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1.1 Motivations
Elementary quantum mechanics, to be briefly reviewed below, deals with
simple quantum systems: an harmonic oscillator, an hydrogen atom,... A
characteristic property of these systems, in fact an assumption, is that they
are isolated1. The rest of the universe has no relevance for their time evolu-
tion, which by the postulates of the theory is given by an unitary operator
e−itH/h̄ acting on the Hilbert spaceHs of the system2.

Yet measurement, which in general affects the system (this contrasts
with classical mechanics), is a central instance when the outside world
comes into play and cannot be neglected. But even without measure-
ments, isolation is never truly exact. It is at best an excellent approxima-
tion, and only an abstraction: even in the “vacuum” of outer space, every
system is surrounded by the relic photons at 3K. And an isolated hydro-
gen atom of quantum mechanics is always a idealization of a system de-
scribed by quantum electrodynamics with its infinite number of degrees

1In fact this is also a basic hypothesis of elementary classical mechanics.
2In these notes we assume most a the time that a units have been chosen so that nu-

merically h̄ = 1.
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2 CHAPTER 1. INTRODUCTION

of freedom, so that the stable Bohr trajectories are not really stable.
One of the deep messages of open quantum systems (at least in the

author’s view, emphasized in these lectures), is the close relationship be-
tween measurement and interaction with an environment. This is often
advocated for macroscopic objects, which are never found in quantum su-
perpositions (something like a coin on a table in a quantum superposition
of head and tail) if only because collisions with the surrounding air are
more than enough to turn macroscopic quantum superpositions into clas-
sical objects in no time, with either a deterministic or a classical probabilis-
tic description. But we shall see the relevance of this similarity at the level
of first principles and apply it also to microscopic objects, though this will
require some special types of measurements.

The theory of open quantum system is a, largely successful, attempt too
describe non-isolated quantum systems which can exchange energy, parti-
cles,... with the rest of the Universe and may be subject to measurements.
Of course if 1) we knew the Hamiltonian of the Universe and could deal
with its complexity, and 2) if we could extract from the exact time evolu-
tion of the whole Universe the information that is relevant for the smaller
systems we are interested in, open quantum systems would be an easy, or
even useless, subject. But in our present understanding neither 1) nor 2)
holds, and the need for a good description of an open quantum system,
taking into account its interactions with the environment while involving
only its internal degrees of freedom, is motivated by theoretical and prac-
tical considerations.

There is a whole range of situations, from those where neglecting the
outside Universe is enough for a most accurate description to those where
taking it into account requires to incorporate at least some of its degrees of
freedom into the description.

Even when a good description of the system in terms if its internal de-
grees of freedom only is possible, the price to pay can be quite high, at
least technically. For instance the state of the system at time t + dt can
be computed only from the knowledge of its states at all times s ∈ [0, t]
or s ∈] − ∞, t]. A simple solvable example is the famous Caldeira-Legett
model, when the system of interest, typically a particle in a potential, is
coupled linearly to a large number of oscillators. The particle serves as an
external source for the oscillators, so that their (inhomogeneous but linear)
equations of motion, can be solved explicitly and the value of the dynam-
ical variables of the oscillators at time t can be expressed via standard
Greens function techniques in terms of initial conditions at t = 0 and the
particle coordinates in the whole [0, t]. The result is an integro-differential
equation for the dynamical variables of the particle.
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But in these lectures, we shall concentrate on situations which in many
respects are the easiest to deal with just after isolated systems: the so-
called Markovian open quantum systems describing instances when the
knowledge of the system at time t (plus possibly the effect of the environ-
ment between t and t+dt) is enough to determine the state at time t+dt.
This is of course the case with the Schrödinger equation for isolated sys-
tems and the big difference is that Markovian open quantum systems may
have a non-unitary and/or non-deterministic time evolution.

1.2 About the lectures
Though we already emphasized its high level of simplification when com-
pared to many real situations, the subject of Markovian open quantum
systems is vast and we shall only be able to touch some of its aspects,
which are chosen more because of familiarity for the lecturer than for some
broadly recognized central importance.

The basic notions are explained in a discrete time setting and for simple
systems described by finite dimensional Hilbert spaces (most of the time
of dimension 2 or 3 in concrete computations). This allows to keep the
mathematics at a reasonable level of sophistication, basically within the
realm of algebraic manipulations.

The choice of discrete time is made for pedagogical motivations, and
we shall use it to “derive” the general continuous time equations and use
continuous time to extract information.

This choice of small systems is not only pedagogical. The last decades
have seen spectacular progress in the detailed manipulation of simple sys-
tems. This was made possible by parallel progresses in fact electronics
and low temperature. Part of the motivation comes from quantum metrol-
ogy, but the most fashionable excuse is the design of a quantum computer.
Even if this goal is most likely still far ahead, daily experiments realize
the dreams of Gedanken experiments devised by the fathers of quantum
mechanics a century or so in the past. Our short journey into the world of
Markovian open quantum systems will in particular give some interesting
perspectives on wave function collapse, quantum jumps, and some other
amusing creatures inhabiting the microscopic kingdom.

The following view engages only the author: thinking about open quantum
system in general, and the approach of these notes in particular, is a good
starting point to think about what quantum mechanics “really” is. There
are many connections with the interpretation(s) of quantum mechanics.
These notes do not propose one or even hint at one. But it seems that
certain things which are obvious within one interpretation require some
computing/thinking within others. Alas, this criterion does not always



DRAFT, U
SE

W
IT

H
CAUTIO

N
!

4 CHAPTER 1. INTRODUCTION

select the same interpretation as the intuitive one.

1.3 Up the mountain and down
As with most scientific theories, two complementary aspects play a promi-
nent role:
– To establish the general equations (or even the general formalism) of the
theory
– To extract physical information from the above general formalism, i.e. to
solve analytically or numerically for some interesting physical situations,
to gain intuition, and to compare with experiments.

The first aspect can be seen as climbing-up a mountain to get a general
view of the landscape, and the second to go down-hill and visit some of
the accessible and pleasant locations. The derivation of the general equa-
tions takes some time and is a bit arid, but their contemplation is easier,
so before embarking on the climbing-up, we take the opportunity to write
them down.

The easiest case is when only averages or equivalently deterministic as-
pects are considered. The result is that a Markovian open quantum system
is a deterministic dynamical system on density matrices. The evolution for
one time step is

ρ 7→ ρ ′ = Ψ(ρ) :=
∑
a∈S

VaρV
†
a, (1.1)

where the Vas are arbitrary operators3 on the Hilbert space of the system,
subject only to the constraint ∑

a∈S

V†aVa = Id. (1.2)

This last equation ensures that the trace is preserved by the evolution. If
there is only one V , the equation becomes V†V = Id which if the Hilbert
space is finite dimensional ensures that V is unitary, and one is left with
the usual situation of quantum mechanics. In the general case, the above
equation contains a number of new phenomena like decoherence.

From a purely mathematical viewpoint, the situation is quite standard
if not dull: the map in Equation 1.1 is a linear transformation on (the vector
space spanned by) density matrices, so the study of the dynamical system
is reduced to the study of the iteration of a linear transformation, i.e. to a
problem of diagonalization. One can show that the linear transformation
is contracting, i.e. that all eigenvalues are of modulus ≤ 1.

3A finite family in these lectures, i.e. S is a finite set.
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1.3. UP THE MOUNTAIN AND DOWN 5

A dual view is to go to the Heisenberg picture, i.e. to write down the
evolution of observables

Λ 7→ Ψ†(Λ) :=
∑
a∈S

V†aΛVa, (1.3)

and Equation 1.3 implies that the identity operator is conserved, showing
that Ψ† (and then Ψ in the finite-dimensional setting) has 1 as an eigen-
value.

Equation 1.1 is often called a (discrete) quantum master equation be-
cause it is a generalization to density matrices of standard master equa-
tions for the evolution of the probability distribution of Markov chains.
Indeed, choosing a basis, the diagonal elements of a density matrix can
be seen as a probability vector. It is an interesting exercise to find explicit
solutions of Equation 1.3 for whom the diagonal of ρ has a closed time
evolution under Equation 1.1, and to show that an arbitrary Markov chain
dynamics appears in this way.

But Equation 1.3 has many more solutions leading to a much richer
phenomenology. Even if the mathematics looks easy, one should keep in
mind that finding the right Vas to describe the physics of a given system
(even if amenable to a study via the Markovian open quantum systems
approach) is a non-trivial task4, and then the eigenvalues and eigenvectors
of the dynamical map Ψ acquire a physical meaning and can be of great
relevance for real phenomena.

When randomness due to contact with the rest of the universe is taken
into account, the equations become more complicated. The central role is
still played by operators Va, a ∈ S subject to Equation 1.3. But now we
need to partition S in disjoint subsets as S = ∪r∈RSr and the dynamical
map to be iterated becomes

ρ 7→ ρ ′ :=

∑
a∈Sr VaρsV

†
a

Tr
∑

a∈Sr VaρV
†
a

with probability πr := Tr
∑
a∈Sr

VaρsV
†
a. (1.4)

The trivial partition with only one subset takes us back to the deterministic
case considered above. In all other case, one has to deal with a random dy-
namical system whose trajectories are called quantum trajectories. These
quantum trajectories have a number of fascinating properties, and the
reader is invited to look at simple cases for him/herself. She/he should

4A problem already pregnant for the use of Markov chains to model classical non-
equilibrium dynamics by the way.
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6 CHAPTER 1. INTRODUCTION

look at 2 × 2 density matrices, find a few solutions to with only two Vas
and implement Equation 1.4 on a computer.

We shall see that, as is obvious from the explicit formulæ with some
experience, the above equations are related to measurements, which in
particular explains their non-linearity. In this interpretation a labels the
possible outcomes of an measurement experiment, and r, more precisely
the fact that a ∈ Sr, is the coarse-grained information that is taken into
account to make future predictions. Keeping track of the outcome leads to
supplement the evolution for ρ by an evolution for counting processesNr,
one for each possible coarse-grained outcome:

Ns 7→ N ′s = Ns + δ
r
s if the outcome is r, probability πr := Tr

∑
a∈Sr

VaρsV
†
a.

(1.5)

The idea to iterate Equation 1.4 which is an equation for the evolu-
tion of the density matrix, whereas the only information we collect from
the experiment is the counting process, raises interesting questions about
the fundamental meaning of density matrices. In these notes, we mainly
mention the statistical interpretation, but this viewpoint is hard to sustain
when the number of iterations becomes large (why?) and it is tempting to
revert to a more Bayesian viewpoint, where the density matrix is our best
guess taken into account our knowledge but also our ignorance. In fact,
as we shall show and put to good use later on, Equation 1.4 is in essence a
Bayesian update equation, and this the way the results of real experiments
are interpreted, see Pict.3.

The previous equations in fact describe classical dynamical systems,
with classical noise. But they can be seen as a classical incarnation of truly
quantum equations, driven by so-called quantum noises, about which we
shall say a few words in the last chapters. A central role is played by the
counting processes Ns: in the classical version the increments are either
0 or 1 (classical bits), while the quantum version keeps track of both pos-
sibilities and their interferences (qubits). The nuance should remind the
reader of the basic idea of quantum computing.

Once we shall have established the above equations, we shall look at
their continuous time limit, and use it to describe some simple but strik-
ing phenomena, mostly quantum jumps. This is only one of the facets of
Markovian open quantum systems, but again the one the author is most
familiar with.
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1.4 Some paradigmatic systems
We now say a few words of the systems whose physics plays a central role
in what follows.

Contact with reservoirs
– Equilibrium and approach to equilibrium: One of the most important exam-
ple of an open quantum system is a system coupled to a heat bath. One can
observe equilibrium properties, but also the approach to equilibrium. A
heat bath is though of as a very large (even infinite) object, so that a small
system coupled to a heat bath does not perturb it significantly and one can
assume that the state of the heat bath is essentially time independent. If
moreover all (relevant) relaxation times in the heat bath are much shorter
than the time resolution at which the system is observed, the Markovian
approximation is relevant.

Picture 1. The most popular image of a thermal bath on the internet.

– Non equilibrium: This is the case of a system coupled to two heat baths
at different temperatures, or to two particle reservoirs at different chemi-
cal potentials. The hypotheses of large size and small relaxation times of
reservoirs can be used to motivate a Markovian approach.

Picture 2. The Hamiltonian couples the dots R and L , resulting in Rabi oscil-
lations. The reservoirs inject or extract electrons with different rates. Coulomb
repulsion can be tuned to ensure that at most one electron is in the system at
each time.
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Measurements:
– Cavity quantum electrodynamics:

Picture 3. Left: T ' 0. Rydberg atoms fly through the cavity, interact with the
electromagnetic field, and later are measured. This leads to what is described
as an indirect measurement of the mode of the cavity. Right: The cavity.
This is one of the real experimental settings that we shall model in these notes.

– Circuit quantum electrodynamics:

Picture 4. A resonator in circuit QED.

Picture 5. A Toffoli, or “controlled-controlled-not gate”, i.e one of the univer-
sal quantum gates, precursor of a quantum computer.

– Quantum dots:
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1.4. SOME PARADIGMATIC SYSTEMS 9

Picture 6. The Hamiltonian couples the dots R and L , resulting in Rabi oscil-
lations for an electron hopping back and forth between L and R. Measurements
give information on the position of the electron in the system.

Contact with reservoirs and measurement
– Observation of quantum jumps

Picture 7. The very first observation of quantum jumps.

Picture 8. The cavity at T 6= 0 is subject to thermal fluctuations which are
observed as quantum jumps. This is one of the real experiments that we shall
study in detail in these notes.

Picture 9. The theoretical predictions for a typical quantum trajectory in the
cavity experiment.

– Quantum dots again
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10 CHAPTER 1. INTRODUCTION

Picture 10. A quantum dots device

Picture 11. The Hamiltonian couples the dots R and L , resulting in Rabi oscil-
lations. The reservoirs inject or extract electrons with different rates. Coulomb
repulsion can be tuned to ensure that at most one electron is in the system at
each time. Indirect measurements give information on the presence and posi-
tion of an electron in the system.
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Quantum Mechanics in a Nutshell
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2.1 Basic postulates . . . . . . . . . . . . . . . . . . . . . . . . 11
2.2 Traces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14
2.3 Elementary geometry of density matrices . . . . . . . . . 17

2.1 Basic postulates

We summarize very briefly the basic postulates of quantum mechanics,
emphasizing some points that will prove relevant in the rest of the lectures.

– Postulate 1:
To every quantum mechanical quantum mechanical system is associated
a Hilbert space H. It is important that this Hilbert space is complex, and
it is usually assumed that it is separable, so that it has finite or countable
orthonormal bases. A standard example is H = L2(R3) for a particle in
R3, but many important physical cases involve finite dimensional Hilbert
spaces. Finite dimensional Hilbert spaces suffice for most of the material
covered in these notes.
– Postulate 1’:
(Configuration space for compound systems) The Hilbert space HC for a com-
pound system C = A∪Bwith Hilbert spacesHA,HB is the tensor product

11
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12 CHAPTER 2. QUANTUM MECHANICS IN A NUTSHELL

HA ⊗HB of the elementary subsystems1:

HC = HA ⊗HB.

For instance, for 2 particles in R3,

H = L2(R3)⊗ L2(R3) ≡ L2(R6).

– Postulate 2:
(First year definition) The state of the system is described by a unit vector
|ϕ 〉 inH, modulo a phase:

|ϕ 〉 ∈ H |||ϕ 〉|| = 1 |ϕ 〉 ∼ eiθ|ϕ 〉, θ ∈ R

(More advanced definitions) The state of a system is described by ray in H,
i.e. an element in the projective space P(H):

|ϕ 〉 ∈ H |ϕ 〉 6= 0 |ϕ 〉 ∼ λ|ϕ 〉, λ ∈ C∗

The correspondence with the initial definition is simply |ϕ 〉→ |||ϕ 〉||−1|ϕ 〉.
Equivalently, the state of the system is described by a rank 1 projector in
B(H) (the bounded linear operators onH):

P ∈ B(H) P2 = P TrH P = dim range(P) = 1 range(P) ⊥ kernel(P)

The correspondence with rays is |ϕ 〉→ Pϕ := |ϕ 〉〈ϕ |

〈ϕ |ϕ 〉
(A definitive(?) definition) The previous definitions cover the notion of pure
states. We shall need the notion of statistical mixtures in the sequel. The
state of a system is described by a density matrix in B(H), i.e. a positive
operator of trace2 1 :

ρ ∈ B(H) 〈ψ | ρ |ψ 〉 ≥ 0 ∀ |ψ 〉 ∈ H TrH ρ = 1

The density matrix is automatically self-adjoint with a discrete spectrum,
i.e. has a spectral resolution

ρ =
∑
k

pkPk PkPl = δklPk ∀k, l range(Pk) ⊥ range(Pl) ∀k 6= l

1This principle is possibly to be supplemented by symmetry considerations/condi-
tions when A and B are two copies of the same system. Grossly, for two copies of A,
HC = S2(HA) (symmetrized tensor product) or HC = A2(HA) (antisymmetrized tensor
product) depending whether A describes a boson or a fermion.

2A bit more on the trace in the next section.
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pk > 0 ∀k TrH Pk = dim range(Pk) < +∞ ∀k ∑
k

pkTrH Pk = 1

where the sums over k is discrete, i.e. k runs over a finite or countable
set3. To each pure state corresponds a density matrix which is nothing but
the projector associated to the pure state. Conversely, ρ2 =

∑
k p

2
kPk so

TrH ρ2 =
∑

k p
2
kTrH Pk ≤ 1with strict inequality unless p2k = pk for every k,

i.e. pk = δk,k0 for some k0 and Pk0 must have rank 1. Thus the density ma-
trix ρ2 describes a pure state if and only if it is a projector. In other cases, ρ
can be interpreted as a statistical mixture of pure states, but there is some
arbitrariness that we shall emphasize later on.
– Postulate 3:
The time evolution of a quantum mechanical system is governed by a fam-
ily of unitary operators. Recall that U ∈ B(H) is unitary of UmapsH onto
H and preserves the norm, i.e. |||ϕ 〉|| = ||U|ϕ 〉|| for every ket |ϕ 〉. Equiva-
lently,U is unitary ifUU† = IdH. If |ϕ 〉t or ρt is a description of the system
at time t, then

|ϕ 〉t = U(t, t ′)|ϕ 〉t ′ or ρt = U(t, t ′)ρt ′U(t, t ′)†.

Consistency requires

U(t, t ′)U(t ′, t ′′) = U(t, t ′′) or at least U(t, t ′)U(t ′, t ′′) = U(t, t ′′)z(t, t ′, t ′′).

where z(t, t ′, t ′′) is a phase satisfying co-cycle conditions and related to
the fact that only rays matter. Under regularity hypotheses, there is an
operator H(t) onH, the Hamiltonian, such that

ih̄
∂

∂t
U(t, t ′) = H(t)U(t, t ′).

In the simple but frequent case when H(t) = H is time-independent

U(t, t ′) = e−i(t−t
′)H/h̄.

The physics of a system is encoded in its associated Hilbert space H and
its Hamiltonian H(t) (often simply H). Up to the replacement of t by −it,
there is a fruitful, but only partial, formal analogy with Markov processes,
where U(t, t ′) is analogous to a transition kernel and H(t) is an infinitesi-
mal generator.

3A canonical choice is to take integers for the index set and order p1 > p2 > · · · .
Another convenient, but in general ambiguous, choice is to assume that each Pk has rank
1 and put the multiplicities by allowing repetitions in the list of pks.
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– Postulate 4:
Observables are what one can measure in experiments. An observable of
a quantum system is a (any?) linear self-adjoint operator Λ onH:

Λ ∈ L(H) Λ = Λ†.

This is not really a definition, because general self-adjoint operators are
unbounded (they do not belong to B(H)) and can only be defined on a
dense subspace of H. Not necessarily bounded but densely defined op-
erators on H do not form a vector space, and the relation Λ = Λ† needs
to be taken with a grain of salt. But once properly defined, self-adjoint
operators have a spectral resolution. The Hamiltonian H is an important
example of a self-adjoint operator and its spectral resolution (grossly, its
eigenvalues and eigenvectors) is of utmost importance. When H is finite
dimensional an observable Λ is (modulo a choice of orthonormal basis)) a
hermitian matrix. There is a finite set SΛ ⊂ R and a family of projectors
Pλ 6= 0, λ ∈ SΛ such that

Λ =
∑
λ∈SΛ

λPλ P†λ = Pλ PλPµ = δλ,µPµ
∑
λ∈SΛ

Pλ = IdH.

In the simplest case, Λ is non-degenerate, which means that the projectors
have all rank 1, i.e. there is an orthonormal basis {| i 〉, i ∈ E} of H such
that

Λ =
∑
i∈E

λi| i 〉〈 i | all λi distinct,

where | i 〉〈 i | is the orthogonal projection along | i 〉. Let us say it again:
observables are what one can measure in experiments (!). More precisely,
the outcome of an (idealized) experiment measuring the observable Λ is
an element of the spectrum of Λ. But measurements deserve a special
chapter on their own. Before that, we make some comments on density
matrices.

2.2 Traces
The trace of an observable is an important quantity. It can be defined for
every observable if H is finite dimensional, and for certain observables if
H is infinite dimensional but separable (which we always assume).

IfO is a positive operator in B(H) and | i 〉, i ∈ I is an orthonormal basis
of H, the number

∑
i∈I〈 i |O | i 〉 ∈ [0,+∞] is independent of the choice of

orthonormal basis. If this number is finite,Λ is said to be of trace class and
its trace is defined to be

TrHO :=
∑
i∈I

〈 i |O | i 〉.
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If O inB(H), the operator O†O ∈ B(H) is positive (it is simply O2 is O
is an observable), and has a unique positive square root (O†O)1/2 which
belongs to B(H). The operator O is said to be of trace class if (O†O)1/2 is
of trace class, i.e. if

∑
i∈I〈 i | (O†O)1/2 | i 〉 < +∞ for some (and then every)

orthonormal basis | i 〉, i ∈ I ofH. Then

TrHO :=
∑
i∈I

〈 i |O | i 〉

is an absolutely convergent series whose value does not depend on the
choice of orthonormal basis. This is of course the standard definition if H
is finite dimensional4.

As a trivial example, suppose that Λ is an observable (not necessarily
bounded) and 0 6= |ϕ 〉 ∈ H with associated rank 1 projector Pϕ. As-
sume that Λ|ϕ 〉 is well defined. Then we claim that O := ΛPϕ is trace
class. Indeed if |ψ 〉 ∈ H, Pϕ|ψ 〉 = 〈ϕ |ψ 〉

〈ϕ |ϕ 〉 |ϕ 〉 so O|ψ 〉 = 〈ϕ |ψ 〉
〈ϕ |ϕ 〉Λ|ϕ 〉 is

well-defined and ||O|ψ 〉|| = |〈ϕ |ψ 〉|
〈ϕ |ϕ 〉 ||Λ|ϕ 〉|| which by the Cauchy-Schwarz

inequality is ≤ |||ψ 〉|| ||Λ|ϕ 〉||
|||ϕ 〉|| so indeed O = ΛPϕ belongs to B(H). Then

O†O = ||Λ|ϕ 〉||2
|||ϕ 〉||2 P

ϕ has positive square root (O†O)1/2 = ||Λ|ϕ 〉||
|||ϕ 〉|| P

ϕ which be-

longs to the trace class and has trace equal to ||Λ|ϕ 〉||
|||ϕ 〉|| . ThusO = ΛPϕ is trace

class and TrHΛPϕ = 〈ϕ |Λ |ϕ 〉
〈ϕ |ϕ 〉 .

The case when the system is in a pure state being settled, we turn to
mixed states. That a density matrix is trace class is part of the definition.
This leaves opened the question whetherΛρ is trace class for a given (pos-
sibly unbounded) observable Λ. At least we need that the image ρ(H) of
H to be included in the domain of Λ but this is not enough in general. It
it enough if ρ is a finite combination of finite rank projectors, as shown by
adapting straightforwardly the argument above.

Anyway, if the system is described by the density matrix ρ and Λ is an
observable, we define the average of Λ in state ρ as

〈Λ〉 := TrHΛρ

whenever the trace makes sense. We shall see in the chapter on measure-
ment that the average of an observable as defined by this formula is indeed
a physical quantity.

After this brief incursion in infinite dimensional spaces, let us return to
the case whenH is finite dimensional.

4Moreover in that case any basis, even if not orthonormal, can be used to compute the
trace.
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In that case, the formula TrHO†O ′ defined for every pair O,O ′ of lin-
ear operators onH endows B(H) itself with a Hilbert space structure. The
trace is fully characterized by the formula TrH |ϕ 〉〈ψ | = 〈ψ |ϕ 〉 plus ad-
ditivity. Use it for example to show that TrHA⊗HB OA⊗OB = (TrHA OA)(TrHB OB)
whenever OA and OB are operators on HA and HB respectively. We shall
use very often the commutativity of the trace, TrHO1O2 = TrHO2O1 from
which results the cyclicity of the trace TrHO1O2 · · ·On = TrHO2 · · ·OnO1.

If Λ =
∑

λ∈SΛ λPλ is the spectral resolution of the observable Λ, we find
that

〈Λ〉 = TrHΛρ =
∑
λ∈SΛ

λTrH Pλρ.

Observe that 0 ≤ TrH PλρPλ = TrH P2λρ = TrH Pλρ where the first equality
uses that ρ is a positive operator, the second uses cyclicity and the third the
definition of a projector. Moreover

∑
λ∈SΛ TrH Pλρ = TrH

(∑
λ∈SΛ Pλ

)
ρ =

TrH IdHρ = TrH ρ = 1. So the collection pλ := TrH Pλρ, λ ∈ SΛ defines
a probability measure on the spectrum of Λ and what we denote by 〈Λ〉
is always a standard probabilistic expectation that could also be denoted
by E (Λ) for some probability measure . This works well for a single ob-
servable Λ, or for families of commuting observables. But beware of this
classical interpretation if non-commuting observables are considered.

We end this discussion by a very important topic when dealing with
compound systems:
– Partial trace
Suppose that ρC describes the state of a compound system C = A ∪ B.
Suppose that we are interested only in the subsystem A, i.e. we consider
only observables on A, i.e. observables Λ of the form Λ = ΛA ⊗ IdB on
HC = HA⊗HB where ΛA is an observable acting only onHA. The average
formula 〈Λ〉 = TrHC (ΛA ⊗ IdB)ρC defines a linear functional on the space
of observables on A, so we know by duality (in finite dimensional spaces)
that there is an unique linear operator ρA onHA such that

TrHC (ΛA ⊗ IdB)ρC = TrHA ΛAρA.

It is readily checked, as suggested (but not proved) by our choice of no-
tation, that ρA is a density matrix on HA. This density matrix is denoted
by TrHB ρC (don’t forget that this is still an operator, acting on HA) and is
called the partial trace of ρC overHB. The notation and name become clear
with an explicit formula. The reader is urged to write this formula, but we
shall only give the formula later on because we want to emphasize that
the characterization is enough to carry interesting computations.

We propose four such computations to the reader.
– The first one is trivial (but useful). Check that TrHA TrHB = TrHA⊗HB .



DRAFT, U
SE

W
IT

H
CAUTIO

N
!

2.3. ELEMENTARY GEOMETRY OF DENSITY MATRICES 17

– The second is almost trivial. Suppose that ρC factorizes as ρC = ρA ⊗ ρB.
Then TrHB ρC = ρA.
– The third is related to the fact that the partial trace TrHB acts only on
HB. In fact one can view the partial trace as an extension of the trace.
The original trace is a linear map TrHB : B(HB) → C and the extension is
as a map TrHB B(HA ⊗ HB)) ∼= B(HA) ⊗ B(HB) → B(HA) ⊗ C ∼= B(HA).
Then if Φ : B(HA) → H is a linear map, check that its canonical extension
Φ : B(HA ⊗HB)) → H⊗ B(HB) commutes with TrHB .
– The fourth one is of some importance. It answers the question of how
general TrHB ρC is when ρC is a pure state. Let ρA be a density matrix
on HA. There is a Hilbert space HB and a pure state |ψ 〉〈ψ | on HC =
HA⊗HB such that TrHB |ψ 〉〈ψ | = ρA. In particular, even if the compound
system is described by a pure state, the effective description at the level
of a subsystem is generically a mixture. The reader can find a proof in
chapter 7 section 7.1. Hint: On can take dimHB = dimHA i.e. take for HB
a copy ofHA.

2.3 Elementary geometry of density matrices
Density matrices form a convex set (obvious from the definition as positive
unit trace operators)... but not a simplex in general.

We shall often work with the simplest non-trivial case, i.e. dimH = 2

(e.g a spin 1/2), and we take H = C2. A general 2× 2 complex matrix can
be written as a linear combination of the Pauli matrices

1

2
(WId + Xσx + Yσy + Zσz)

where

σx :=

(
0 1

1 0

)
σy :=

(
0 −i
i 0

)
σz :=

(
1 0

0 −1

)
σ+ :=

(
0 1

0 0

)
σ− :=

(
0 0

1 0

)
andW,X, Y, Z are arbitrary complex numbers. We recall the identities σ2z =
1, σxσy = −σyσx = iσz and the ones obtained by circular permutations of
the indices.

Such a matrix is positive if and only ifW,X, Y, Z are real with X2 + Y2 +
Z2 ≤ W2. It has trace 1 if and only if W = 1. Thus it is a density matrix if
and only if W = 1 and X, Y, Z are real with X2 + Y2 + Z2 ≤ 1, i.e. a general
2× 2 density matrix reads

ρ :=
1

2
(Id + Xσx + Yσy + Zσz) X2 + Y2 + Z2 ≤ 1,
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forming a set that can be identified with the unit ball in R3 (the Bloch ball?).
The characterization of pure states by ρ2 = ρ coincides for 2×2matrices

with the condition Det ρ = 0 i.e. X2 + Y2 + Z2 = 1. Thus the set of pure
states can be identified with the unit sphere in R3, commonly called the
Bloch sphere in the physics literature. Orthogonal pure states correspond
to diametrically opposed points on the Bloch sphere.

Any point of the Bloch ball lays on at least one diameter, and the inter-
section of this diameter with the Bloch sphere gives a decomposition of the
corresponding density matrix as a convex combination of two orthogonal
pure states. The origin lays on any diameter and admits a continuum of
such decompositions. But note that a point of the Bloch ball lays on a con-
tinuum of chords, and the intersection of each such chord with the Bloch
sphere gives a decomposition of the corresponding density matrix as a
convex combination of two pure –but in general not orthogonal– states.
This is a fundamental arbitrariness that we alluded to before : there are
in general many ways to build a statistical ensemble of pure states corre-
sponding to a given density matrix.

Picture 12. Geometry of the Bloch disk.

When dimH = d > 2 the situation is much more complicated. In
particular, pure states are extremal points of the space of density matrices,
but are far from exhausting the boundary. The space of density matrices
has (real) dimension d(d + 1)/2 and its boundary, the singular density
matrices (DetH ρ = 0) has (real) dimension d(d + 1)/2 − 1 while the pure
states form a space of complex dimension d−1 i.e. of real dimension 2d−2.


