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1. Motivation

The 2-point function Gp(x)

|w]
eg., GsAW(X) = Z p|w| H D(wj — wj-1) H (1 — 0w wr),
wio—x Jj=1 0<s<t<|w]|
GEW (x) self-avoidance

where D(x) is the Z9-symmetric 1-step distribution.

The (model-dependent) critical point p. (=1 for RW)

< oo iff p<pe,

Xe =2 6ol /00 asp / pe.

xEZd
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1. Motivation

Finite-range 1-step distributions on Z9

X) = h(X/L) X d (o] 0) =
D( ) Zyezd\{o} h(y/l_) ( €L \{ })7 D( ) 07

where h: [—1, l]d — R, is bounded, piecewise-cont., Z9-symm.
e.g., h(x)=1yy<1y, L=1 == the nearest-neighbor model.
Known results for finite-range models ([HHS:03], [H:08], [S:07])

3A ad
G ~ d>d.anddVL>1
PC(X) Teo Pe 0'2|X|d_2 ( > dc an > ),
9d dr(%) 2 2
where  Gf™(x) ~ SAxd2 T a0 > IXPD(x).
xezd
Question: What if D(x) =~ |x|=9=*? (n.b., 0° = 00 if 0 < 2.)

Akira Sakai CRIS, Hokkaido University

Asymptotic behavior in 79 of the critical two-point functions for long-range statistical-mechanical models in high dimensions



2. Models

Random walk and self-avoiding walk

Jw]
GV(x) = > PP —wi1) T (=i
wio—x Jj=1 0<s<t<|w|
GEW (x)

Bond percolation

1 with probab., pD(v — u),
0 with probab., 1 — pD(v — u),
{x € /i Nox > O}H,

n={np}beB,y; Nuyv=

p — Egerc [

Xy &L o x = y or “a path of positive bonds from x to y,
n

Gp(x) =Py (0 «— x) = Plpf“({n € {0,1}B - o — x}).
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2. Models

The (ferromagnetic) Ising model

m The Hamiltonian on A C Z¢:
HN@) == D" Junpupy (9= {@xben € Sa= {F11"),
{u,v}€Bp
where J,, > 0 (u,v € Z9) is the spin-spin coupling.
m The 2-point function:

ZAPGS SDOSDX e_/BHA(QD) Isin;
(Potpx)n = . — Gy (x),
O e PR e
A

where (3 € (0,00) is the inverse temperature and

h(8Jo x
p=3 tanh(Bos), D)= = tifh(’m)oy)'
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2. Models

The (ferromagnetic) Ising model

m The random current representation ([GHS:70]):
Let n={np}pem, €Z, In={veA:3, np isodd}.

J b
Y expye e N ] ﬁ") L)

PpES) o on={x}a{y} bEBp
> e e “’) :
e
PESA On=g beBp

I R R T
:Exl_ ?I/EI_ }II
TO o OO ™
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2. Models

The long-range 1-step distribution with @ > 0 and L € [1,00)
h(x/L) —d—
D(x) = ) h(X) ~ x| “
ZyEZd\{o} h(y/L) [x|Too
such that Jv, = O(L°"?), F¢ > 0,
N 14+ O(|kl€ ;7 2
1—D(k):Va|k|a/\2X +1 (’ | ) (O/?é )7
log 7 + 0(1) (a=2).
Known results for long-range models ([HHS:08])

2(ax A\ 2 Ising & SAW
Ford > d. = (an2) (lsing ) ) and L > 1,
3(cx A2) (percolation)
~ 1
Gp(k) < uniformly in p < pe.

pe — p+p(1— D(k))
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3. Results

Theorem (joint work with L.-C. Chen)

Let o # 2. For RW with d > a and any L, and for the other
models with d > d. and L > 1,

A r d—aN2
GPC(X) ~ _%7 gOé = ( 2 ) 2\’
Ix|Teo Pe V(J,|X| an 2“1/\27Td/2r(%)
where A"W = pf"W'=1 and
1 5. (0) — 7, (k
—IimM (SAW),
1_1+ pc k=0 1 — D(k)
A  #,.(0) — 7, (K)
lim —Lo—r_—Per 2 Ising & percolation).
pelim Bk (Ising & p )

Here, m,(x) is the (model-dependent) lace-expnasion coefficient.
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3. Results

Remark For a > 2,

1 A |k| 2 |2 2 k 2
- Z| °D —U = valk[%,
XELd

R |/<|

XEZd
hence
(=522 dr(4;2)
8 _ 2PN r _ ad

Valx]d—on2 T ”—2|x|d—2 T R2x[d2 T G2x[d-2

. 7. (0) =7

lim % X 27r

k—0 1— D(k) o2 z:d| 75 (

XEL

This reproves the results of [HHS:03], [H:08], [S:07].
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4. Key ideas

Key 1: The lace expansion ([BS'85] [HS'90] [5'07])
Gp(x) = Ip(x) + (Kp  Gp)(x) = Ip(x) + > Ko —y)

yezd
L= [Pex  (RWEsAW)
P 7p(x)  (Ising & percolation),

pD(x) (RW),
Ko(x) = { D) + malx)  (SAW),
(mp* pD)(x)  (Ising & percolation).

Diagrammatic bounds in terms of G,'s:

ol Oxt ol Dxtol [ ] Px- (percolation),
0 x+ omeromx--. (Ising & SAW).
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4. Key ideas

Key 2: Convolution bounds ([HHS:03])
For a> b > 0 with a+ b > d,

Z 1 1 - ic
2 =2V D7 (2 [V = (x —y]vD@raba
Assume that 70 < 1 such that
20
P S 2, GP(X) S W (X ?é O).
Then, for d > d_, ,
o6
[mp(x)] < Md-{ff/)\%—p (x # o),
2(d —d.) (Isi AW),
where p = (d —d.) (Ising & SAW)
d—d. (percolation).
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4. Key ideas

Key 3: Approximation by S = G®™: 3\ Fust., G, ~\S,?
Gp=AS, + Gp*x0—0%AS,.
Since S, =0+pDxS, and G, =0+ (I, —0)+ K, * Gp,
Gp= Mp #5,+ Gpx (6 — uD — A\(6 — Kp) ) % S,..
— 2
A/pe E
Choose /1 = 1 — \(1 — K,,(0)) and
L Rp(0)—Rp(k) ) T
A= (1= Rp(0) + lim KelKol))

k—0

so that
E(k)

E(0) = lim E(© -~ E(k)

— =0.
=0 1 — D(k)
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4. Key ideas

Key 4: Analysis of S = G®W

Sp(x) = dox + (PD * Sp)(x) < / d'k e
PV = O TAPEE R 2 e M) 1= D(K)

For finite-range models (and the long-range models with o > 2),

1 > t1-D(k I .
7A:/ et ())dtz/ e 37k dt — Gaussian.
1— D(k) 0 0

For the long-range models with index o < 2,

1 1 o0 o _ _A 2/
&S = / t2 1 e tA=DT" g4
& 1—D(k)  T(2/2) Jo
1

RS R .
~ t2 e e dt — Gaussian.
0

M(a/2)
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5. Key ideas

Key 5: Verification of the assumed bound on Gp(x)

Gp(x)
Fp=pVsupf, fo(X) = grrra—onz
p =P sxlifl? p(x), P(X) 9/|X’d—ut/\2’

(n.b., £, (x) <1 with § = O(L™") for some x > 0.)

(1) Fp is continuous in p € [1, pc).

(2) F, <3 implies F, < 2 for every p € [1,p.), if < 1.

For (1), by the Simon-Lieb ineq., for finite-range models,
pD(x) < Gp(x) < e Tl for every p < pe.

For the long-range models (JACCN:88], [AN:86] for d = v = 1),
3

C
pD(x) < Gp(x) < P for every p < pe.
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5. Conclusion

What we have achieved so far

Let o #£ 2. For RW with d > « and any L, and for the other
models with d > d. and L > 1,

P oo pe Vg x| d—0N27

8o =
where AW = p'"'=1 and

- 2&/\27Td/2r(@T/\2)’
1 ,.(0) — 7, (k
L i O = Ao 00 g py,
pc k=0 1 — D(k)
. Tp(0) = Tp. (K) ] )
) o ok S AT LA Sha Ising & percolation).
pelim 1Bk (Ising & p )

What we like to include for completion

=1+

PN

Prove results for o = 2, to see if there is a log_correction.
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