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Field theory at finite T

e QFT atzero T
e Nonzero T
e Imaginary time formalism

Length scales in the QGP

Collective phenomena

Field theory at finite T
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Field theory at finite T
e QFT atzero T

e Nonzero T
e Imaginary time formalism

Length scales in the QGP

Collective phenomena

Thermal photon rate
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Quantum field theory at T=0

= In order to study collision processes involving a small
number of particles, one uses Quantum Field Theory at zero
temperature

= |t can be used to calculate scattering amplitudes, such as
<ﬁ1ﬁ20ut ’k1k2in>

= Besides the incoming particles, the only other fields that can
be involved in the scattering process are quantum
fluctuations of the vacuum

Lecture I/ IV — Master 2eme année - spécialité NPAC, Orsay, France, Février 2013 - p. 5/40




Field theory at finite T
e QFT atzero T

e Nonzero T
e Imaginary time formalism

Length scales in the QGP

Collective phenomena

Thermal photon rate
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Quantum field theory at T=0

= A QFT is specified by its Lagrangian, that describes the
Interactions among its elementary constituents

= \When the interactions are weak, one can compute
observables in perturbation theory, i.e. as a series in the
coupling constants

= LSZ reduction formulas : scattering amplitudes are obtained
from the Fourier transform of the time-ordered correlators

<ﬁ1ﬁ2 t“glEZ' >_/ ei(kl'm1+k2'$2—p1'y1—p2-y2)
ou n/ —

1,T2,Y1,Y2

X Oy Oay Oy, Oy, goout T ¢(z1)P(z2)P(y1)d(y2)

-~

Oin>

J/

can be calculated perturbatively

Note : T = time ordering
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Generalization to T>0

= Contrary to T' = 0, particles from the thermal environment
can participate in reactions :

e Imaginary time formalism

Length scales in the QGP

Collective phenomena

Thermal photon rate

= This phenomenon gives their temperature dependence to
correlators

s The time-ordered correlators are now defined as

Tr (e PH T g(x1) - p(an))
Tr (e—PH)

G(.’El, o 73771)

(with 3 = 1/T)
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T=0 limit

Field theory at finite T

e QFT atzero T
e Nonzero T

The thermal correlators can be rewritten in terms of
eigenstates of the Hamiltonian :

e Imaginary time formalism

Length scales in the QGP

Collective phenomena 1

G(xlv'” 755?%) — Ty (G_BH) Z e~ <n’Tqﬁ(x1)¢(xn)‘n>

states n

Thermal photon rate

= When T — 0 (i.e. 3 — +00), only the vacuum state |0)
survives since it has the lowest energy. Thus

lim G(z1, - ,2,) = (0|T ¢(z1) - ()]0)

T—0

= Therefore, our definition of the thermal correlators is a
natural extension of the definition used at zero temperature
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Field theory at finite T
e QFT atzero T
e Nonzero T

e Imaginary time formalism

Length scales in the QGP

Collective phenomena

Thermal photon rate
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Thermodynamical quantities

= The sum of all the vacuum diagrams provides the partition
function
7 = Tr (e PH)

= Vacuum diagrams are diagrams without any external legs

= From Z, one can obtain other thermodynamical quantities :

YA
Y=o
S=pE+1In(2)

1
F=E-T 7 (2)
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Imaginary time frequencies

Field theory at finite T

* QFTatzero T = The propagator — and more generally the integrand for any
diagram — is 5-periodic in the imaginary time 7 = —iz"

Length scales in the QGP

Collective phenomena = Therefore, one can go to Fourier space by decomposing the
Thermal photon rate time dependence in Fourier series and by doing an ordinary

Fourier transform in space :

400 —
= — d3p twpn (Te—Ty) ,—iD (E—Y =
GO(Tx7w7Ty7y) =T Z / (27T)3 e n (T y)e p(Z—9Y) Go(wn,p)

with w,, = 2mnT. Note : for fermions, w,, = 27 (n + 3)T

= Exercise : an explicit calculation gives :
1

G(w,,p) =
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Field theory at finite T

e QFT atzero T
e Nonzero T

e Imaginary time formalism

Length scales in the QGP

Collective phenomena

Thermal photon rate
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Imaginary time formalism

= Feynman rules :
0 Propagators : G°(wy, B) = 1/(w? + p* + m?)

0 Vertices : g + conservation of w,, and p

0 Loops: T f(%)g

= Examples (written here in the massless case) :

3= 3=
= AT* Z/ oD d S
> (w2, +P) (w2 +4°)

d?“ 1

@—QT Z/ (w%+ﬁ2)(w2+q)( m+n+(p+q
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Imaginary time formalism

Field theory at finite T

e QFTatzero T m The calculation of the discrete sums can be a bit tedious...
e Nonzero T
Crgh s o e 968 = Replace each propagator by
Collective phenomena
Thermal photon rate 0 — 1 6 . iwn T _ Ep T Ep T
GOwnsB) = g [ dr 07 | (b (Bp)) e 507, (Byp) |
P

= One should combine this trick with the formula

D T =8 (1 —np)

n

which turns all the time dependence into combinations of
delta functions. Then, all the time integrations are trivial
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Example

Field theory at finite T u EXGfClse. Tadp0|e In a A¢4 theOry :

QFT atzero T

e Nonzero T

e Imaginary time formalism ( )

Z d3 p
Length scales in the QGP T / 2

Collective phenomena

Thermal photon rate d3 p —zwnq- — T T
k = Z/ TN /dTe {(l—l—n (Ep))e P —I—nB(Ep)eEp }

d°p
B /27r 32E, deéT np) {1+n (Ep))e EpTJrnB(Ep)eEpT}

= 5/ @y 11+ 2 (B

(the remaining integral is “elementary”)

= Note : in the last formula, the 1 gives the usual ultraviolet
divergence, and the n, gives a finite contribution that
vanishes if " — 0 > this term is a medium effect
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Field theory at finite T

Length scales in the QGP

e Degrees of freedom
e Length scales

Collective phenomena

Thermal photon rate

Length scales in the QGP
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Degrees of freedom

Field theory at finite T

Length scales in the QGP
e Degrees of freedom
e Length scales
dN, 1
Collective phenomena = —
Brdik e/T +1

= Quarks: 2 (spin) x 3 (color) = 6 (per flavor)

(Fermi-Dirac)

Thermal photon rate

= Gluons: 2 (spin) x 8(color) = 16

N _
BEdk /T —1

(Bose-Einstein)

= Average energy per particle:  (w) ~ T

= Particle density: p~ T

Average distance between particles: ¢~ 1/T
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Length scales

= 1/T : wavelength of particles in the plasma

Field theory at finite T

= 1/¢T : typical distance for collective phenomena
0 Thermal masses of quasi-particles

Collective phenomena 0 Screening phenomena

Thermal photon rate 0 Damping of waves

= 1/¢%T : distance between two small angle scatterings
0 Color transport
0 Photon emission

= 1/¢*T : distance between two large angle scatterings
0 Momentum, electric charge transport
> characteristic scale of hydrodynamic modes

= In the weak coupling limit (¢ < 1), there is a clear hierarchy
between these scales

= Distinct effective theories according to the characteristic
scale of the problem under study
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Vacuum fluctuations

Field theory at finite T

Length scales in the QGP

e Degrees of freedom

e Length scales

Collective phenomena

¢Q

Thermal photon rate =

= At distances scales ¢ < 1/T, medium effects are irrelevant

= At such scales the dynamics is simply described by the
usual QCD in the vacuum
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Thermal fluctuations

Field theory at finite T

Length scales in the QGP

e Degrees of freedom
e Length scales

Collective phenomena

Thermal photon rate

= Distance scales 1/T < ¢ < 1/¢7T control the bulk
thermodynamic properties. The system can be studied by

QCD at finite temperature

= The leading thermal effects can be treated by an effective
theory that encompasses the main collective effects, and
that has the form of a collision-less Vlasov equation
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Small angle scatterings

Field theory at finite T

Length scales in the QGP

e Degrees of freedom

e Length scales

Collective phenomena

Thermal photon rate

= When it is necessary to follow a plasma particle over
distances 1/¢*T < ¢, we must take into account soft (small
angle) collisions with other particles of the plasma

= This can be done simply by adding a collision term to the
previous Vlasov equation
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Field theory at finite T

Length scales in the QGP
e Degrees of freedom

e Length scales

Collective phenomena

Thermal photon rate
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Collision rate

= Collisional width :

2
\Qeag el
QQ%\’Q 4 m3 dQﬁ 1 2
I'con = ngD ~ g T p4 ~ g
-\.Q-Q»Q‘Q’Q'&QQQQQQI Mdebye +

= A\ =1/T..y Is the mean free path between two small angle
scatterings (¢ ~ g)

= Note : the mean free path between two large angle
scatterings (0 ~ 1) is ~ 1/¢*T
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Large angle scatterings

Field theory at finite T

Length scales in the QGP

e Degrees of freedom

e Length scales

Collective phenomena

Thermal photon rate

= Over distance scales ¢ ~ 1/¢*T, one must take into account
the large angle collisions, that change significantly the
direction of motion of the particle (this is necessary e.g. for
calculating transport coefficients)

= The most efficient way to describe the system over these
scales Is via a Boltzmann equation for color/spin averaged
particle distributions
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Hydrodynamical regime

Field theory at finite T

Length scales in the QGP

e Degrees of freedom

e Length scales

Collective phenomena

Thermal photon rate

= The hydrodynamical regime is reached for length scales that
are much larger than the mean free path : 1/¢*T < ¢

= |n order to describe the system at such scales, one needs :
0 Hydrodynamical equations (Euler, Navier-Stokes)
0 Conservation equations for the various currents
0 Equation of state, viscosity
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Field theory at finite T

Length scales in the QGP

Collective phenomena
e Dressed propagator
e Quasi-particles

e Debye screening

Thermal photon rate
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Collective phenomena in the QGP
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Field theory at finite T

Length scales in the QGP

Collective phenomena
e Dressed propagator
e Quasi-particles

e Debye screening

Thermal photon rate
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Collective phenomena

Phenomena involving many elementary constituents

Long wavelength compared to the typical distance between
constituents

Small frequency or energy

Major collective phenomena :
0 Quasi-particles

O Debye screening

0 Landau damping

0 Collisional width
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Field theory at finite T

Length scales in the QGP

Collective phenomena
e Dressed propagator

e Quasi-particles
e Debye screening

Thermal photon rate
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Dressed propagator

= |n order to see how the medium affects the propagation of
excitations, one must compute the photon (gluon)
polarization tensor 11" (z, y) = (J*(x)J" (y))

= The photon (or gluon for QCD) self-energy can be
resummed on the propagator. Diagrammatically, this
amounts to summing :

= The properties of the medium can be read off the analytic
properties of this resummed propagator (cuts, poles, ...)
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Field theory at finite T

Length scales in the QGP

Collective phenomena
e Dressed propagator

e Quasi-particles
e Debye screening

Thermal photon rate
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Quasi-particles

= Quasi-particles correspond to poles in the propagator. Their
dispersion relation is the function py = w(p) that defines the
location of the pole

= The inverse of the imaginary part of pg Is the lifetime of the
quasi-particles (If Im(pg) = 0, they are stable). In order to be
able to talk about quasi-particles, one must have

Im(pg) < Re(po)
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Field theory at finite T

Length scales in the QGP

Collective phenomena
e Dressed propagator

e Quasi-particles
e Debye screening

Thermal photon rate
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Quasi-particles

= Dispersion curves of particles in the plasma :

»P

= Thermal masses due to interactions with the other particles
In the plasma :

My ~ Mg ~ g1’

= At this order, the quasi-particles are stable
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Field theory at finite T

Length scales in the QGP

Collective phenomena
e Dressed propagator
e Quasi-particles

e Debye screening

Thermal photon rate
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Debye screening

= A test charge polarizes the particles of the plasma in its
vicinity, in order to screen its charge :

exp(-r/rddwe)

®
5)@@ @ V(r) = r
‘ r
SO ®

= The Coulomb potential of the test charge decreases
exponentially at large distance. The effective interaction
range is :

5 ~ 1/mdebye ~ 1/gT

= Note : static magnetic fields are not screened by this
mechanism (they are screened over length-scales

Umag ~ 1/g*T)
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Field theory at finite T

Length scales in the QGP

Collective phenomena
e Dressed propagator
e Quasi-particles

e Debye screening

Thermal photon rate
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Debye screening

= Place a quark of mass M at rest in the plasma, at ¥ =0

= Scatter another quark off it. The scattering amplitude reads

M = [ga(E yyu(B)] [P yu@)] S LD s e

2 _ L. :
a:T,L Q (Q) g‘{ Q — k_k1
= _ o
O If P = 0 (test charge at rest), only o = L contributes P P

0 From (P + Q)? = M?, we get a 27(qo)/2M

= For the scattering off an external potential A*, the amplitude
. o —/ —
is M= |gu(k )v.u(k)] A*(Q)

= Thus, the potential created by the test charge at rest is :

-/

A (Q) = g 8P g\}u(ﬁ) 2m6(qo) P (0,G)  2mg8*°8(qo)

g +1,0,q g +1,(0,q)

Lecture I/ IV — Master 2eme année - spécialité NPAC, Orsay, France, Février 2013 - p. 29/40




Debye screening

= By a Fourier transform, we obtain the Coulomb potential :

Field theory at finite T

Length scales in the QGP 0 - d3 a &
Collective phenomena (27'(') q —'— HL (O, q)

e Dressed propagator
e Quasi-particles

B = |f we are in the vacuum, II, = 0, and the Fourier transform
e gives the usual Coulomb law :

iq-r

dBQ* ei(_j-'f‘ g

A?/ac t>—) — — =
7 =9 [ erF @ dn

= In aplasma, I, (0, q) = @ = m? . The Fourier transform

can also be done exactly

3=
A =g [ S

2m)% G° +m

ig-7

> 4x|7|
D

> the potential is unmodified at » < 1/m ,, but exponentially
suppressed at large distance
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Field theory at finite T

Length scales in the QGP

Collective phenomena

Thermal photon rate

e How to compute a rate?
e 2-t0-2 processes

e Bremsstrahlung

o LPM effect

e Thermal photon rates

e Initial temperature
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Thermal photon rate
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How to compute a rate?

Field theory at finite T

= Pedestrian approach:

Length scales in the QGP (L)

Collective phenomena 2

Thermal photon rate ’
e How to compute a rate? d ]V ' '
unobserved

e 2-t0-2 processes

e Bremsstrahlung W dthdB — X
o LPM effect q

e Thermal photon rates

e Initial temperature

particles '

X n(wy) - -n(wn)
X (1 £n(w))) - (1+ n(wz’?))

= From the photon polarization tensor:
Weldon (1983) - Gale, Kapusta (1991)

dN, 1
CAAVABG e /T — 1

Im Hret'u,u (wa C_j)
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2-t0-2 processes

Field theory at finite T

= qq — gy and qg — gv:

Length scales in the QGP

Collective phenomena

e How to compute a rate? v v

» Bremsstrahlung —<— - et —>—

o LPM effect
e Thermal photon rates

Thermal photon rate

e Initial temperature

> For real photons (Q? = w? — g* — 0), divergence if the
guarks are massless:

Im Hret (Cd, 6) X Qs 1H(WT/Q2)

= The thermal mass of the quarks cures the singularity:

wT

Im IT,o" , (w, §) = draa,T? [ln (W) — 0.03]
q
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Field theory at finite T

Length scales in the QGP

Collective phenomena

Y

Thermal photon rate

e How to compute a rate?
e 2-t0-2 processes

e Bremsstrahlung

o LPM effect

e Thermal photon rates

Q00000

e Initial temperature
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Bremsstrahlung

= Higher order, but enhanced by a collinear divergence:

.r"’z
\
>

Q0

Y

> Singularity when a real photon is emitted collinearly to the

2
quark: a?L; ~ a
Cl

= For 3 colors and 2 flavors, the bremsstrahlung contribution is:

32 T3
Im Il ) (w, ) = S—Wozas [71'2 m -+ wT]
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Field theory at finite T

Length scales in the QGP

Collective phenomena

Thermal photon rate

e How to compute a rate?
e 2-t0-2 processes

e Bremsstrahlung

e Thermal photon rates

e Initial temperature
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Landau Pomeranchuk Migdal effect

= Photon formation time

R=P+Q
(ro = po + w)

\YQ e

t. Nfro—\/r +mg ~

—2 2
2p07“0 {pj_ * mq}

= ¢ should be compared to the mean free path of the quarks.
LPM effect: multiple scatterings are importantif¢,. > A

r—
T

Y

<0000 Y

7
TR

00000 Y
<0000 Y
<0000 Y
<0000 Y

1

>
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Field theory at finite T

Length scales in the QGP

Collective phenomena

Thermal photon rate

e How to compute a rate?
e 2-t0-2 processes

e Bremsstrahlung

e Thermal photon rates

e Initial temperature
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Landau Pomeranchuk Migdal effect

= Resummation of ladder diagrams:

I o] =

> Dyson equation:

I T, = ot [ dpod*, ) 26, - F(5.)

> Bethe-Salpeter equation:

with

fB.)

=25, +iasT / L)L) — FBy + 1))

= 1 1

2 -2 o
lJ— l—L + mdebye
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Thermal photon rates

Field theory at finite T u P h Oton rate at O (OéCkS )

Length scales in the QGP

a,=0.3, 3 colors, 3 flavors, T=1 GeV

Collective phenomena

1 L f f f f f T T T T ]
A T A 2->2 weemens ]
O HOW to CompUte a rate? ;" LPM T
e 2-t0-2 processes L% § § : : . . . i
< Bremsstahiing Single scattering
o LPM effect q-/-\ 01 C """""""" """""""""" """""""""" : : : : ]
e Initial temperature S
N
> 00l
@)
~
o
o
o
<< 0.001
o
~
Z
o
3 0.0001
BT
16‘05 l l L ! 1 | 1 | AT |
1 2 3 4 5 6 7 8 9 10
w (GeV)

Francois Gelis — 2013 Lecture Il /1V — Master 2eme année - spécialité NPAC, Orsay, France, Février 2013 - p. 37/40




Initial temperature

Field theory at finite T

= RHIC direct photon spectrum:

Length scales in the QGP

&~ 10%E

Collective phenomena

o - A

o - 4 AuAu Min. Bias x10 *
3L
2 10°E

®  AuAu 0-20% x102

Thermal photon rate

e How to compute a rate?
e 2-t0-2 processes

e Bremsstrahlung

o LPM effect

e Thermal photon rates

e Initial temperature

[EEN
[EnN

o <
T T T T 1

Ed®N/dp *(GeV2c?) or Ed *o/dp * (mb Ge
= P e [
©Q © 9 9o 9 o9

=
Q
4

[EnN
T T 11T

= AuAu 20-40% x10

> v ptp

------------- Turbide et al. PRC69

4 5 6 \7
P, (GeVl/c)

= The photon excess (compared to the rescaled yield in
proton-proton collisions) can be explained if the temperature
IS T ~ 300 — 600 MeV at atime 7 =~ 0.6 — 0.15 fm/c
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Lecture Il

Field theory at finite T

Length scales in the QGP

Collective phenomena

= Relativistic hydrodynamics

Thermal photon rate

= Phenomenological results

= \VIScous corrections
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Lecture IV

Field theory at finite T

Length scales in the QGP

Collective phenomena

= Collisionless transport

Thermal photon rate

= Boltzmann equation

= Transport coefficients
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