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QCD and factorization
e Confinement

e How to test QCD?
e Factorization

Color Glass Condensate

Eikonal scattering

Solution of YM equations

QCD and factorization

DIS cross-section

Fits of DIS data
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Asymptotic freedom

e Confinement
e ou(r) = 2r e
Color Glass Condensate ) (11NC o 2Nf) log(l/rAQC’D)

Eikonal scattering

Solution of YM equations
DIS cross-section
Fits of DIS data QQQQQG&QQ&U@\QQ&Q@Q&Q&QM@\QQQ&Q

= The effective charge seen at large distance is screened by
fermionic fluctuations (as in QED)
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Asymptotic freedom

e Confinement
e ou(r) = 2r e
Color Glass Condensate ) (11Nc o 2Nf) log(l/rAQC'D)

Eikonal scattering

Solution of YM equations
DIS cross-section
Fits of DIS data Q.QQQQLé }QQQQQL%&QQ&QA@Z?&&Q&L@ ;QQQ.QQ

= The effective charge seen at large distance is screened by
fermionic fluctuations (as in QED)

= But gluonic vacuum fluctuations produce an anti-screening
(because of the non-abelian nature of their interactions)

= Aslong as Ny <11N./2 = 16.5, the gluons win...
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Quark confinement
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= The quark potential increases linearly with distance
= Color singlet hadrons : no free quarks and gluons in nature
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How to test QCD?

e Confinement

= QCD is the fundamental theory of strong interactions among
Color Glass Condensate quarks and gluons

RN ST = Experiments involve hadrons in their initial and final states,
Solution of YM equations not quarks and gluons

DIS cross-section

= Hadrons cannot be described perturbatively in QCD

Fits of DIS data

= Scattering amplitudes with time-like on-shell momenta
cannot be computed on the lattice

> How can we compare theory and experiments?

> Factorization : separation of short distances
(perturbative) and long distance (non perturbative)
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Factorization

= At a superficial level, factorization means that :
e How to test QCD?

Ohadrons =I ® Opartons

Color Glass Condensate

Eikonal scattering 1 F = parton distribution

Solution of YM equations " Opartons = Observable at the partonic level

DIS cross-section (calculable in perturbation theory)

Fits of DIS data

= For this to be useful, F' must be universal
(i.e. independent of the observable O)

= In order to test QCD experimentally, measure as many
observables as possible, and try to find common F£’s that fit
all the data
Note : at this stage, by looking at only one observable, it is
Impossible to perform any meaningful test, since it is always
possible to adjust F' so that it works
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Factorization

= Some loop corrections in Opartons are €nhanced by large

:
S logarithms, e.g.
e How to test QCD?
2 < |
Color Glass Condensate (8 ln —_— (87 ln (—) ~ (X ln i
’ (m2 ) ’ A\ M2 S\ x
Eikonal scattering H
Solution of YM equations Note : the log that occurs depends on the details of the kinematics
DIS eress-secton 7 Bjorken limit: s, M?* — +oo with s/M? fixed

Fits of DIS data

7 Regge limit: s — +o0, M? fixed

= These logs upset a naive application of perturbation theory
when o, In(-) ~ 1 > they must be resummed

= This resummation can be performed analytically
" the result of the resummation is universal

7 all the leading logs can be absorbed in F
> the factorization formula remains true
> this summation dictates how F evolves with M? or x
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Factorization

= These logarithms tell us that the relevant parton distributions

- Connenent depend on the resolution scales (in time and in transverse
e How to test ? . .
momentum) associated to a given process
Color Glass Condensate
Eikonal scattering = Calculation of some process at LO :
Solution of YM equations
DIS cross-section J%/
Fits of DIS data a‘)‘)ba‘);:()l iy
% [ r1=M, e /\/g
% d(M~,Y)
[ Ve
,ésé“ [] To = MJ_ e /\/g
X
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Factorization

= These logarithms tell us that the relevant parton distributions

- Connenent depend on the resolution scales (in time and in transverse
e How to test ? . .

momentum) associated to a given process

Color Glass Condensate

Eikonal scattering = Radiation of an extra gluon :

Solution of YM equations

DIS cross-section

()() Z,k Q,U
Fits of DIS data 9,)()9‘5'&@3&.
S u My
” d: [ &k,
§ U (M[I ! Y) — Q5 7 k2
S
& L A 1
& X

= Practical consequence : pQCD predicts not only Opartons bUt
also the evolution 9,, F’ (or 0, F)

> the only required non-perturbative input is F'(x, My) or F(xo, M)
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Collinear factorization

e = Logs of M|, =— DGLAP. Important when :

e How to test QCD?
:
— O M, > A while z1, z2 are rather large

Color Glass Condensate

QCD?

Eikonal scattering

= Cross-sections read :

| do
DIS cross-section X F(CEl,MJQ_) F(xQ’MJQ_) |M‘2

Fits of DIS data d Yd2 P L

Solution of YM equations

with z, , = My exp(£Y)//s

= Note : there are convolutions in z; and x, If some particles
are integrated out in the final state

= The factorization of logarithms has been proven to all orders
for sufficiently inclusive quantities
(see Collins, Soper, Sterman, 1984-1985)

Francois Gelis — 2007 Lecture |/ IV — Hadronic collisions at the LHC and QCD at high density, Les Houches, March-April 2008 - p. 11




Kt-factorization

Collins, Ellis (1991), Catani, Ciafaloni, Hautmann (1991)

© oo o QD = Logs of 1/2 = BFKL. Important when :
: :
7 M, remains moderate, while x; or x> (or both) are small
Color Glass Condensate
Eikonal scattering = The BFKL equation is non-local in transverse momentum
Solution of YM equations > it applies to non-integrated gluon distributions ¢(x, EL)

DIS cross-section

Q2 -
fEG(w,QQ):/éf)J; p(z, kL)

Fits of DIS data

> the matrix element is calculated for (off-shell) gluons with k. £0

= |n this framework, cross-sections read :

M

2 2
li_kQJ_

do
dYd2P |

OC[ ) 5(’21J_+’22J__ﬁJ_) 0, (x1,k11) @, (x2,k21)
ki1,ko

(21,2 =My e [/ \/5)
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Multi-parton interactions?

QCD and factorization

e Confinement
e How to test QCD?

Color Glass Condensate

Eikonal scattering ¢ $

Solution of YM equations
DIS cross-section
Fits of DIS data

= Collinear or kt-factorization : only one parton in each
projectile take part in the process of interest
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Multi-parton interactions?

QCD and factorization

e Confinement
e How to test QCD?

Color Glass Condensate

.J‘
Eikonal scattering ¢ o j

Solution of YM equations
DIS cross-section
Fits of DIS data

= Collinear or kt-factorization : only one parton in each
projectile take part in the process of interest

= |f multiparton interactions are important : the above forms of
factorization cannot work anymore, because the only
information they retain about the distribution of partons is
their 2-point correlations (i.e. the number of partons)
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QCD and factorization

Color Glass Condensate

e Saturation domain
e Color Glass Condensate
e Deep Inelastic Scattering

Eikonal scattering

Solution of YM equations

Color Glass Condensate

DIS cross-section

Fits of DIS data
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@ Saturation domain

QCD and factorization

1
log(x ™)

e Saturation domain

e Color Glass Condensate

e Deep Inelastic Scattering

Eikonal scattering

Solution of YM equations

DIS cross-section

Fits of DIS data

log(Q?)

QCD
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CGC degrees of freedom

QCD and factorization

= The fast partons (large z) are frozen by time dilation

> described as static color sources on the light-cone :
e Deep Inelastic Scattering

Eikonal scattering JC'LLL — 6M+5(w_)pa (iJ_) (ZIJ_ = (t - Z)/\/§)

Solution of YM equations

DIS cross-section

= Slow partons (small ) cannot be considered static over the
time-scales of the collision process > they must be treated
as the usual gauge fields

Since they are radiated by the fast partons, they must be
coupled to the current J£ by aterm: A, J*

Fits of DIS data

= The color sources p, are random, and described by a
distribution functional W, [p|, with ¥ the rapidity that
separates “soft” and “hard”
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QCD and factorization

Color Glass Condensate

e Saturation domain

e Color Glass Condensate

e Deep Inelastic Scattering

Eikonal scattering

Solution of YM equations

DIS cross-section

Fits of DIS data

Francois Gelis — 2007

CGC evolution

= Evolution equation (JIMWLK) :

oW,
oy — Wy
| 5 5
H: -~ ~ a xr 3
2) 54 (i) (2L yL)aAj(e,@)
Y|

where —82% At (e,Z.) = ple, @)
= 745 1S @ non-linear functional of p

= This evolution equation resums the powers of o, In(1/x) and
of Qs /p. that arise in loop corrections

= This equation simplifies into the BFKL equation when the
color density p is small (one can expand 7, in p)
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&) Deep Inelastic Scattering

QCD and factorization

Color Glass Condensate

e Saturation domain
e Color Glass Condensate

e Deep Inelastic Scattering

Eikonal scattering

Solution of YM equations

DIS cross-section C

Fits of DIS data
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Light-cone coordinates

= Light-cone coordinates are defined by choosing a privileged

QCD and factorization

axis (generally the z axis) along which particles have a large
S en ol momentum. Then, for any 4-vector a*, one defines :

Eikonal scattering a_|_ — a/O —|_ a/3 a_ — CLO - a/3

Solution of YM equations - \/§ ’ - \/§

DIS cross-section a UﬂChanged NOtatlon d’J_ = (a,l, a/2)

Fits of DIS data

= Under a Lorentz boost in the z direction :
at = Aat , o >Ata , a'?—d?

= Some useful formulas :

d*x = dedx~ d*% |

_I_
o

=200 -V Notation: 97 =
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Parton-nucleus cross-section

QCD and factorization = Reactions involving elementary probes can be reduced to
that of individual partons with the saturated target :

e Color Glass Condensate

1 - — 2

Eikonal scattering dO_ - \d¢1 V dQ)TE 2p_ 27T5(p B Z Q’L ) |M|

Solution of YM equations

Invariant phase-space
for the final state

DIS cross-section

Fits of DIS data

d3q

0 Invariant phase-space : d® =
P P (27520,

" M = transition amplitude (g, - - - ,,out|Bin ) in the
presence of the color field of the target

1 The delta function comes from the fact that a highly
boosted target field (in the +z direction) is ' -independent
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QCD and factorization

Color Glass Condensate

Eikonal scattering
e Eikonal limit
e Light-cone wavefunction

Solution of YM equations

Eikonal scattering

Fits of DIS data
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Goal

= Consider the scattering amplitude off an external potential :

QCD and factorization

Color Glass Condensate ’

Eikonal scattering

o Eikonal limit Sﬁa = <60ut’04i1’1> = <61n’U(‘|—OO, —OO)‘CVin> g

e Light-cone wavefunction

Solution of YM equations

DIS cross-section where U(+o0, —o0) is the evolution operator from t = —oo to

Fits of DIS data t — +OO

U(+00,—0) =T exp {z / d*z Lint (qﬁin(x))}

Note : L;,: contains the self-interactions of the fields and their
interactions with the external potential

= \WWe want to calculate its high energy limit :

S((;O) = lirf <ﬂin‘ei°"K3U(+oo, —Oo)e_WKB‘Oéin>

where K* is the generator of boosts in the +z direction
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Eikonal scattering in a nutshell

QCD and factorization

Colo Glass Condensite = In a scattering at high energy, the collision time goes to zero
as s—1/2
e Eikonal limit

e Light-cone wavefunction

Solution of YM equations

= With scalar interactions, this implies a decrease of the
scattering amplitude as s—1/2

DIS cross-section

Fits of DIS data

= With vectorial interactions, this decrease is compensated by
the growth of the component J* of the vector current

> the eikonal approximation gives the finite limit of the
scattering amplitude in the case of vectorial interactions
when s — +oc
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Eikonal limit

= Consider an external vector potential, that couples via
e A, (x)JH(x) (J"isthe current associated to some conserved

QCD and factorization

Color Glass Condensate

eharge)

e Eikonal limit

" Hahveone wavetuncion = We will assume that the external potential is non-zero only in
Solution of YM equations a finite range in ZC+, ZC+ c [_L’ _|_L]

DIS cross-section

= The action of /° on states and (scalar) fields is :

Fits of DIS data

e B ) = (P BL) )

eI Gin(2)e T = Gin(e Ve, 2T, L)
= K3 does not change the ordering in z*. Hence,
iwk3 —in?’_ . 4 iwK3 —iwK?3
e U(+o0, —00)e =Texpi | d x Lint(e™ din(x)e )

where L+ = ,Cself((b) + e AM JH
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Eikonal limit

QCD and factorizaton = Split the evolution operator U (400, —o0) into three factors :

Color Glass Condensate

Eikonal scattering
e Eikonal limit

e Light-cone wavefunction

U(+00,—o0) = U(4o00,+L)U(+L,—L)U(—L, —0)

Upon application of K, this becomes :

Solution of YM equations
DIS cross-section einS U("—OO, _Oo)e—in3 _ eing U(—I—OO, +L)€—in3

Fits of DIS data . 3 . 3 . 3 . 3
K —iwK? iwK —iwK
xe“™ U(+L,—L)e ™" " U(—L,—00)e ™

= The external potential A, (=) is unaffected by i

= The components of J#(z) are changed as follows :
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Eikonal limit

QCD and factoizaton = The factors U(+o0,+L) and U(—L, —oo) do not contain the
Color Glass Condensate external potential. In order to deal with these factors, it is
sufficient to change variables : ¢ “2" — o7, e¥2 — a7,

» Light-cone wavefunction This leads to :

Solution of YM equations

DIS cross-section WETOO eiWK3U(—|—oo, —I—L)e_WKB = Uselr(+00, 0)

Fits of DIS data

lim ¢S U(=L, —00)e X’ = Usur(0, —00)

w— 400

where Usqit IS the same as U, but with the self-interactions only

= For the factor U(L, —L), the change ¢“»~ — 2~ leads to :

U (4L, —L)e ™ =

+L
— Texpi/ d*z e {e A (xF, e a7, &)
—L
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QCD and factorization

Color Glass Condensate

Eikonal scattering
e Eikonal limit

e Light-cone wavefunction

Solution of YM equations

DIS cross-section

Fits of DIS data

Francois Gelis — 2007

Eikonal limit

= Therefore, in the limit w — 400, we have :

lim eiWK:sU(—I—L, —L)e_wKB = exp [ie/dzi_LX(CEL)p(fj_)}

w— 400

(@1) = / dot A~ (a",0,3.)
with <

p(€,) = /dx_ JH0,27,%,)

= The high-energy limit of the scattering amplitude is :

g’ = (Bin

Uself(—|—00, O) exp [ie / X(CEJ_)PCEL)} Uself(O, —oo)|a1n>
T |

1 Only the — component of the vector potential matters

[ The self-interactions and the interactions with the external

potential are factorized > parton model
I This is an exact result when s — +o0
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Eikonal limit

QCD and factorization

= The previous formula still contains all the self-interactions of
the fields. In order to perform the perturbative expansion, it is

Eikonal scattering . . .
convenient to write first :

e Light-cone wavefunction

Color Glass Condensate

Solution of YM equations S(ZO) _ Z<ﬁin Uself(‘I'OO, O) %n>

DIS cross-section ~, )

Fits of DIS data X<’yin exp |:Z€/X(£_L)p<£J_)i| 5in><5in Uself(o, —OO)’Oéin>
T

= The factor

Z 5in><5in Uself(07 _OO){OCin>
é
IS the Fock expansion of the initial state: the state prepared
at x* = —oo may have fluctuated into another state before it

interacts with the external potential
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QCD and factorization

Color Glass Condensate

Eikonal scattering
e Eikonal limit

e Light-cone wavefunction

Solution of YM equations

DIS cross-section

Fits of DIS data
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Eikonal limit

= We need to calculate matrix elements such as (i, F'|di, ),
with :

F = exp ie/xa(izL)pa(iL)
7 having QCD in mind, we have reinstated the color indices
" the contribution of quarks and antiquarks to p“ (| ) Is :

dp™ &’p, d°q, ¢, 4+ : + N iBL G, )@
(P :t? {b 7_’ ; bin 7_' . (P —qG, )T
p*(Z1) J/ Trp® (2n)? (2n)? (P DL )bin(PT, 415 7)e

—i(P | —q | )X }

_diTn(p—i_aﬁJ_; /’:)din(p+, (jJ_,])G

7 Note : one should keep the ordering of the exponential in 2™
" the contribution of gluons is similar, with a color matrix in the
adjoint representation

= The action of F' on a state \&n} gives a state with the same

particle content, the same + components for the momenta,
but modified transverse momenta and colors
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Light-cone wavefunction

= For each intermediate state (4;,| = ({k;", Eu}\, define the
corresponding light-cone wave function by :

QCD and factorization

Color Glass Condensate

o7
e Eikonal limit - d ki'J_ ik @

‘y5a<{k;‘_,wi_l_}) = H/ (27:)2 e il ®il <5in Uselt (0,—00) Oéin>
Solution of YM equations g

DIS closs setion = Each charged particle going through the external field
At acquires a phase proportional to its charge (antiparticles get

an opposite phase) :

Uso({ki", &i}) — sa({ki @iL}) H Ui(Z 1)

Uz(fJ_) = Texp [igi /d:l?+ A; (QZJF,O,Q_S)J_)ta]

M

oV
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Light-cone wavefunction

= \We have seen that the number and the nature of the particles
IS unchanged under the action of the operator F'. Moreover,
in terms of the transverse coordinates, we simply have

QCD and factorization

Color Glass Condensate

Eikonal scattering
Eikonal limit

e Light-cone wavefunction

Solution of YM equations

Flo) =0, [T |4k 606 — k)8(E:0 — &)U, (@00

<7H1

7

DIS cross-section

where U, (£ | ) is a Wilson line operator, in the representation i
appropriate for the particle going through the target

Fits of DIS data

= Therefore, the high energy scattering amplitude can be
written as :

Sie) — Z/ Hd(I) f oz} [HU }‘Pm({k , Til })

1€0 1E€S

= As we shall see shortly, some loop corrections are enhanced
by logs of the energy. They must be resummed and drive the
energy evolution of the amplitude

Francois Gelis — 2007 Lecture |/IV — Hadronic collisions at the LHC and QCD at high density, Les Houches, March-April 2008 - p. 31




Light-cone wave function

= The calculation of (0, |Usei(0, —00)| v, ) is similar to that of
scattering amplitudes in the vacuum. The only difference is

| | that the integration over £ at each vertex runs only over half

T of the real axis [—oo, 0]

e o In Fourier space, this means that the — component of the
momentum is not conserved at the vertices

7 Instead of a ¢ function, one gets an energy denominator

QCD and factorization

Color Glass Condensate

Solution of YM equations

DIS cross-section

Fits of DIS data

= Example with a single interaction :

0
<k1k2k3in Usert (0, _OO)|ﬁin> = —’ig/ diy e'F1thkeths—p)x

(2m)%6 (k11 + kot + ks — P )0k + & +k§ —p?)
kT +ky + ki —p— — e

= -9
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QCD and factorization

Color Glass Condensate

Eikonal scattering

Solution of YM equations
e Covariant gauge
e Light-cone gauge

Solution of Yang-Mills equations

Fits of DIS data
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YM equations in covariant gauge

= Gauge condition : 9, A" =0
= \We must solve the Yang-Mills equations with the current :

QCD and factorization

Color Glass Condensate

Eikonal scattering Jéb (x) — 5Iu_|_ pa (x_’ a_j,J_)

Solution of YM equations

ST (in practice, the ~ dependence is close to a §(z~), but the
BT solution is valid for any x— dependence)

Fits of DIS data

= The source density does not depend on
= The gauge field vanishes at 2’ — —oo
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YM equations in covariant gauge

= In covariant gauge, the YM equations can be rewritten as :

QCD and factorization

Color Glass Condensate DAV pm— JV —|— Zg[AILLQ F'ujy —|_ a'LLAV]

Eikonal scattering

= One must also enforce current conservation :

Solution of YM equations

e Covariant gauge
e Light-cone gauge [D J'UJ] — O
jy

DIS cross-section

Fits of DIS data Note : this relation is satisfied trivially at order p' by our ansatz for
J*, but it may induce higher order corrections in p?, p°, - -- to J*

= Order p' : the equation simplifies into AR = Jh

1 .
+ _ — — _ A
g = 92 plz” @) Ay =4, =0
1
= Higher ordersin p:
1 since A<_1> = 0, it cannot induce a change in J*

7 the commutator in the YM equation is zero at order p”
" these properties remain true at all the following orders
> the solution at order p' is in fact the exact solution
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Light-cone gauge

= Consider a gauge transformation :

QCD and factorization

Color Glass Condensate

Ar=qtArQ 4 2 oloro

Eikonal scattering g

Solution of YM equations

« Couaian gauge = We look for  in the SU(N) group such that AT =0 :

e Light-cone gauge

DIS cross-section .
0T Q=1ig AT Q

lLe. Q(x) =T exp [zg/ dz_AJr(z_,fEl)} QO(CU+,~’E¢)

— OO
. 7
-~

U

Qo = arbitrary function of ™, &,

x

= Residual gauge freedom fixing : if we impose that A* = 0
when x~— — —oo, we must chose €2y = 1. This leads to :
At—o . Ai=lytovu
g
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&

QCD and factorization

Color Glass Condensate

Eikonal scattering

Solution of YM equations

DIS cross-section

e DIS amplitude

DIS cross-section

Fits of DIS data
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DIS amplitude

= Differential photon-target cross-section :

QCD and factorization

Color Glass Condensate d3 k d3p 1
. . do~+7 =
e T (2m)22E) (2m)32FE, 2q~

Solution of YM equations X <Mﬂ<q|k’p)/\/l’/* <q|]{;,p)> GM(Q)E;(Q) ;

DIS amplitude
Total cross-section 7 Ek,p : momenta of the quark and antiquark
Fits of DIS data g : momentum of the virtual photon

2m6(q~ — k™ —p")

= Scattering amplitude :

warn- g THe TG

Q.QQQQ
Q&Q&b ~Qoe
T)N)N)
Q&Q&b ~oen
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DIS amplitude

QCD and factorization

Color Glass Condensate

= The sum of the three terms simplifies considerably :

Eikonal scattering

M (Kla,p) = & / éz)g / i1 d*Es1 [1(@) 1 o)

x et L F1L Bk —G, 1) @2, [U(@)U*(:ﬁm —~ 1}
with
- ‘(K—L+m)v”(K—¢2—L+m)v:

.
p(ki—11)2 +m2=2k=qt] + k= [(ki—g, —11)% +m?]

= By inserting this into the DIS cross-section, we see that the
differential cross-section (with two resolved quark jets in the
final state) depends on the correlator of four Wilson lines
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Total cross-section

QCD and factorizaton = |f we integrate out the final quark and antiquark, two of the
Color Glass Condensate Wi|80n |ineS Cancel and we get .

Eikonal scattering

1
Solution of YM equations O-fy* T — / dZ / d2 FL |w (q | Z, FJ_) ‘2 O'dipole (FJ_)
0

e DIS amplitude

with

Fits of DIS data

2 [ I TN
O'djpole(’rJ_) = A dQXJ_ TI‘<1 — U(XJ_ + TJ_)UT(XJ_ — TJ_)>

and

Lo Neew@Qe(@Q) [ Pl AT a1 )w,
wlal= 7o)l = gpeed e [ 2L 28 o

x Tr ((k+m)T" (@ — m)T)

Note : \¢}2 can be computed in closed form (in terms of the Bessel
functions Ko 1)
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QCD and factorization

Color Glass Condensate

Eikonal scattering

Solution of YM equations

DIS cross-section

Fits of DIS data

e Dipole cross-section
e Dipole models

e Exclusive processes
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Dipole cross-section

QCD and factorization

—

Color Glass Condensate = Computing F; requires to know (7'(0,x ))  as a function of
Eikonal scattering dlpOIe Slze and energy

Solution of YM equations

= This object is often presented in the form of the “dipole
Cross-section” :

DIS cross-section

Fits of DIS data
e Dipole cross-section

R oaip(i1,Y) =2 / a*b <T(6 — bt —ﬂ>
Y

Note : this formula assumes that the scattering amplitude is real

= In principle, the BK equation prescribes the energy
dependence of the dipole cross-section once it is known at a
certain energy

= Alternatively, one can model this cross-section (including its
energy dependence)
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Golec-Biernat—Wusthoff model

QCD and factorization

Color Glass Condensate

= GBW modeled the dipole cross-section as a Gaussian, with

Srone seetemng an energy dependence entirely contained in Q)
Solution of YM equations

_ . . 2 2
DIS cross-section O-dlp(rJ_7 Y) — O-O 1 —e QS(Y) T /4:|
e Dipole cross-section 2 2 )\ Y—Y
QI(Y) = Qf VY0

e Exclusive processes

= The exponential form in og;,, IS Inspired of Glauber scattering

= The fit parameters are oq, Qg, A and possibly an effective
guark mass in the photon wave-function

= Quite good for all small-x HERA data, with some problems at
large Q?
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Bartels—Golec-Biernat—Kowalski model

QU er = This model aims at improving the agreement at large 2, by
Color Glass Condensate having a more realistic cross-section at small dipole sizes :
Eikonal scattering

Solution of YM equations O-dlp (FJ_, Y) — O_O |:1 . 6—71-27"3_053 (,LLQ)QZ'G(Q%,LL2)/30'Oi|

DIS cross-section

= The scale i is chosen of the form p2 + C/r?

e Dipole cross-section

S = The gluon distribution zG(z, u*) obeys the DGLAP equation.

Thus, the dipole cross-section has the correct behavior at
small transverse distance

= This form improves the fit quality at large Q2

= A saturation scale is also hidden in this dipole cross-section,
if one recalls the formula

2 OKS$G($, Qg)
mR2
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lancu-ltakura-Munier model

QCD and factorizaton = This model of the dipole cross-section is derived from LO
Color Glass Condensate BFKL
Eikonal scattering

¢ 2(vs+In(2/Qsr1)/KAY)
olution o equations — OO Y TJ_
Sol fYM eq QST_L S 2 : O‘dlp(rlj Y) — QS( )
DIS cross-section 2 2
. 2
Diprss-section < QSTJ_ 2 2 . O-dlp(rj_, Y) — O-O |:1 - ea In (bQSTL)]
° Exlusive processes

2 2 _NMY-=-Y
\ Qs (Y) — L € ( )

1 Some parameters are fixed from LO BFKL :
vs = 0.63,k = 9.9

1 o9, Qo and A must be fitted

7 a and b are adjusted for a smooth transition at Qsr| = 2
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QCD and factorization

Color Glass Condensate

Eikonal scattering

Solution of YM equations

DIS cross-section

Fits of DIS data
e Dipole cross-section
e Dipole models

e Exclusive processes

Francois Gelis — 2007

Exclusive processes

Kowalski, Motyka, Watt (2006)

= So far, we have only considered the total DIS cross-section,
obtained from the forward dipole amplitude via the optical
theorem

= In order to study more exclusive processes, one needs
non-forward amplitudes. From our general eikonal formula,
they read :

1 -
* — * > G, -b "X 1 rl
(Qout |7 in) = /erL/Odz U 1) /deeql b <T(b— - b+ 7)>Y

non-forward dipole cross-section
with momentum transfer q |

Note : this formula assumes that the relevant dipole sizes r, are
small compared to the target radius (i.e. the typical b)
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Exclusive processes

= By squaring this amplitude, one gets the diffractive
cross-section for the production of the state 2 with
momentum transfer q |

QCD and factorization

Color Glass Condensate

Eikonal scattering

Solution of YM equations do.dlff
v*p—Qp 2
DIS cross-section d2 - — ‘ <Q0ut ‘7*1n> ‘
9L
e Dipole cross-section . . . . . .
« Dipole models = The relationship to the inclusive DIS cross-section is

o2 (V,Q7%) = 2Re (v out| V¥ in)

Note : inclusive DIS only constrains the dipole amplitude
averaged over impact parameter. However, if one measures
the g, dependence in exclusive reactions, one obtains
Informations about the b dependence of the dipole amplitude

QLZO

= General strategy : extend the previous models in order to
give them a b-dependence, in a way that preserves I,
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Exclusive reactions

QCD and factoriztion = For the total DIS cross-section, the fit is as good as before :

Color Glass Condensate

Eikonal scattering

>

ZEUS 96-97 — b-Sat, m,
ZEUSBPTO7 - b—Sat, m,

| @ (GeV?)

(scole)

Solution of YM equations

| 0.25@.1)
[ 0.30(2.4)

DIS cross-section

ger (ub) (scaled)

Fits of DIS data
e Dipole cross-section

| 0.40(1.8)
[ 0.50 (1.4)

N
(@]
N

e Dipole models [ 0.65(1.1)

e Exclusive processes

[ 2.7(1.1)

3.5(1)
10 45() ‘
r6.5(1) +
[ 85(1)
[ 10.(1)

1z

i = 0.5
4 ~< 0.45 ® ZEUS
.

A H1

—— b-Sot, m,,, = 0.14 GeV
..... b-Sot, m,,, = 0.05 GeV
.......... b—CGC, M, 4, = 0.14 GeV

27. (1)
PR
L 60. (1)
- 70.(1)

0.15
0.1
[ %o Lo 0.05

[ 120. (1) A
O \\\HH‘ L \\\HH‘ L \\\HH‘ L \\\HH‘ L Ll

F 150. (1)
0 0

W (GeV?) Q* (GeV?)

o
N N N N
[0)]
RN R N R R RN RN
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QCD and factorization

Color Glass Condensate

Eikonal scattering

Solution of YM equations

DIS cross-section

Fits of DIS data
e Dipole cross-section
e Dipole models

e Exclusive processes

Francois Gelis — 2007

Exclusive reactions

= Exclusive photon and vector meson production

—_

=
—

e

©10

10

Y'P — YP

wW = 82 GeV
- H1
o ZEUS

=

o (nh)

10

10

10 10

Q% (GeVd)

Yp — ®p

Q% + M2 (GeV™)
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Y'p — PP

HH‘

W =75 GevV

H1
Boosted Gaussian W,

Gaus-LC ¥,

R

10
Q%+ M2 (GeVv>)

Yy'p — /b p

- Gaus-LC W¥,,

H1 N\
ZEUS %

Boosted Gaussian W,,

107
Q% + M3, (GeVv>



Exclusive reactions

= Exclusive photon and vector meson production

QCD and factorization

Y'P —YP

Color Glass Condensate C\f—\lo2 F
= F
=1y r

. : X C

Eikonal scattering = -HL1L
=

Solution of YM equations glo

DIS cross-section

Fits of DIS data
e Dipole cross-section
e Dipole models

n -1 Q2 =8 GeVv? %
10 R &l

R
T \\HH‘

HH‘

(@] 0.2 0.4 0.6 0.8 1
t] (GeVv?>)
. Y'p — @p 105 Yyp — J/P p
= [ W =75Gev T e = F o .
9103, m Q%= 3.6 GeVv? Q Q° = 0.05 GeV
_g 5 A Q7= 5.2 GeVv? Sh QZ = 3.20 GeVv?
P © at- oz oeve =10 Q%= 7.00 Gev?
== e O Q°=12.6GeVv? = Q? = 22.40 GeV?
—0102 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ A Q% =19.7 GeVv? =]
R N T 10 £
10 & 5 T e Tl e s
E 1
1 L F 40 < W < 160 GeV
E r Boosted Gaussian W,
u EOOStT_c::(TfUSS'an Fv 10" [ Gaus-LC W,
Fo mmroees aus- E
10—1 L L L L ‘ L L L L ‘ L L L L ‘ \\T L L ‘ L L L L ‘ L L L L E L L L ‘ L L L ‘ L L L ‘ L L L ‘ L L L ‘ L L L
o 0.1 02 0.3 04 0.5 0.6 (@] 0.2 04 0.6 0.8 a1 1.2
t] (GeVv?>) It (GeVv?)
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QCD and factorization

Color Glass Condensate

Eikonal scattering

Solution of YM equations

DIS cross-section

Energy dependence

Energy dependence

e Scattering of a dipole

e 1-loop corrections

e BFKL equation

e Balitsky hierarchy

e Balitsky-Kovchegov equation
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Scattering of a dipole

QCD and factorization

= Assume that the initial and final states « and [ are a color

singlet QQ dipole. The bare scattering amplitude can be
written as :

Color Glass Condensate

Eikonal scattering

Solution of YM equations

DIS cross-section

2

X \IJ(O) (:EJ—J gj_)

tr [ U@EU (5]

Fits of DIS data

Energy dependence

e Scattering of a dipole
e 1-loop corrections

* BFKL equaton = At one loop, the following diagrams must be evaluated :

e Balitsky hierarchy
@r $ + h.cC.

e Balitsky-Kovchegov equation
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Scattering of a dipole

QCD and factorization

Color Glass Condensate = In the gauge A* = 0, the emission of a gluon of momentum
Eikonal scattering k by a quark Can be ertten aS

Solution of YM equations ; ; 2 ta —))\ kJ_

DIS cross-section %QQQ.Q.O.Q;— _ g

Fits of DIS data

Energy dependence

In coordinate space, this reads :

e Scattering of a dipole
e 1-loop corrections
e BFKL equation

e Balitsky hierarchy d2l{3J_ ’L'EJ_-(:EJ_—ZJ_) a g)\ . kﬁJ_ 27/9 a _’)\ : (_)J_ - 2J_>
e Balitsky-Kovchegov equation —2 (& 2 g t 2 — - >
(27T) k n 27 (:1; L

= When connecting two gluons, one must use :

S ed = —g"

A
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Virtual corrections

= Consider first the loop corrections inside the wavefunction of
the incoming or outgoing dipole

= Examples :

QCD and factorization

Color Glass Condensate

Eikonal scattering

Solution of YM equations

DIS cross-section 2
Fits of DIS data m — ‘ql(O) ('/‘EJ_7 gJ_) | tr [tataU(iJ_)UT (gJ_)]

" _2%/ d’f+/ 1 EL) (&1 —5%

e BFKL equation
e Balitsky hierarchy
e Balitsky-Kovchegov equation

= Reminder: t“t* = (N7 —1)/2N. = C,,
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Virtual corrections

QCD and factorization = The sum of all virtual corrections is :

Color Glass Condensate 4 = - 2

Eikonal scattering —CF;XS/ dk /d22J_ . ({J_ g ?{,J_) — 2
m kit (BL—Z1)*(YL —Z1)

Solution of YM equations

| ¢z = | = U (@
DIS cross-section X ‘\Ij (mj_,yL) tr |:U(33J_)U (yJ_)i|

Fits of DIS data

Energy dependence
e Scattering of a dipole

= The integral over k™ is divergent. It should have an upper

e BFKL equation
° Balitskthierarchy bound at p+
p+ dk+
_|_
| G =meh =y

> When Y is large, o, Y may not be small. By differentiating
with respect to Y, we will get an evolution equation in Y
whose solution resums all the powers (a.Y)"

= Note : the integral over z, is divergentwhen z, =Z, ory,
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Real corrections

= There are also real corrections, for which the state that
Interacts with the target has an extra gluon

= Example :

QCD and factorization

Color Glass Condensate

Eikonal scattering

Solution of YM equations 2
DIS cross-section — ‘\IJ(O) (Cl_fj_, gj_) | tI‘ [ta’U(c’.EJ_)thT (gJ_)]

Fits of DIS data

dk+ d2

Energy dependence

e Scattering of a dipole X 4053
e 1-loop corrections

e BFKL equation
e Balitsky hierarchy

® Balitsky-Kovehegov equation 5 Uap(Z1) is a Wilson line in the adjoint representation

= |n order to simplify the color structure, first recall that :
' Uap(ZL) = UZ U (ZL)
= Then use the SU(N.) Fierz identity :

1 1
Lot = §5u5jk —
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Real corrections

= The Wilson lines can be rearranged into :

QCD and factorization

w U@ ()] Ta(z) = Ju [0 EOUE D] w [UED0 EL)]

Eikonal scattering

Solution of YM equations — ON tr |:U(£L ) UT (gj_ )}

DIS cross-section

Fit of DIS data J The termin 1/2N. cancels against a similar term in the virtual
Energy dependence H H
° Scerig of a dipole Contrl bUtlon

1 All the real terms have the same color structure

e 1-loop corrections

e BFKL equation

e Balitsky hierarchy

e Balitsky-Kovchegov equation

= When we sum all the real terms, we generate the same
kernel as in the virtual terms :
(iﬁ — gL>2
(BL—Z1)*(Y, —Z1)?

= In order to simplify the notations, let us denote :
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Evolution equation
OEDland imetarization = The 1-loop scattering amplitude reads :

’ /d2ZJ_ (iJ- — ?jJ_)z
_ _ (BL —Z1)*(YL —Z1)?
Solution of YM equations

DIS cross-section X {S(CEJ_y gJ_) - S(i_]_7 2J—)S(2J—7 gj_)}

Fits of DIS data

TE—— = Reminder: the bare scattering amplitude was :

e Scattering of a dipole

Color Glass Condensate

_a.NZY

2772

Eikonal scattering

‘\IJ(O) (£l7 g_l_)

e 1-loop corrections ( )

e BFKL equation \Ij 0 (a—j» — )
e Balitsky hierarchy ’ 1y y A

e Balitsky-Kovchegov equation

2
Ne S<£J-7gj_)

= Hence, we have :

OS(Z.,y,) _ _@ch a2z, (€L — g¢)2
% o @1 -2, —2.)
x{8(#1.5.) - S(F1.21)8(21.5.)}

7 since S(x,x,) =1, the integral over Z, is now regular
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BFKL equation

QCD and factorization Kuraev, Lipatov, Fadin (1977), Balitsky, Lipatov (1978)

Color Glass Condensate

= The BFKL equation can be obtained by linearizing the
previous equation

Eikonal scattering

Solution of YM equations

DIS cross-section

Fits of DIS data = Write S(,,y,)=1-T(x,,y,)and assume that we are in

Energy dependence

I the dilute regime, so that the scattering amplitude 7' is small.

e 1-loop corrections

Y Rp— Drop the terms that are non-linear in T' :

e Balitsky hierarchy
e Balitsky-Kovchegov equation

OT(€,,y,) asNe 2z (L —9,)°
— < | = =
oY 272 z (7]

(
X{T(CEJ_,EJ_) +T(Z.,9,) — T(fb?jﬁ}

= The solution of this equation grows exponentially when
Y — 400 > serious unitarity problem...
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Non-linear evolution equation

= In fact, the first evolution equation we derived has a bounded
solution. The unbounded solutions of BFKL are due to
dropping the non-linear term. The full equation reads :

QCD and factorization

Color Glass Condensate

Eikonal scattering

:;utiononM.equations 8T(£L’ gJ_) B asNC d22 (fJ_ o gJ_)Q
cross-section _—
Y 272 + (L —Z1)%(y, —Z1)?
Fits of DIS data
X{T(:&,ZL) +T(Z1,9,) - T(f&,m)—T(aﬂ,ZL)T(EL,?L)}

e Scattering of a dipole
e 1-loop corrections

(Balitsky-Kovchegov equation)

e Balitsky hierarchy
e Balitsky-Kovchegov equation

= The r.h.s. vanishes when T reaches 1, and the growth stops.
The non-linear term lets both dipoles interact after the
splitting of the original dipole

= BothT'= 0 and T = 1 are fixed points of this equation

T =€ : rh.s. >0 = T =0 is unstable
T=1—¢€: r.h.s. >0 = T =1 is stable
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Caveats and improvements

QCD and factorization

= So far, we have studied the scattering amplitude between a
color dipole and a “god given” patch of color field. This is too
naive to describe any realistic situation

Color Glass Condensate

Eikonal scattering

Solution of YM equations

DIS cross-section

= \We need to improve the treatment of the target

Fits of DIS data

- oo s = An experimentally measured cross-section is an average
over many collisions, and there is no reason why these fields
» A e S should be the same in different collisions :

T — <T>

(---) denotes the average over the target configurations, i.e.

<...>:/[Dp] W] - -
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Balitsky hierarchy

= Because of this average over the target configurations, the
evolution equation we have derived should be written as :

QCD and factorization

Color Glass Condensate
Eikonal scattering 8 <T (i_]_ : :_l_jj_ ) > Qs Nc d2 .
Solution of YM equations aY o 27-‘-2 <L (a_fj_ _

DIS cross-section

Fits of DIS data

Energy dependence
e Scattering of a dipole
e 1-loop corrections

o BEK. equation = As one can see, the equation is no longer a closed equation,

e Balitsky hierarchy

* Balisky-Kovchegov equaon since the equation for (7") depends on a new object, (T'T')

= One can derive an evolution equation for (T'T"). Its right
hand side contains objects with six Wilson lines
" There is in fact an infinite hierarchy of nested evolution
equations, whose generic structure is

% <(l£/f')”> _ /...<(UUT)”> o (U )
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QCD and factorization

Color Glass Condensate

Eikonal scattering

Solution of YM equations

DIS cross-section

Fits of DIS data

Energy dependence

e Scattering of a dipole
e 1-loop corrections

e BFKL equation

e Balitsky hierarchy

e Balitsky-Kovchegov equation

Francois Gelis — 2007

Balitsky-Kovchegov equation

= |f one performs the large . approximation on all the
equations of the Balitsky hierarchy, they can be rewritten in

terms of the dipole operator T'=1 — ]\1, tr(UUT) only. But

they still contain averages like (T")

= In order to truncate the hierarchy of equations, one may
assume that
(T'T) = (T) (T)

= This approximation gives for (T") the same evolution equation
as the one we had for a fixed configuration of the target
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QCD and factorization

Color Glass Condensate

Eikonal scattering

Solution of YM equations

DIS cross-section

Geometrical scaling

Geometrical scaling

e Statistical physics analogies
e Traveling waves
e Geometrical scaling
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Analogy with reaction-diffusion

REE Munier, Peschanski (2003,2004)
Color Glass Condensate
Eikonal scattering = Assume translation and rotation invariance, and define :
Solution of YM equations —
= o (T(0,2.))
DIS cross-section N(Y’ kJ_) = 27T / d2£J_ e’LkJ_'wJ_ 5
Fits of DIS data xL
e TT— = From the Balitsky-Kovchegov equation for (T'), we obtain the

e Geometrical scaling

following equation for /V :

ON(Y, k1) _ as N [X(_aL)N(YJfL) — NQ(Y,kL)}

oY T
with
L =1n(k7 /ko)
x(v) = 2¢(1) —¥(y) — (1 —7)
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Analogy with reaction-diffusion

QCD and factorization

Color Glass Condensate

= Expand the function y(v) to second order around its
minimum v = 1/2

Eikonal scattering

Solution of YM equations

DIS cross-section

= [ntroduce new variables :

Fits of DIS data

Geometrical scaling t ~Y Y
e Statistical physics analogies
e Traveling waves L s NC 1! 1 2 Y
e Geometrical scaling z _|_ 2 X ( / )
T

= The equation for /V becomes :
N =9>N + N — N?

(known as the Fisher-Kolmogorov-Petrov-Piscounov equation)
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Analogy with reaction-diffusion

QCD and factorzation = |nterpretation : this equation is typical for all the diffusive

Color Glass Condensae systems in which a reaction A +—— A + A takes place

Eikonal scattering

Solution of YN equations 0 92N : diffusion term (the quantity under consideration can
1S croce.cection hop from a site to the neighboring sites)

Fits of DIS data ) ]

S— 0 + N :gainterm correspondingto A — A+ A

e Traveling waves .

« Geometrical scaling 7 —N?: loss term correspondingto A + A — A

= Note : this equation has two fixed points :
7 N =0: unstable
0N =1: stable

= The stable fixed point at V' = 1 exists only if one keeps the
loss term. In other words, one would not have it from the
BFKL equation
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Traveling waves

QCD and factorization

S — = Assume an initial condition N (tg, z) that goes smoothly from
Eiona sctering 1at z= —ooto 0 at z = 400, and behaves like exp(—/3z)
Solution of YM equations When Z >> 1

DIS cross-section N (t’z) A

Fits of DIS data

Geometrical scaling
e Statistical physics analogies

e Traveling waves

> 7

e Geometrical scaling

= The solution of the F-KPP eguation is known to behave like a
traveling wave at asymptotic times (Bramson, 1983) :

N(t2), oy N =ms(t)

with  ms(t) = 2t — 3In(t)/2+ O(1) if 3> 1

> universal front velocity for a large class of initial conditions
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Traveling waves

QCD and factorization

Golor Glnss Condensate = Assume an initial condition N (tg, z) that goes smoothly from
Eikonal scatering 1atz= —ooto0atz=+o0, and behaves like exp(—(z)
Solution of YM equations When < >> 1

DIS cross-section

N(t,2)

Fits of DIS data

Geometrical scaling
e Statistical physics analogies
e Traveling waves

e Geometrical scaling

= The solution of the F-KPP eguation is known to behave like a
traveling wave at asymptotic times (Bramson, 1983) :

N(t2), oy N =ms(t)
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Geometrical scaling in DIS

QCD and factorization lancu, Itakura, McLerran (2002)
Color Glass Condensate Mue”er’ Tr|antafy”0pOUIOS (2002)
Eikonal scattering Mun|er’ PeSChanSkl (2003)

Solution of YM equations

= In QCD, the initial condition is of the required form, with 5 > 1
> front velocity independent of the initial condition

DIS cross-section

Fits of DIS data

Geometrical scaling

P ver———— = Going back to the original variables, one gets :

e Traveling waves

N(Y, ki) =N (ki/Qs(Y))

with
QYY) =kg Y™

= Going from N (Y k) to (T'(0,2Z.)) ,we obtain :

(T(0,21)), =T(Qs(Y)zL)

Y
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Geometrical scaling in DIS

QCD and factorization

Color Glass Condensate = The total v*p cross-section, measured in Deep Inelastic
Eikonsl scattering Scattering, can be written in terms of /V:

Soluion of YM equatons .

A0 Q) = 2B [ dE L [ de|ulee, @) (TO5L),
Fits of DIS data 0

" The photon wavefunction ) is calculable in QED. It depends on
the dipole size =, only via

Wz, QY| = F(@Qz1)

with @?g =m5 4+ Q°2°(1 — 2%)

= |f one neglects the quark masses, the scaling properties of
(T'), imply that o.,, depends only on the ratio Q*/Q3(Y),
rather than on ? and Y separately
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&) Geometrical scaling in DIS

= HERA data as a function of Q% and z :

QCD and factorization

Color Glass Condensate ZEUS
—_ :
& x=6.32E-5
— = x=0.000102 o -
Eikonal scattering br‘? /7 x=0.000161 TR NLOQCD M
2 || tot error
Solution of YM equations E @
= 5
DIS cross-section % ZENR 20
s+ BCDMS
Fits of DIS data
4 | 48 ¥ NMC
Geometrical scaling ]
e Statistical physics analogies
e Traveling waves
e Geometrical scaling
3 !
. x=0.032
2
v 1 A 2 x=0.05
o PP R PRPRTE, TS SO |-
v - s 1 x=0.13
1 OIS s v 08
P i .
] . x=0.25
e v o -
RS as e, =04
—— —— N x=0.65
0

Francois Gelis — 2007 Lecture |/ IV — Hadronic collisions at the LHC and QCD at high density, Les Houches, March-April 2008 - p. 71




&) Geometrical scaling in DIS

Stasto, Golec-Biernat, Kwiecinski (2000)

QCD and factorization

Color Glass Condensate

g 1037 T T T TTTIT T T T TTTIT T T T TTTTT T T T TTTTT T T T TTTIT T T T TTTTT]
Eikonal scattering — r 7
S0 ]
Solution of YM equations 09 - g
DIS cross-section F b s 4
Fits of DIS data 102 -
: :
e Statistical physics analogies r 7
e Traveling waves i

f |
10 — -

| ZEUSBPT 97 o %
i ZEUSBPC 95 % 7

H1low Q%95 A
1 ZEUS+H1 high Q% 94-95 o =
r E665 v % ]
i x<0.01 % %Jf ]
| all Q2 -
10_1 _3\ \\\HH‘_Z\ \\H\H‘-l\ \\\HH‘ 1 \\\HH‘ 1 \\\HH‘Z\ Lol LIl 3
10 10 10 1 10 10 10
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