorem and induction).

e Shapes (Theorem A).
e Shifted shapes (a modification of Theorem B by Warnaar's formula).



