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Kinematic algebras from the scattering equations
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Review of BCJ

Colour and Kinematics in Gauge Theory

How to decompose kinematics (ki , εi ) and colour (ai )?
Tree-level:

An =
∑

non cyclic

A(1,2, . . . ,n) tr(T a1T a2 · · ·T an )

Lie algebra generators - T ai

partial or colour-ordered amplitudes - A(ki , εi )

An =
∑

α∈cubic

nαcα
Dα

colour factors - cα = f ···f ··· · · · f ··· f abc = tr([T a,T b]T c)

propagators - Dα(ki )

kinematic numerators - nα(ki , εi )

Ambiguity: Jacobi identity cα ± cβ ± cγ = 0
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Review of BCJ

BCJ Colour-Kinematics Duality
Bern, Carrasco, Johansson ’08

Statement: it is possible to write gauge theory amplitudes as

An =
∑

α∈cubic

nαcα
Dα

such that numerators nα(ki , εi ) have symmetries of colour factors cα(ai )

cα ± cβ ± cγ = 0 ←→ nα ± nβ ± nγ = 0

⇒ BCJ relations for partial amplitudes A: (n − 3)! are independent.
[Bjerrum-Bohr, Damgaard, Vanhove 09] [Stieberger 09] [Feng, Huang, Jia 10] [Cachazo 12]

⇐ BCJ relations. BCJ numerators non-unique. [Bj-Bohr, Damgaard, Sondergaard,

Vanhove 10] [Bjerrum-Bohr, Damgaard, RM, O’Connell 12] [Boels, Isermann 12] [Fu, Du, Feng 12]

String theory insights: colour vs kinematics in heterotic [Tye, Zhang 10]

pure spinor numerators [Mafra, Schlotterer, Stieberger 11]

Loop level: conjecture for integrand. [BCJ 10]

Kinematic algebra for numerators?
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Review of BCJ

BCJ Double Copy to Gravity
Bern, Carrasco, Johansson ’08

Statement: gravity amplitudes are obtained from gauge theory as

Mn =
∑

α∈cubic

nαñα
Dα

if nα(ki , εi ) are BCJ numerators. (εµν = εµε̃ν)

Tree-level: proven, [Bern, Dennen, Huang, Kiermaier 10] [Cachazo, He, Yuan 13]

equivalent to KLT relations [Kawai, Lewellen, Tye 86] [Bern, Dixon,Perelstein,Rozowsky 98]
[Bjerrum-Bohr, Damgaard, Feng, Sondergaard 10]

Mn =
∑

P,P′∈Sn−3
3 fixed legs

A(P) SKLT
(n−3)[P,P

′] Ã(P ′)

Loop level: conjecture for integrand. [BCJ 10]

studies of supergravity – see talks by Bern, Johansson, Roiban
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Review of BCJ

BCJ Summary

Trace based

An =
∑

non cyclic

A(1, . . . ,n) tr(T a1 · · ·T an )

BCJ relations

0 =
∑

P′∈Sn−2

SKLT
(n−2)[P,P

′] A(P ′)

KLT relations

Mn =
∑

P,P′∈Sn−3

A(P) SKLT
(n−3)[P,P

′] Ã(P ′)

f abc based

An =
∑

α∈cubic

nαcα
Dα

Colour/kinematics duality

∃ valid nα such that
cα ± cβ ± cγ = 0↔ nα ± nβ ± nγ = 0

Double copy

Mn =
∑

α∈cubic

nαñα
Dα
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Review of Scattering Eqns

Kinematic algebras from the scattering equations

Review of scattering equations and CHY formulas
(recall talk by Yuan)

A self-dual-type vertex from the scattering equations

Construction of BCJ numerators
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Review of Scattering Eqns

Scattering Equations
Cachazo, He, Yuan ’13 ∑

b 6=a

sab

σa − σb
= 0

kinematic invariants sab = 2ka · kb −→ points σa ∈ S2

mom. conservation: SL(2,C) invariance σa → σ′a = Aσa+B
C σa+D , AD − BC = 1

(n − 3)! distinct solutions σ(I)
a [Cachazo, Geyer 12] [CHY 13]

Crucial properties: consider Parke-Taylor factors σab = σa − σb

A(I)
PT(1,2,3, . . . ,n) =

[
1

σ12 σ23 · · ·σn1

]
σ=σ(I)

satisfy BCJ relations [Cachazo 12]⇔ have BCJ numerators [CHY 13]
[Litsey, Stankowicz 13]

satisfy KLT orthogonality:
∑

A(I)
PT SKLT

(n−3) A(J)
PT = 0 if I 6= J [Cachazo, Geyer 12]

[CHY 13]
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Review of Scattering Eqns

New Formulas for Amplitudes
Cachazo, He, Yuan ’13

Gauge theory

A(1,2, . . . ,n) =

(n−3)!∑
I=1

[
1

σ12σ23 · · ·σn1

Pf ′Ψ
det ′Φ

]
σ=σ(I)

Gravity

Mn =

(n−3)!∑
I=1

[
(Pf ′Ψ)(Pf ′Ψ̃)

det ′Φ

]
σ=σ(I)

On quantities det ′Φ(ki , σi ) and Pf ′Ψ(ki , εi , σi ),

Pf ′Ψ(ki , εi , σi ) is gauge-invariant: εµi → εµi + cik
µ
i

Both are permutation symmetric.
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Review of Scattering Eqns

New Formulas for Amplitudes
Cachazo, He, Yuan ’13

Definitions:

det ′Φ =
|Φ|ijkrst

(σrsσstσts)(σijσjkσki )
Φab =


ka · kb

σ2
ab

a 6= b

−
∑
c 6=a

ka · kc

σ2
ac

a = b

[Cachazo, Geyer 12] [Hodges 12]

Pf ′Ψ = 2
(−1)i+j

σij
Pf (Ψij

ij ) Ψ =
(

A −CT

C B

)
2n × 2n

Aab =

{ka · kb

σab
a 6= b

0 a = b
Bab =

{ εa · εb
σab

a 6= b

0 a = b
Cab =


εa · kb

σab
a 6= b

−
∑
c 6=a

εa · kc

σac
a = b
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Review of Scattering Eqns

New Formulas for Amplitudes
Cachazo, He, Yuan ’13

Remarks:

Formulas can be cast as integrals over n points on S2, localised on
scattering equations.

Generalise twistor-string formulas to any D. [Witten 03] [Roiban, Spradlin, Volovich 04]
[Cachazo, Geyer 12] [Cachazo, Skinner 12]

Obtained from string theories in ambitwistor space – see talk by Skinner
[Mason, Skinner 13] [Berkovitz 13] [Adamo, Casali, Skinner 13] [Geyer, Lipstein, Mason 14]

Reminescent of Gross-Mende limit – see talk by Bjerrum-Bohr
[Bjerrum-Bohr, Damgaard, Tourkine, Vanhove 14]

One loop extension proposed. [Adamo, Casali, Skinner 13]
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Search for Kinematic Algebra

BCJ numerators for each solution of scattering equations exist.
[CHY 13] [Litsey, Stankowicz 13]

Colour-kinematics duality: colour factors – Lie algebra of SU(N)
BCJ numerators – ?

Kinematic algebra associated to the scattering equations?

Strategy:

CHY formulas rely on Parke-Taylor factors (MHV-like).

Kinematic algebra know for MHV case. Close to self-dual theory,
whose kinematic vertex is the structure cte of Lie algebra. [RM, O’Connell 11]

Can be generalised through the scattering equations.
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Self-Dual-Type Vertex

A Vertex from the Scattering Eqns
For a solution {σa} of the scattering equations, define

Xa,b =
sab

σa − σb
so that

∑
b 6=a

Xa,b = 0

Define “off-shell” version: A,B are collections of external particles

XA,B =
∑

a∈{A}

∑
b∈{B}

Xa,b e.g. X1+2,3 = X1,3 + X2,3

Interpret as kinematic “vertex”:
partition {A,B,C} @

@

�
�

= XA,B f aAaBaC

B

A

C

Consistency requires 1) XA,B = −XB,A 2) XA,B = XB,C = XC,A

Follows from scattering equations!
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Self-Dual-Type Vertex

A Kinematic Algebra from the Scattering Eqns

Can XA,B be a structure constant?
Suppose

[V +
A ,V

+
B ] = i XA,BV +

A+B

Consistency: need Jacobi identity

[[V +
A ,V

+
B ],V +

C ] + [[V +
B ,V

+
C ],V +

A ] + [[V +
C ,V

+
A ],V +

B ] = 0

follows from

XA,BXA+B,C + XB,CXB+C,A + XC,AXC+A,B =

= XA,B(XA,C + XB,C) + XB,C(XB,A + XC,A) + XC,A(XC,B + XA,B) = 0

Can write BCJ numerators for X -amplitudes.

e.g. at 4 pts

AX
4 =

X1,2X3,4 f a1a2bf ba3a4

s12
+

X2,3X1,4 f a2a3bf ba1a4

s14
+

X3,1X2,4 f a3a1bf ba2a4

s13
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Self-Dual-Type Vertex

Relation to Self-Dual Vertex

XA,B is a generalisation of the self-dual vertex

In D = 4, there are 2 special solutions of scattering equations.

light cone coords (u, v , z, z̄):

σa =
kaz̄

kau
−→ Xa,b = kazkbu − kaukbz SD vertex

σ̄a =
kaz

kau
−→ X̄a,b = kaz̄kbu − kaukbz̄ ASD vertex

Relation: sab =
Xa,b X̄a,b

kau kbu
= [ab]〈ab〉

X and X̄ are structure constants of a diffeomorphism Lie algebra:

V±A = −2e−iKA·xε±A ·∂ [V +
A ,V

+
B ] = i XA,BV +

A+B [V−A ,V
−
B ] = i X̄A,BV−A+B

BCJ manifest in (A)SD gauge theory and gravity. [RM, O’Connell 11]

X -amplitudes correspond to (−+ + + · · ·+): vanish for general X
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Self-Dual-Type Vertex

Beyond the Self-Dual Sector

2 special solutions in D = 4:

MHV amplitudes require both vertices: XA,B and X̄A,B.
Notice that

Xa,b =
sab

σa − σb
= (σ̄a − σ̄b) kau kbu X̄a,b =

sab

σ̄a − σ̄b
= (σa − σb) kau kbu

Generic solution in any D:

Define
Xa,b =

sab

σa − σb
X̄a,b = (σa − σb) ha hb −→ sab =

Xa,b X̄a,b

ha hb

Symmetry between X and X̄ is broken.

Vertex consistency requires
∑

a

ha = 0
∑

a

σa ha = 0

so that
∑
b 6=a

Xa,b = 0 ,
∑
b 6=a

X̄a,b = 0 . No other constraint on the ha .
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BCJ Numerators

BCJ Numerators

Can use algebras X and X̄ to write BCJ numerators for Parke-Taylor factor.

APT =
∑

non cyclic

tr(T a1T a2 · · ·T an )

σ12σ23 · · ·σn1

Simplest form: use reference particle trick.

Exploit SL(2,C) to set σn →∞
Then ∑

a

σaha = 0 ⇒ hn → 0 with σnhn finite

Guidance from 4D MHV case: in this limit, cubic graph has vertices X , except
for single vertex X̄ attached to reference particle. [RM, O’Connell 11]

Xn,B → 0 X̄n,B finite

BCJ numerators given by

nPT =
1

σ2
n(σnhn)2

X̄n,. X.,.X.,. · · ·X.,.
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BCJ Numerators

Complete BCJ Numerators

Obtained BCJ numerators for the Parke-Taylor factor:

APT =
∑

non cyclic

tr(T a1T a2 · · ·T an )

σ12σ23 · · ·σn1
=

∑
α∈cubic

nPT
α cα
Dα

Full amplitude is

An =

(n−3)!∑
I=1

[
APT

Pf ′Ψ
det ′Φ

]
σ=σ(I)

=
∑

α∈cubic

nαcα
Dα

We can write

nα =

(n−3)!∑
I=1

[
nPT
α

Pf ′Ψ
det ′Φ

]
σ=σ(I)

such that

cα ± cβ ± cγ = 0 ←→ nα ± nβ ± nγ =

(n−3)!∑
I=1

[
(nPT
α ± nPT

β ± nPT
γ )

Pf ′Ψ
det ′Φ

]
σ=σ(I)

= 0
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Remarks

Twistor-string / CHY formulas −→ BCJ in Parke-Taylor factors.
Parke-Taylor factor is simpler version of amplitude. [Nair 88]

Loop level needs more progress. [Adamo, Casali, Skinner 13] [Mafra, Schlotterer 12]

[Boels, Isermann, RM, O’Connell 13] [Bjerrum-Bohr, Dennen, RM, O’Connell 13]

More naive approach to BCJ?
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Numerators and Lie groups

Kinematic Algebra and the Geometry of Lie Groups

Review of geometry of Lie groups

Try kinematic algebra

Simplest examples

Work in progress!
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Numerators and Lie groups

Review of Geometry of Lie Groups
Lie groups are differentiable manifolds.
Admit Cartan-Killing metric ds2, vielbein Ea

α, ds2 = Ea
α Ea

β dθα ⊗ dθβ

Lie algebra generated by vector fields

ta = (E−1)αa
∂

∂θα
[ta, tb] = f abc tc ta · tb = δab

Construction of generators from “vertex” f abc :

(E−1)αa = δαa −
1
2

f α
aλ θλ +

1
12

faλb f α
bσ θλθσ + . . .

Construction of “numerators” (colour factors): c Γ =
1
n

n∑
a=1

ta ·G(Γ)
a

e.g. 4 pts

cab,cd =
1
4

(ta · [tb, [tc , td ]] + tb · [[tc , td ], ta] + tc · [td , [ta, tb]] + td · [[ta, tb], tc ])

= f abef ecd

⇒ 4(cab,cd + cbc,ad + cca,bd ) = ta · ([tb, [tc , td ]] + [td , [tb, tc ]] + [tc , [td , tb]]) + . . .

= 0
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Numerators and Lie groups

Try Kinematic Algebra

Define “kinematic indices”: a = (ka, µa) (momentum, spacetime index)

YM 3-pt vertex:

V abc
(3) = Vµaµbµc

(3) (ka, kb, kc) (2π)DδD(ka + kb + kc)

Contraction of vertices:

V ab
(3)e V ecd

(3) =Vµaµb
(3) ν(ka, kb,−ka − kb)V νµcµd

(3) (−kc − kd , kc , kd )

× (2π)DδD(ka + kb + kc + kd )

Differences wrt Lie algebra:

3-pt vertex does not satisfy Jacobi identity

V ab
(3)e V ecd

(3) + V bc
(3)e V ead

(3) + V ca
(3)e V ebd

(3) 6= 0

there are higher-point vertices

Idea: take f abc → V abc
(3) and deform generators with higher point vertices.
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Numerators and Lie groups

4-pt Amplitude

Deform generator ta = (E−1)αa
∂

∂θα
with 4-pt vertex:

(E−1)αa = δαa −
1
2

V (3)α
aλ θλ +

(
1
12

V (3)b
aλ V (3)α

bσ + x V (4) α
aλ,σ

)
θλθσ + . . .

where Feynman “stripped” numerator is Nab,cd = V (3)e
ab V (3)

ecd + V (4)
ab,cd .

Full numerator is ε a
1 ε

b
2 ε

c
3 ε

d
4 Nab,cd , where ε’s are supported on-shell.

Our “stripped” numerator is evaluated at θ = 0:

nab,cd =
1
4

(ta · [tb, [tc , td ]] + tb · [[tc , td ], ta] + tc · [td , [ta, tb]] + td · [[ta, tb], tc ])
∣∣∣
θ=0

Gives valid numerator iff x = 1/3 :

nab,cd = Nab,cd −
1
3

(Nab,cd + Nbc,ad + Nca,bd ) ' Nab,cd
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Numerators and Lie groups

5-pt Amplitude
Consider the generator at the next order:

(E−1)αa =δαa −
1
2

V (3)α
aλ θλ +

(
1
12

V (3)b
aλ V (3)α

bσ +
1
3

V (4) α
aλ,σ

)
θλθσ

− 1
4

V (5) α
aλ,σ,ρ θλθσθρ + . . .

where V (5)
ab,c,de is vertex in BCJ lagrangian, i.e. Feynman numerator

Nab,c,de = V (3)f
ab V (3)g

fc V (3)
gde + V (3)f

ab V (4)
fc,de + V (4) f

ab,c V (3)
fde + V (5)

ab,c,de

satisfies Nab,c,de + Nbc,a,de + Nca,b,de ' 0 [Bern, Dennen, Huang, Kiermaier 10]
[Tolotti, Weinzierl 13]

Our numerator gives:

nab,c,de =
1
5

(ta · [tb, [tc , [td , te]]] + tb · [[tc , [td , te]], ta] + tc · [[td , te], [ta, tb]]

+ td · [te, [[ta, tb], tc ]] + te · [[[ta, tb], tc ], td ])
∣∣∣
θ=0
' Nab,c,de

Valid BCJ numerator! Holds at higher points?
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Conclusion

Conclusion
Identified kinematic algebraic structure in scattering amplitudes (gauge
theory and gravity) in two manners:

“Kinematic algebra” decomposed by the scattering equations:

Xa,b =
sab

σa − σb
X̄a,b = (σa − σb) ha hb

Analogues of self-dual (+ +−) and anti-self-dual (−−+) vertices.

Loop level?

Total “kinematic algebra” by deformation of Lie algebra:

(E−1)αa =δαa −
1
2

V (3)α
aλ θλ +

(
1
12

V (3)b
aλ V (3)α

bσ +
1
3

V (4) α
aλ,σ

)
θλθσ

− 1
4

V (5) α
aλ,σ,ρ θλθσθρ + . . .

Higher points? Loop level? Why?
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