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FIG. 5: The improvement in the renormalization and factorization scale dependence of the dif-

ferential cross section as a function of the hadronic total transverse energy H jets
T , comparing LO

to NLO at the LHC at
√
s = 7 TeV. In the upper panels, the NLO predictions are shown as

solid (black) lines, while the LO predictions are shown as dashed (blue) lines. The thin vertical

line in the center of each bin (where visible) gives its numerical integration error, corresponding

to the fluctuations in the plots. The lower panels show the predictions for the LO distribution

and scale-dependence bands, normalized to the NLO prediction at the scale µ = Ĥ ′
T/2. The LO

distribution is the dashed (blue) line, and the scale-dependence bands are shaded (gray) for NLO

and cross-hatched (brown) for LO.

dominated by total transverse energies of the order of a small multiple of this scale. We

hold the factorization scale fixed in order to eliminate changes in the PDFs as we vary the

scale. This makes it simpler to see the trends as we change from two to five jets. Similar

improvements in scale dependence are also observed when we include the variation of the

factorization scale.

The four upper panels of fig. 4 show that the scale variation at NLO is greatly reduced

with respect to that at LO. Furthermore, the LO variation grows substantially with an

increasing number of jets, while the NLO variation is fairly stable. This increase is expected,

14
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ferential cross section as a function of the hadronic total transverse energy H jets
T , comparing LO

to NLO at the LHC at
√
s = 7 TeV. In the upper panels, the NLO predictions are shown as

solid (black) lines, while the LO predictions are shown as dashed (blue) lines. The thin vertical

line in the center of each bin (where visible) gives its numerical integration error, corresponding

to the fluctuations in the plots. The lower panels show the predictions for the LO distribution
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dominated by total transverse energies of the order of a small multiple of this scale. We

hold the factorization scale fixed in order to eliminate changes in the PDFs as we vary the

scale. This makes it simpler to see the trends as we change from two to five jets. Similar

improvements in scale dependence are also observed when we include the variation of the

factorization scale.

The four upper panels of fig. 4 show that the scale variation at NLO is greatly reduced

with respect to that at LO. Furthermore, the LO variation grows substantially with an

increasing number of jets, while the NLO variation is fairly stable. This increase is expected,
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APPENDIX: SELECTED RESULTS FOR THE

VIRTUAL CONTRIBUTIONS

The numerical values of the one-loop sub-amplitudes,
defined as

2Re {Mtree-level∗Mone-loop}

(αs/2π) |Mtree-level|2
≡

a−2

ε2
+

a−1

ε
+ a0 , (4)

and evaluated at the non-exceptional phase space point
given in Tab. II, are collected in Tab. III. The values of
the double and the single poles conform to the univer-
sal singular behavior of dimensionally regulated one-loop
amplitudes [39]. The precision of the finite parts is esti-
mated by re-evaluating the amplitudes for a set of mo-
menta rotated by an arbitrary angle about the axis of
collision.
In Fig. 5, we present the results for the finite part a0 of

the virtual matrix elements for the various subprocesses
calculated along a certain one-dimensional curve in the
space of final state momenta. Starting from the phase
space point in Tab. II, in which the initial partons lie
along the z-axis, we generate new configurations by ro-
tating the final state momenta by an angle θ ∈ [0, 2π]
about the y-axis.
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ferential cross section as a function of the hadronic total transverse energy H jets
T , comparing LO

to NLO at the LHC at
√
s = 7 TeV. In the upper panels, the NLO predictions are shown as

solid (black) lines, while the LO predictions are shown as dashed (blue) lines. The thin vertical

line in the center of each bin (where visible) gives its numerical integration error, corresponding

to the fluctuations in the plots. The lower panels show the predictions for the LO distribution

and scale-dependence bands, normalized to the NLO prediction at the scale µ = Ĥ ′
T/2. The LO

distribution is the dashed (blue) line, and the scale-dependence bands are shaded (gray) for NLO

and cross-hatched (brown) for LO.

dominated by total transverse energies of the order of a small multiple of this scale. We

hold the factorization scale fixed in order to eliminate changes in the PDFs as we vary the

scale. This makes it simpler to see the trends as we change from two to five jets. Similar

improvements in scale dependence are also observed when we include the variation of the

factorization scale.

The four upper panels of fig. 4 show that the scale variation at NLO is greatly reduced

with respect to that at LO. Furthermore, the LO variation grows substantially with an

increasing number of jets, while the NLO variation is fairly stable. This increase is expected,
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Figure 4. Transverse momentum (pT ) distributions for the
Higgs boson.
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APPENDIX: SELECTED RESULTS FOR THE

VIRTUAL CONTRIBUTIONS

The numerical values of the one-loop sub-amplitudes,
defined as

2Re {Mtree-level∗Mone-loop}

(αs/2π) |Mtree-level|2
≡

a−2

ε2
+

a−1

ε
+ a0 , (4)

and evaluated at the non-exceptional phase space point
given in Tab. II, are collected in Tab. III. The values of
the double and the single poles conform to the univer-
sal singular behavior of dimensionally regulated one-loop
amplitudes [39]. The precision of the finite parts is esti-
mated by re-evaluating the amplitudes for a set of mo-
menta rotated by an arbitrary angle about the axis of
collision.
In Fig. 5, we present the results for the finite part a0 of

the virtual matrix elements for the various subprocesses
calculated along a certain one-dimensional curve in the
space of final state momenta. Starting from the phase
space point in Tab. II, in which the initial partons lie
along the z-axis, we generate new configurations by ro-
tating the final state momenta by an angle θ ∈ [0, 2π]
about the y-axis.
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3

Figure 3. Invariant mass distributions of the tt̄-pairs for tt̄H
and tt̄Hj at NLO relative to the tt̄Hj at LO for µ = 2×GAT .

Eq. (1) in a non-exceptional phase-space point are col-
lected in the Appendix.
In view of the later comparison between the processes

pp → tt̄H and pp → tt̄Hj at NLO QCD accuracy,
we also used the GoSam/Ninja+Sherpa framework
to compute the cross section for tt̄H production. We
found excellent agreement with the results presented in
Refs. [7, 48].

NUMERICAL RESULTS

In the following, we present results for the integrated
cross section for a center-of-mass energy of 8 TeV. The
mass of the Higgs boson is set to mH = 126 GeV
and the top quark mass is set to mt = 172.5 GeV.
The parameters of the electroweak sector are fixed by
setting MW = 80.419 GeV, MZ = 91.1876 GeV and
α−1
EW = 132.50698.
To cluster the jets we use the antikt-algorithm imple-

mented in FastJet [49–51] with radius R = 0.5, a mini-
mum transverse momentum of pT,jet > 15 GeV and pseu-
dorapidity |η| < 4.0. The LO cross sections are computed
with the LO parton-distribution functions cteq6L1 [52],
whereas at NLO we use CT10 [53].
In order to study the scale dependence of the total cross

section, we employ two different choices of the renormal-
ization and factorization scales µR = µF = µ0, namely
µ0 = HT and µ0 = 2×GAT with

HT =
∑

final
states f

|pT,f | , (2)

GAT = 3
√
mT,H mT,t mT,t̄ +

∑

jets j

|pT,j | . (3)

Figure 4. Transverse momentum distribution of the Higgs
boson at LO and NLO for µ = HT .

Figure 5. Pseudorapidity η of the Higgs boson at LO and
NLO accuracy for µ = HT .

Within this setup, for the two scale choices, we obtain
the total LO and NLO cross sections reported in Table I.

Central Scale σLO [fb] σNLO [fb]

2×GAT 80.03+35.64
−23.02 100.6+0.00

−9.43

HT 88.93+41.41
−26.13 102.3+0.00

−15.82

Table I. Total cross section for tt̄Hj for different choices of
the central scale at LO and NLO.

The scale dependence of the total cross section, de-
picted in Fig. 2, is strongly reduced by the inclusion of
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FIG. 5: The improvement in the renormalization and factorization scale dependence of the dif-

ferential cross section as a function of the hadronic total transverse energy H jets
T , comparing LO

to NLO at the LHC at
√
s = 7 TeV. In the upper panels, the NLO predictions are shown as

solid (black) lines, while the LO predictions are shown as dashed (blue) lines. The thin vertical

line in the center of each bin (where visible) gives its numerical integration error, corresponding

to the fluctuations in the plots. The lower panels show the predictions for the LO distribution

and scale-dependence bands, normalized to the NLO prediction at the scale µ = Ĥ ′
T/2. The LO

distribution is the dashed (blue) line, and the scale-dependence bands are shaded (gray) for NLO

and cross-hatched (brown) for LO.

dominated by total transverse energies of the order of a small multiple of this scale. We

hold the factorization scale fixed in order to eliminate changes in the PDFs as we vary the

scale. This makes it simpler to see the trends as we change from two to five jets. Similar

improvements in scale dependence are also observed when we include the variation of the

factorization scale.

The four upper panels of fig. 4 show that the scale variation at NLO is greatly reduced

with respect to that at LO. Furthermore, the LO variation grows substantially with an

increasing number of jets, while the NLO variation is fairly stable. This increase is expected,
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Figure 4. Transverse momentum (pT ) distributions for the
Higgs boson.

and the New York City College of Technology.

APPENDIX: SELECTED RESULTS FOR THE

VIRTUAL CONTRIBUTIONS

The numerical values of the one-loop sub-amplitudes,
defined as

2Re {Mtree-level∗Mone-loop}

(αs/2π) |Mtree-level|2
≡

a−2

ε2
+

a−1

ε
+ a0 , (4)

and evaluated at the non-exceptional phase space point
given in Tab. II, are collected in Tab. III. The values of
the double and the single poles conform to the univer-
sal singular behavior of dimensionally regulated one-loop
amplitudes [39]. The precision of the finite parts is esti-
mated by re-evaluating the amplitudes for a set of mo-
menta rotated by an arbitrary angle about the axis of
collision.
In Fig. 5, we present the results for the finite part a0 of

the virtual matrix elements for the various subprocesses
calculated along a certain one-dimensional curve in the
space of final state momenta. Starting from the phase
space point in Tab. II, in which the initial partons lie
along the z-axis, we generate new configurations by ro-
tating the final state momenta by an angle θ ∈ [0, 2π]
about the y-axis.
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GoSam + Sherpa

H+3j

3

Figure 3. Invariant mass distributions of the tt̄-pairs for tt̄H
and tt̄Hj at NLO relative to the tt̄Hj at LO for µ = 2×GAT .

Eq. (1) in a non-exceptional phase-space point are col-
lected in the Appendix.
In view of the later comparison between the processes

pp → tt̄H and pp → tt̄Hj at NLO QCD accuracy,
we also used the GoSam/Ninja+Sherpa framework
to compute the cross section for tt̄H production. We
found excellent agreement with the results presented in
Refs. [7, 48].

NUMERICAL RESULTS

In the following, we present results for the integrated
cross section for a center-of-mass energy of 8 TeV. The
mass of the Higgs boson is set to mH = 126 GeV
and the top quark mass is set to mt = 172.5 GeV.
The parameters of the electroweak sector are fixed by
setting MW = 80.419 GeV, MZ = 91.1876 GeV and
α−1
EW = 132.50698.
To cluster the jets we use the antikt-algorithm imple-

mented in FastJet [49–51] with radius R = 0.5, a mini-
mum transverse momentum of pT,jet > 15 GeV and pseu-
dorapidity |η| < 4.0. The LO cross sections are computed
with the LO parton-distribution functions cteq6L1 [52],
whereas at NLO we use CT10 [53].
In order to study the scale dependence of the total cross

section, we employ two different choices of the renormal-
ization and factorization scales µR = µF = µ0, namely
µ0 = HT and µ0 = 2×GAT with

HT =
∑

final
states f

|pT,f | , (2)

GAT = 3
√
mT,H mT,t mT,t̄ +

∑

jets j

|pT,j | . (3)

Figure 4. Transverse momentum distribution of the Higgs
boson at LO and NLO for µ = HT .

Figure 5. Pseudorapidity η of the Higgs boson at LO and
NLO accuracy for µ = HT .

Within this setup, for the two scale choices, we obtain
the total LO and NLO cross sections reported in Table I.

Central Scale σLO [fb] σNLO [fb]

2×GAT 80.03+35.64
−23.02 100.6+0.00

−9.43

HT 88.93+41.41
−26.13 102.3+0.00

−15.82

Table I. Total cross section for tt̄Hj for different choices of
the central scale at LO and NLO.

The scale dependence of the total cross section, de-
picted in Fig. 2, is strongly reduced by the inclusion of
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FIG. 1. Light-flavor jet multiplicity distribution (including c- but not b-jets) for transverse momentum thresholds of 40, 60 and
80 GeV (a) and transverse momentum spectra of the three leading light-flavor jets (b). Solid (red) lines indicate MEPS@NLO
predictions, and the full (orange) band shows the corresponding total theoretical uncertainty. Dashed lines indicate MEPS@LO
predictions, with the corresponding uncertainties shown as hatched (blue) bands. S–MC@NLO predictions are shown as dotted
histograms. Statistical uncertainties for each calculation are indicated by error bars.
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FIG. 2. Transverse momentum of the reconstructed top quark (a) and total transverse energy (b), see Fig. 1 for details.
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FIG. 5: The improvement in the renormalization and factorization scale dependence of the dif-

ferential cross section as a function of the hadronic total transverse energy H jets
T , comparing LO

to NLO at the LHC at
√
s = 7 TeV. In the upper panels, the NLO predictions are shown as

solid (black) lines, while the LO predictions are shown as dashed (blue) lines. The thin vertical

line in the center of each bin (where visible) gives its numerical integration error, corresponding

to the fluctuations in the plots. The lower panels show the predictions for the LO distribution

and scale-dependence bands, normalized to the NLO prediction at the scale µ = Ĥ ′
T/2. The LO

distribution is the dashed (blue) line, and the scale-dependence bands are shaded (gray) for NLO

and cross-hatched (brown) for LO.

dominated by total transverse energies of the order of a small multiple of this scale. We

hold the factorization scale fixed in order to eliminate changes in the PDFs as we vary the

scale. This makes it simpler to see the trends as we change from two to five jets. Similar

improvements in scale dependence are also observed when we include the variation of the

factorization scale.

The four upper panels of fig. 4 show that the scale variation at NLO is greatly reduced

with respect to that at LO. Furthermore, the LO variation grows substantially with an

increasing number of jets, while the NLO variation is fairly stable. This increase is expected,
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Figure 4. Transverse momentum (pT ) distributions for the
Higgs boson.

and the New York City College of Technology.

APPENDIX: SELECTED RESULTS FOR THE

VIRTUAL CONTRIBUTIONS

The numerical values of the one-loop sub-amplitudes,
defined as

2Re {Mtree-level∗Mone-loop}

(αs/2π) |Mtree-level|2
≡

a−2

ε2
+

a−1

ε
+ a0 , (4)

and evaluated at the non-exceptional phase space point
given in Tab. II, are collected in Tab. III. The values of
the double and the single poles conform to the univer-
sal singular behavior of dimensionally regulated one-loop
amplitudes [39]. The precision of the finite parts is esti-
mated by re-evaluating the amplitudes for a set of mo-
menta rotated by an arbitrary angle about the axis of
collision.
In Fig. 5, we present the results for the finite part a0 of

the virtual matrix elements for the various subprocesses
calculated along a certain one-dimensional curve in the
space of final state momenta. Starting from the phase
space point in Tab. II, in which the initial partons lie
along the z-axis, we generate new configurations by ro-
tating the final state momenta by an angle θ ∈ [0, 2π]
about the y-axis.
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Figure 3. Invariant mass distributions of the tt̄-pairs for tt̄H
and tt̄Hj at NLO relative to the tt̄Hj at LO for µ = 2×GAT .

Eq. (1) in a non-exceptional phase-space point are col-
lected in the Appendix.
In view of the later comparison between the processes

pp → tt̄H and pp → tt̄Hj at NLO QCD accuracy,
we also used the GoSam/Ninja+Sherpa framework
to compute the cross section for tt̄H production. We
found excellent agreement with the results presented in
Refs. [7, 48].

NUMERICAL RESULTS

In the following, we present results for the integrated
cross section for a center-of-mass energy of 8 TeV. The
mass of the Higgs boson is set to mH = 126 GeV
and the top quark mass is set to mt = 172.5 GeV.
The parameters of the electroweak sector are fixed by
setting MW = 80.419 GeV, MZ = 91.1876 GeV and
α−1
EW = 132.50698.
To cluster the jets we use the antikt-algorithm imple-

mented in FastJet [49–51] with radius R = 0.5, a mini-
mum transverse momentum of pT,jet > 15 GeV and pseu-
dorapidity |η| < 4.0. The LO cross sections are computed
with the LO parton-distribution functions cteq6L1 [52],
whereas at NLO we use CT10 [53].
In order to study the scale dependence of the total cross

section, we employ two different choices of the renormal-
ization and factorization scales µR = µF = µ0, namely
µ0 = HT and µ0 = 2×GAT with

HT =
∑

final
states f

|pT,f | , (2)

GAT = 3
√
mT,H mT,t mT,t̄ +

∑

jets j

|pT,j | . (3)

Figure 4. Transverse momentum distribution of the Higgs
boson at LO and NLO for µ = HT .

Figure 5. Pseudorapidity η of the Higgs boson at LO and
NLO accuracy for µ = HT .

Within this setup, for the two scale choices, we obtain
the total LO and NLO cross sections reported in Table I.

Central Scale σLO [fb] σNLO [fb]

2×GAT 80.03+35.64
−23.02 100.6+0.00

−9.43

HT 88.93+41.41
−26.13 102.3+0.00

−15.82

Table I. Total cross section for tt̄Hj for different choices of
the central scale at LO and NLO.

The scale dependence of the total cross section, de-
picted in Fig. 2, is strongly reduced by the inclusion of
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FIG. 1. Light-flavor jet multiplicity distribution (including c- but not b-jets) for transverse momentum thresholds of 40, 60 and
80 GeV (a) and transverse momentum spectra of the three leading light-flavor jets (b). Solid (red) lines indicate MEPS@NLO
predictions, and the full (orange) band shows the corresponding total theoretical uncertainty. Dashed lines indicate MEPS@LO
predictions, with the corresponding uncertainties shown as hatched (blue) bands. S–MC@NLO predictions are shown as dotted
histograms. Statistical uncertainties for each calculation are indicated by error bars.
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FIG. 2. Transverse momentum of the reconstructed top quark (a) and total transverse energy (b), see Fig. 1 for details.

3

FIG. 3: Invariant mass of the charged lepton pair for the
pp → e+νeµ

−ν̄µbb̄ + X process in the 4F scheme, with the
Higgs measurement cuts, apart from the cut on the charged
lepton invariant mass mll < 50 GeV.

Due to the complexity of the process, and the
rather involved set of cuts, it is not straight-forward
to define a single hard scale for this process that could
be used as a renormalisation and factorisation scale.
We have therefore chosen a scale that is not very
specific to this process, but should capture well the
general hardness of the kinematics. This central scale
is µ0

R = µ0
F = HT /2, i.e. half the scalar sum of the

transverse energies of all the final state particles/partons
(including the two neutrinos). With this central scale,
NLO corrections are relatively small for both the
inclusive process as well as after applying the cuts
described above. To assess contributions from beyond
NLO we assign an uncertainty to our predictions by
computing the envelope of the results with renormal-
isation and factorisation scales equal to (µR, µF ) =
{(1, 1), (0.5, 0.5), (2, 2), (0.5, 1), (2, 1), (1, 0.5), (1, 2)} ×
(µ0

R, µ
0
F ). These 7 values are obtained at no extra CPU

cost using the reweighting method described in Ref. [22].
In Figs. 3-5 we show the invariant mass of the two

charged leptons (mll), the azimuthal separation of the
two leptons (∆φll) and the transverse mass of the Higgs
boson (mH

T ), respectively. The latter is defined as

mH
T =

√

(Ell
T + Emiss

T )2 − |pll
T +Emiss

T |2, where Ell
T =

√

|pll
T |

2 +m2
ll. The mll and ∆φll variables are used to

define the “Higgs topology” cuts, while the mH
T distri-

bution is used to extract the Higgs signal in the cut-
based analysis by ATLAS [4]. In the plots, results for
the full pp → e+νeµ−ν̄µbb̄ + X process at LO (labelled
“WWbb LO”) and NLO (“WWbb NLO”) are presented. Also
shown are the separate LO calculations for top pair pro-
duction (“LO: tt”), W -boson associated single top pro-

FIG. 4: Azimuthal separation of the charged leptons for the
pp → e+νeµ

−ν̄µbb̄ + X process in the 4F scheme, with the
Higgs measurement cuts, apart from the cut on the charged
lepton invariant mass |∆φll| < 1.8.

FIG. 5: Higgs transverse mass for the pp → e+νeµ
−ν̄µbb̄+X

process in the 4F scheme, with the Higgs measurement cuts.

duction (“LO: Wt”), b-quark associated llνν production
(“LO: WW”) and their sum (“LO: tt+Wt+WW”). These lat-
ter processes are defined in the narrow width approxima-
tion, i.e. in the LO: tt process we take only diagrams
with two s-channel top quark propagators into account
(e.g. Fig. 1(a)), LO: Wt has only diagrams with one s-
channel top quark propagator (e.g. Fig. 1(b)), while the
LO: WW process has no s-channel top quark propagators
in any of its contributing diagrams (e.g. Fig. 1(c)); all
other parameters are the same as used for the WWbb LO
predictions. The differences between the LO: tt+Wt+WW
and WWbb LO results stem only from interference effects

WWbb
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dominated by total transverse energies of the order of a small multiple of this scale. We

hold the factorization scale fixed in order to eliminate changes in the PDFs as we vary the

scale. This makes it simpler to see the trends as we change from two to five jets. Similar

improvements in scale dependence are also observed when we include the variation of the

factorization scale.

The four upper panels of fig. 4 show that the scale variation at NLO is greatly reduced

with respect to that at LO. Furthermore, the LO variation grows substantially with an

increasing number of jets, while the NLO variation is fairly stable. This increase is expected,
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Higgs boson.
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APPENDIX: SELECTED RESULTS FOR THE

VIRTUAL CONTRIBUTIONS

The numerical values of the one-loop sub-amplitudes,
defined as

2Re {Mtree-level∗Mone-loop}

(αs/2π) |Mtree-level|2
≡

a−2

ε2
+

a−1

ε
+ a0 , (4)

and evaluated at the non-exceptional phase space point
given in Tab. II, are collected in Tab. III. The values of
the double and the single poles conform to the univer-
sal singular behavior of dimensionally regulated one-loop
amplitudes [39]. The precision of the finite parts is esti-
mated by re-evaluating the amplitudes for a set of mo-
menta rotated by an arbitrary angle about the axis of
collision.
In Fig. 5, we present the results for the finite part a0 of

the virtual matrix elements for the various subprocesses
calculated along a certain one-dimensional curve in the
space of final state momenta. Starting from the phase
space point in Tab. II, in which the initial partons lie
along the z-axis, we generate new configurations by ro-
tating the final state momenta by an angle θ ∈ [0, 2π]
about the y-axis.
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Figure 3. Invariant mass distributions of the tt̄-pairs for tt̄H
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Eq. (1) in a non-exceptional phase-space point are col-
lected in the Appendix.
In view of the later comparison between the processes

pp → tt̄H and pp → tt̄Hj at NLO QCD accuracy,
we also used the GoSam/Ninja+Sherpa framework
to compute the cross section for tt̄H production. We
found excellent agreement with the results presented in
Refs. [7, 48].

NUMERICAL RESULTS

In the following, we present results for the integrated
cross section for a center-of-mass energy of 8 TeV. The
mass of the Higgs boson is set to mH = 126 GeV
and the top quark mass is set to mt = 172.5 GeV.
The parameters of the electroweak sector are fixed by
setting MW = 80.419 GeV, MZ = 91.1876 GeV and
α−1
EW = 132.50698.
To cluster the jets we use the antikt-algorithm imple-

mented in FastJet [49–51] with radius R = 0.5, a mini-
mum transverse momentum of pT,jet > 15 GeV and pseu-
dorapidity |η| < 4.0. The LO cross sections are computed
with the LO parton-distribution functions cteq6L1 [52],
whereas at NLO we use CT10 [53].
In order to study the scale dependence of the total cross

section, we employ two different choices of the renormal-
ization and factorization scales µR = µF = µ0, namely
µ0 = HT and µ0 = 2×GAT with

HT =
∑

final
states f

|pT,f | , (2)

GAT = 3
√
mT,H mT,t mT,t̄ +

∑

jets j

|pT,j | . (3)

Figure 4. Transverse momentum distribution of the Higgs
boson at LO and NLO for µ = HT .

Figure 5. Pseudorapidity η of the Higgs boson at LO and
NLO accuracy for µ = HT .

Within this setup, for the two scale choices, we obtain
the total LO and NLO cross sections reported in Table I.

Central Scale σLO [fb] σNLO [fb]

2×GAT 80.03+35.64
−23.02 100.6+0.00

−9.43

HT 88.93+41.41
−26.13 102.3+0.00

−15.82

Table I. Total cross section for tt̄Hj for different choices of
the central scale at LO and NLO.

The scale dependence of the total cross section, de-
picted in Fig. 2, is strongly reduced by the inclusion of
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FIG. 1. Light-flavor jet multiplicity distribution (including c- but not b-jets) for transverse momentum thresholds of 40, 60 and
80 GeV (a) and transverse momentum spectra of the three leading light-flavor jets (b). Solid (red) lines indicate MEPS@NLO
predictions, and the full (orange) band shows the corresponding total theoretical uncertainty. Dashed lines indicate MEPS@LO
predictions, with the corresponding uncertainties shown as hatched (blue) bands. S–MC@NLO predictions are shown as dotted
histograms. Statistical uncertainties for each calculation are indicated by error bars.
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FIG. 2. Transverse momentum of the reconstructed top quark (a) and total transverse energy (b), see Fig. 1 for details.

3

FIG. 3: Invariant mass of the charged lepton pair for the
pp → e+νeµ

−ν̄µbb̄ + X process in the 4F scheme, with the
Higgs measurement cuts, apart from the cut on the charged
lepton invariant mass mll < 50 GeV.

Due to the complexity of the process, and the
rather involved set of cuts, it is not straight-forward
to define a single hard scale for this process that could
be used as a renormalisation and factorisation scale.
We have therefore chosen a scale that is not very
specific to this process, but should capture well the
general hardness of the kinematics. This central scale
is µ0

R = µ0
F = HT /2, i.e. half the scalar sum of the

transverse energies of all the final state particles/partons
(including the two neutrinos). With this central scale,
NLO corrections are relatively small for both the
inclusive process as well as after applying the cuts
described above. To assess contributions from beyond
NLO we assign an uncertainty to our predictions by
computing the envelope of the results with renormal-
isation and factorisation scales equal to (µR, µF ) =
{(1, 1), (0.5, 0.5), (2, 2), (0.5, 1), (2, 1), (1, 0.5), (1, 2)} ×
(µ0

R, µ
0
F ). These 7 values are obtained at no extra CPU

cost using the reweighting method described in Ref. [22].
In Figs. 3-5 we show the invariant mass of the two

charged leptons (mll), the azimuthal separation of the
two leptons (∆φll) and the transverse mass of the Higgs
boson (mH

T ), respectively. The latter is defined as

mH
T =

√

(Ell
T + Emiss

T )2 − |pll
T +Emiss

T |2, where Ell
T =

√

|pll
T |

2 +m2
ll. The mll and ∆φll variables are used to

define the “Higgs topology” cuts, while the mH
T distri-

bution is used to extract the Higgs signal in the cut-
based analysis by ATLAS [4]. In the plots, results for
the full pp → e+νeµ−ν̄µbb̄ + X process at LO (labelled
“WWbb LO”) and NLO (“WWbb NLO”) are presented. Also
shown are the separate LO calculations for top pair pro-
duction (“LO: tt”), W -boson associated single top pro-

FIG. 4: Azimuthal separation of the charged leptons for the
pp → e+νeµ

−ν̄µbb̄ + X process in the 4F scheme, with the
Higgs measurement cuts, apart from the cut on the charged
lepton invariant mass |∆φll| < 1.8.

FIG. 5: Higgs transverse mass for the pp → e+νeµ
−ν̄µbb̄+X

process in the 4F scheme, with the Higgs measurement cuts.

duction (“LO: Wt”), b-quark associated llνν production
(“LO: WW”) and their sum (“LO: tt+Wt+WW”). These lat-
ter processes are defined in the narrow width approxima-
tion, i.e. in the LO: tt process we take only diagrams
with two s-channel top quark propagators into account
(e.g. Fig. 1(a)), LO: Wt has only diagrams with one s-
channel top quark propagator (e.g. Fig. 1(b)), while the
LO: WW process has no s-channel top quark propagators
in any of its contributing diagrams (e.g. Fig. 1(c)); all
other parameters are the same as used for the WWbb LO
predictions. The differences between the LO: tt+Wt+WW
and WWbb LO results stem only from interference effects

WWbb
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Figure 5: Normalized distributions of the azimuthal opening angle of the opposite sign leptons
from the Z boson decay at the 13 TeV LHC. In the left plot, shapes of LO and NLO QCD predictions
are compared for SM tt̄Z couplings. Shape changes due to deviations from the SM values are shown
in the right plot, for the NLO calculation.

by using the fit for the si coe�cients. Excellent agreement is found in all cases. As an

example, we show one comparison in Fig. 4 for the ��`+z `�z
distribution, which we will later

use in the coupling analysis. As can be seen in Fig. 4, the overall normalization and the

shape are correctly reproduced by the fitting procedure. In this figure and the following,

the relative shifts in the couplings are given by

�C1,V =
C1,V

CSM
V

� 1, �C1,A =
C1,A

CSM
A

� 1. (3.9)

In our analysis we focus on the tri-leptonic final state and employ the azimuthal angle

between the leptons originating from the Z boson decay to perform our analysis. This

angle has been identified as being particularly sensitive to the tt̄Z couplings in Ref. [18].

We have already discussed the strong reduction in scale uncertainty when going from LO

to NLO QCD for this observable. Here, in Fig. 5 (left), we show the e↵ect of NLO QCD

corrections on the shape of the normalized ��`` distribution. Higher order e↵ects tend to

shift events from larger to smaller opening angles. In Fig. 5 (right) we show that similar

shape changes can arise due to variations of the vector and axial tt̄Z couplings. This

emphasizes the importance of precise predictions, since missing higher order e↵ects might

be misinterpreted as deviations from the SM. To illustrate that the ��`` shape is a useful

discriminator for our coupling analysis, we have chosen a value (�C1,V,�C1,A) in Fig. 5

(right) such that the total cross section approximately coincides with the SM tt̄Z cross

section. Hence, a measurement of the rate alone would not reveal the deviations from its

Standard Model value.

Let us now outline the basic features of our statistical analysis. We are interested in

answering the question: what are the bounds that can be placed on deviations of the tt̄Z

couplings, assuming that the SM is true? Obviously, the answer will depend on the assumed

integrated luminosity of the data sample as well as on theoretical and experimental uncer-

tainties. We assume the SM prediction as our null hypothesisHSM (�C1,V,�C1,A) = (0, 0),

against which we test alternative hypotheses Halt with (�C1,V,�C1,A) 6= (0, 0). Alterna-
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•  Multi-loop integrand reduction using computational algebraic geometry

•  Extension to dimensionally regulated cuts

•  Application to A(2)
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Integrand reduction strategy

• top down: start with maximal number of propagators

• identify basis of irreducible scalar products (ISPs)

• parametrize integrand using propagators

• parametrize on-shell solutions and solve for

• continue to lower propagator topologies subtracting known singularities 

primary decompostion

spanning basis e.g. Van 
Neerven-Vermaseren
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ȧ

) =
✏
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Gröbner basis and polynomial division
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One-loop box example
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(four-dimensional case)

(i) How do we define the integrand parameterisation? (i.e. compute ↵
k,ij

and �
k,lm

)

(ii) How can we determine the number of on-shell solutions S to define ~d?

2.1. Integrand parameterisation
The solution to first question above has been presented using multi-variate polynomial division
with Gröbner basis Zhang [24] and also Mastrolia, Mirabella, Ossola and Peraro [20].

In this section we will construct, using the language of algebraic geometry, an ideal from the
set of propagators for a topology with m denominators,

P = {D1, · · · , Dm

} (8)

whose integrand we will denote as �
m

. Using the van Neerven Vermaseren construction we are
able to construct a basis where external momenta {p1, . . . , px} span the physical space and the
directions {!1, · · · ,!4}, orthogonal to the physical space, span the spurious, or trivial, space:

e = {e1, · · · , e4}. (9)

All of the Lorentz products appearing in the expansion of P can be written in terms of the basis
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The above assumes that we have all external vectors in four dimensions and hence only obtain
contributions from the 4D parts of the loop momenta k

i

· e
j

= k̄
i

· e
j

. To find the constraints
from the propagators on the integrand we will use eqs. (10) and (11) to translate eq. (8) into
polynomials in x

ij

. The RSPs could be identified from linear relations among the equations
however an e�cient method is to compute the Gröbner basis using a graded monomial ordering
[24].

It is helpful to consider an example at this point so we take the case of the two-loop planar
double box in four dimensions. The list of propagators is,

P = {k21, (k1 � p1)
2, (k1 � p1 � p2)

2, k22, (k2 � p4)
2, (k2 � p3 � p4)

2, (k1 + k2)
2} (12)

and we will span k1 and k2 with the basis,

~e = (p1, p2, p4,!) (13)

where !⌫ = 4i"⌫124. The Gram matrix is explicitly
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RSPs in linear partquadratic part: ISP
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One-loop box example

•spurious integrals important at integrand level

two (complex) on-shell solutions
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•not all linear systems will be square 

primary decomposition
(Lasker-Noether theorem)

invert linear system

or tree amplitudes

original numerator



Multi-loop integrand 
parametrization

BasisDet Mathematica package
http://www.nbi.dk/~zhang/BasisDet.html

[Zhang arXiv:1205.5707]
automated computation 

of integrand basis for 
each topology

determination of all on-shell branches 
using primary decomposition

Macaulay2: http://www.math.uiuc.edu/Macaulay2/

complex multi-loop structures investigated in [Huang, Zhang arXiv:1302.1023]

http://www.nbi.dk/~zhang/BasisDet.html
http://www.nbi.dk/~zhang/BasisDet.html
http://www.math.uiuc.edu/Macaulay2/
http://www.math.uiuc.edu/Macaulay2/


D-dimensional reduction
Is the integrand system well 

defined? will there linear system 
always have a solution?

complications 4-d
an ISP monomial vanishes on all on-shell solutions

different on-shell solutions have different dimensions

i.e. ideal is not radical

i.e. integrand systems with different
numbers of propagators may need to 

be solved simultaneously

in D-d
all propagator ideals are radical

all integrands have exactly 
one on-shell branch
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continue reduction 
with subtractions
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More examples
Both the order of the polynomial division and choice of 
spanning basis affect the simplicity of the representation 

Vanishing integrals: e.g. one-loop triangles

Dimension shifted integrals e.g. one-loop pentagon
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Two-loop example

38 non-spurious terms

32 spurious terms
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Two-loop four gluon amplitudes

Glover, Oleari, Tejeda-Yeomans (2001)

Bern, Dixon, De Freitas (2002)
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Amplitudes in self-dual Yang-Mills

[Bern, Dixon, Dunbar, Kosower (1996)]

[Bern, Dixon, Kosower (2000)]

one-loop amplitudes only contain boxes. e.g.

two-loop four-point also has simple form
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Numerator construction

FDH scheme from Feynman diagrams 

Tree-amplitudes using 
six-dimensional helicity method

whichever way we choose we need a good way 
to deal with complicated kinematics

[Cheung, O’Connell (2009)]

[Bern, De Freitas, Dixon, Wong (2002)]

[Bern, Carrasco, Dennen, Huang, Ita (2011)]
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Momentum twistors
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ȧ

) =
✏
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only ≥6 propagator topologies

Five gluon integrand 
representation

+ spurious terms
choice of basis important to find simplest form

double-box type topologies are N=4 x 
h ih ih ih i

⇣

⇤[(µ11µ22 + µ22µ33 + µ33µ11) + 4(µ2
12 � 4µ11µ22)]
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For performing the integrals over the higher-dimensional µ-parameters, we use the Schwinger

parametrization technique described in [37]. Defining
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Numerical evaluation

Check universal IR pole 
structure numerically

Pentagon-box integrals and 5-leg double box unknown

summing over the five cyclic permutations, all such poles vanish in the partial amplitude
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5 Numerical evaluation

Three of the integrals appearing in the amplitude in eq. (??) have five scales and are yet

unknown analytically. We therefore opt for a numerical evaluation in order to check the

universal infra-red pole structure:
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where the D-dimensional one-loop amplitude is given by [64, 65],
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We use two techniques for the numerical integration. Firstly we use the Mellin-Barnes ap-

proach with the help ofAMBRE [66]1, M. Czakon’s MB.m [67], A. V. Smirnov’s MBresolve.m

[68] and D. A. Kosower’s barnesroutines.m. The second approach uses sector decomposi-

tion via the FIESTAMathematica package [69, 70]. The results of the numerical evaluation

are shown in table 1 using the phase-space point:

p
1

= (8/3, 1/2, i/2, 8/3) ,

p
2

= (0, 1/2,�i/2, 0) ,

p
3

= (�1, 1, 2i, 2) ,

p
4

= (61.23163693,�59.08662701, 76.08662701i, 77.76412206) ,

p
5

= (�62.89830359, 57.08662701,�78.08662701i,�82.43078872) .

(5.3)

Though the configuration is complex, it has been constructed so that the exact kinematics

can be obtained using the following values of the invariants:

s
12

= �1 , s
23

= �3 , s
34

= �11 , s
45

= �19 , s
15

= �31 , tr
5

= �
p
154429 . (5.4)
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[Fiesta Smirnov, Smirnov, Tentyukov]

✏�2 ✏�1 ✏0

A
[P ]

5

(1, 2, 3; 4, 5) �145.03± 0.01 473.37± 0.10 �1643.16± 0.60

A
[P ]

5

(2, 3, 4; 5, 1) �23.00± 0.00 86.54± 0.02 �229.22± 0.09

A
[P ]

5

(3, 4, 5; 1, 2) �70.65± 0.00 118.03± 0.02 3279.84± 0.10

A
[P ]

5

(4, 5, 1; 2, 3) 5.19± 0.00 �15.11± 0.00 45.91± 0.01

A
[P ]

5

(5, 1, 2; 3, 4) �159.87± 0.01 625.73± 0.10 �794.94± 0.90

A
(2),bare

5

(1, 2, 3, 4, 5) �393.36± 0.02 1288.56± 0.20 658.43± 1.00

I(1),bare

5

A
(1)

5

(1, 2, 3, 4, 5) �393.35± 0.02 1288.50± 0.08 �2627.61± 0.20

Table 1: Numerical values for the poles and finite part of the amplitude at the exam-

ple phase-space point in eq. (5.3). The loop integrals have been evaluated with a pre-

factor of �(4⇡)�De�2✏�E removed. We have also stripped out the overall helicity factor

i/(h12ih23ih34ih45ih51i). The final entry corresponds to the right hand side of eq. (5.1)

but with UV pole of 11

3✏

removed. Though we quote the sector decomposition numerical

errors on the 1

✏

2 poles these results have also been computed analytically.

We can see from the values in table 1 that the two-loop amplitude is in agreement with

the IR pole structure within the numerical integration errors.

6 Conclusions

In this paper we have described how D-dimensional integrand reduction and generalized

unitarity cuts are e�cient methods for two-loop amplitude computations.

The methods presented provide a general algorithm for the reduction of any loop

amplitude. Though the procedure does not change a lot from the four-dimensional case

already presented [43, 49–51], we find that the D-dimensional case resolves some di�culties

that can occur otherwise. We have shown that all ideals defined by the propagators are

radical ideals. The first consequence of this is that all ideals are prime ideals and that each

set of propagators admits only a single branch of the solution to the on-shell constraints.

We have also shown that the dimension of each ideal is 11�P for a P propagator system,

a condition which is not always satisfied in four dimensions.

As a non-trivial application of the method, we have computed the first five-point two-

loop amplitude in QCD: the planar all-plus helicity amplitude. The final result obtained has

a remarkably simple and compact form. We learned important lessons about the benefits

of choosing a good basis of ISPs for the integrand: Firstly, we required the four dimensional

limit of the integrand basis to be manifest, a condition which is not satisfied when using a

standard ordering for the polynomial division. Secondly, we found that correctly identifying

spurious directions in the bow-tie topologies led to significant simplification in the final

coe�cients. Following these guidelines we were able to find an integrand representation

with only six or higher propagator topologies with all remaining cuts evaluating to zero.

1
We thank Tristan Dennen for providing a copy of his private implementation based on the AMBRE

algorithm.
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Non-planar correctionsSimon Badger, October 31, 2013

Non-planar cuts for the two-loop five-gluon all-plus amplitude

1 The non-planar double dox I: (3, 3, 2)

p1

p2p3

p4

p5

Figure 1: The non-planar double box topology (332).

The on-shell solutions to the 8 propagator configuration shown in Figure 1 can be

written in terms of 3 free variables:

¯kµ1 = pµ1 + ⌧1
[13]

2[23]

h1|�µ|2] + ⌧2
h13i
2h23ih2|�

µ|1] (1)
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where
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✓
s15 + s45 +

1

s23
(⌧1 tr�(1523) + ⌧2 tr+(1523)) +

1

s13
tr�(1453)

◆
(3)

The integrand parametrization, using a basis of B = {p1, p2, p3, p4} to span the loop

momenta, is found to have 6 irreducible scalar products,

{k1 · p3, k2 · p2, k2 · p1, µ11, µ12, µ22} (4)

and after applying the contraints from the propagators has a total of 83 independent

terms. The linear system constructed after substitution of the on-shell solution in eq.

(2) has dimensions 84⇥ 83.

For the five-gluon amplitude there are four diagrams needed to compute the integrand

in Ds dimensions shown in Figure 2. For the all-plus helicity configuration solving

the linear system is made easier since numerical evaluation indicates there are only 4

independent coe�cients and an overall factor of,

F1(Ds, µ11, µ12, µ22) = (Ds � 2) (µ11µ22 + µ22µ33 + µ33µ11) + 4

�
µ2
12 � 4µ11µ22

�
(5)

1

Simon Badger, October 31, 2013

p1

p2

p3

p4 p5

Figure 3: The non-planar double box topology (422).

2 The non-planar double dox II: (4, 2, 2)

The topology (422) is shown in figure 3. Using the following parametrization of the

on-shell equations,

¯kµ1 = pµ1 + ⌧1
h23i
2h13ih1|�

µ|2] + (1� ⌧1)
[23]

2[13]

h2|�µ|1] (15)

¯kµ2 = �pµ4 + ⌧2
[15]

2[14]

h4|�µ|5] + ⌧3
[15]

2[14]

h5|�µ|4] (16)

where

� = � 1

s45s13
(s13s15 + ⌧1 tr�(1523) + (1� ⌧1) tr+(1523)) (17)

it is possible to obtain a 76 ⇥ 65 linear system for the integrand coe�cients. As in the

planar topology (430) it is necessary to modify the basis obtained by polynomial division

to obtain a parametrization with a smooth D ! 4 limit.

The are only two independent coe�cients for the integrand of the all-plus amplitude:

�8;422 =
iF1 s12s23s45

h12ih23ih34ih45ih51i tr5
(a0 + 2a1k2 · p5) (18)

a0 = s15s34s45 (19)

a1 = � tr+(1345) (20)
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it is possible to obtain a 76 ⇥ 65 linear system for the integrand coe�cients. As in the
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The are only two independent coe�cients for the integrand of the all-plus amplitude:
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Figure 2: Feynman diagrams contributing to the (332) topology of the five gluon ampli-

tude including ghosts.

where µ33 = µ11+µ22+µ12, just as in the planar case. The analytic formula for the full

integrand can be written simply as:

�8;332 =
iF1 s12s34

h12ih23ih34ih45ih51i tr5
(a0 + 2a1k1 · p3 + 2a2k2 · p2 + 2a3k1 · p1) (6)

a0 = s15s23s34s45 + s12s15 tr�(2345)� s34s45 tr+(1235) (7)

a1 = s15 tr�(2345) (8)

a2 = s45(s15s23 � tr+(1235)) (9)

a3 = s15s45s23. (10)

Looking at the result made me think the basis {1, 2, 3, 4} wasn’t such a good choice

after all. In fact the result looks much nicer using the {1, 2, 4, 5} basis:

�8;332 =
2iF1 s12s34

h12ih23ih34ih45ih51i tr5
(b1k1 · p4 + b2k2 · p1 + b3k1 · p5) (11)

b1 = �s15 tr�(2345) (12)

b2 = s45 tr�(2351) (13)

b3 = s23s45s15 � s15 tr�(2345)� s45 tr�(2351). (14)
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Outlook

• Integrand level reduction method for multi-loop amplitudes

• find integrand parametrizations using polynomial division

• valid in D dimensions

• First non-trivial application

• planar two-loop five gluon amplitude in self-dual Yang-Mills
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More momentum twistors
Fitting massive 

external particles 
via on-shell decays

e.g. pp → H+2j
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sketch proof that D-dimensional 
propagator ideals are radical

In this paper we focus on two-loop D-dimensional integrand reduction. Specifically

we will be using the four-dimensional helicity scheme (FDH) which consists of leaving the

external particles and all polarizations in four dimensions, but shifting the loop-momenta

to (D = 4� 2✏) dimensions [63].

We will handle theD-dimensional loop-momenta by splitting them into four-dimensional

and higher dimensional components:

k
i

= k̄
i

+ k
[�2✏]

i

, i = 1, 2. (2.11)

By the symmetry of the higher-dimensional space, the amplitudes can depend on k
[�2✏]

i

only through the three scalar products,

µ
11

= �(k[�2✏]

1

· k[�2✏]

1

) , µ
22

= �(k[�2✏]

2

· k[�2✏]

2

) , µ
12

= �2(k[�2✏]

1

· k[�2✏]

2

) . (2.12)

The D-dimensional integrand reduction has several good properties:

• The ideal I is radical, so all coe�cients in the integrand basis can be fixed. This can

be proved as follows: At two loop order there are two types of ISPs, namely m ISPs

{x
1

, . . . x
m

} of the form k
i

· p
j

or k
i

· !
j

, and the remaining three µ
11

, µ
12

, and µ
22

.

For a diagram with a (k
1

+ k
2

) internal leg and P propagators, cut equations can

be rewritten as the three quadratic equations k2
1

= k2
2

= (k
1

+ k
2

)2 = 0 and P � 3

linear equations. These linear equations determine (P � 3) reducible scalar products

(RSPs), which always have the form k
i

· p
j

. So m = 8 � (P � 3) = 11 � P . After

eliminating these RSPs, we get the ideal of cut equations:

I = hµ
11

� f
1

(x
1

, . . . x
m

), µ
12

� f
2

(x
1

, . . . x
m

), µ
22

� f
3

(x
1

, . . . x
m

)i. (2.13)

We then have the following map,

� : C[x
1

, . . . x
n

, µ
11

, µ
12

, µ
22

]/I ! C[x
1

, . . . x
n

], (2.14)

with µ
11

7! f
1

(x
1

, . . . x
m

), µ
12

! f
2

(x
1

, . . . x
m

) and µ
22

! f
3

(x
1

, . . . x
m

). It is

clear that � is an isomorphism, and since C[x
1

, . . . x
n

] is a domain, I is a prime

ideal. A prime ideal must be radical, which proves the proposition. Similarly, for a

butterfly diagram without any (k
1

+ k
2

) internal leg, I = hµ
11

� f
1

(x
1

, . . . x
m

), µ
22

�
f
3

(x
1

, . . . x
m

)i, m = 10� P and the proof is similar.

• Since I is prime, the primary decomposition is trivial and there is only one branch

of the unitarity cut.

• The unitary cut solution always has 11� P degrees of freedom. For a diagram with

a (k
1

+ k
2

) internal leg and P propagators, m = 11� P , so by the isomorphism �,

dimZ(I) = dimC[x
1

, . . . x
m

, µ
11

, µ
12

, µ
22

]/I = dimC[x
1

, . . . x
m

] = 11� P, (2.15)

where Z(I) is the zero locus of I [62]. Similarly, for a butterfly diagram with P

propagators, m = 10� P , so

dimZ(I) = dimC[x
1

, . . . x
m

, µ
12

] = m+ 1 = 11� P. (2.16)
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