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The diamond of order n can be tiled in 27("t1)/2 ways.
Elkies et al, '92
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GUE Minor Process

On the

Shufflin
X Let H be a large GUE matrix, i.e. a random matrix with

Algorithm for
the Azt
© Aztec lg—Tr H?

Diamond probability density Z~
Let H, = [Hij]li<ij<n be the n:th minor of H.

Let H, have eigenvalues A7, ..., A}

Background

Theorem (Johansson&N '06)

The Aztec diamond point process in a suitable rescaling
converges to the GUE minor process.
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The shuffling algorithm
Background

Warren's Interlaced Brownian motions
Asymptotics

Borodin & Ferrari
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Three phases of the algorithm.
Shuffling Delete
algorithm Shuﬂ:le
Create
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X(0) = x (= 1) +93()
M(t) = (= 1)+ 24 (0) = 1t~ 1) +o{(0) = 4 e - 1) + 1)
, X(6) = (¢ = 1)+ () + 10 ( = 1) + () = 3 - 1)
M (1) = (- )l - UK - D) ol = - D)+ 1)
F{X(t— 1) ++(t) = x (£ - 1)}

Here, v/(t) are i.i.d. fair coin tosses and initial conditions x/(j) = i

for j=1,2,...and 1 </ <j. Ateach timet,

(1) < X7 (E) < (1),
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Perform substitution

Shuffling Xl!(t) = Xf(t _J) (1)
algorithm

For all t, ' . '
XI(8) < XI7H(e) < X4(2) (2)
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Diamond Let Wn = {X (= Rn T X1 S X2 S e S Xn}. For X, X, S Wn

hn(x")

n,+ / /
Tx,x') = det =X 3
Pt (X X ) hn(X) € [SO[-(XI XJ)] ( )
where
Warre's ha(x) = [ [ (g = x) (4)
i<j
and
1 —x2/2t (5)
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polsal  Let W1 ={(x,y) €
e Yn < Xn+1}-
: For (x,y) and (X', y") € W, nt1,

RHIXRY :xq <y <x<---

IA

n,+ ’o _h,,(y/) e At(XaX/) Bt(Xay/)
9 ((x,y),(xX,y)) = h(y) det Cily,x') Dely,y") (6)

\Qf)::;s where
[Ae(x, x)ii = @e(x; — X)),
[Be(x,y )i = Pe(y; *XJ) —1( =),
[Ce(y, x5 = ¥i(y{ — x;) and
[Di(y,y )]u ee(yi — )-
where ®,(x) = [*_ (bt y)dy.
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At level n there are n components of the process:
X7(t), ..., XJ(¢t).
o -1
Interlacing: X["(t) < X"~ (t) < X7 1(¢)
Can be constructed as follows. Construct X{(t), it is an

ordinary Brownian motion.

Darcen's Start with X", a Dyson Brownian Motion of n particles.
Construct X*+1 = (X{*1, ... X7 H]) so that (X7, X"+1)

has transition densities g} .
Then X™ ! is a DBM of n+ 1 particles.
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Bend Let W, ={x e N":x3 <xp <--- < xp}. For x, X' € W,

P (o) = ey det [0 (xf — )] (7)
where
1y _J1/2 ifx=0o0r1
. ¢0°0) = olx) = {0 otherwise (8)
ouE  and
#'(2) = (% 0" N(2) = D ¢(x)8"(y) 9)

X+y=z
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Want1 = {(x,y) EN"TE XN 3 <y <xp < -
For (x,y) and (X, y’) € Wy nt1,

< yn < Xn+1}'

n,+ ronNy h,,(y/) At(X,X/) Bt(Xd/l)

qt ((X’y)v (X Y )) - hn(y) det Ct(y,x/) Dt(_y;_yl) (10)
where [A:(x, x")]; = ¢*(x] — X;),
rotec [Be(x, ¥y )i = A716 (! — %) —1( > i),
diamond point [Ce(y, X)) = A(bt(y,-' — x;) and
e [De(y. ¥ = ¢ (v — ¥i).
=" =30 +0), Ad(x)=(x) — d(x —1),
ATl = ny—oo B(y) and ¢'*! = ¢ x ¢*.
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the Aztec Let X(t) be Warren's process.
Let x(t) be the process from the shuffling algorithm.

Theorem (N '08)

The process (X"(t), X"+1(t)) from X, extended by
interpolation to non-integer times t, rescaled according to

cnis XP(Nt) — SNt
N

converges weakly to the process (X"(t), X"+1(t)) from X as
N — oco.

(11)

Asymptotics
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«i- M Theorem (N '08)
. The process x(t) = (X(t),...,

X"(t)), rescaled according to
- X" (Nt) — SNt
- IWN

converges weakly to X(t) as N — oc.

(12)

J—— Remark: X(1) is the GUE minor process.


eno@kth.se

On the
Shuffling
Algorithm for
the Aztec
Diamond

Conjecture

Consider the process (X(t))¢=o0,1,.. rescaled according to
1
N _ X (Nt) — 5Nt
VN
and defined by linear interpolation for non-integer values of Nt.

The process X(t) converges weakly to Warren's process X(t)
Asymptotics as N — oo.

(13)
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the Aatec Consider Markov operators satisfying A = AP = P*A.
S*——=S

e ! £

5*T>5

Sh={(x",x) € " x §: \(x*,x) > 0}

P(x,y)P*(x*,y*)A(y*,y) A(X*,y) >0

PA((X" %), (v y)) = { e

0 otherwize

Borodin &
Ferrari
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Consider Markov operators satisfying A = AP = P*A.

S5*——=S

e
S* S
Sa ={(x*,x) € S* xS : A(x*,x) >0}

P(x, y)P*(x*, y*)Ny*, x)

PA((¢, %), (v*,y)) = A(x %)

Borodin &
Ferrari
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Related work

Dieker & Warren, Determinantal Transition Kernels for
some Interacting Particles on a Line, arXiv:0707.1843v2.
Johansson, A Multi-Dimenstional Markov Chain and the
Meixner Ensemble, arXiv:0707.0098v1.

Borodin & Ferrari, Anisotropic growth of random surfaces
in 241 dimensions, arXiv:0804.3035.

Borodin & Gorin, Shuffling algorithm for boxed plane
partitions, arXiv:0804.3071.

Metcalfe, O'Connell & Warren, Interlaced processes on the
circle, arXiv:0804.3142.

Warren & Windridge, Some Examples of Dynamics for
Gelfand Tsetlin Patterns, arXiv:0812.0022.
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Thank you for your attention.

[§ Kurt Johansson and Eric Nordenstam, Eigenvalues of GUE
minors, Electron. J. of Probab. 11 (2006), no. 50, pp.
1342-1371 + Erratum

[@ Eric Nordenstam, On the Shuffling Algorithm for Domino
Tilings, arXiv:0802.2592, to appear in Electronic Journal of
Probability.

Borodin &
Ferrari
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