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Type |l sugra on M,y = M, x M;
Minimal supersymmetry

!
Mgis CY > M, G¥~ unlessT=0
SU(3) holonomy » SU(3) structure
S more general
vmn_ O ore general | 7(72”)77:0
T ]

SU(3) invariant spinor
Compactifications on CY . Compactifications on a5 ?
.
4D = 2 sugra
—complex structure def: special Kahler __, very similar...

»complexified Kahler def: special Kahler all given by Hitchin functionals

Turn on fluxes on CY — gauged/massive sugra



Outline

« SU(3) structure

* Generalized complex geometry
 Hitchin functionals

 Special Kahler structures

* N = 2 superpotentials

* N =1 superpotentials

* Conclusions




To get action similarto 4D N = 2 Mg =My X Y

Q, must be well-defined on Y =Y must admit globally well defined spinors
v

reduced structure
® Structure group of a manifold:

group of transformations required to patch the orthonormal frame bundle
Y is Riemannian =»  SO(d)

Y is Spin =»  Spin(d)
reduced structure = G 2 SO(d)

A manifold has G-structure if (equivalently)

 The structure group reduces to G
* 9 globally defined non-vanishing G-invariant

tensors
.S%J?Bbsilmgtel}c}%ei% %ogi-ynagrllsst?gmﬁsG-mvarlant spinor
SO@) ! SU@)_ N YmnAn = i Jmn
| :
XeCtor 165 ! 8 + g I 33_+ 1 Jmn 77T7mnp(1 + )N =1 Qmnp
Ai 10 | 6+3+1 — Sqmnp as in CY
Spinor 4 ! 3+1 'l in CY (SU(3) holonomy): r_ 1 =0
dJ =0

« SU(3) structure:r . Tn=0)rn=0
m Tl )T <:dQ;«f&O



Torsion:  dJ=Im (W, Q)+ W, £ J+ W,

141 3P 3 6 D6
dQ=W,J2 +W. £Q+W, £ J
1p1 3P 3 8¢ 8

e We used J and Q, but one can define the SU(3) structure in terms of real forms
J,p) :p=ReQ

e Must be stable: live in open orbit under action of GL(6,R) Hitchin 00

each element in a neighborhood of p is GL(6,R)-equivalent to p

Natural in the context of Generalized Complex Geometry Hitchin
Gualtieri
T*

cotangent bundle
sections are 1-forms (

T

- Usual differential geometry =  tangent bundle
sections vector fields X

» Want differential geometry on T © T sections are X+ ¢
Natural metric 7on TO T*: ( X+, Y41 )= yn+ 1, C I= ( 0 14 )

Structure group of T© T : SO(6,6) (or Spin(6,6))



T TOT*
Clifford 6 Clifford (6,6)
{rm, r}={r"., I ,}=0, {I'™, I'_}= o™

Algebra {ym,yr}=gmn
Representation _
in terms of forms | Y"=dZMAE + g™ 1, I'm=dxm/E and I'p, =1, *=(I,, ™)
6
' n = 1 o
Clifford vacuum n. nY-n.=Q Ny ® nk = kzo Hnl%l...iknJﬂ”'“““
Pure spinor vin, =0 ['Q=I.Q =0
Basis n, Q:(3,0) Q:(3,0)
Y1, Q:(3,1) TrQ :(2,0)
Yin, Mo:@2) r;Q:(1,0)
Y& n, MkQ:(3,3) Ty Q:(0,0)
Spinors $ (p,q) forms
Weyl spinors ng St=Aevodd T* (92 g
. : 1 1
n— n+y_n+=eldzs+ €ZJ=1+ZJ—§J2—Z§J3

(C_+iJ_ T")e¥=0

reduces str. group SU(3,3)

9 pure spinor  |reduces str. group SU(3)
<¢+,p+> = ¢6 AN po — ¢a N p2+ 2 N pe — ¢o A pe

Inner product nY x (¢, p)e = (9,p) <:
4 <¢_,p_>=¢5/\pl—¢3/\ps+¢1/\ps
volume form N
reduces str group sU@)£suU@E)if Mukz—rZ4+—o > JAE Q=0

9 2 pure spinors | 4 gy(2) if n, never k n,



» We want to perform a compacitification on a manifold with SU(3) structure

— Get an effective theory of light modes Problem:
=Im (W, Q)+ W, A+ W, | rrJd» W2J torsion gives masses to
dQ=W,J2 +W, £EQ+W, &£ J deformations of J

Distinction between light and heavy modes not clear

* Alternative route: do not compactify

truncate the spectrum SO(6) vector bundle
admits SU(3) structure
M SO(1,3) vector bundle
v
But: Spin(1,9) — Spin(1,3) £ Spin(6) = TM'P=T'3OF

Q, 216 + 16 1A 16 - (2,4)@(2,4) -2, D 2,3)e (2, 1) (2,3)
e 16 — (2,4) ®(2,3) - (2,1)®(2,3)® (2,1) @ (2,3)

t t

8 supercharges are singled out

* Original type Il theory formulated on M 1.9116+16

» Demanding: TM19=T13©F _ g N 1.9l4+4 14\ 19]16+16  Reformulate the theory
and F admits SU(3) structure on N



The theory on N 1.914+4 7, |\ 1.9]16+16

» Has 8 supercharges
» Spin(1,3) preserved

Want to show that although it is 10D

» Has the same structures as 4D &=2 sugra

complex structure deformations
— Special Kahler manifolds for<
complexified “Kahler” deformations

—» N = 2 superpotential



Deformations of SU(3) structure

Metric deformations

S9ifn © O9ip O, O9mn
1o (34 3); &0+(6+6)0+80/

21 = dim GL(6,R) / SO(6)

Consider instead deformations of the SU(3) structure

SJ=XAJ+vlp+K )
1 343 8 . vy and v
3 . > 28 =dim GL(6,R) / SU(3) defs of SU(3)
5/0 = 5)\p +vo—vANJ+ M leave metric invariant
1 6P6 7

1
Indeed: 610 = A\gl0 — J,.PK,, — 5Pm" Mpan

Consider deformations of p, J and then both together

t 1

special Kahler manifolds



F FOF
n. ¢§ 2 S§ ~ Aeven/odd F* real
. H each element in a neighborhood of ¢
SU(3) structure Each ¢: SU(3,3) structure if stable s GL(6.R).equivalent 1o ¢
FOF

M) = %jznjiﬂ Hitchin: ¢ is stable if % > 0

U={¢ € S* st A\(¢) > 0} space of stable Spin(6,6) spinors

T

dim Aevenlodd = 32 reduce structure of F© F" to SU(3,3)

complex structure

Want to show that there is a special Kahler structure on U { symplectic structure
prepotential



1
‘)\((b) = EJZHJZ” (% p%) = é6 A 00— da A p2+ b2 A ps — b0 A ps

L : <¢_,p_>=¢5/\P1—¢3/\p3+¢1/\ps
Hitchin functional

h(6) = ||-= (6, Tnze) (6, TZ6) € AOF* = h(¢) = VAe

12
J
=€ Y,
e
AeRe
Exfor¢=p = (¢, Mxo) <¢, r”z¢> = (p A e™ Ninp)(pe™ Aimp)

— . . . . . . al
= Paliyip PiziaisPig)[j1jz Piziads Oje)
Il

Jei1%2 PizigisPisj1jo Pjzjajs €

Define ¢ = Dh = ! I s e 5t b= Db and h homogeneous of degree 2 in ¢
D¢ 6\/72/12 ¢ 1
| N h==(6,3)
Combine ¢ and ¢ into complex Spin(6,6) spinor 2

—

®=¢+ip Purespinor! Ex d=p=ReQ) ¢=*xp=ImS2 ancclghenQ



Want to show that there is a special Kahler structure on U

U={¢€ ST st \(¢) >0}  space of stable Spin(6,6) spinors

T

S8 = Aevenfodd : 32 dim vector space ) T, U =S8

» Symplectic structure:

Spinor norm
<¢7 ,0> = w(§b7 ,0)6 — ’w(gb,p) — QE,O — Wqp qbapﬁ
T
« Complex structure symplectic structure
O™ - _
175 =555 = 030" = ~(u 19,05k
Using ¢= g—g — ¢ canshowthat 2 = —135535

Symplectic and complex structures are integrable

vetic G = (war1? )d¢™ dd’ = Badgh dp™de’
= Dadgh ddddP

¢: coordinate on U

vector field on U

¢C¥ +«1,..,32

h: Kahler potential



K=h = w d=iw(d, d)=i(ZAF, — ZAF,)

2 T Darboux coordinates
A
a?A—Flaa—h ¢a:(x ayB)
YA
‘w = dz? A dy A
OF

) ZA\ prepotential

complex structure

- Space of stable forms is special Kahler < symplectic structure
prepotential

- Kahler potential is Hitchin functional K = h = iw(P, P)

Local special Kahler geometry : mod outby ¢ 'L ¢, 22 C"

K = —Inh= —In (iw(d, P))



For¢=p 2 S-

Special Kahler structure for complex structure deformations

Pjei1io PiziaisPiejijo Pizjajs €

~  Dh o
Pure spinor: ¢ED—p=*P=ImQ = b=¢+ip =0
Tpure spinor
Kahler potential: K = — In h = —In (iw (€2, 2))
T
. ) e = ® Exactly as for CY !
For ¢= Re (c eV )2 S* w(§2,£2)e = QA2 y

Special Kahler structure for “Kahler” deformations

1
Hitchin functional: h = §|c\2J NINJ

Dh . -
D—z*gbzlm(ceZJ) - P=¢+ip=ce"”
P Tpure spinor

Pure spinor: gg =

Kahler potential: K = — Inh = —Iniw(c ei‘], (_:e_i‘])

T

iw(e  e™Ye=JAJAJ Exactlyas for CY!



The theory on N 1.91 4T+4 %, M 1.9116+16 has the same structures as 4D =2 sugra

internal spinor is Demanding TM'2=T130©F

SU(3) singlet

Moduli space of deformations of J and p are special Kahler

N = 2 superpotential
N =2 superpotential

Torsion and fluxes generate scalar potential

w=2 V ~ |69]2 + [6A]% + |6¢)2

gravitino gaugino hyperino

Gravitino transformation contains all the information about V

A=1,2
¥

5pit = Dyue® + iy S*Bep

D-term

- —
AB _ ' IKy & px_ i 1k, [ —P14iP? P3
S o 2 e2 O-AAB7D — 262 7)3 Pl +Z732
T —l

Killing prepotentials N=1 superpotential
(which isometries are gauged)

—> We want to compute & y, on N 1914+

and F admits SU(3) structure <

p

SAB gravitino mass matrix
Lmass = SABQZZLYMVwVB

N =2 superpotential



Under SU(3) / i, Subtletly: kinetic term not diagonal in Wy and W,

Spinor: 41 3 + 1 = to diagonalize, need redefinition:

~

7 Wy =W+ 3% " Vm
WV, = ¢y & N triplets
13/2 33/2

H—J .
“4D” gravitino 5?7&;;1 — D,LLEA + Z’YIUJSABGB

Given susy transformations

MNow, ~ (Du + %L "™ Dm + 8Hmnp7l«b mnp,3 Reqbz fnvual 2>
t ) "

torsion and NSNS flux ~ S RR flux ~ S'2

To extract dv,, apply projector M =1Q (n4 ® 773_)

All terms in H5\Tj’u can be written

Notice <H3, Q> _ ,L-Hmanmnp ey in terms of Mukai pairs

Compare to: 5¢f = DMGA + z'fyMSABeB In 10D theory, S8 is naturally a 6-form



1B

1 .
G%KQ(Pl +ip?) = ; <deB—|—zJ Q>

9

csKap3 — %eqﬁ <F2n+1’ Q>

Depend on B¢t/ > B-transform If ® pure ) eB @ pure

PP~ (FE %) PL4iP?~ (dot o7)

RRsector NSNS sector
IA'$ 1IB (doT, &™)
F*$ F

sym under exchange ®+ $ @-
ot $ O when integrated

exchange of two pure spinors -- action of mirror symmetry



N=1 superpotential

» Want to break SU(2)g into U(1)

«Look gt L192+2 - N1.914+4 — , 11.9[16+16

D-term

—
«In &=1language 4B _ _t ik, ( -P'4+iP>  P3
%{_J
N=1 superpotential

But this assumes a particular breaking of SU(2)g Of(grgsgtﬁillr]ag KV?nyN)

Gauge invariant statement: = P k U(1) gives D-term.

* Other P's combine into & =1 superpotential
N=1 susy parameter

|
Parameterize gauge choice by two complex numbers a and b ( €1 ) — ( ZG )
€2 €

Look at what SU(2) generator leaves this spinor invariant| U(1) %2 SU(2)



N=1 superpotential
[A

eBW = 7 sin? a(H4+iW)—e'® cos? a( H—iW)—+sin(2a) Fy

1B

W = (P cos? a—e ¥ sin? a) H+i(e'? cos? ade™ % sin? o) W—sin(2a) Fg

W = z'<de“ , Q> H = (H3,Q2) Fa=e?(Fy,ePT)  Fp=e? (Fp, Q)
— Wl €y
a|

tana = —

: b
a e@ﬁ _ a
0]

"~ |ab|
* Depend on two angles — parameterize breaking SU(2)g ! U(1)g

» Contains known cases so far:  In lIB o= n/4 , p=-n/2 : <F3 —ie” P H3, Q> GVW

In HA a=B=0 (H +idJ, Q) Heterotic
1B

General =1 superpotential for manifolds with SU(3) structure



Conclusions

_ , o special Kahler moduli spaces

 Type Il theories on manifolds admiting SU(3) structure <'
N = 2 superpotential

« Kahler potential is Hitchin functional

« Superpotential given by inner products of pure spinors and flux / torsion

* N = 1 superpotential given by inner products of pure spinors and flux / torsion
depend on two angles which define U(1)g 72 SU(2),

Hitchin functionals (generalized complex geometry) at core of =2 / &7=1 “compactifications”
of type I

More on this in upcoming talks...



[HA:
1 1
(P} 4 iP?) = Leteha XA (e 2% 4 mE P

1 ~
P3 = _Zez(b (XA eart™ +mhi &) + (XAepra+ Famig))
[IB:

1
(P14iP?) = % P2t 1(Z8 ey X Fremi X4

1
P3 = —Zez¢[ZK(€RR k—earth)+Fr(mpp—mieH)]

Q=27Kag - F 8"  B4iJ =t"w, X4 =(1,i%

dwa:maKozK—FeaLﬁL daK:eaKﬂ}a dB;, = —mg

K,&')CL
- a
FQ—mRRtUZ €AK:(€OK766LK)
F4—ea[}'§R’w p mAK=(moK,maK)
F3:mRRC¥K+€KRRB

Hs :mé{Q{K-FeKoﬁK .fA — (l,ca’—lba’) A3 :gKQ‘K‘FgLﬁL



