
Sigma models on supergroups

•WZW models and perturbations thereof [                                                  ]

€ 

GL(1/1),SU(1/ 2),PSU(1,1/ 2)

(Saleur Schomerus, Schomerus Saleur, Gotz, Quella Schomerus, Schomerus) 

• Conformal sigma models which are not WZW models 

(Bershadsky and co., Zirnbauer, Read Saleur)

Motivation:    AdS/CFT correspondence ... 
            
             Critical points in non interacting disordered 2+1 electronic
             systems 

Example: transition between plateaux in the integer quantum Hall effect and 

€ 

U(1,1/ 2) /U(1/1)xU(1/1)
θ=π



•The group symmetry translates into a set of left and right Noether 
currents which do not obey Kac Moody OPEs but presumably a logarithmic 
version of it 

Examples: principal chiral model on                    , supersphere 
(coset) sigma model                                      (Mann Polchinski)

€ 

PSL(2 / 2)

€ 

OSP(4 / 2) /OSP(3 / 2)

•The theories are non unitary, logarithmic, and lack an organizing principle 
(integrability?)

•Progress on two series of models (with N. Read since 2000) using lattice 
regularizations and ideas from (non semi-simple) associative algebras theory. 

€ 

CPn+m−1|n ≈U(n+m /n) /U(1)xU(n+m −1/n)Define

Models are 

€ 

CPθ=π
n|n

c=0

€ 

CPn−1|n
(g*) c=-2



Some ideas and results

•Consider the XXX antiferromagnetic spin chain. Its spectrum has the 
following structure  (           )

where a node stands for an irreducible of 
Virasoro  

       
with weight 

€ 

h1,1+2 j = j 2

€ 

c =1

as well as an irreducible of       with spin j 

€ 

sl2
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For the models we are interested in:

•the symmetry turns out to be (considerably) bigger than  

€ 

sl(n+1/n)
(resp.               ) and is meshed in an indecomposable way with Virasoro  

€ 

sl(n /n)
(its commutant)
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Here again dots stand for 
irreps      of Virasoro with 

€ 

h1,1+2 j
as well as irreps of the 
symmetry algebra (see later).

No simple factorization of 
Hilbert space any more 

Indecomposables of either 
algebra have similar  diamond 
structure (Morita equivalence), 
and are ``projectives’’

Note the independence upon n



Introducing as usual

Kj =
q(2j!1)2/8 ! q(2j+3)2/8

!(q)
(1)

and the dimensions
Dj =

sinh(2j + 1)"
sinh "

, 2n = 2 cosh" (2)

the partition function (trace) with NN for the CPn!1|n model should be, at the radius where we know
something,

Z =
"!

j=0

DjKj (3)

All conformal weights in this case are integers. The identity appears with multiplicity

deg0 = D0 + D1 = 1 + (2n)2 ! 1 = 4n2 (4)

which I think is the dimension of the adjoint of gl(n/n) obtained as the tensor product V " V #, V of
dimension 2n. The conformal weight one appears with multiplicity

deg1 = D1 + D2 = 16n4 ! 8n2 = 4n2[4n2 ! 2] (5)

Note this has the form dimension of the indecomposable identity x number of currents in psl(n|n).
The conformal weight two appears with

deg2 = D0 + 2D1 + D2 = 4n2[4n2 ! 1] (6)

This could be interpreted as dimension of the indecomposable identity x (number of currents in psl(n|n)plus
one). The bracket in turn would be derivatives of the currents plus the stress energy tensor.

In the case n = 1 the partition function sums up to

Zn=1 =
2#2(q)

!
= det (!DANN) (7)

the determinant of the Laplacian with Neumann bc in the space direction and antiperiodic in the time
direction.

One can as well calculate from the lattice the object

Z $ =
"!

j=0

Dj+1/2Kj+1/2 (8)

which, in the n = 1 case, reads

Z $
n=1 =

2#3

!
= det (!DAND) (9)

the determinant of the Laplacian withh Neumann bc on one boundary, Dirichlet bc on the other, and
antiperiodic in the time direction.

1

with character

(Here            is the character of Virasoro irreducibles at c=-2) 

Figure 4: The schematic structure of our indecomposable representations. Open dots mean the cor-
responding vectors are not Virasoro descendents of any other state within the representation. Arrows
indicate action of the Virasoro algebra.

Figure 5: Indecomposable representation for j = 0.

Calling these indecomposables Rj , we expect thus in particular to have the characters

Tr Rj !q L0!c/24 = K1,1+2j + K1,1+2(j!1) = 2!j,1 + !j!1,1 + !j+1,1 (3.13)

It is easy to speculate on the structure of these indecomposables. We should first have an irreducible
representation Rj,1 generated by a highest weight vector Vj,1; then a reducible representation rj!1,1

generated by a highest weight vector vj!1,1, in which Vj,1 appears as a singular vector. Then a state
V "

j,1 which forms a two dimensional Jordan cell (of L0) with Vj,1. It is not a highest weight vector, and
positive modes of Virasoro map it to descendents of Vj!1,1. Finally, there should be a v"j+1,1 which is
technically a sub-singular vector, ie it is singular in the quaotient by the representation generated by
Vj,1 (in other words, positive modes of Virasoro send it to descendents of Vj,1). This is schematically
represented on figure (4). nodes connected by southwest arrows contribute rj!1,1 and rj,1 to the
character.

The representations Rj are called staggered modules in [22]. They depend on one characteristic
parameter whose value we do not know.

Now for some examples for n = 1, m = 0, where it is expected that the continuum limit is a theory
of symplectic fermions. The case j = 2 is generic. Then, hj,1 = 1, the vector Vj,1 can be identified
eg as the derivative of either symplectic fermion, say Vj,1 = "#2. The vector v1,1 = #2 has dimension
h1,1 = 0 and is a Virasoro highest weight: it generates a reducible representation, in which "#2 appears
as a singular vector. We still need a field v"3,1 which is a combination involving #1"#2"2#2 etc. It is
not primary, nor is v"2,1 = #1#2"#2. By interchange #1 ! #2, two such representations appear.

For the case j = 1, the cell lacks its left hand side and looks as on figure (5)
In these figures, an arrow indicates that the end vertex (vector) is in the image of the originating

one under Virasoro. For j = 0 for instance, L!1(#1#2) = "(#1#2) while L1("(#1#2)) = 1, etc.
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Figure 2: Nested structure of indecomposables for Virasoro in the m = 0 model.

Figure 3: Chain of Verma modules embeddings for c = !2.

The Verma module generated from the highest weight vector with weight h1,1+2j has, for generic central
charge, a singular vector at level 1+2j, with value of the conformal weight h1,!1!2j . At c = !2, another
singular vector appears at the lower level hj+1,1 = hj,1 + j, while now h1,!1!2j = hj+2,1 = hj,1 +1+2j.
The full Verma modules embeddings are represented in this case by a simple chain as on the figure (3)

The representations obtained by factoring out from the Verma module the subrepresentation gen-
erated from the ‘generic’ singular vector at level 1 + 2j will be denoted by r1,1+2j and referred to as
“standard”. The corresponding character coincides with K1,1+2j :

Tr rj,1!q L0!c/24 = K1,1+2j =
!q (2j!1)2/8 ! !q (2j+3)2/8

!(!q)
(3.10)

Of course this representation is reducible and contains an irreducible quotient Rj,1 for which the
character is

Tr Rj,1!q L0!c/24 = "j,1 =
!q (2j!1)2/8 ! !q (2j+1)2/8

!(!q)
(3.11)

Hence we have the equality (obvious from the figure)

K1,1+2j = "j,1 + "j+1,1 (3.12)

and note that "0,1 = 0 (the continuum equivalent of the absence of the (0, 0) node in figure (1).
The process by which a generic irreducible (of Virasoro) has become a glued pair is strongly rem-

iniscent of the same result for the TL algebra. Going one step further, one might speculate that the
structure of the indecomposables that appear in the lattice model is similar to the one occuring in the
continuum limit of the theory.

7

 indecomposables for               generically look like

•Fusion rules also follows from the analysis (see also Pearce Rasmussen )



as far as we can see is a free parameter whose value depends on j and the model. Could be 
determined numerically (see also Kausch Gaberdiel)

Note: Detailed structure of the indecomposables:
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A
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0

c=0 Now there is one 
indecomposable block and 
an infinite series of 
irreducibles which are not 
constrained by the 
symmetry 



There is now four different kinds of Virasoro indecomposables 

where         stands for a Virasoro 

irreducible with weight 

All the corresponding fusions can be written (and seem to be new) 
though the detailed structure of the representations is unknown. Example:

R3p1+2!R3p2+2 =
!

r

2 R3r+2+R3r+R3r+3+R3r+1+R3r+1+R3r!2+R3r+4

r = |p1 " p2|, |p1 " p2|+ 1, . . . , p1 + p2

1



Strategy

•Find a lattice regularization (though I suspect it is not essential)

•Analyze the full symmetry (more than               ), its commutant 
(Temperley Lieb algebra, Brauer algebra etc) and decompose the Hilbert 
space into indecomposables

€ 

sl(n /m)

(only a special kind of representations seem to appear: 
projectives )

•Argue (postulate) the structure carries over to the continuum limit, the 
commutant becoming the chiral algebra of the BCFT 

•All this has a (complicated) extension to periodic case

and now a look at the lattice models and some of  
the symmetries 



States represented using oscillator operators 

smaller matrix (of size dj or !dj below) within each sym-
metry sector.

In the following, we begin with the symmetry algebras
for the spin chains, first with open boundary conditions,
then closed. Then, after generalizing to supersymmetric
spin chains, we introduce the structures that make the
symmetry algebras for the open cases into Hopf algebras.
Then we briefly discuss the continuum limit, especially
the case when it is a conformal field theory. In this paper,
we concentrate on stating the ideas and results; proofs of
the statements are mostly omitted (many are elemen-
tary). The technical level increases towards the end, but
we hope that the early stages will be widely accessible
to physicists. We concentrate on the oriented loop mod-
els, but also give some results for the unoriented loops
models.

II. SPIN CHAINS: OPEN BOUNDARY
CONDITION

A. Oriented loops models

We consider an SU(m) antiferromagnetic spin chain
with open (free) boundary conditions. It consists of 2L
sites labelled i = 0, . . . , 2L ! 1, with an m-dimensional
complex vector space Vi

"= Cm at each site (C is the
field of complex numbers). The states can be represented
using oscillator operators ba

i , b†ia for i even, bia, b
a†
i for

i odd, with commutation relations [ba
i , b†jb] = !ij!a

b (a,
b = 1, . . . , m), and similarly for i odd. The destruction
operators ba

i , bia destroy the vacuum state, the daggers
indicate the adjoint, and the spaces Vi are defined by the
constraints

b†iaba
i = 1 (i even), (3)

b
a†
i bia = 1 (i odd) (4)

of one boson per site (we use the summation convention
for repeated indices of the same type as a). We define the
generators of U(m) (or in fact of glm) acting in the spaces
Vi by Jb

ia = b†iabb
i for i even, Jb

ia = !b
b†
i bia for i odd, and

the commutation relations among the Jis (for each i)
are i-independent. Hence the global glm algebra, defined
by its generators Jb

a =
"

i Jb
ia, acts in the tensor product

V = #2L!1
i=0 Vi of copies of the fundamental representation

of glm on even sites, alternating with its dual on odd sites,
as desired to construct an antiferromagnetic spin chain.
Though the U(1) subalgebra of glm generated by Ja

a acts
trivially on the chain (and by a scalar on each site), it is
often notationally convenient not to subtract this trace
from the generators Jb

a.
The SU(m)-invariant nearest-neighbor coupling in the

chain is unique, up to additive and multiplicative con-
stants. It is the usual “Heisenberg coupling” of mag-

netism, and can be written in terms of operators ei, de-
fined explicitly as

ei =

#
b
a†
i+1b

†
iabb

ibi+1,b, i even,
b
a†
i b†i+1,abb

i+1bib, i odd.
(5)

The ei’s are Hermitian, e†i = ei. Acting in the con-
strained space V , they satisfy [6,7] the relations [13,1]

e2
i = mei,

ei ei±1 ei = ei,

ei ej = ej ei (j $= i, i± 1). (6)

We write the parameter m as m = q + q!1. The ab-
stract associative algebra over the complex numbers C
generated by unity and the n!1 generators e0, . . . , en!2

that satisfy the relations (6) (and no other relations al-
gebraically independent of these) with parameter q % C
will be called the Temperley-Lieb (TL) algebra, TLn(q)
(for n either even or odd). The representation we have
constructed in the space V is faithful for m & 2. All alge-
bras in this paper are over C and are assumed to include
unity.

In the space V , a much-studied Hamiltonian for a
nearest-neighbor antiferromagnetic spin chain is the m,
m model with open (free) boundary conditions,

H = !"
$

i even

ei ! "!1
$

i odd

ei, (7)

where " > 0 is a parameter; if " $= 1, the model is said to
have staggered couplings. In the thermodynamic (L '
() limit a phase transition occurs at " = 1, which is first
order for m > 2, second order for m = 2. More general
Hamiltonians for the spin chain can be constructed, using
arbitrary elements of the TL algebra, that is any sum of
products of generators, perhaps with random coe!cients.

There are also vertex models whose transfer matrices
are TL algebra elements. These models may be expanded
as configurations of loops that run along (and fill) the
edges of the square lattice, with avoided crossings at the
vertices. This produces a class of loop model. This uses
a well-known graphical representation of the TL algebra
that has been described by many authors (see e.g. Ref.
[1]). In our models, the loops are viewed as oriented, with
the fundamental of glm running along in the direction of
the arrow. We emphasize again that these orientations
are fixed, not summed over (they are not dynamical vari-
ables). The two ways of conserving directions of arrows
on the loops at a vertex represent the action either of
1 # 1 or of ei for the two sites i, i + 1 in question. The
symmetry algebra we find in this paper determines the
multiplicities in the spectrum of any of these models.

The TL algebra arose in studies of the Potts model
[13,1], to which Refs. [6,7] thus found a relation of
the SU(m) antiferromagnetic spin chains. In terms of
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models.

II. SPIN CHAINS: OPEN BOUNDARY
CONDITION

A. Oriented loops models

We consider an SU(m) antiferromagnetic spin chain
with open (free) boundary conditions. It consists of 2L
sites labelled i = 0, . . . , 2L ! 1, with an m-dimensional
complex vector space Vi

"= Cm at each site (C is the
field of complex numbers). The states can be represented
using oscillator operators ba

i , b†ia for i even, bia, b
a†
i for

i odd, with commutation relations [ba
i , b†jb] = !ij!a

b (a,
b = 1, . . . , m), and similarly for i odd. The destruction
operators ba

i , bia destroy the vacuum state, the daggers
indicate the adjoint, and the spaces Vi are defined by the
constraints

b†iaba
i = 1 (i even), (3)

b
a†
i bia = 1 (i odd) (4)

of one boson per site (we use the summation convention
for repeated indices of the same type as a). We define the
generators of U(m) (or in fact of glm) acting in the spaces
Vi by Jb

ia = b†iabb
i for i even, Jb

ia = !b
b†
i bia for i odd, and

the commutation relations among the Jis (for each i)
are i-independent. Hence the global glm algebra, defined
by its generators Jb

a =
"

i Jb
ia, acts in the tensor product

V = #2L!1
i=0 Vi of copies of the fundamental representation

of glm on even sites, alternating with its dual on odd sites,
as desired to construct an antiferromagnetic spin chain.
Though the U(1) subalgebra of glm generated by Ja

a acts
trivially on the chain (and by a scalar on each site), it is
often notationally convenient not to subtract this trace
from the generators Jb

a.
The SU(m)-invariant nearest-neighbor coupling in the

chain is unique, up to additive and multiplicative con-
stants. It is the usual “Heisenberg coupling” of mag-

netism, and can be written in terms of operators ei, de-
fined explicitly as

ei =

#
b
a†
i+1b

†
iabb

ibi+1,b, i even,
b
a†
i b†i+1,abb

i+1bib, i odd.
(5)

The ei’s are Hermitian, e†i = ei. Acting in the con-
strained space V , they satisfy [6,7] the relations [13,1]

e2
i = mei,

ei ei±1 ei = ei,

ei ej = ej ei (j $= i, i± 1). (6)

We write the parameter m as m = q + q!1. The ab-
stract associative algebra over the complex numbers C
generated by unity and the n!1 generators e0, . . . , en!2

that satisfy the relations (6) (and no other relations al-
gebraically independent of these) with parameter q % C
will be called the Temperley-Lieb (TL) algebra, TLn(q)
(for n either even or odd). The representation we have
constructed in the space V is faithful for m & 2. All alge-
bras in this paper are over C and are assumed to include
unity.

In the space V , a much-studied Hamiltonian for a
nearest-neighbor antiferromagnetic spin chain is the m,
m model with open (free) boundary conditions,

H = !"
$

i even

ei ! "!1
$

i odd

ei, (7)

where " > 0 is a parameter; if " $= 1, the model is said to
have staggered couplings. In the thermodynamic (L '
() limit a phase transition occurs at " = 1, which is first
order for m > 2, second order for m = 2. More general
Hamiltonians for the spin chain can be constructed, using
arbitrary elements of the TL algebra, that is any sum of
products of generators, perhaps with random coe!cients.

There are also vertex models whose transfer matrices
are TL algebra elements. These models may be expanded
as configurations of loops that run along (and fill) the
edges of the square lattice, with avoided crossings at the
vertices. This produces a class of loop model. This uses
a well-known graphical representation of the TL algebra
that has been described by many authors (see e.g. Ref.
[1]). In our models, the loops are viewed as oriented, with
the fundamental of glm running along in the direction of
the arrow. We emphasize again that these orientations
are fixed, not summed over (they are not dynamical vari-
ables). The two ways of conserving directions of arrows
on the loops at a vertex represent the action either of
1 # 1 or of ei for the two sites i, i + 1 in question. The
symmetry algebra we find in this paper determines the
multiplicities in the spectrum of any of these models.

The TL algebra arose in studies of the Potts model
[13,1], to which Refs. [6,7] thus found a relation of
the SU(m) antiferromagnetic spin chains. In terms of
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The presence of the same algebra in both realizations guarantees that the spectra are the same up to 
degeneracies. The                model is integrable, so the SU(m) one can be “solved” . The physics is 
closely related with the                 Potts model.

The  question of the Degeneracies is in fact  fascinating.  € 

Q =m2
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The hamiltonian is not the integrable SU(m) alternating chain, which would involve next nearest 
neighbour coupling (and have different physics in the cases of interest). It can however we solved 
algebraically.

space has dimension N+1. However the two spectra di!er only by multiplicities,
because the XXZ vector space does not provide an irreducible representation
of AN . The extra eigenvalue for the XXZ case occurs when e

!
"1k = !q, and

is equal to the only eigenvalue of the k = !1 sector (no spins down in the
XXZ chain) and is associated with a state that is not a Uqsl(2) highest weight.
Excluding the special values e

!
"1k = !q restricts to quantum group highest

weight states, and then the two sets of eigenvalues become identical.
The mapping between the equations obtained algebraically and from the

XXZ representation becomes intriguingly cumbersome as k increases. Consider
now the case k = 1. Call ai,j the coordinates of the eigenstate in the 1Cij basis.
We have

!ai,j = 2
"

Qai,j + ai,j"1 + ai,j+1 + ai"1,j + ai+1,j , |i ! j| > 2
!ai,i+2 = 2

"
Qai,i+2 + ai,i+3 + ai"1,i+2 + 2ai+1,i+2 + ai,i+1 + ai+2,i+3

!ai,i+1 =
"

Qai,i+1 + ai"1,i+1. (17)

Let us illustrate where these equations come from. For instance we have

e2(e4e3e2e1)(e5e4e3) = (e2e1)(e4e3). (18)
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while the second one (the ”meeting condition”) leads to a relation between A
and k, k#
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The  (generic) spin 1/2 spin chain having quantum group symmetry has eigenvalues with (generic) 
degeneracies  2j+1, j=0,...,L. One finds (analytically) that the SU(m) chain has corresponding 
degeneracies

where  we define the q analog as usual

One finds otherwise degenereracies are much higher than SU(m). Eg  

for m=3 one finds  the Fibonacci numbers 1,8,55,377...  Supermultiplets!
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q + q!1
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The number of (generically different) eigenvalues with label j is the dimension of an irreducible 
representation  of the TL algebra (2j propagating lines)

and things add up to the total dimension of the Hilbert space indeed



The symmetry mixes different representations of SU(m) and is thus bigger. Its generators can in fact be 
constructed explicitly.  Introduce for k<2L

The states in the chain represented by such a diagram are
constructed by contracting the sites that correspond to
each () pair into an SU(m) singlet (“valence bond”). For
the dots, the state in the tensor product of spaces Cm

(each of which corresponds to a dot) must be chosen so
that application of the projection operator to the SU(m)
singlet for any two dots that are adjacent (when paren-
theses are ignored) annihilates the state. Thus, those
sites are “non-contractible”.

It is easily seen that the TL algebra applied to these
basis states does not mix states with di!erent numbers
of non-contractible sites. Application of an ei always
produces a valence bond at i, i + 1, together with a
rearrangement of some other contractions for sites that
were contracted with i or i + 1 before (if one of i, i + 1
was a non-contractible dot, it is moved to another posi-
tion). Thus, the TL generators ei change a pattern to
another valid pattern. However, when i, i + 1 are both
non-contractible, ei annihilates the state. The TL al-
gebra never changes the state on the sequence of dots.
The number of valid patterns is independent of m, and
one can use the m = 2 case to count them; in this case
there is an invertible mapping of the space of states, com-
muting with the action of su(2), that maps basis states
corresponding to valid patterns with 2j dots to those for
“standard” Young tableaus with at most two rows, such
that the di!erence in length of the two rows is 2j (a stan-
dard tableau is a Ferrers-Young diagram with one of the
numbers 1, 2, . . . , n inserted in each box, such that the
numbers are increasing both to the right along the rows
and down the columns). Hence for each number 2j = 0,
2, . . . , 2L of dots, the number of valid patterns coincides
with the dimensions dj of S2L representations [25]. The
basis states are linearly independent and span the jth
irreducible representation of TL2L(q).

The number of states for each valid pattern with 2j
dots determines the dimension Dj of the jth representa-
tion of the commutant of TL2L(q) in V . These numbers
can be found inductively, by adding another pair of non-
contractible dots to the end of a sequence, and are inde-
pendent of L. This leads easily to the recurrence relation
[8]

D1Dj = Dj+1 + Dj + Dj!1. (10)

Also, it is clear that D0 = 1, D1 = m2 ! 1 [D1 is the
dimension of the adjoint representation of SU(m)]. Using
m = q + q!1, the solution is

Dj = [2j + 1]q, (11)

where [n]q = qn!1+qn!3+ . . .+q!n+1 = (qn!q!n)/(q!
q!1) is the q-deformation of any integer n. As a check,
the total number of linearly-independent states we con-
structed is

L!

j=0

Djdj = (q + q!1)2L = m2L, (12)

which is exactly dim V . For m > 2, the dimensions Dj

increase exponentially with j. For example, for m = 3,
the first few are 1, 8, 55, 377, . . . , and are the Fibonacci
numbers Dj = F4j+2. Note that these dimensions are
the multiplicities of energy eigenvalues for the generic
Hamiltonians in the TL algebra, mentioned earlier. The
m = 3 cases were found for Hamiltonian (7) previously
[12]. For j > 1, the decomposition of these multiplets into
irreducible representations of su(m) become increasingly
complicated.

To construct the commutant algebra explicitly, we in-
troduce the operators (for k " 2L)

"Ja1a2...ak
b1b2...bk

=
!

0"i1<i2<···<ik"2L!1

Ja1
i1b1

Ja2
i2b2

· · · Jak
ikbk

(13)

(for k = 0, we define "J = 1, and for k = 1, "Ja
b = Ja

b
as defined earlier). For each k = 0, 1, . . . , these span a
space of dimension m2k. In this space of operators we
can impose linear conditions, that the contraction of one
of the indices a with a neighboring index b [i.e. of al with
bl+1 (resp., bl!1), for l = 1, 2, . . . , k ! 1 (resp., l = 2,
. . . , k)] is zero. This gives us a basis set Ja1...ak

b1...bk
, that

are “traceless” in this sense. For example, for k = 2, we
have

Ja1a2
b1b2

= "Ja1a2
b1b2

! 1
m

"Jaa2
b1a !a1

b2
! 1

m
"Ja1b
bb2

!a2
b1

+
1

m2
"Jab
ba !a1

b2
!a2
b1

(14)

and these span a space of dimension (m2!1)2. In general,
the dimension is (Dk/2)2. The exact forms are

Ja1a2...ak
b1b2...bk

= (P •P• "J)a1a2...ak
b1b2...bk

, (15)

where P • (P•) is the (Jones-Wenzl) projection opera-
tor to the “traceless” sector on the vector space indexed
by (a1, b2, . . .) [resp., (b1, a2, . . . , )], which can be con-
structed recursively using the TLk(q) algebra in these
spaces [23].

One can readily show that: (i) all Ja1a2...ak
b1b2...bk

commute
with all the ei, hence with all of TL2L(q) (they leave the
patterns unchanged); (ii) all Ja1a2...ak

b1b2...bk
with k > 2j anni-

hilate the jth irreducible representation of the commu-
tant algebra; (iii) the space of Ja1a2...ak

b1b2...bk
s with k = 2j acts

as the matrix algebra MDj (C) on the jth representation;
(iv) Ja1a2...ak

b1b2...bk
with k < 2j map the jth irreducible repre-

sentation into itself, and hence in that subspace can be
written as linear combinations of those with k = 2j. In
particular, in our chain of 2L sites, the operators with k
odd are linear combinations of those with k even. Hence
only even k are needed. These results show that the
algebra spanned by Ja1a2...ak

b1b2...bk
(k = 0, 2, . . . ) is the com-

mutant algebra Am(2L) of TL2L(q) in V , with dimension
dimAm(2L) =

#
j(Dj)2. Because the dimensions Dj are

independent of L, the limit L#$ exists, and we write
Am = limL#$Am(2L).
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(for k=1                      ). Impose that the contraction of one  indices a with  neighboring b’s is zero. 
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Claim: these generators commute with                      . The algebra spanned by the 
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pendent of L. This leads easily to the recurrence relation
[8]
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Also, it is clear that D0 = 1, D1 = m2 ! 1 [D1 is the
dimension of the adjoint representation of SU(m)]. Using
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[12]. For j > 1, the decomposition of these multiplets into
irreducible representations of su(m) become increasingly
complicated.

To construct the commutant algebra explicitly, we in-
troduce the operators (for k " 2L)

"Ja1a2...ak
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(for k = 0, we define "J = 1, and for k = 1, "Ja
b = Ja

b
as defined earlier). For each k = 0, 1, . . . , these span a
space of dimension m2k. In this space of operators we
can impose linear conditions, that the contraction of one
of the indices a with a neighboring index b [i.e. of al with
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, that
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and these span a space of dimension (m2!1)2. In general,
the dimension is (Dk/2)2. The exact forms are
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b1b2...bk
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with all the ei, hence with all of TL2L(q) (they leave the
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b1b2...bk
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as the matrix algebra MDj (C) on the jth representation;
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sentation into itself, and hence in that subspace can be
written as linear combinations of those with k = 2j. In
particular, in our chain of 2L sites, the operators with k
odd are linear combinations of those with k even. Hence
only even k are needed. These results show that the
algebra spanned by Ja1a2...ak

b1b2...bk
(k = 0, 2, . . . ) is the com-

mutant algebra Am(2L) of TL2L(q) in V , with dimension
dimAm(2L) =
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constructed by contracting the sites that correspond to
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the dots, the state in the tensor product of spaces Cm

(each of which corresponds to a dot) must be chosen so
that application of the projection operator to the SU(m)
singlet for any two dots that are adjacent (when paren-
theses are ignored) annihilates the state. Thus, those
sites are “non-contractible”.

It is easily seen that the TL algebra applied to these
basis states does not mix states with di!erent numbers
of non-contractible sites. Application of an ei always
produces a valence bond at i, i + 1, together with a
rearrangement of some other contractions for sites that
were contracted with i or i + 1 before (if one of i, i + 1
was a non-contractible dot, it is moved to another posi-
tion). Thus, the TL generators ei change a pattern to
another valid pattern. However, when i, i + 1 are both
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one can use the m = 2 case to count them; in this case
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where recall

€ 

m = q+q−1

While the dimension of the (enveloping algebra of) SU(m) grows polynomially with L,  in the present 
case we have 

The “obvious” global symmetry algebra is glm, or
more accurately the universal enveloping algebra (UEA)
U(glm) of glm, which is the associative algebra generated
by the generators Jb

a of glm, subject to the commuta-
tion relations of glm [or similarly for U(slm)] [21,22]. For
m > 2, our algebra Am is strictly larger than U(slm);
U(slm) is a proper subalgebra of Am [26], and hence the
representations of A can be decomposed into representa-
tions of slm. The dimension of Am(2L) can be found in
closed form, and grows exponentially with L:

dimAm(2L) =
q4L+4 ! q!4L!4

(q ! q!1)2(q2 ! q!2)
! 2(L + 1)

(q ! q!1)2
(16)

=
[2L + 2]q2 ! (2L + 2)

(q ! q!1)2
(17)

" q4L

(1! q!2)(1! q!4)
(18)

as L # $; here we used q > 1. By contrast, the di-
mension of the quotient of slm that acts faithfully in the
chain is the sum of squares of the dimensions of irre-
ducibles that occur, and the latter dimensions are known
polynomials in the highest weight of the representation,
of degree at most m(m ! 1)/2 (the dimensions of irre-
ducibles of slm are found by Frobenius-Schur-Weyl du-
ality, and given by the Weyl dimension formula). The
highest weights that occur are bounded by something of
order the length L of the chain. We have not made a pre-
cise estimate of the dimension of the resulting associative
algebra, but it is clear that it is bounded by a polynomial
in L, and thus much smaller than Am(2L) for large L.

We do not know of a “small” or “simple” set of gener-
ators for Am (that would be analogous to the set of Ja

b
for U(glm)). Am is not the Yangian of slm. However, the
properties above imply that Am(2L) is a cellular algebra
for all L, for which we have given a cellular basis Ja1a2...ak

b1b2...bk

(k = 0, 2, . . . ), in the sense defined in Ref. [28] (for an
exposition, see e.g. Ref. [29]). This fact also generalizes
to the unoriented and supersymmetric versions below.

B. Unoriented loops models

The unoriented loops models [3] were discussed in the
Introduction. We consider an open spin chain in which
each site is in the vector representation of O(m) [or of
the Lie algebra som of O(m)]. Such a chain can be repre-
sented by using oscillator operators ba

i , b†ia, with commu-
tation relations [ba

i , b†jb] = !ij!a
b (a, b = 1, . . . , m) for all

i, j = 0, . . . , n! 1. (In this subsection, we again allow n
to be odd or even.) The destruction operators ba

i destroy
the vacuum state, and the spaces Vi

"= Cm are defined
by the constraints

b†iaba
i = 1 (19)

of one boson per site for all i. TL generators can be
written, for i = 0, 1, . . . , n! 2, as

ei = "ab"cdb
†
iab†i+1,bb

c
ib

d
i+1. (20)

Here "ab and its inverse "ab represent the non-degenerate
symmetric bilinear form, which can be taken to be "ab =
!ab (the Kronecker delta); the invariance of this form
defines the symmetry group O(m). The generators of
the som Lie algebra on each site are

Giab = "bcb
†
iabc

i ! "acb
†
ibb

c
i . (21)

The interaction of sites i, i + 1 given by the TL gener-
ator ei is not the most general one (up to additive and
multiplicative constants) allowed by O(m) symmetry. It
generates only loop configurations in which loops never
cross, and it is this feature that admits an enlarged sym-
metry. If we define bia = "abbb

i , b
a†
i = "abb†ib for i odd,

then as noted in the Introduction, the operators ei, which
obey the TL relations (6), are actually invariant under
U(m) (with the odd sites transforming in the dual fun-
damental). Generators Jb

ia of glm can be defined as in
the oriented loops models.

The results for the oriented case now generalize easily
to the unoriented case. The label j for the representa-
tions now takes values 0, 1/2, 1, . . . , n/2, with 2j odd
(even) if and only if n is odd (resp., even). A linear ba-
sis for the commutant algebra of TLn(q) is given by the
same operators Ja1a2...ak

b1b2...bk
, eq. (15) (with 2L replaced by

n in the summations), but now the algebra for n even
(odd) is spanned by these operators with k % n and k
even (resp., odd) only; clearly, the even sector is isomor-
phic to that for the oriented case with the same m. The
dimensions of the irreducible representations are again
given by Dj = [2j + 1]q for q + q!1 = m. As examples,
D1/2 = m is the dimension of the vector representation of
som, while D1 = m2! 1 is that of the adjoint of slm, and
decomposes into the antisymmetric and traceless sym-
metric tensor irreducible representations of som. We call
the n # $ limit of the commutant algebras Bm; it in-
cludes operators Ja1a2...ak

b1b2...bk
for all k, and has irreducible

representations for all j = 0, 1/2, 1, 3/2, . . . .
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b (a, b = 1, . . . , m) for all
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c
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d
i+1. (20)
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c
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which grows exponentially.

There is much underlying structure (Ribbon Hopf algebras), and a theorem that claims 
``equivalence’’ (Morita) with              : in particular representations are in ``correspondence’’ and 
labelled by j (so are 3js, 6js etc)

The states in the chain represented by such a diagram are
constructed by contracting the sites that correspond to
each () pair into an SU(m) singlet (“valence bond”). For
the dots, the state in the tensor product of spaces Cm

(each of which corresponds to a dot) must be chosen so
that application of the projection operator to the SU(m)
singlet for any two dots that are adjacent (when paren-
theses are ignored) annihilates the state. Thus, those
sites are “non-contractible”.

It is easily seen that the TL algebra applied to these
basis states does not mix states with di!erent numbers
of non-contractible sites. Application of an ei always
produces a valence bond at i, i + 1, together with a
rearrangement of some other contractions for sites that
were contracted with i or i + 1 before (if one of i, i + 1
was a non-contractible dot, it is moved to another posi-
tion). Thus, the TL generators ei change a pattern to
another valid pattern. However, when i, i + 1 are both
non-contractible, ei annihilates the state. The TL al-
gebra never changes the state on the sequence of dots.
The number of valid patterns is independent of m, and
one can use the m = 2 case to count them; in this case
there is an invertible mapping of the space of states, com-
muting with the action of su(2), that maps basis states
corresponding to valid patterns with 2j dots to those for
“standard” Young tableaus with at most two rows, such
that the di!erence in length of the two rows is 2j (a stan-
dard tableau is a Ferrers-Young diagram with one of the
numbers 1, 2, . . . , n inserted in each box, such that the
numbers are increasing both to the right along the rows
and down the columns). Hence for each number 2j = 0,
2, . . . , 2L of dots, the number of valid patterns coincides
with the dimensions dj of S2L representations [25]. The
basis states are linearly independent and span the jth
irreducible representation of TL2L(q).

The number of states for each valid pattern with 2j
dots determines the dimension Dj of the jth representa-
tion of the commutant of TL2L(q) in V . These numbers
can be found inductively, by adding another pair of non-
contractible dots to the end of a sequence, and are inde-
pendent of L. This leads easily to the recurrence relation
[8]

D1Dj = Dj+1 + Dj + Dj!1. (10)

Also, it is clear that D0 = 1, D1 = m2 ! 1 [D1 is the
dimension of the adjoint representation of SU(m)]. Using
m = q + q!1, the solution is

Dj = [2j + 1]q, (11)

where [n]q = qn!1+qn!3+ . . .+q!n+1 = (qn!q!n)/(q!
q!1) is the q-deformation of any integer n. As a check,
the total number of linearly-independent states we con-
structed is

L!

j=0

Djdj = (q + q!1)2L = m2L, (12)

which is exactly dim V . For m > 2, the dimensions Dj

increase exponentially with j. For example, for m = 3,
the first few are 1, 8, 55, 377, . . . , and are the Fibonacci
numbers Dj = F4j+2. Note that these dimensions are
the multiplicities of energy eigenvalues for the generic
Hamiltonians in the TL algebra, mentioned earlier. The
m = 3 cases were found for Hamiltonian (7) previously
[12]. For j > 1, the decomposition of these multiplets into
irreducible representations of su(m) become increasingly
complicated.

To construct the commutant algebra explicitly, we in-
troduce the operators (for k " 2L)

"Ja1a2...ak
b1b2...bk

=
!

0"i1<i2<···<ik"2L!1

Ja1
i1b1

Ja2
i2b2

· · · Jak
ikbk

(13)

(for k = 0, we define "J = 1, and for k = 1, "Ja
b = Ja

b
as defined earlier). For each k = 0, 1, . . . , these span a
space of dimension m2k. In this space of operators we
can impose linear conditions, that the contraction of one
of the indices a with a neighboring index b [i.e. of al with
bl+1 (resp., bl!1), for l = 1, 2, . . . , k ! 1 (resp., l = 2,
. . . , k)] is zero. This gives us a basis set Ja1...ak

b1...bk
, that

are “traceless” in this sense. For example, for k = 2, we
have

Ja1a2
b1b2

= "Ja1a2
b1b2

! 1
m

"Jaa2
b1a !a1

b2
! 1

m
"Ja1b
bb2

!a2
b1

+
1

m2
"Jab
ba !a1

b2
!a2
b1

(14)

and these span a space of dimension (m2!1)2. In general,
the dimension is (Dk/2)2. The exact forms are

Ja1a2...ak
b1b2...bk

= (P •P• "J)a1a2...ak
b1b2...bk

, (15)

where P • (P•) is the (Jones-Wenzl) projection opera-
tor to the “traceless” sector on the vector space indexed
by (a1, b2, . . .) [resp., (b1, a2, . . . , )], which can be con-
structed recursively using the TLk(q) algebra in these
spaces [23].

One can readily show that: (i) all Ja1a2...ak
b1b2...bk

commute
with all the ei, hence with all of TL2L(q) (they leave the
patterns unchanged); (ii) all Ja1a2...ak

b1b2...bk
with k > 2j anni-

hilate the jth irreducible representation of the commu-
tant algebra; (iii) the space of Ja1a2...ak

b1b2...bk
s with k = 2j acts

as the matrix algebra MDj (C) on the jth representation;
(iv) Ja1a2...ak

b1b2...bk
with k < 2j map the jth irreducible repre-

sentation into itself, and hence in that subspace can be
written as linear combinations of those with k = 2j. In
particular, in our chain of 2L sites, the operators with k
odd are linear combinations of those with k even. Hence
only even k are needed. These results show that the
algebra spanned by Ja1a2...ak

b1b2...bk
(k = 0, 2, . . . ) is the com-

mutant algebra Am(2L) of TL2L(q) in V , with dimension
dimAm(2L) =

#
j(Dj)2. Because the dimensions Dj are

independent of L, the limit L#$ exists, and we write
Am = limL#$Am(2L).
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Alhough there are some similarities, the algebra is not a Yangian. Recall the latter would be 
generated by 

dimension d̂j , so the total dimension of the Hilbert space of the m, m̄ chain will read

D =
L!

M=0

d̂M D̂M =

"
2L
L

#
!

"
2L

L + 1

#
+

"
2L

L + 1

#
(m2 ! 1) +

L!

M=2

"
2L

L + M

#
D̂M

=
L!

M=0

"
2L

L + M

#
2 cosh2M! = (e! + e!!)2L = m2L (2.22)

as required.
In the analysis of [?], the pseudomomentum appears in relation with the extra weight gained by the

set of 2M non contractible lines as they ‘go around’ the axis of the cylinder. It also appears as a twist
term in the correspondence with XXZ chain. More precisely, consider again the XXZ representation
of the Temperley Lieb algebra, giving rise in general to a XXZ chain with a twist angle, ie a term of
the form

e =

$

%%&

0 0 0 0
0 q!1 !ei" 0
0 !e!i" q 0
0 0 0 0

'

(() (2.23)

We first need, for M > 0, the spectrum of H with " = 2# P
N in the sector of spin Sz = M , with

eigenvalues EP/N,(i)
M , i = 1, . . . , d̂M . The case M = 0 is special, and requires i" = !. In that case, the

eigenvalues from the sector with M = 1 and " = 0 do coincide with a subset of those in the sector
M = 0. Call the remaining ones Ei!/2#,(i)

0 . The partition function of the model reads therefore

Z =
(2L L)!

i=0

e!$Ei!/2",(i)
M +

L!

M=1

!

N |M

!(M, N)
N!1!

P=0,P"N=1

d̂M!

i=1

e!$EP/N,(i)
M (2.24)

Consider for instance the case m"m̄"m. The product m"m̄ decomposes as the singlet plus the ad-
joint, and tensoring with m gives, in Young tableaux notations, two (1, 0, . . .)+ (3,1,1,. . . ,1)+(2, 2, 1, 1, . . . , 1),
of respective dimensions m(m ! 1)(m + 2)/2 and m(m + 1)(m ! 2)//2. The dimension of the SU(m)
commutant is thus

m2 +
*
m(m ! 1)(m + 2)

2

+2

+
*
m(m + 1)(m ! 2)

2

+2

=
m6

2
! 3m4

2
+ 3m2

while for our algebra we find

D2
1/2 + D2

3/2 = m2 + (m3 ! 2m)2 = m6 + 5m2 ! 4m4

While equal for m = 2, it is clear that the second dimension gets much bigger than the first as m
increases.

2.4 Yangians

It is not clear whether our algebra has anything to do with Yangians. Recall that the SU(m) Yangian
would be generated by

,
Q(0)

-a

b
=

!

i

Ja
ib

,
Q(1)

-a

b
=

!

c

!

i1<i2

Ja
i1cJ

c
i2b ! Ja

i2cJ
c
i1b (2.25)
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Recall that Yangians only commute with very special hamiltonians while                      commutes with 
the whole TL algebra and hence with all hamiltonians. 

The states in the chain represented by such a diagram are
constructed by contracting the sites that correspond to
each () pair into an SU(m) singlet (“valence bond”). For
the dots, the state in the tensor product of spaces Cm

(each of which corresponds to a dot) must be chosen so
that application of the projection operator to the SU(m)
singlet for any two dots that are adjacent (when paren-
theses are ignored) annihilates the state. Thus, those
sites are “non-contractible”.

It is easily seen that the TL algebra applied to these
basis states does not mix states with di!erent numbers
of non-contractible sites. Application of an ei always
produces a valence bond at i, i + 1, together with a
rearrangement of some other contractions for sites that
were contracted with i or i + 1 before (if one of i, i + 1
was a non-contractible dot, it is moved to another posi-
tion). Thus, the TL generators ei change a pattern to
another valid pattern. However, when i, i + 1 are both
non-contractible, ei annihilates the state. The TL al-
gebra never changes the state on the sequence of dots.
The number of valid patterns is independent of m, and
one can use the m = 2 case to count them; in this case
there is an invertible mapping of the space of states, com-
muting with the action of su(2), that maps basis states
corresponding to valid patterns with 2j dots to those for
“standard” Young tableaus with at most two rows, such
that the di!erence in length of the two rows is 2j (a stan-
dard tableau is a Ferrers-Young diagram with one of the
numbers 1, 2, . . . , n inserted in each box, such that the
numbers are increasing both to the right along the rows
and down the columns). Hence for each number 2j = 0,
2, . . . , 2L of dots, the number of valid patterns coincides
with the dimensions dj of S2L representations [25]. The
basis states are linearly independent and span the jth
irreducible representation of TL2L(q).

The number of states for each valid pattern with 2j
dots determines the dimension Dj of the jth representa-
tion of the commutant of TL2L(q) in V . These numbers
can be found inductively, by adding another pair of non-
contractible dots to the end of a sequence, and are inde-
pendent of L. This leads easily to the recurrence relation
[8]

D1Dj = Dj+1 + Dj + Dj!1. (10)

Also, it is clear that D0 = 1, D1 = m2 ! 1 [D1 is the
dimension of the adjoint representation of SU(m)]. Using
m = q + q!1, the solution is

Dj = [2j + 1]q, (11)

where [n]q = qn!1+qn!3+ . . .+q!n+1 = (qn!q!n)/(q!
q!1) is the q-deformation of any integer n. As a check,
the total number of linearly-independent states we con-
structed is
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j=0

Djdj = (q + q!1)2L = m2L, (12)

which is exactly dim V . For m > 2, the dimensions Dj

increase exponentially with j. For example, for m = 3,
the first few are 1, 8, 55, 377, . . . , and are the Fibonacci
numbers Dj = F4j+2. Note that these dimensions are
the multiplicities of energy eigenvalues for the generic
Hamiltonians in the TL algebra, mentioned earlier. The
m = 3 cases were found for Hamiltonian (7) previously
[12]. For j > 1, the decomposition of these multiplets into
irreducible representations of su(m) become increasingly
complicated.

To construct the commutant algebra explicitly, we in-
troduce the operators (for k " 2L)

"Ja1a2...ak
b1b2...bk

=
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· · · Jak
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(for k = 0, we define "J = 1, and for k = 1, "Ja
b = Ja

b
as defined earlier). For each k = 0, 1, . . . , these span a
space of dimension m2k. In this space of operators we
can impose linear conditions, that the contraction of one
of the indices a with a neighboring index b [i.e. of al with
bl+1 (resp., bl!1), for l = 1, 2, . . . , k ! 1 (resp., l = 2,
. . . , k)] is zero. This gives us a basis set Ja1...ak

b1...bk
, that

are “traceless” in this sense. For example, for k = 2, we
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the dimension is (Dk/2)2. The exact forms are
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= (P •P• "J)a1a2...ak
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, (15)

where P • (P•) is the (Jones-Wenzl) projection opera-
tor to the “traceless” sector on the vector space indexed
by (a1, b2, . . .) [resp., (b1, a2, . . . , )], which can be con-
structed recursively using the TLk(q) algebra in these
spaces [23].

One can readily show that: (i) all Ja1a2...ak
b1b2...bk
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sentation into itself, and hence in that subspace can be
written as linear combinations of those with k = 2j. In
particular, in our chain of 2L sites, the operators with k
odd are linear combinations of those with k even. Hence
only even k are needed. These results show that the
algebra spanned by Ja1a2...ak
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The periodic chain can also be considered by coupling the two extremities
 The local hamiltonian then satisfy a particular version of the periodic TL algebra called sometimes the 
JonesTL algebra, where in addition to the obvious periodicity in the e_i’s, one also demands that non 
contractible loops get the same weight m as contractible ones. Then the irreducibles are indexed by 
the same number j as before, now with dimensions (Jones, Martin Saleur 1994)

the TL generators are defined as there, but now there are
2L generators ei, which obey the relations (6) with i± 1
interpreted cyclically, with i = 2L ! 0 (mod 2L). In
addition, there is now an obvious cyclic symmetry of the
system. We can introduce an operator u2 (with inverse
u!2) which translates any state to the right by 2 sites (so
as to be consistent with the distinction of two types of
sites carrying dual representations), so u2L = 1 (there are
no odd powers of u, though there are in the unoriented or
O(m) cases). We have u2eiu!2 = ei+2. These operators
generate an algebra.

The precise algebra can be defined abstractly as an al-
gebra of diagrams as for TL, but this time on an annulus
(or finite cylinder), in which a general basis element cor-
responds to a diagram of 2L sites on the inner, and 2L on
the outer boundary; the sites are connected in pairs, but
only configurations that can be represented using lines
inside the annulus that do not cross are allowed. Fur-
ther, for the oriented loops models, the lines must be
orientable, such that the arrows emanate from the even
sites and enter the odd sites on the inner boundary, and
the reverse for the outer boundary. Multiplication is de-
fined in a natural way on these diagrams, by joining an
inner to an outer annulus, and removing the interior sites
[30]. We emphasize that whenever a closed loop is pro-
duced when diagrams are multiplied together, this loop
must be replaced by a numerical factor m (as for the
TL algebra), even for loops that wind around the annu-
lus, as well as for those that are homotopic to a point.
The algebra is generated by the elements ei and u2, and
they obey the above relations, which however are not a
complete set. (The numerical factor m for winding loops
is not a consequence of the stated relations, but a sep-
arate assumption; there are more general versions, not
considered here, in which this is modified.) We call this
finite-dimensional “annular” algebra [30] the Jones-TL,
or JTL algebra, JTL2L(q) [30,31] (the latter terminology
is not standard). It is easily seen that our definitions
produce a representation of JTL2L(q) in V , however it
turns out that it is faithful only when m > 2. For m = 2,
the TL algebra already contains all permutations of the
sites, and the extra generators e!1 and u±2 acting in V
can be expressed in terms of the others. Also, for real
q > 0, the JTL algebra is semisimple only for q "= 1 [30],
unlike the TL algebra. We will see that the JTL algebra
is much richer than the TL algebra.

On passing from TL2L(q) to JTL2L(q), some irre-
ducible representations of TL2L(q) will combine to form
irreducibles of JTL2L(q). On the other hand, since we
work in the same space V , when the algebra becomes
larger, its commutant must become smaller, and some
irreducible representations of the commutant will break
into irreducibles of the commutant of JTL2L(q). (These
remarks assume the algebras involved are semisimple.)

The dimensions of the irreducible representations of
JTL2L(q) for q > 1 are known [30]. We construct repre-

sentations of the JTL algebra using parentheses and dots
again, but now parentheses can be paired cyclically, so
) • (()) • ( is a valid pattern (valid patterns may also be
defined by drawing them on a disk with the sites on the
boundary, and lines within the disk connect contracted
sites without crossing, while noncontractible sites can be
reached within the disk from one another without cross-
ing a contraction line). Contractions that cross the end
of the chain, like one in the preceding example, become
pairs of dots if one reverts to the open TL point of view,
and so one finds for the number of valid patterns with 2j
dots

!dj =
"

j!=j,j+1,...

dj! =
#

2L
L + j

$
. (22)

This is valid for j > 0. For the j = 0 case, all contrac-
tion lines can be drawn without crossing the 0, 2L # 1
link, so !d0 = d0. [These formulas, which as we will see
give the dimensions !dj of the irreducible representations
of JTL2L(q), also show how these decompose when con-
sidered as representations of the subalgebra TL2L(q).]

For the set of valid patterns for each value j = 0, 1, . . . ,
L, one has a set of non-orthogonal but linearly indepen-
dent basis states, by again associating a singlet valence
bond to each pair () of corresponding parentheses, and for
the non-contractible sites (now defined cyclically), states
that vanish if one such site is contracted with its neigh-
bor on either side (cyclically). The subspace spanned by
these elements is a representation of JTL2L(q) and of its
commutant !Am(2L), and its dimension is !dj

!Dj , where
the dimensions !Dj for each pattern will now be found.
By comparing with the definitions for the open case, we
see that the dimensions !Dj obey Dj = !Dj+Dj!1 (j $ 2),
D1 = !D1, D0 = !D0. That is,

!Dj =

%
&

'

q2j + q!2j (j > 1),
q2 + 1 + q!2 (j = 1),
1 (j = 0)

(23)

Note that again
(

j
!dj

!Dj = m2L = dim V .
Unlike the open chains, for the closed chains the repre-

sentations of JTL2L(q)% !Am(2L) of dimension !dj
!Dj that

we have now constructed for each j are not irreducible
when j $ 2. There is a non-trivial center of the restric-
tion of JTL2L(q) and of !Am(2L) to the jth subspace.
This may be seen most easily in terms of the commutant
!Am(2L). For any basis state in the jth subspace, the
states on the non-contractible sites can be cyclically per-
muted by moving them two steps to the right, without
a!ecting the pattern. This operation clearly commutes
with the JTL algebra, so when viewed as acting on all
the basis states simultaneously it gives an operator which
lies in the commutant. Further, it commutes with all el-
ements of the commutant (restricted to this subspace),
because as we will see in the explicit expressions below,
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!Dj , where
the dimensions !Dj for each pattern will now be found.
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when j $ 2. There is a non-trivial center of the restric-
tion of JTL2L(q) and of !Am(2L) to the jth subspace.
This may be seen most easily in terms of the commutant
!Am(2L). For any basis state in the jth subspace, the
states on the non-contractible sites can be cyclically per-
muted by moving them two steps to the right, without
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with the JTL algebra, so when viewed as acting on all
the basis states simultaneously it gives an operator which
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The commutant has a similar (though more complicated) construction, with irreducibles indexed by j 
and a  pseudomomentum K=π P/N where P>0, N a divisor of j, N|j

these elements involve sums over position which ensure
that they are invariant under these operations on the ba-
sis states (ultimately this is because of the isomorphism
of the JTL algebra ei ! ei+1 for all i). Hence this op-
erator lies in the center of the commutant (acting in the
jth subspace), and so must also lie in the center of the
JTL algebra. By Schur’s lemma, it acts as a root of unity
e2iK in any irreducible representation of either algebra.
We call K (defined modulo !) the pseudomomentum. As
translation of the non-contractible sites by 2j steps brings
the state back to itself, we have jK " 0 (mod !). We
may conclude that, for each j # 2, though all irreducible
representations of JTL2L(q) have the same dimension !dj ,
they are not all isomorphic, and there is a distinct irre-
ducible representation for each distinct allowed K, and
thus j distinct isomorphism classes of irreducibles in all
[30].

The representations of the commutant of dimension
!Dj can be decomposed into eigenspaces of K, with
K = !P/N where P # 0 and N are coprime (N is a
divisor of j, written N |j). We will denote the dimensions
of these subspaces by !DjK , with

"
K

!DjK = !Dj , from
which again,

"
j,K

!DjK
!dj = m2L. For j = 0, 1, K " 0

and !DjK = !Dj . When the state on the sequence of 2j
non-contractible sites is periodic with period d, 1 $ d < j
(with d|j), it contributes only to pseudomomenta such
that N |d. Using Möbius inversion [35] (similarly to Ap-
pendix A of Ref. [8]), we obtain the dimensions !DjK of
the representations with j # 2 and given K of the com-
mutant !Am(2L) of JTL2L(q) for m > 2,

!DjK =
#

d,d!:N |d

µ(d/d!)
d

(q2d! + q"2d!), (24)

where the sum is over all positive divisors d, d! of j, and
µ(x) is the Möbius function [35]. Alternatively, by cal-
culating the trace of the projection operator onto pseu-
domomentum K for a fixed pattern, we obtain

!DjK =
1
j

j"1#

r=0

e2iKr
$
q2(j#r) + q"2(j#r)

%
, (25)

where j % r denotes the highest common divisor of j and
r (j%0 = j for all integers j # 0). These two expressions
are equal, again by using Ref. [35]. These multiplicities
were given in the second form by Jones [30] (for these
oriented cases, we have corrected a small error at the
end of Ref. [30]). Hence, these representations of !Am(2L)
must be irreducible, and the dimension of the algebra is
dim !Am(2L) =

"
j,K( !DjK)2. In the L ! & limit, we

obtain an algebra !Am = limL$% !Am(2L).
If we put m = 2 (even though this is a case in which

the JTL algebra does not act faithfully in V ), the multi-
plicities correctly vanish whenever K '" 0 (mod !), but
the formula for !Dj0 for j > 1 is not correct for this case.

Here, because the image of the JTL algebra that acts
faithfully in V is the same as TL, its commutant is a quo-
tient of U(sl2), with irreducible dimensions Dj = 2j + 1.

Some elements of !Am(2L) can be constructed as in the
open case. We use, for k # 1,

&Ja1a2...ak
b1b2...bk

=
#

i1<i2<···<ik<i1

Ja1
i1b1

Ja2
i2b2

· · · Jak
ikbk

, (26)

where the summations extend periodically on the chain;
these commute with u2. A set of elements of the com-
mutant !Am(2L) can now be written, for k even, as

!Ja1a2...ak
b1b2...bk

= (P •P•
&J)a1a2...ak

b1b2...bk
, (27)

where, similarly to the open case, the projector P • (P•) is
the projection operator to the “traceless” sector (annihi-
lated by all ei) on the vector space indexed by (a1, b2, . . .)
[resp., (b1, a2, . . . , )]. The projectors certainly exist, as
they project onto (non-irreducible for k > 2) represen-
tations of the semisimple algebra JTLk(q). For k odd,
there is another set,

!Ja1a2...ak
b1b2...bk

= (P •
•

&J)a1a2...ak
b1b2...bk

, (28)

in which P •
• is the projection operator to the traceless

sector (annihilated by ei) on the single vector space in-
dexed by (a1, b2, a3, . . . , ak, b1, a2, . . . , bk). These projec-
tors exist in the algebra JTL2k(q). (For k = 1, !Ja

b is
the traceless generator of slm.) The !Js have the cyclic
invariance property,

!Ja1a2...ak
b1b2...bk

= !Jaka1...ak"1
bkb1...bk"1

(29)

(the cyclic property is clear for the &Js, and for the !Js
with k even uses the fact that the matrix elements of
the projectors P•, P • are the same real numbers when
written out in the respective bases).

Unlike the open case, for the closed case the !J opera-
tors with k even do not form a linear basis for !Am(2L);
however, they do generate it. Let us study how they act
on the j, K irreducible representations for k = 2j. A
natural decomposition of this space of !Js is obtained by
using the projector P •

(K) [and P ("K)
• ] onto the subspace

of the space indexed by (a1, b2, . . .) [resp., (b1, a2, . . . , )]
that has pseudomomentum K (resp., (K) as well as be-
ing annihilated by all ei. This is possible because the !Js
do preserve pseudomomentum. We note that the cyclic
invariance property implies that these operators for K
and (K are the same (up to some relabelling). We
choose an orthonormal basis for this subspace, indexed
by ", #, $, . . . (resp., "&, . . . ; there is a correspondence
between these bases as indicated by the notation), and
write these projected !Js as !J!" . Among the irreducibles
with j = k/2, these operators annihilate those with pseu-
domomentum '" K or (K (mod !). Strictly speaking,
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they are not all isomorphic, and there is a distinct irre-
ducible representation for each distinct allowed K, and
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(the cyclic property is clear for the &Js, and for the !Js
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the projectors P•, P • are the same real numbers when
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these elements involve sums over position which ensure
that they are invariant under these operations on the ba-
sis states (ultimately this is because of the isomorphism
of the JTL algebra ei ! ei+1 for all i). Hence this op-
erator lies in the center of the commutant (acting in the
jth subspace), and so must also lie in the center of the
JTL algebra. By Schur’s lemma, it acts as a root of unity
e2iK in any irreducible representation of either algebra.
We call K (defined modulo !) the pseudomomentum. As
translation of the non-contractible sites by 2j steps brings
the state back to itself, we have jK " 0 (mod !). We
may conclude that, for each j # 2, though all irreducible
representations of JTL2L(q) have the same dimension !dj ,
they are not all isomorphic, and there is a distinct irre-
ducible representation for each distinct allowed K, and
thus j distinct isomorphism classes of irreducibles in all
[30].

The representations of the commutant of dimension
!Dj can be decomposed into eigenspaces of K, with
K = !P/N where P # 0 and N are coprime (N is a
divisor of j, written N |j). We will denote the dimensions
of these subspaces by !DjK , with
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which again,
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and !DjK = !Dj . When the state on the sequence of 2j
non-contractible sites is periodic with period d, 1 $ d < j
(with d|j), it contributes only to pseudomomenta such
that N |d. Using Möbius inversion [35] (similarly to Ap-
pendix A of Ref. [8]), we obtain the dimensions !DjK of
the representations with j # 2 and given K of the com-
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where the sum is over all positive divisors d, d! of j, and
µ(x) is the Möbius function [35]. Alternatively, by cal-
culating the trace of the projection operator onto pseu-
domomentum K for a fixed pattern, we obtain
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1
j

j"1#
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e2iKr
$
q2(j#r) + q"2(j#r)

%
, (25)

where j % r denotes the highest common divisor of j and
r (j%0 = j for all integers j # 0). These two expressions
are equal, again by using Ref. [35]. These multiplicities
were given in the second form by Jones [30] (for these
oriented cases, we have corrected a small error at the
end of Ref. [30]). Hence, these representations of !Am(2L)
must be irreducible, and the dimension of the algebra is
dim !Am(2L) =

"
j,K( !DjK)2. In the L ! & limit, we

obtain an algebra !Am = limL$% !Am(2L).
If we put m = 2 (even though this is a case in which

the JTL algebra does not act faithfully in V ), the multi-
plicities correctly vanish whenever K '" 0 (mod !), but
the formula for !Dj0 for j > 1 is not correct for this case.

Here, because the image of the JTL algebra that acts
faithfully in V is the same as TL, its commutant is a quo-
tient of U(sl2), with irreducible dimensions Dj = 2j + 1.

Some elements of !Am(2L) can be constructed as in the
open case. We use, for k # 1,
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=
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where the summations extend periodically on the chain;
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= (P •P•
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, (27)

where, similarly to the open case, the projector P • (P•) is
the projection operator to the “traceless” sector (annihi-
lated by all ei) on the vector space indexed by (a1, b2, . . .)
[resp., (b1, a2, . . . , )]. The projectors certainly exist, as
they project onto (non-irreducible for k > 2) represen-
tations of the semisimple algebra JTLk(q). For k odd,
there is another set,
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in which P •
• is the projection operator to the traceless

sector (annihilated by ei) on the single vector space in-
dexed by (a1, b2, a3, . . . , ak, b1, a2, . . . , bk). These projec-
tors exist in the algebra JTL2k(q). (For k = 1, !Ja

b is
the traceless generator of slm.) The !Js have the cyclic
invariance property,

!Ja1a2...ak
b1b2...bk

= !Jaka1...ak"1
bkb1...bk"1

(29)

(the cyclic property is clear for the &Js, and for the !Js
with k even uses the fact that the matrix elements of
the projectors P•, P • are the same real numbers when
written out in the respective bases).

Unlike the open case, for the closed case the !J opera-
tors with k even do not form a linear basis for !Am(2L);
however, they do generate it. Let us study how they act
on the j, K irreducible representations for k = 2j. A
natural decomposition of this space of !Js is obtained by
using the projector P •

(K) [and P ("K)
• ] onto the subspace

of the space indexed by (a1, b2, . . .) [resp., (b1, a2, . . . , )]
that has pseudomomentum K (resp., (K) as well as be-
ing annihilated by all ei. This is possible because the !Js
do preserve pseudomomentum. We note that the cyclic
invariance property implies that these operators for K
and (K are the same (up to some relabelling). We
choose an orthonormal basis for this subspace, indexed
by ", #, $, . . . (resp., "&, . . . ; there is a correspondence
between these bases as indicated by the notation), and
write these projected !Js as !J!" . Among the irreducibles
with j = k/2, these operators annihilate those with pseu-
domomentum '" K or (K (mod !). Strictly speaking,
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Generators can be found, and there is structure, more subtle than in the open case (recall the 
spin chain would not commute with the quantum group now.)



The supersymmetric spin chains

SU(m+n|n) chains can be built similarly by taking for         a graded vector space of dimension m+n for 
the bosonic and n for the fermionic subspace .

ple, for Q = 4, one knows that the CFTs for the con-
tinuum limit of the chains with uniform coe!cients, are
di"erent in the two cases, the periodic spin-1/2 chain and
the periodic Q = 4 Potts model, though they are closely
related. In particular, the Q = 4 periodic Potts model
does not have SU(2) symmetry, even in the continuum
limit.

V. SUPERSYMMETRIC SPIN CHAINS

The spin chains for the oriented loops models can be
generalized so that each site carries a Z2-graded vec-
tor space of dimensions m + n for the even (bosonic),
n for the odd (fermionic), subspace (n ! 0 is an inte-
ger). This space is the fundamental of the Lie superal-
gebra gl(m + n|n) for i even, and its dual for i odd. The
chain is the graded tensor product of these Vi (it may
be constructed [8] using fermion operators f†

ia, f
a†
i for

a = m+n+1, . . . , m+2n, while a = 1, . . . , m+n corre-
sponds to boson operators as in the n = 0 special case).
The (J)TL algebra is again generated by operators ei

(and u2). These models exist for all integer m, provided
m + n, n ! 0 [36], and are non-trivial when m + 2n > 1.
The phase transition properties, including scaling dimen-
sions, are the same independent of n, though some multi-
plicities may vanish for small n. Even though the finite-
dimensional representations of gl(m+n|n) are not always
semisimple, the representations of TL2L(q) and its com-
mutant Am+n|n(2L) are still semisimple for |m| ! 2, and
similarly for JTL2L(q) and its commutant !Am+n|n(2L)
for |m| > 2. (The commutant algebras here are actu-
ally superalgebras when n > 0; details about graded
tensor products and superalgebras can be found in the
Appendix.) The notation involving m, n for these chains
will be used consistently from here on.

For the semisimple cases, the preceding constructions
can be carried through for all n ! 0, with only minor
variations. The dimensions of the irreducible representa-
tions of the commutants can be generalized to the total
(usual) dimension, and the superdimension (sdim) which
is the dimension of the even (bosonic) subspace minus the
dimension of the odd (fermionic) subspace. The super-
dimensions will now be denoted Dj or !DjK , as they are
determined by m alone (in fact, by m2), independent of
n, and are given by the same formulas as above, which
were the n = 0 special cases. The total dimensions will
be denoted D!

j or !D!
jK , and involve also q! determined

by m + 2n = q! + q!"1. For the open case, the total
dimensions are given by the same form D!

j = [2j + 1]q!

[8]. For the closed case, total dimensions can be obtained
by calculating the trace of the projection operator onto
pseudomomentum K for a fixed pattern. One must be
careful of minus signs that arise when an odd state of a
segment of the non-contractible sites is translated around

the system. For j > 1, the total dimensions for |m| > 2
are

!D!
jK =

1
j

j"1"

r=0

e2iKrw(j, j " r), (37)

where j " r denotes the highest common divisor of j and
r (j " 0 = j for all integers j ! 0), and

w(j, d) = (q2d + q"2d)!j/d#0 + (q!2d + q!"2d)!j/d#1,

(38)

where again d|j, and the congruences are modulo 2. For
n = 0 this clearly reduces to eq. (25) [30]. The gen-
eral case can be simplified and (using formulas from Ref.
[35]) shown to be equal to the numbers #mod(M = j,N)
for these models obtained by a di"erent method in Ref.
[8] (up to a continuation to the di"erent range |m| # 2
studied there). For j = 0, 1, we have K $ 0 only, and
!D!

j0 = 1, q!2 + 1 + q!"2, respectively [the dimensions of
the singlet and the adjoint of sl(m + n|n)].

The supersymmetric versions of the unoriented loops
models use the defining (vector) representation of
osp(m + 2n|2n) on all the sites. As for the O(m) mod-
els, these representations are self-dual, so the models still
make sense for arbitrary numbers L of sites, even with
periodic boundary conditions. For the open chains, the
commutant algebra becomes Bm+2n|2n(L), which for L
even is isomorphic to Am+2n|2n(L). The superdimensions
and total dimensions of the irreducibles (for |m| ! 2)
are given by the same formulas as for the oriented loops
models, but with j = 1/2, 3/2, . . . , allowed in addition to
non-negative integers. For the closed chains, the commu-
tant is !Bm+2n|2n(L). The total dimensions (for |m| > 2)
are given by formulas similar to those for the oriented
case (c.f. formulas for the super-dimensions !DjK above),
and again are related to the numbers #mod(M = 2j, N)
for these models that were obtained in Ref. [8].

These results go far towards explaining the large mul-
tiplicities found in the spectrum of scaling dimensions in
the conformal field theories of the loop models with the
closed boundary condition in Ref. [8]. They are still not
a complete explanation because so far we have analyzed
only the semisimple cases |m| > 2, while the conformal
cases occur for |m| # 2. We comment on this in Section
? below, but a full analysis for the closed cases is beyond
the scope of this paper.

On the other hand, as S-matrix formulations are based
on open boundary conditions, the unoriented m = 2 open
case with underlying osp(2 + 2n|2n) symmetry does de-
scribe the enlarged symmetry of the theories in Ref. [11]
at the special point (" = 0 in the notation there) at which
the loops do not cross. This point is also the end-point
of the construction in Ref. [11], and coincides with the
Kosterlitz-Thouless transition point [8].
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The superalgebra Heisenberg coupling leads to the  same TL algebra as before m+n-n=m. Leads to 
well defined realizations of critical models with m=0 and m=1

vertices). The latter square lattice is the medial graph of
that on which the bonds are placed in percolation. This
mapping has been pictured, and the weights given, many
times (see e.g. [49,50,48,13]), so we will omit the details,
except for the important point that there is a global fac-
tor of 1 for each loop, in addition to local weights that are
independent of the global properties. The model can be
formulated on a simply-connected portion of the plane,
or on a cylinder, or on a torus, that is with periodic
boundary conditions in two directions. The global factor
per loop applies to loops that wind around the nontrivial
cycles of the cylinder or torus, as well as to those that
are homotopic to a point. Because percolation (or Potts)
clusters admit a two-coloring with opposite colors on the
two sides of any segment of a loop, the loops that wind
around the system must do so in pairs, and because they
do not intersect, all the loops that wind the system must
be homotopic to one another. The partition function is
the sum over all distinct configurations of such loops,
with equal weight, such that Z = 1.

A popular representation for the percolating clusters
uses a Q-state Potts model on the underlying graph. This
yields a loop model with the same local weights but a
global factor

!
Q per loop [49], so percolation corresponds

to the limit Q " 1 (when the model is formulated on the
torus, there is a slight di!erence between the loop model
and the Potts model [48]). A"eck [51] showed that the
loop model can be reproduced using a representation of
the transfer matrix in a space with m states per site, with
Q = m2. The transfer matrix has SU(m) symmetry.

We now describe the supersymmetric vertex model,
which is closely related to that in Ref. [51], and a special
case of which represents percolation [13]. The transfer
matrix acts in a space that is a Z2-graded tensor prod-
uct (denoted #) of Z2-graded vector spaces at each site;
these spaces have graded dimension n+m|n, with n+m,
n $ 0 (we will also refer to the total dimension of spaces,
which here would be 2n + m). This space is represented
using boson and fermion oscillators, with constraints. We
consider sites labeled i = 0, . . . , 2l1 % 1, with periodic
boundary condition. For i even we have boson opera-
tors ba

i , b†ia, [ba
i , b†jb] = !ij!a

b (a, b = 1, . . . , n + m), and

fermion operators f!
i , f †

i!, {f!
i , f †

j"} = !ij!!
" (", # = 1,

. . . , n). For i odd, we have similarly boson operators bia,

b
a†
i , [bia, b

b†
j ] = !ij!b

a (a, b = 1, . . . , n + m), and fermion

operators f i!, f
!†
i , {f i!, f

"†
j } = %!ij!"

! (", # = 1, . . . ,
n). Notice the minus sign in the last anticommutator;
since our convention is that the † stands for the adjoint,
this minus sign implies that the norms of any two states
that are mapped onto each other by the action of a single

f i! or f
!†
i have opposite signs, and the “Hilbert” space

has an indefinite inner product.
The supersymmetry generators are the bilinear forms

b†iabb
i , f †

i!f"
i , b†iaf"

i , f †
i!bb

i for i even, and correspondingly

%b
b†
i bia, f

"†
i f i!, f

"†
i bia, b

b†
i f i! for i odd, which for each

i have the same (anti-)commutators as those for i even.
Under the transformations generated by these operators,
b†ia, f †

i! (i even) transform as the fundamental (defining)

representation V of gl(n + m|n), b
a†
i , f

!†
i (i odd) as the

dual fundamental V ! (which di!ers from the conjugate of
the fundamental, due to the negative norms). We always
work in the subspace of states that obey the constraints

b†iaba
i + f †

i!f!
i = 1 (i even), (2.1)

b
a†
i bia % f

!†
i f i! = 1 (i odd) (2.2)

(we use the summation convention for repeated indices
of types a or "). These specify that there is just one par-
ticle, either a boson or a fermion, at each site, and so we
have the graded tensor product of alternating irreducible
representations V , V ! as desired. In the spaces V ! on
the odd sites, the odd states (those with fermion number

%f
!†
i f i! equal to one) have negative norm.

A note on the superalgebras is in order (these remarks
are well-known, and can also be found in e.g. Ref. [32]).
The above bilinears generate the superalgebra gl(n+m|n)
in the defining representation V ; they span the Hermitian
matrices on V . One generator, denoted E , and given by
E = b†iaba

i +f †
i!f!

i (or the identity matrix) in the defining
representation, commutes with the others. The gener-
ators which correspond to the Hermitian matrices with
vanishing supertrace (in V ), form a subsuperalgebra, de-
noted sl(n + m|n). For m &= 0, E has nonzero super-
trace, and is eliminated by restricting to sl(n + m|n). In
these cases, sl(n + m|n) is a simple superalgebra. But
for m = 0, E has supertrace 0, and generates an ideal
in sl(n|n). The quotient superalgebra, denoted psl(n|n),
can be obtained by taking the quotient of sl(n|n) by the
ideal. For n > 1, psl(n|n) is simple. The spaces V , V !

are, strictly speaking, not representations of psl(n|n) be-
cause E is nonzero in these spaces (E = +1 in V , %1 in
V !), but the tensor products of equal numbers of fac-
tors V and V !, as we use in our models, are. We also
note that we use lower case letters for the superalgebras
(which are always over C), while upper case letters such
as U(n + m|n) denote a corresponding supergroup, with
the real form of the underlying Lie group specified—in
this example, it is U(n + m)'U(n). The real form is de-
termined by the unitary transformations with respect to
the inner products in the spaces in our models.

The invariant transfer matrix is constructed as follows.
First we note that for any two sites i (even), j (odd), the
combinations

ba
i bja + f!

i f j!, b
a†
j b†ia + f

!†
j f †

i! (2.3)

are invariant under gl(n + m|n), thanks to our use of the
dual V ! of V . Then the transfer matrix acting on sites
i, i + 1 with i even is
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and the Potts model [48]). A"eck [51] showed that the
loop model can be reproduced using a representation of
the transfer matrix in a space with m states per site, with
Q = m2. The transfer matrix has SU(m) symmetry.

We now describe the supersymmetric vertex model,
which is closely related to that in Ref. [51], and a special
case of which represents percolation [13]. The transfer
matrix acts in a space that is a Z2-graded tensor prod-
uct (denoted #) of Z2-graded vector spaces at each site;
these spaces have graded dimension n+m|n, with n+m,
n $ 0 (we will also refer to the total dimension of spaces,
which here would be 2n + m). This space is represented
using boson and fermion oscillators, with constraints. We
consider sites labeled i = 0, . . . , 2l1 % 1, with periodic
boundary condition. For i even we have boson opera-
tors ba

i , b†ia, [ba
i , b†jb] = !ij!a

b (a, b = 1, . . . , n + m), and

fermion operators f!
i , f †

i!, {f!
i , f †

j"} = !ij!!
" (", # = 1,

. . . , n). For i odd, we have similarly boson operators bia,

b
a†
i , [bia, b

b†
j ] = !ij!b

a (a, b = 1, . . . , n + m), and fermion

operators f i!, f
!†
i , {f i!, f

"†
j } = %!ij!"

! (", # = 1, . . . ,
n). Notice the minus sign in the last anticommutator;
since our convention is that the † stands for the adjoint,
this minus sign implies that the norms of any two states
that are mapped onto each other by the action of a single

f i! or f
!†
i have opposite signs, and the “Hilbert” space

has an indefinite inner product.
The supersymmetry generators are the bilinear forms

b†iabb
i , f †

i!f"
i , b†iaf"

i , f †
i!bb

i for i even, and correspondingly

%b
b†
i bia, f

"†
i f i!, f

"†
i bia, b

b†
i f i! for i odd, which for each

i have the same (anti-)commutators as those for i even.
Under the transformations generated by these operators,
b†ia, f †

i! (i even) transform as the fundamental (defining)

representation V of gl(n + m|n), b
a†
i , f

!†
i (i odd) as the

dual fundamental V ! (which di!ers from the conjugate of
the fundamental, due to the negative norms). We always
work in the subspace of states that obey the constraints

b†iaba
i + f †

i!f!
i = 1 (i even), (2.1)

b
a†
i bia % f

!†
i f i! = 1 (i odd) (2.2)

(we use the summation convention for repeated indices
of types a or "). These specify that there is just one par-
ticle, either a boson or a fermion, at each site, and so we
have the graded tensor product of alternating irreducible
representations V , V ! as desired. In the spaces V ! on
the odd sites, the odd states (those with fermion number

%f
!†
i f i! equal to one) have negative norm.

A note on the superalgebras is in order (these remarks
are well-known, and can also be found in e.g. Ref. [32]).
The above bilinears generate the superalgebra gl(n+m|n)
in the defining representation V ; they span the Hermitian
matrices on V . One generator, denoted E , and given by
E = b†iaba

i +f †
i!f!

i (or the identity matrix) in the defining
representation, commutes with the others. The gener-
ators which correspond to the Hermitian matrices with
vanishing supertrace (in V ), form a subsuperalgebra, de-
noted sl(n + m|n). For m &= 0, E has nonzero super-
trace, and is eliminated by restricting to sl(n + m|n). In
these cases, sl(n + m|n) is a simple superalgebra. But
for m = 0, E has supertrace 0, and generates an ideal
in sl(n|n). The quotient superalgebra, denoted psl(n|n),
can be obtained by taking the quotient of sl(n|n) by the
ideal. For n > 1, psl(n|n) is simple. The spaces V , V !

are, strictly speaking, not representations of psl(n|n) be-
cause E is nonzero in these spaces (E = +1 in V , %1 in
V !), but the tensor products of equal numbers of fac-
tors V and V !, as we use in our models, are. We also
note that we use lower case letters for the superalgebras
(which are always over C), while upper case letters such
as U(n + m|n) denote a corresponding supergroup, with
the real form of the underlying Lie group specified—in
this example, it is U(n + m)'U(n). The real form is de-
termined by the unitary transformations with respect to
the inner products in the spaces in our models.

The invariant transfer matrix is constructed as follows.
First we note that for any two sites i (even), j (odd), the
combinations
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i! (2.3)

are invariant under gl(n + m|n), thanks to our use of the
dual V ! of V . Then the transfer matrix acting on sites
i, i + 1 with i even is
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Hilbert space necessarily has indefinite inner product



ple, for Q = 4, one knows that the CFTs for the con-
tinuum limit of the chains with uniform coe!cients, are
di"erent in the two cases, the periodic spin-1/2 chain and
the periodic Q = 4 Potts model, though they are closely
related. In particular, the Q = 4 periodic Potts model
does not have SU(2) symmetry, even in the continuum
limit.

V. SUPERSYMMETRIC SPIN CHAINS

The spin chains for the oriented loops models can be
generalized so that each site carries a Z2-graded vec-
tor space of dimensions m + n for the even (bosonic),
n for the odd (fermionic), subspace (n ! 0 is an inte-
ger). This space is the fundamental of the Lie superal-
gebra gl(m + n|n) for i even, and its dual for i odd. The
chain is the graded tensor product of these Vi (it may
be constructed [8] using fermion operators f†

ia, f
a†
i for

a = m+n+1, . . . , m+2n, while a = 1, . . . , m+n corre-
sponds to boson operators as in the n = 0 special case).
The (J)TL algebra is again generated by operators ei

(and u2). These models exist for all integer m, provided
m + n, n ! 0 [36], and are non-trivial when m + 2n > 1.
The phase transition properties, including scaling dimen-
sions, are the same independent of n, though some multi-
plicities may vanish for small n. Even though the finite-
dimensional representations of gl(m+n|n) are not always
semisimple, the representations of TL2L(q) and its com-
mutant Am+n|n(2L) are still semisimple for |m| ! 2, and
similarly for JTL2L(q) and its commutant !Am+n|n(2L)
for |m| > 2. (The commutant algebras here are actu-
ally superalgebras when n > 0; details about graded
tensor products and superalgebras can be found in the
Appendix.) The notation involving m, n for these chains
will be used consistently from here on.

For the semisimple cases, the preceding constructions
can be carried through for all n ! 0, with only minor
variations. The dimensions of the irreducible representa-
tions of the commutants can be generalized to the total
(usual) dimension, and the superdimension (sdim) which
is the dimension of the even (bosonic) subspace minus the
dimension of the odd (fermionic) subspace. The super-
dimensions will now be denoted Dj or !DjK , as they are
determined by m alone (in fact, by m2), independent of
n, and are given by the same formulas as above, which
were the n = 0 special cases. The total dimensions will
be denoted D!

j or !D!
jK , and involve also q! determined

by m + 2n = q! + q!"1. For the open case, the total
dimensions are given by the same form D!

j = [2j + 1]q!

[8]. For the closed case, total dimensions can be obtained
by calculating the trace of the projection operator onto
pseudomomentum K for a fixed pattern. One must be
careful of minus signs that arise when an odd state of a
segment of the non-contractible sites is translated around

the system. For j > 1, the total dimensions for |m| > 2
are

!D!
jK =

1
j

j"1"

r=0

e2iKrw(j, j " r), (37)

where j " r denotes the highest common divisor of j and
r (j " 0 = j for all integers j ! 0), and

w(j, d) = (q2d + q"2d)!j/d#0 + (q!2d + q!"2d)!j/d#1,

(38)

where again d|j, and the congruences are modulo 2. For
n = 0 this clearly reduces to eq. (25) [30]. The gen-
eral case can be simplified and (using formulas from Ref.
[35]) shown to be equal to the numbers #mod(M = j,N)
for these models obtained by a di"erent method in Ref.
[8] (up to a continuation to the di"erent range |m| # 2
studied there). For j = 0, 1, we have K $ 0 only, and
!D!

j0 = 1, q!2 + 1 + q!"2, respectively [the dimensions of
the singlet and the adjoint of sl(m + n|n)].

The supersymmetric versions of the unoriented loops
models use the defining (vector) representation of
osp(m + 2n|2n) on all the sites. As for the O(m) mod-
els, these representations are self-dual, so the models still
make sense for arbitrary numbers L of sites, even with
periodic boundary conditions. For the open chains, the
commutant algebra becomes Bm+2n|2n(L), which for L
even is isomorphic to Am+2n|2n(L). The superdimensions
and total dimensions of the irreducibles (for |m| ! 2)
are given by the same formulas as for the oriented loops
models, but with j = 1/2, 3/2, . . . , allowed in addition to
non-negative integers. For the closed chains, the commu-
tant is !Bm+2n|2n(L). The total dimensions (for |m| > 2)
are given by formulas similar to those for the oriented
case (c.f. formulas for the super-dimensions !DjK above),
and again are related to the numbers #mod(M = 2j, N)
for these models that were obtained in Ref. [8].

These results go far towards explaining the large mul-
tiplicities found in the spectrum of scaling dimensions in
the conformal field theories of the loop models with the
closed boundary condition in Ref. [8]. They are still not
a complete explanation because so far we have analyzed
only the semisimple cases |m| > 2, while the conformal
cases occur for |m| # 2. We comment on this in Section
? below, but a full analysis for the closed cases is beyond
the scope of this paper.

On the other hand, as S-matrix formulations are based
on open boundary conditions, the unoriented m = 2 open
case with underlying osp(2 + 2n|2n) symmetry does de-
scribe the enlarged symmetry of the theories in Ref. [11]
at the special point (" = 0 in the notation there) at which
the loops do not cross. This point is also the end-point
of the construction in Ref. [11], and coincides with the
Kosterlitz-Thouless transition point [8].
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The dimensions of the commutant are given by the same formula as before, but now have to be 
completed by superdimensions            determined through q’ from 

Leads to algebras which are non semi-simple for m=0,1. The ``correspondence’’ 

still holds, with subtleties because of the non semi-simplicity. 
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Applications to CFT

The standard derivation of the continuum limit sigma model using 
coherent states leads to 

we can then define the limit algebra Am+n|n as the in-
verse (or projective) limit of the system of projection
(quotient) maps. This acts nicely on tilting modules.

D. Hopf algebra structure

A comultiplication for the commutant can be de-
fined naturally. By breaking a chain of 2L = 2(L1 +
L2) sites into two of lengths 2L1, 2L2 by remov-
ing the generator e2L1!1 that connects them, we see
that Am+n|n(2L) is a subalgebra of Am+n|n(2L1) !
Am+n|n(2L2). We define the natural inclusion map
Am+n|n(2L) " Am+n|n(2L1) ! Am+n|n(2L2) to be !!.
Taking the limit L1, L2 "#, we obtain the comultipli-
cation ! : Am+n|n " Am+n|n ! Am+n|n, which is co-
associative. Together with the antipode, ... In terms of
the elements Ja1···ak

b1···bk
, the comultiplication and antipode

act in exactly the same way as in the semisimple case (for
a superalgebra; see definitions in Appendix A). These
make A into a Hopf algebra, which is Morita equivalent
to Uq(sl2) as a Hopf algebra. As tensor products of direct
sums can be decomposed into similar summands, it is au-
tomatic that a tensor product of tilting modules is also
tilting, as for Uq(sl2) [34]. The braiding and twist can be
introduced using the TL generators as in the semisim-
ple cases, and the Morita equivalence now extends to the
algebras as ribbon Hopf algebras. We note further that
the unoriented cases carry through in an exactly parallel
way to the oriented and semisimple unoriented ones.

There is also a product operation for the TL algebras.
In this case one uses again the fact that TL2L1!TL2L2

is a subalgebra of TL2L for L = L1 + L2. Then given
any representation of TL2L1!TL2L2 , in particular those
of the form a tensor product of a projective of TL2L1

with a projective of TL2L2 , one can apply the functor
of “induction” to obtain a module of TL2L, which is au-
tomatically projective also. Notice that this operation
does not conserve the dimensions of the original prod-
uct. From the Theorem [48] it follows that the fusion
rules for this product are the same as that for the direct
summands (tilting modules) of the commutants.

We have concentrated here on the faithful cases m +
2n $ 2. It is worth noting that for m = 0, n = 1, the
supersymmetric chain has a formulation as a free (uncon-
strained) fermion system [8]. For this case D"

j = 2j + 1.
In fact, the commutant algebra A1|1(2L) is isomorphic
to Uq(sl2)(2L) [52] with q = i (as an associative algebra),
and not only Morita equivalent to it.

For the closed chains, the JTL algebra JTL2L(q) is rep-
resented faithfully in V provided m + 2n > 2. Here the
product operations, taking states of two closed chains to
those of a single closed chain, can be thought of using a
“pants” diagram (or trinion). In order to join two incom-
ing legs into a single torso, it is necessary first to break

each incoming closed chain, obtaining two open chains,
then join these end to end, and finally close the other two
ends. For the commutant algebra "Am+n|n(2L1) (and the
others with L2, L = L1 + L2), this produces a series of
operations: first induction from the closed to open case,
for breaking each leg; then the tensor product in the open
case; finally, the restriction map from open to closed al-
gebras. At least in the semisimple cases, this generates
a product that is compatible with that defined similarly
(with induction and restriction interchanged) for the TL
algebras. Notice that, because of the use of induction,
the product of "Am+n|n modules does not conserve di-
mensions (it is not a tensor product of vector spaces),
and also that as L"# there is no upper limit on the j
values of the representations in the fusion rules, though
there is necessarily such a limit on the highest weights in
their Clebsch-Gordan decomposition into U(glm) mod-
ules. (Higher j values are generated during the induction
step from closed to open chains, as a given j in the closed
chain might arise from an arbitrarily higher (as L1 "#)
j in an open chain, by making contractions to a singlet
across the end of the chain.)

VIII. CONTINUUM LIMIT AND CFTS

The symmetry algebra (at least for open cases) is un-
changed in the continuum limit. The TL algebra be-
comes the Virasoro algebra, by focusing on long wave-
length Fourier components of ei, and on low energies, for
cases in which H in eq () is uniform, ! = 1. Except for
m = 2, the theories are not semisimple, and we expect
that the decomposition of the states under TL!Am+n|n
also determines the Virasoro structure. For the closed
cases, the sector of Fourier components of JTL near "
becomes another set of fields, so the algebra changes. We
suspect that the commutant is nonetheless unchanged in
the limit. Hence the structures studied here in the finite
chains should be very useful for the CFTs. In particu-
lar, much of the structure is dictated by the symmetry.
We emphasize that in the limit, the commutant alge-
bras commute with the full Virasoro algebra. There may
be cases of rational CFTs in which a finite group com-
mutes with the chiral algebra and fixes aspects of the
CFT. But in the present cases, the symmetry algebra
is infinite-dimensional. This begins the study of “CFTs
with symmetry” in which some, possibly large, “global”
symmetry algebra commutes with the chiral algebra of
the CFT. In the m = 2 case, the algebra is U(sl2) for
n = 0, and the theory can be re-interpreted as the SU(2)
a"ne Lie algebra theory at level k = 1. This is not the
case for n > 0, as we have emphasized before [8], but the
global symmetry determines the structure of the CFT,
at least in the open case. In the closed case for |m| % 2,
the structure of the n > 0 theory is much richer than for
n = 0 [8]. We also anticipate that the fusion rules, and
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make A into a Hopf algebra, which is Morita equivalent
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tomatic that a tensor product of tilting modules is also
tilting, as for Uq(sl2) [34]. The braiding and twist can be
introduced using the TL generators as in the semisim-
ple cases, and the Morita equivalence now extends to the
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the unoriented cases carry through in an exactly parallel
way to the oriented and semisimple unoriented ones.

There is also a product operation for the TL algebras.
In this case one uses again the fact that TL2L1!TL2L2

is a subalgebra of TL2L for L = L1 + L2. Then given
any representation of TL2L1!TL2L2 , in particular those
of the form a tensor product of a projective of TL2L1

with a projective of TL2L2 , one can apply the functor
of “induction” to obtain a module of TL2L, which is au-
tomatically projective also. Notice that this operation
does not conserve the dimensions of the original prod-
uct. From the Theorem [48] it follows that the fusion
rules for this product are the same as that for the direct
summands (tilting modules) of the commutants.

We have concentrated here on the faithful cases m +
2n $ 2. It is worth noting that for m = 0, n = 1, the
supersymmetric chain has a formulation as a free (uncon-
strained) fermion system [8]. For this case D"

j = 2j + 1.
In fact, the commutant algebra A1|1(2L) is isomorphic
to Uq(sl2)(2L) [52] with q = i (as an associative algebra),
and not only Morita equivalent to it.

For the closed chains, the JTL algebra JTL2L(q) is rep-
resented faithfully in V provided m + 2n > 2. Here the
product operations, taking states of two closed chains to
those of a single closed chain, can be thought of using a
“pants” diagram (or trinion). In order to join two incom-
ing legs into a single torso, it is necessary first to break
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ends. For the commutant algebra "Am+n|n(2L1) (and the
others with L2, L = L1 + L2), this produces a series of
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case; finally, the restriction map from open to closed al-
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(with induction and restriction interchanged) for the TL
algebras. Notice that, because of the use of induction,
the product of "Am+n|n modules does not conserve di-
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and also that as L"# there is no upper limit on the j
values of the representations in the fusion rules, though
there is necessarily such a limit on the highest weights in
their Clebsch-Gordan decomposition into U(glm) mod-
ules. (Higher j values are generated during the induction
step from closed to open chains, as a given j in the closed
chain might arise from an arbitrarily higher (as L1 "#)
j in an open chain, by making contractions to a singlet
across the end of the chain.)
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changed in the continuum limit. The TL algebra be-
comes the Virasoro algebra, by focusing on long wave-
length Fourier components of ei, and on low energies, for
cases in which H in eq () is uniform, ! = 1. Except for
m = 2, the theories are not semisimple, and we expect
that the decomposition of the states under TL!Am+n|n
also determines the Virasoro structure. For the closed
cases, the sector of Fourier components of JTL near "
becomes another set of fields, so the algebra changes. We
suspect that the commutant is nonetheless unchanged in
the limit. Hence the structures studied here in the finite
chains should be very useful for the CFTs. In particu-
lar, much of the structure is dictated by the symmetry.
We emphasize that in the limit, the commutant alge-
bras commute with the full Virasoro algebra. There may
be cases of rational CFTs in which a finite group com-
mutes with the chiral algebra and fixes aspects of the
CFT. But in the present cases, the symmetry algebra
is infinite-dimensional. This begins the study of “CFTs
with symmetry” in which some, possibly large, “global”
symmetry algebra commutes with the chiral algebra of
the CFT. In the m = 2 case, the algebra is U(sl2) for
n = 0, and the theory can be re-interpreted as the SU(2)
a"ne Lie algebra theory at level k = 1. This is not the
case for n > 0, as we have emphasized before [8], but the
global symmetry determines the structure of the CFT,
at least in the open case. In the closed case for |m| % 2,
the structure of the n > 0 theory is much richer than for
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algebras. Notice that, because of the use of induction,
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there is necessarily such a limit on the highest weights in
their Clebsch-Gordan decomposition into U(glm) mod-
ules. (Higher j values are generated during the induction
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chain might arise from an arbitrarily higher (as L1 "#)
j in an open chain, by making contractions to a singlet
across the end of the chain.)
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The symmetry algebra (at least for open cases) is un-
changed in the continuum limit. The TL algebra be-
comes the Virasoro algebra, by focusing on long wave-
length Fourier components of ei, and on low energies, for
cases in which H in eq () is uniform, ! = 1. Except for
m = 2, the theories are not semisimple, and we expect
that the decomposition of the states under TL!Am+n|n
also determines the Virasoro structure. For the closed
cases, the sector of Fourier components of JTL near "
becomes another set of fields, so the algebra changes. We
suspect that the commutant is nonetheless unchanged in
the limit. Hence the structures studied here in the finite
chains should be very useful for the CFTs. In particu-
lar, much of the structure is dictated by the symmetry.
We emphasize that in the limit, the commutant alge-
bras commute with the full Virasoro algebra. There may
be cases of rational CFTs in which a finite group com-
mutes with the chiral algebra and fixes aspects of the
CFT. But in the present cases, the symmetry algebra
is infinite-dimensional. This begins the study of “CFTs
with symmetry” in which some, possibly large, “global”
symmetry algebra commutes with the chiral algebra of
the CFT. In the m = 2 case, the algebra is U(sl2) for
n = 0, and the theory can be re-interpreted as the SU(2)
a"ne Lie algebra theory at level k = 1. This is not the
case for n > 0, as we have emphasized before [8], but the
global symmetry determines the structure of the CFT,
at least in the open case. In the closed case for |m| % 2,
the structure of the n > 0 theory is much richer than for
n = 0 [8]. We also anticipate that the fusion rules, and
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these elements involve sums over position which ensure
that they are invariant under these operations on the ba-
sis states (ultimately this is because of the isomorphism
of the JTL algebra ei ! ei+1 for all i). Hence this op-
erator lies in the center of the commutant (acting in the
jth subspace), and so must also lie in the center of the
JTL algebra. By Schur’s lemma, it acts as a root of unity
e2iK in any irreducible representation of either algebra.
We call K (defined modulo !) the pseudomomentum. As
translation of the non-contractible sites by 2j steps brings
the state back to itself, we have jK " 0 (mod !). We
may conclude that, for each j # 2, though all irreducible
representations of JTL2L(q) have the same dimension !dj ,
they are not all isomorphic, and there is a distinct irre-
ducible representation for each distinct allowed K, and
thus j distinct isomorphism classes of irreducibles in all
[30].

The representations of the commutant of dimension
!Dj can be decomposed into eigenspaces of K, with
K = !P/N where P # 0 and N are coprime (N is a
divisor of j, written N |j). We will denote the dimensions
of these subspaces by !DjK , with

"
K

!DjK = !Dj , from
which again,

"
j,K

!DjK
!dj = m2L. For j = 0, 1, K " 0

and !DjK = !Dj . When the state on the sequence of 2j
non-contractible sites is periodic with period d, 1 $ d < j
(with d|j), it contributes only to pseudomomenta such
that N |d. Using Möbius inversion [35] (similarly to Ap-
pendix A of Ref. [8]), we obtain the dimensions !DjK of
the representations with j # 2 and given K of the com-
mutant !Am(2L) of JTL2L(q) for m > 2,

!DjK =
#

d,d!:N |d

µ(d/d!)
d

(q2d! + q"2d!), (24)

where the sum is over all positive divisors d, d! of j, and
µ(x) is the Möbius function [35]. Alternatively, by cal-
culating the trace of the projection operator onto pseu-
domomentum K for a fixed pattern, we obtain

!DjK =
1
j

j"1#

r=0

e2iKr
$
q2(j#r) + q"2(j#r)

%
, (25)

where j % r denotes the highest common divisor of j and
r (j%0 = j for all integers j # 0). These two expressions
are equal, again by using Ref. [35]. These multiplicities
were given in the second form by Jones [30] (for these
oriented cases, we have corrected a small error at the
end of Ref. [30]). Hence, these representations of !Am(2L)
must be irreducible, and the dimension of the algebra is
dim !Am(2L) =

"
j,K( !DjK)2. In the L ! & limit, we

obtain an algebra !Am = limL$% !Am(2L).
If we put m = 2 (even though this is a case in which

the JTL algebra does not act faithfully in V ), the multi-
plicities correctly vanish whenever K '" 0 (mod !), but
the formula for !Dj0 for j > 1 is not correct for this case.

Here, because the image of the JTL algebra that acts
faithfully in V is the same as TL, its commutant is a quo-
tient of U(sl2), with irreducible dimensions Dj = 2j + 1.

Some elements of !Am(2L) can be constructed as in the
open case. We use, for k # 1,

&Ja1a2...ak
b1b2...bk

=
#

i1<i2<···<ik<i1

Ja1
i1b1

Ja2
i2b2

· · · Jak
ikbk

, (26)

where the summations extend periodically on the chain;
these commute with u2. A set of elements of the com-
mutant !Am(2L) can now be written, for k even, as

!Ja1a2...ak
b1b2...bk

= (P •P•
&J)a1a2...ak

b1b2...bk
, (27)

where, similarly to the open case, the projector P • (P•) is
the projection operator to the “traceless” sector (annihi-
lated by all ei) on the vector space indexed by (a1, b2, . . .)
[resp., (b1, a2, . . . , )]. The projectors certainly exist, as
they project onto (non-irreducible for k > 2) represen-
tations of the semisimple algebra JTLk(q). For k odd,
there is another set,

!Ja1a2...ak
b1b2...bk

= (P •
•

&J)a1a2...ak
b1b2...bk

, (28)

in which P •
• is the projection operator to the traceless

sector (annihilated by ei) on the single vector space in-
dexed by (a1, b2, a3, . . . , ak, b1, a2, . . . , bk). These projec-
tors exist in the algebra JTL2k(q). (For k = 1, !Ja

b is
the traceless generator of slm.) The !Js have the cyclic
invariance property,

!Ja1a2...ak
b1b2...bk

= !Jaka1...ak"1
bkb1...bk"1

(29)

(the cyclic property is clear for the &Js, and for the !Js
with k even uses the fact that the matrix elements of
the projectors P•, P • are the same real numbers when
written out in the respective bases).

Unlike the open case, for the closed case the !J opera-
tors with k even do not form a linear basis for !Am(2L);
however, they do generate it. Let us study how they act
on the j, K irreducible representations for k = 2j. A
natural decomposition of this space of !Js is obtained by
using the projector P •

(K) [and P ("K)
• ] onto the subspace

of the space indexed by (a1, b2, . . .) [resp., (b1, a2, . . . , )]
that has pseudomomentum K (resp., (K) as well as be-
ing annihilated by all ei. This is possible because the !Js
do preserve pseudomomentum. We note that the cyclic
invariance property implies that these operators for K
and (K are the same (up to some relabelling). We
choose an orthonormal basis for this subspace, indexed
by ", #, $, . . . (resp., "&, . . . ; there is a correspondence
between these bases as indicated by the notation), and
write these projected !Js as !J!" . Among the irreducibles
with j = k/2, these operators annihilate those with pseu-
domomentum '" K or (K (mod !). Strictly speaking,
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A similar construction should be applicable with periodic boundary conditions though its details are 
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components, and the structure of the theory is expected to be 
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a product that is compatible with that defined similarly
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algebras. Notice that, because of the use of induction,
the product of "Am+n|n modules does not conserve di-
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the limit. Hence the structures studied here in the finite
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We emphasize that in the limit, the commutant alge-
bras commute with the full Virasoro algebra. There may
be cases of rational CFTs in which a finite group com-
mutes with the chiral algebra and fixes aspects of the
CFT. But in the present cases, the symmetry algebra
is infinite-dimensional. This begins the study of “CFTs
with symmetry” in which some, possibly large, “global”
symmetry algebra commutes with the chiral algebra of
the CFT. In the m = 2 case, the algebra is U(sl2) for
n = 0, and the theory can be re-interpreted as the SU(2)
a"ne Lie algebra theory at level k = 1. This is not the
case for n > 0, as we have emphasized before [8], but the
global symmetry determines the structure of the CFT,
at least in the open case. In the closed case for |m| % 2,
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The dimensions of the  generic irreducible representations of the commutant (K=π P/N) are given by

(q replaced by q’) which now count the multiplicities of fields with (M=j), in the case m=0, 

Zmod[2, π, 1, 0]

=
1

η(q)η(q)

∑

m∈2Z,e∈Z+1/2

q(2e+m)2/8q(2e−m)2/8

= 4

∣

∣

∣

∣

∣

q1/12
∞
∏

n=1

(1 + qn)2

∣

∣

∣

∣

∣

2

= det(!DAP), (4.9)

where DAP is the Laplacian on the torus, with periodic
boundary condition along the 1 cycle, and antiperiodic
along the 2 cycle. Thus this is indeed the free fermion
partition function. This conformal field theory contains
the psl(1|1) a!ne Lie superalgebra in its chiral algebra
(as remarked in a similar context in Ref. [57]); the right-
moving currents are ∂η, ∂η†.

For n > 1, there are in general no cancellations, and
the situation is similar to the percolation and dilute poly-
mer cases. The values for the conformal weights, neglect-
ing descendants, are

h =
(2P/N + M)2 ! 1

8
, (4.10)

for M > 0, and h = [(2P + 1)2 ! 1]/8 for M = 0.
In particular, for spin zero, these give only the values
h = h = (M2 ! 1)/8 (M > 0) which are the dimen-
sions of the 2M -leg operators [57]. These are expected as
our model contains only even numbers of polymer loops
winding on the torus, and in our model local operators
always conserve the number of polymer lines mod 2. All
conformal weights are non-negative.

The ground state is degenerate, and its degeneracy is
D1 = 2 + "mod(1, 1) = 4n2. This was expected, as a
natural generalization of the four-fold degeneracy of the
symplectic fermion ground state for n = 1 [65], as in
both cases the states form the indecomposable adjoint
representation of gl(n|n) (isomorphic to V " V ∗). The
singlet is the identity operator, and the multiplet rep-
resents the 2-leg operators. Notice that this multiplet
cannot be decomposed into representations of right- and
left-moving psl(n|n) algebras, even for n = 1. The next
spin-zero states occur at h = h = 3/8, the 4-leg opera-
tors. The multiplicity for general n is D2 = "mod(2, 1) =
8n2(n2!1), so they are absent for n = 1. At nonzero spin,
we find at (h, h) = (1, 0) a total of 2D1+D2 = 8n4 states.
These are more than simply the 4n2 ! 2 currents associ-
ated with psl(n|n) symmetry. At (2, 0) we find a multi-
plicity 3D1+D2 = 4n2(2n2+1). The marginal operators,
h = 1, h = 1, have total multiplicity 16n2(4n4!3n2+2)/3
(which is integer for all n). (All these multiplicities agree
with those for free fermions at n = 1.) For n = 1, the only
invariant marginal operator is redundant, corresponding
to the fact that in the free fermion theory, a change in
coupling g2

! can be scaled away and has no e#ect. As
explained in Sec. II A, if our theory describes a special

point on the CP
n−1|n sigma model line of CFTs, an ex-

actly marginal (but not redundant) operator would be
expected for n > 1. There is nothing to rule out the
possibility that the invariant operator of the n = 1 case
becomes such an operator for n > 1, and the identifica-
tion is presumably correct.

An alternative model of dense polymers is the low T
regime of the osp(2n|2n)-invariant polymer-type model
(2.9). The continuum limit of this model is the same
as for the psl(n|n) model, except that the restriction in
the latter to even numbers of loops M ′, M winding the
torus is dropped, which means that we use f = 1/4,
α (not 2α), and 2 coshα = 4n for osp(2n|2n) symme-
try. Then the modified partition function we need is
Zmod[2, π/2,±1, α]. As expected, in this theory, M -leg
operators [57] with all M > 0 occur, in particular M = 1,
with conformal weight h = h = !3/32 [56]. The latter
has multiplicity 4n, the dimension of the vector represen-
tation. The identity and 2!leg operators at h = h = 0
have multiplicity 8n2 in this case, which we presume is
the indecomposable supersymmetric representation, with
the identity as the singlet. The structure of higher levels
is generally similar to the psl(n|n) dense polymer model:
one can check that all conformal weights in the spec-
trum of the latter still occur, but there are many addi-
tional weights, and the multiplicities appear to reflect the
osp(2n|2n) symmetry, as in the examples just given.

D. Other supersymmetric models

Here we briefly consider some other models that arise
by taking m #= 0, 1 in the sl(n + m|n)-invariant models,
or m #= 0 in the osp(2n + m|2n)-invariant models.

One such model is obtained at m = 2 in the supersym-
metric vertex model, or the CP

n+1|n sigma model at
θ = π. For n = 0, this is simply the SU(2)-invariant
point of the six-vertex model, or spin-1/2 Heisenberg
spin-chain, without staggering of the couplings. The crit-
ical theory is the SU(2) WZW model at level 1. For
n > 0, operators with the same conformal weights as
those in the latter theory will appear, and possibly oth-
ers. We study this using our modified partition func-
tion, with parameter values m = 2, so e0 = 0, f = 1/2,
2 coshα = 2n + 2, and g takes the self-dual value g = 4.
The central charge c = 1, and the conformal weights are

h = $ = (P/N + M)2/4, (4.11)

plus positive integers. For n = 0, one checks (using
Möbius inversion again on G in Eq. (A10)) that our
formulas reduce to the standard Coulomb gas partition
function; in this case "mod(M, N) = 2δN,1. However, for
n > 0, all values N > 1 show up, and the structure is
quite similar to the CP

n|n case: the theory is not rational
for any choice of chiral algebra.
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and M replaced by -M for h . An infinite set of rational numbers, that cannot be organized in a finite 

set of representations of some chiral algebra:  non rational (but quasi) log CFTs 

_

Periodic case

what we know:

Left and right Virasoros are mixed in big indecomposables 


