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Introduction: entanglement and boundary law  

 Why studying entanglement (in condensed matter) ?  
 A theoretical probe for quantum many-body wave-functions  

 The scaling of the entanglement entropy can reveals some long-distance 

properties of the system. 

 Understanding entanglement is useful to construct new algorithms to store 

efficiently quantum states in a computer, or construct some variational 

anstaz. 
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Introduction: violations of the boundary law  
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Wolf 2006; Gioev & Klich 2006 
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Introduction: subleading corrections to the boundary law   

 Discrete symmetry breaking → 

 Goldstone modes  → 

 “Topologically ordered” states: 
 Gapped, no broken symmetry, no local order parameter, no “conventional order” 

 But… ground state degeneracy which depends on the topology 

 The degenerate ground states cannot be distinguished by any local observable 

 Fractionalized  excitations 

 Examples: fractional quantum Hall fluids, some “RVB” spin liquids, … 

 Example: FQHE Laughlin ν=1/3→  γ=-log(3) 

 Critical states 

    Casini & Huerta 2007; 

      Metlitski, Fuertes, Sachdev 2009, Grover 2014 

      + this work 
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How to compute the entanglement entropy ? 

 1+1d CFT 

     Entanglement entropy of an interval → correlator of twist fields     Calabrese, Cardy 2004 

 

 Free fermions / free bosons 

     Reduced density is completely determined by two-point function: 

 

 

  

 

 Numerics 

 DMRG in 1D or 2D 

 Tensor network states in 2D (PEPS, …) 

 Exact diagonalizations (lattice spin systems, FQHE, …) 

 Quantum Monte Carlo (if no sign problem + integer Rényi index >1)   Hastings et al. 2010 

       Humeniuk & Roscilde 2012 

 

 Rokhsar-Kivelson states 

     This work 
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Rokhsar-Kivelson states 

 Start from a 2d classical (stat. mech) system 

  with short-ranged interactions. 

     

 Examples : 

 Ising model 

 (6-,8-) vertex models 

 hard-core dimer model 

 …  

 

 Promote the classical configurations to orthogonal basis states, and the 
partition function above to a wave-function : 

Rokhsar& Kivelson 1988; Henley 2004 
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-one can import some knowledge about 2D stat. mech to build tractable quantum models 

(observable which are diagonal in the “classical” basis have the same 

expectation values in the RK state and in the classical models) 

- It is the ground-state of some local Hamiltonian 

- some non-RK wave functions can be approximated by RK states 

- Entanglement properties are simple ! 

(and make contact other classical entropies) 
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Rokhsar-Kivelson states: Schmidt decomposition 
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Rokhsar-Kivelson states: Schmidt decomposition 
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Rokhsar-Kivelson states: Schmidt decomposition 

 

 





































































i

RK

b

ibE

B

i

RK

a

iaE

A

i

i

i b

ibE

a

iaE

c

cE

B
i

B

A
i

A

BA

be
Z

ae
Z

p

beae
Z

ce
Z

    

),(
2

1
),(

2

1

),(
2

1
),(

2

1

)(
2

1

11

1

1

classical probability of i 
Z

ZZ
p

B

i

A

i
i 

Furukawa & GM 2007; Stéphan et al. 2009. 

A 

B 

Boundary configuration i 



19 

Rokhsar-Kivelson states: Schmidt decomposition 
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Rokhsar-Kivelson states: Schmidt decomposition 
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Rokhsar-Kivelson states: long cylinders & transfer matrix 
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Rokhsar-Kivelson states: long cylinders & transfer matrix 

 When Ly→∞ the probability of a 

boundary configuration |i> is : 
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Rokhsar-Kivelson states: long cylinders & transfer matrix 
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Rokhsar-Kivelson states: long cylinders & transfer matrix 
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Rokhsar-Kivelson states: long cylinders & transfer matrix 
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Rokhsar-Kivelson states: long cylinders & transfer matrix 
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Rokhsar-Kivelson states: long cylinders & transfer matrix 
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Rokhsar-Kivelson states: long cylinders & transfer matrix 
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Rokhsar-Kivelson states: long cylinders & transfer matrix 

 When Ly→∞ the probability of a 
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Von Neumann entropy, classical entropy, Shannon entropy 
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Von Neumann entropy, classical entropy, Shannon entropy 
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Von Neumann entropy, classical entropy, Shannon entropy 
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Von Neumann entropy, classical entropy, Shannon entropy 
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Shannon entropies of wave-functions 

 1d XXZ spin chain & Luttinger liquids 

 

 1d quantum Ising chain 

 

 2d systems with Goldstone modes 
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Shannon entropy of an XXZ ground state – definition 
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Shannon entropy of an XXZ ground state – definition 

 

)log(

)log(

log
1

1
 

max

1

pS

ppS

p
n

S

n

i

iin

i

n

in



















 



Shannon-Rényi entropy 

 

d)(normalize  iesprobabilit      1     

2

1
   ionsconfigurat Ising     , 

 of state-ground    

2

111

2

1









 



i

ii

z

i

i

z

i

z

i

i

y

i

y

i

x

i

x

i

i

i

pgip

Si

SSSSSSHig

L







37 

Shannon entropy of an XXZ ground state – definition 
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Remarks: Sn>1 is similar to participation ratios 

but here the sum (CPU time!) is exponential in L 
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Shannon entropy of an XXZ ground state – definition 
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Shannon entropy of an XXZ ground state – definition 
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 Volume law and subleading constant 
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Remarks: Sn>1 is similar to participation ratios 

but here the sum (CPU time!) is exponential in L 
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Shannon entropy of an XXZ ground state – numerics 

Theory for these 

subleading entropy 

constants ? 

 Volume law and subleading constant 

               )(LSn Lan nb
Stéphan et al. 2011 

n (=Rényi index) 
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Luttinger liquid – Continuum limit 

 Bosonization: 

     microscopic configurations → compactified scalar field 
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Gaussian Free field : boundary probabilities 
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Gaussian Free field : boundary probabilities 
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Gaussian Free field : boundary probabilities 
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Gaussian Free field : boundary probabilities 
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Gaussian Free field : boundary probabilities 
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Gaussian Free field : boundary probabilities 

        /          )(p
Z)(Z

)0(])[exp(  ZA )(Z

Gaussian factor 

Partition function 

with Dirichlet condition (φ=0) 

)0(

)(

  

   



 

Z

Z
 n

n)(Z
n

 )0(])[    exp(  ZA 
  

n
n

/ L
y
 →

∞
 Z)(Z

 0)h(x, )(x

n


















Z

Z

Z

Z )0(

)0(   

   n
n

n

 


p




       )( ZZ  n n



48 

2n-sheeted partition function & Rényi entropy 
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2n-sheeted partition function & Rényi entropy 
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2n-sheeted partition function & Rényi entropy 
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2n-sheeted partition function & Rényi entropy 
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Shannon entropy of an XXZ ground state – numerics 

Stéphan et al. 2011 
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Shannon entropy of an XXZ ground state – numerics 

Stéphan et al. 2011 
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Boundary phase transition in the Shannon-Rényi entropy 

 Vertex operator cos(2h(x,τ)) has dimension 

    (relevant at the boundary if x<1) 
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Boundary phase transition in the Shannon-Rényi entropy 
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→ boundary phase transition at 

 

 Vertex operator cos(2h(x,τ)) has dimension 

    (relevant at the boundary if x<1) 



4

)(boundary x



56 

Boundary phase transition in the Shannon-Rényi entropy 
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 n>nc decoupled replicas 

 Vertex operator cos(2h(x,τ)) has dimension 

    (relevant at the boundary if x<1) 
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Shannon entropy of an XXZ ground state – summary 
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Remark: the scaling of the largest weight 

in the wave function gives the compactification radius: 
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Ising model 

s1=0.254395(5) 

Stéphan, GM, Pasquier 2010 

 Shannon entropy of the critical Ising chain in transverse field 

or classical entropy of a line in a 2d classical model 

 

 

 

 

 

 

 

 

 Boundary phase transition at nc=1 

 

 

 

 Universal (and mysterious) 

Subleading entropy constant 

at n=1. 

NB: a replica approach fails ! 
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Shannon entropy in 2+1d & Goldstone modes  
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Shannon entropy in 2+1d & Goldstone modes  

                                                                           

 )log()( NlNaNS nnn

n=2,3,4,∞ : accessible to quantum Monte-Carlo simulations 
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Shannon entropy in 2+1d & Goldstone modes  

                                                                           

 )log()( NlNaNS nnn

n=2,3,4,∞ : accessible to quantum Monte-Carlo simulations 
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Shannon entropy in 2+1d & Goldstone modes  

 Work in progress, collaboration with V. Pasquier, M. Oshikawa & Toulouse 

  

 )log()( NlNaNS nnn

n=2,3,4,∞ : accessible to quantum Monte-Carlo simulations 
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Conclusions   

Shannon entropy: probing a wave function directlty. 

Subleading terms reveal the long-distance properties of the state: 

Compactification radius R in Luttinger liquids, discrete symmetry breaking, 

Goldstone modes, universality class (Ising), … 

 

 A few things I have not talked about : 

- Open chains 

- Shannon entropy of a subsystem (a segment in 1d, a line in 2d, …) 

- Basis dependence 

 

 Some future directions: 

- Better understanding of n=nc     (c=1  marginal boundary sine-Gordon) 

- Goldstone modes in 2d: dependence on the geometry (corners, topology, …) 

- Measure/characterize the correlations in “Renyified” states 

  (1d or 2d) : 
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