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Introduction

Compute the N-point superstring amplitude for any number of loops

The 4-point amplitude at 1- and 2-loops already computed by
Berkovits with his pure spinor formalism (Berkovits `04, `05)

The 4-point 3-loop amplitude was the next step. Developed some
techniques, learned a few tricks and we should be better prepared for
the di�culties ahead

The overall coe�cient was determined from �rst principles and
compared with a prediction by Green and Vanhove from 2005 (based
on S-duality arguments)

Naive mismatch by a factor 3.
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Pure spinor formalism (Berkovits `00, `05)

S =
1

2��0

Z
�g

d2z
�
@xm@xm + �0p�@�

� � �0w�@�
� � �0w�@�� + �0s�@r�

�

Pure spinors ��, �� with conjugate momenta w�, w
�:

��m���
� = 0

r� constrained by �mr = 0

Manifest spacetime SUSY, pure spinor superspace (PSS): (��; ��)

Covariant BRST Quantization: Q = ��d� + w�r�

Free CFT, simple OPEs
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Pure spinor formalism

Massless vertex operators

V = ��A�(x ; �); QV = 0

U = @��A� + Am�
m + d�W

� +
1

2
NmnFmn; QU = @V

[A�;Am;W
�;Fmn] are 10D super�elds describing gluon and gluino
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D=10 SYM theory

Simple spectrum: gluon Am and gluino ��

S =

Z
F 2 + ��m��Dm�

�

Compacti�cation leads to lower-dim SYMs, eg N = 4 in 4D

Contained in the low-energy limit of the open superstring

Long-term goal: derive all the N = 4 and N = 8 amplitudes from
string theory

Recall that the 4-point amplitudes at 1-loop in both N = 4 and
N = 8 were �rstly computed from string theory (Brink, Green,
Schwarz `81)
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D=10 SYM theory

Covariant description using 10D super�elds (Siegel `79, Witten `86)

A�(x ; �);Am(x ; �);W
�(x ; �);Fmn(x ; �)

Linearized equations of motion (for one-particle states)

D�A� + D�A� = m��Am; D�Am = (mW )� + @mA�

D�W
� =

1

4
(mn) �

� Fmn; D�Fmn = 2@[m(n]W )�

where D� is covariant derivative, fD�;D�g = m��@m.

C.R. Mafra (DAMTP) 3-loop amplitude 11.06.2014 6 / 29



Pure spinor BRST blocks (CM, Schlotterer `14)

In computing higher-point string amplitudes, need to evaluate OPEs
among vertex operators

Recall integrated vertex

U = @��A� + Am�
m + d�W

� +
1

2
NmnFmn

The idea is to note that the simple pole in the OPE U1(z1)U
2(z2)

can be written as

U12 � @��A12
� +�mA12

m + d�W
�
12 +

1

2
NmnF12

mn
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Multiparticle SYM equations of motion

where

A12
� = �1

2

�
A1
�(k

1 � A2) + A1
m(

mW 2)� � (1$ 2)
�

A12
m =

1

2

h
A1
pF2

pm � A1
m(k

1 � A2) + (W 1mW
2)� (1$ 2)

i

W �
12 =

1

4
(mnW 2)�F1

mn +W �
2 (k

2 � A1)� (1$ 2)

F12
mn = k12m A12

n � k12n A12
m � (k1 � k2)(A1

mA
2
n � A1

nA
2
m):

satisfy the following equations of motion

2D(�A
12
�) = m��A

12
m + (k1 � k2)(A1

�A
2
� + A1

�A
2
�)

D�A
12
m = (mW

12)� + k12m A12
� + (k1 � k2)(A1

�A
2
m � A2

�A
1
m)

D�W
�
12 =

1

4
(mn)�

�F12
mn + (k1 � k2)(A1

�W
�
2 � A2

�W
�
1 )

D�F
12
mn = k12m (nW

12)� � k12n (mW
12)� + (k1 � k2)(A1

�F2
mn � A2

�F1
mn)
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Multiparticle SYM equations of motion and BRST blocks

Straightforward to generalize (without computing OPEs)

Example at rank-three

Â123
� = �1

2

�
A12
� (k12 � A3) + A12

m (mW 3)� � (12$ 3)
�

D�Â
123
� + D�Â

123
� = m��Â

123
m

+ (k1 � k2)�A1
�A

23
� + A13

� A2
� � (1$ 2)

�
+ (k12 � k3)�A12

� A3
� � (12$ 3)

�

Recursive construction of BRST blocks KB 2 fAB
� ; A

m
B ; W

�
B ; Fmn

B g
with multiparticle label B obeying generalized SYM equations of
motion
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BRST blocks and BCJ identities

The BRST blocks KB satisfy Lie symmetries

0 = K12 + K21; (antisymmetry)

0 = K123 + K231 + K312; (Jacobi identity)

0 = K1234 � K1243 + K3412 � K3421

0 = general pattern known

One can associate

K1234:::p $ f 12a2 f a23a3 f a34a4 : : : f ap�1pap

Lie symmetries in the fundamentals of SYM theory!

Connection with BCJ identities (Bern, Carrasco, Johansson `08)

Hint of a kinematic algebra from OPEs of string theory?
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Loop amplitude prescription

Ag = Sg�
4e4�

Z
Mg

3g�3Y
j=1

d2�j

Z
�4

��hN (b; �j)U
1(z1) : : :U

4(z4)i
��2

b-ghost insertion

(b; �j) =
1

2�

Z
d2yjbzz�

z
j z ; j = 1; : : : ; 3g � 3

b =
1

2(��)
�m(�md) +

(�mnpr)

192(��)2
�0

2
(dmnpd) + : : :

Zero-mode regulator

N =

gX
I=1

e�(��)�(w
Iw I )�(r�)+(s Id I )
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Loop amplitude prescription

Zero-mode integrations

h: : :i =
Z
[d�][dr ][d�][d�]

3Y
I=1

[dd I ][ds I ][dw I ][dw I ]

with measures (CM, Gomez `10)

[d�]T�1:::�5 =
��0
2

��2 1
11!

� Ag

4�2

�11=2
��1:::�16d�

�6: : : d��16

[d�]T
�1:::�5=

��0
2

�2 26
11!

� Ag

4�2

�11=2
��1:::�16d��6 : : : d��16

Gaussian integration over pure spinors (Gomez `09)

Z
[d�][d�](��)ne�(��) =

�Ag

2�

�11�(8 + n)

7! 60
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String amplitudes versus S-duality

4-point amplitudes at 0-, 1- and 2-loops (CM, Gomez `10):

A0 =
��0
2

�3
KK �4e�2�

p
2

216�5

h 3

�3
+ 2�3 + �5�2 +

2

3
�23�3 + � � �

A1 =
��0
2

�3
KK �4

1

210 3�

h
1 +

�3
3
�3 + � � �

A2 =
��0
2

�3
KK �4e2�

p
2�3

26 33 5

h
�2 + � � �

con�rm the predictions based on S-duality (Green, Gutperle, Vanhove)

S�03 = C1

Z
d10x

p�g R4(2�3e
�2� +

2�2

3
)

S�05 = C2

Z
d10x

p�g D4R4(2�5e
�2� +

8

3
�4e

2�)
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String amplitudes versus S-duality

Agreement up to 2-loops is very non-trivial

What about 3-loops?
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The 3-loop amplitude

The pure spinor formalism:

A3 =
1

3
�4e4�

Z
M3

6Y
j=1

d2�j

Z
�4

��hN (b; �j)U
1(z1) : : :U

4(z4)i
��2

S-duality (Green, Vanhove `05)

S�06 = C3

Z
d10x

p�g D6R4(4�23e
�2� + 8�2�3 +

48

5
�22e

2� +
8

9
�6e

4�)
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The 3-loop amplitude

The computation is guided by the saturation of the (16; 16; 16) d�
zero-modes

d�(z) = d̂�(z) + d I
�wI (z); I = 1; 2; 3

s� has (11; 11; 11) zero modes (instead of 16) and appears only in N
Z 3Y

I=1

[ds I ] e�(d
I s I ) =

��0
2

�6 (2�)33=2Z 11
3

R3218(11! 5!)3(��)9

3Y
I=1

(� � T � d I )

Zg =
1p

det(2Im
)
; T�1�2�3�4�5 = (�m)�1(�

n)�2(�
p)�3(mnp)�4�5

Brings down (11; 11; 11) zero modes of d�

Need to saturate the remaining (5; 5; 5) d zero modes
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The b-ghost sector

Two possible contributions from
R Q6

j=1 d
2�j

���(b; �j)
���2:

(4; 4; 4):

= c2b1

Z
d2
IJ

���B(4;4;4)

(��)12

���2

(3; 4; 4), (4; 3; 4) or (4; 4; 3):

= c2b2

Z
d2
IJ

��� 1

(��)11

�
�1
mB

m
(3;4;4) +�2

mB
m
(4;3;4) +�3

mB
m
(4;4;3)

����2
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The b-ghost sector

B(4;4;4) = (�rd1d1)(�rd1d2)(�rd1d3)(�rd2d2)(�rd2d3)(�rd3d3)

Bm
(3;4;4) = + 2(�md1)(�rd1d2)(�rd1d3)(�rd2d2)(�rd2d3)(�rd3d3)

� (�md2)(�rd1d1)(�rd1d3)(�rd2d2)(�rd2d3)(�rd3d3)

+ (�md3)(�rd1d1)(�rd1d2)(�rd2d2)(�rd2d3)(�rd3d3)

where
(�rd IdJ) � (�mnpr)(d Imnpd

J)

Teichm�uller parameters �! period matrixZ
d2z wI (z)wJ(z)�i (z) =

�
IJ

��iZ 6Y
j=1

d2�j

����i1:::i6 �
11

��i1
: : :

�
33

��i6

���2 =
Z 3Y

I�J

d2
IJ
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The 3-loop amplitude

Up to now

A12 = c12

Z
d2
IJ

Z 22
3

Z
�4


 4Y
j=1

e
ik j �x j����
D(15;15;15)U

1U2U3U4
�
(�9)

���2

A11 = c11

Z
d2
IJ

Z 22
3

Z
�4


 4Y
j=1

e
ik j �x j�

�
���
(�1

mD
m
(14;15;15) +�2

mD
m
(15;14;15) +�3

mD
m
(15;15;14))U

1U2U3U4
�
(�8)

���2

with coe�cients

c12 =

p
2 2�101�4e4�

�42 313(11! 5!)6

��0
2

�24

c11 =

p
2 2�93�4e4�

�42 311(11! 5!)6

��0
2

�22

C.R. Mafra (DAMTP) 3-loop amplitude 11.06.2014 19 / 29



The b-ghost sector

The b-ghost sector with D(15;15;15) requires (1; 1; 1) d zero modes
from the vertices; U1U2U3U4 =

=
��0
2

�4�
(dW12)(dW3)(dW4) �12 + (1; 2j1; 2; 3; 4)

+
��0
2

�3 3X
I=1

�m
I wI (z1)A

1
m(dW

2)(dW 3)(dW 4) + (1$ 2; 3; 4)

Wij is a rank-two BRST block and �ij is proportional to the
worldsheet derivative of the Green's function
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3-loop kinematic factors

Use the operator Dm
(p+11;q+11;r+11) �

R Q3
I=1[dd

I ](� � T � d I )Bm
(p;q;r) to

integrate remaining (1; 1; 1) zero modes to get

D(15;15;15)(dWij)(dWk)(dWl) = (11! 5!)3963 c3d Tij ;k;l(�; �; r)�(zj ; zk ; zl)

D(15;15;15)(dWi )(dWj)(dWk)A
m
l = (11! 5!)3963 c3d L

m
ijkl(�; �; r)�(zj ; zk ; zl)

where �(zi ; zj ; zk) � �IJKwI (zi )wJ(zj)wK (zk) and

Tij ;k;l(�; �; r) = (�abc r)(�def r)(�ghi r)(�mnpr)(�qrsr)(�tuv r)

� (�adefm�)(�bghit�)(�uqrsn�)(�cWij)(�
pWk)(�

vWl) ;

Lmijkl(�; �; r) = (�abc r)(�def r)(�ghi r)(�mnpr)(�qrsr)(�tuv r)

� (�adefm�)(�bghit�)(�uqrsn�)(�cWi )(�
pWj)(�

vWk)A
m
l :
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3-loop amplitude

After analogous treatment of the b(11) sector:

A3 = c

Z
M3

d2
IJ

(det(2 Im
))5

Z
�4

h
hjFj2i+ hjT j2i

i
I(sij)

c = (2�)10�(10)(k)
�4e4�

23139 52 72

��0
2

�5

F = T12;3;4�(z2; z3; z4) �12 + T13;2;4�(z3; z2; z4) �13 + T14;2;3�(z4; z2; z3) �14

+ T23;1;4�(z3; z1; z4) �23 + T24;1;3�(z4; z1; z3) �24 + T34;1;2�(z4; z1; z2) �34

T = Tm
1234�

m(z1; z2; z3; z4) + Tm
1324�

m(z1; z3; z2; z4) + Tm
1423�

m(z1; z4; z2; z3)

+ Tm
2314�

m(z2; z3; z1; z4) + Tm
2413�

m(z2; z4; z1; z3) + Tm
3412�

m(z3; z4; z1; z2)

Tm
1234 = Lm1342 + Lm2341 +

5

2
Sm
1234

C.R. Mafra (DAMTP) 3-loop amplitude 11.06.2014 22 / 29



Low energy limit

Kinematic factors jFj2 and jT j2 of order D8R4 and D6R4 respectively

Integrals inside jFj2 have kinematic poles. Integration by parts
identities generate D6R4 contributions.

Set Koba-Nielsen factor to 1 and use Riemann relations
Z
�4

hjFj2iI(sij) = ��
��0
2

�
hKi

Z
�4


12�(z2; z3; z4)�(z1; z3; z4)

= �36�
��0
2

�
hKi det(2 Im
)

where

K =
jT23;1;4j2 + jT14;2;3j2

s23
+
jT24;1;3j2 + jT13;2;4j2

s24
+
jT34;1;2j2 + jT12;3;4j2

s34

This is how one gets D6R4 contributions from the \D8R4" sector!
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Low energy limit

Similarly,

Z
�4

�m(z1; z2; z3; z4)�
n
(z1; z2; z3; z4) = �12��mn

��0
2

�
det(2 Im
);

Z
�4

�m(z1; z2; z3; z4)�
n
(z1; z3; z2; z4) = +12��mn

��0
2

�
det(2 Im
);

Z
�4

�m(z1; z2; z3; z4)�
n
(z3; z4; z1; z2) = 0

leads to Z
�4

jT j2 = �36�
��0
2

�
det(2 Im
)L � ~L

where Lm is some linear combination of Tm
ijkl .
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Low energy limit

Factor of det(2 Im
) leads to modular invariant measure with volume

Z
M3

d2
IJ

(det(2 Im
))4
=

33 � 5 � 7
26 � 36 �6

Amplitude in low energy limit becomes

A3 = �(2�)10�(10)(k)
��0
2

�6
K + L � ~L��4e4� ��6
235 310 53 72

Component expansion in pure spinor superspace gives


K + L � ~L� = �235 37 53 72 (s312 + s313 + s314)KK

where
K = �23 2880AYM1234 s12s23
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3-loop amplitude

=
1

3
(2�)10�(10)(k)�4e4�

� �6
32

��0
2

�6
(s312 + s313 + s314)KK
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S-duality prediction versus amplitude calculation

From the e�ective action, ratio of tree-level and 3-loop D6R4

interaction:
2�6
9�23

e6� =

p
2214�6�6
9�23

e6�

This ratio is equal to the ratio of the tree-level and 3-loop amplitudes

A�06

3

A�06

0

=

p
2214�6�6
9�23

e6�

provided one includes the 1
3 symmetry factor
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The end
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The Z3 argument

Recall that both the 1- and 2-loop amplitudes require a factor 1/2

Every genus-1 and genus-2 surface is hyperelliptic

y2 = z(z � 1)(z � a); g = 1;

y2 = z(z � 1)(z � a1)(z � a2)(z � a3); g = 2;

where a and a1; a2; a3 parametrize the moduli space. These curves
have the Z2 symmetry y $ �y , implying the symmetry factor 1=2

Every genus-three Riemann surface can be embedded in CP2 as a
quartic curve. The number of free parameters is (after some
considerations) 6, therefore one is free to choose

xy3 + a1zy
3 + a2x

4 + a3x
3z + a4x

2z2 + a5xz
3 + a6z

4 = 0;

Z3 symmetry over y coordinate implying a 1=3 symmetry factor
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