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Abstract
Ultra-Relativistic heavy-ion physics is a promising field of high energy physics
connecting two fields: nuclear physics and elementary particle physics. Experimental achievements of the last years have provided an opportunity to study
the properties of a new state of matter created in heavy-ion collisions called
quark-gluon plasma.
The initial state of two colliding nuclei is affected by fluctuations coming
from wave-functions of nucleons. These fluctuations lead to the momentum
anisotropy of the hadronic matter which is observed by the detectors. The
system created in the collision behaves like a fluid, so the initial state is connected to the final state via hydrodynamic evolution. In this thesis we model
the evolution with relativistic viscous hydrodynamics. Our results, combined
with experimental data, give non trivial constraints on the initial state, thus
achieving "reverse engineering" of the heavy-ion collisions.
The observable which characterizes the momentum anisotropy is the anisotropic
flow vn . We present the first measurements of the first harmonic of the anisotropic
flow called directed flow v1 in Pb-Pb collisions at the LHC. We then perform
the first viscous hydrodynamic modeling of directed flow and show that it is less
sensitive to viscosity than higher harmonics. Comparison of these experimental
data with the modeling allows to extract the values of the dipole asymmetry
of the initial state, which provides constraints on the models of initial states.
A prediction for directed flow v1 in Au-Au collisions is also made for RHIC.
We then perform a similar modeling of the second and third harmonics of the
anisotropic flow, called respectively elliptic v2 and triangular v3 flow. A combined analysis of the elliptic and triangular flow data compared with viscous
hydrodynamic calculations allows us to put constraints on initial ellipticity and
triangularity of the system. These constraints are then used as a filter for different models of initial state. At the end of this thesis, we show perspectives
in the studies of the initial state which are opened by recent measurements of
event-plane correlations which could shed light on the initial state fluctuations.
Key words: anisotropic flow, relativistic heavy-ion collisions, relativistic
viscous hydrodynamics, initial state, event-plane correlations.
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Chapter 1
Introduction
1.1

Experimental overview

The story of heavy-ion collisions starts with the pioneering works of Enrico
Fermi and Lev Landau on the hot matter and multi particle production in the
50’s. Theoretical works motivated the experiments and in the 70’s the first
experiments on heavy-ion collisions were done at Berkeley in LBNL and at
Dubna in JINR, where the first studies of compressed and excited matter were
done. The further research programs at higher energies were launched in the
80’s in Brookhaven and at CERN. In the 90’s "beam-target" experimental high
energy collisions were run in Brookhaven (AGS, gold beams on gold target)
and at CERN (SPS, lead beam on lead target and later uranium beam on
uranium target). In 2000, the first "beam–beam" heavy ion collider RHIC (The
Relativistic Heavy Ion Collider) started to run in Brookhaven, opening a new
era in the experimental studies of heavy-ion physics. Nowadays, RHIC and LHC
(The Large Hadron Collider) located in CERN, constitute the two relativistic
heavy ion colliders. The main heavy ions which are used in these colliders are
respectively gold and lead ions.
1.1.1

RHIC

Launched in 2000, RHIC has provided a lot of important results on the study of
matter created in the relativistic heavy-ion collisions [21, 22, 23]. Thus it was
found out that this matter is behaving more like a strongly coupled liquid than
a gas as it was considered earlier [24, 25].
RHIC is designed to collide AuAu nuclei with a center-of-mass energy of
200 GeV per nucleon pair. During the first year of running this energy was not
achieved, and the first runs were made at the energy 130 GeV. Later during
several years RHIC was running with designed energy of 200 GeV per nucleon
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Figure 1.1: STAR and PHENIX events.

pair. During all these years RHIC was running not only AuAu systems, but
also dAu, pp, CuCu and recently CuAu as well as UU collisions.
Initially, there were four experiments at RHIC: PHOBOS, BRAHMS, PHENIX
and STAR. The experiments PHOBOS, BRAHMS have finished their programs
and were closed. The STAR experiment [21] is measuring the hadron production
over a large solid angle whereas the PHENIX experiment [22] focuses mainly on
the measure of muons, electrons, photons and hadrons.
The project eRHIC, designed to collide electrons with heavy-ions [26, 27, 28,
29, 30, 31, 32], offers new perspectives for the RHIC collider.
1.1.2

LHC

The present and the future of the heavy-ion physics is connected with the new
collider LHC, built at CERN, Geneva. The first PbPb collisions started at
the end of 2010. The designed energy of 5.5 TeV per pair of nucleons was not
reached and runs were made at the energy 2.76 TeV per pair. At the end of
2012 runs of pPb collisions at 5 TeV were also made before the planned stop of
the collider for the renovations until 2015.
There are three experiments at the LHC participating in the heavy-ion program: ALICE, designed especially for heavy-ion collisions [33], CMS [34] and
ATLAS [35]. Although CMS and ATLAS designed in a first place for the discovery of the Higgs boson, they have also an important role in the heavy-ion
program. The LHC has already provided remarkable results. Indeed, in august
2012 the highest temperature ever achieved in a lab was reached: 5.5 trillion
degrees [36]. This value, corresponding to T = 304 ± 51 MeV was obtained
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from the exponential fit of the measured direct photons in PbPb collisions by
ALICE collaboration.
The high energy obtained at the LHC allows to probe the quark-gluon plasma
properties with a better accuracy. Theoretical understanding of these measurements is challenging and is one of the most important questions in heavy ion
physics today.

Figure 1.2: ALICE, ATLAS and CMS heavy-ion events.

1.1.3

Experimental observables

Geometry and kinematics of heavy-ion collisions

During the development of the heavy-ion physics, a basic dictionary was created
and is commonly used among the physicists of the field. In this section, we will
present the common terminology used [37, 38].
The standard picture of a nucleus-nucleus (AA) collision is the following:
the two nuclei are accelerated close to the speed of light and due to the Lorentz
contraction of distances in the boost direction, the two nuclei collide as two flat
"pancakes" in their center of mass frame. The distance in the transverse plane
between the centers of two colliding ions of radius R is called impact parameter
and usually is denoted b. A collision where b is close to zero is called a central
collision. For 0<b<2R, collisions are non-central and for b close to 2R collisions
are called peripheral. The nucleons that participate in the collision are called
participants, other nucleons which are passing by without collision are called
spectators. The participants which had at least one inelastic interaction are
called wounded nucleons.
We denote "z" the axis parallel to the beam direction and "x" the axis
parallel to the impact parameter vector. The plane defined by the z− and
x−axis is called the reaction plane of the collision.
A single collision is called an event. The number of particles produced in one
event is called multiplicity.
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Figure 1.3: Schematic view on a heavy-ion collision.

In order to make a description of the kinematics of heavy-ion collisions the
definition of rapidity is used. Rapidity is defined
p through the longitudinal component of momentum pz and the energy E = m2 + |p|2 of particle
p 
1 (E + pz )
z
= Atanh
.
y = ln
2 (E − pz )
E

(1.1)

In order to calculate the rapidity, one needs to know the value of the total energy
which is not always available in the experiments. In the experiment usually one
measures the momentum p of the particles but not their masses, i.e. their
energy. The momentum components of one of these so-called non-identified
particles reads
px = pt cos φ,
py = pt sin φ,
pz = pt sinh η,

(1.2)
(1.3)
(1.4)

where pt is the transverse momentum, φ is the azimuthal angle in the transverse
plane and η is the pseudorapidity which can actually be measured.
For this reason, in experiment, it is more convenient to use an observable
called the pseudorapidity, which is defined in a similar way




 
1 (|p| + pz )
θ
θ
pz
η = ln
= ln cot
= ln tan
= Atanh
,
(1.5)
2 (|p| − pz )
2
2
|p|
where θ is the polar angle, or the scattering angle, pz = |p| cos θ.
Experimental measurements are usually expressed in terms of pseudorapidity
distribution. In hydrodynamic calculations, we deal with identified particles,
in particular pions, kaons, protons and their anti-particles, thus we simulate
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the rapidity distribution and not the pseudorapidity distribution. In order to
compare to experimental data, we need to derive pseudorapidity distribution
from rapidity distribution [39]. From the two definitions above (1.1), (1.5), it
can be obtained
|p|
dy =
· dη .
(1.6)
E
Using eq. (1.6), one obtains
dN
dN
(pt ) =
(pt ) ·
pt dpt dη
pt dpt dy
dN
=
(pt ) ·
pt dpt dy
dN
=
(pt ) ·
pt dpt dy
Note that the factor

|p|
E
|p|
p
m2 + |p|2
p cosh η
q t
.
2
2
2
m + pt cosh η

pt cosh η
q

m2 +

(1.7)

,

p2t cosh2 η

is less than 1, leading to a distribution in pseudorapidity smaller than the distribution in rapidity.
In the region where y ≈ η ≈ 0 (called midrapidity region) the relation
between the pseudorapidity distribution and the rapidity distribution reads
dN
dN
pt
.
(pt ) =
(pt ) · p
pt dpt dη
pt dpt dy
m2 + p2t

(1.8)

The rapidity distribution has an experimental Gaussian structure, the transformation of eq. (1.8) leads to a flat pseudorapidity distribution [40, 41] as it is
shown in fig. 1.4.
Multiplicity and centrality

In theoretical calculations, it is needed to make a connection between such
concepts as centrality and impact parameter.
The total inelastic cross-section is defined as
Z ∞
σin =
2πb0 db0 P (b0 ),
(1.9)
0

where P (b0 ) is the probability of inelastic collision and b0 is the impact param-
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Figure 1.4: Pseudorapidity distribution for AuAu collisions at RHIC [1].

eter.
The centrality c(%) is generally defined as
bmax
σin
,
c(%) =
σin

where bmax is a cut-off on the b0 integral defining
Z bmax
bmax
σin =
2πb0 db0 P (b0 ) .

(1.10)

(1.11)

0

If bmax is not too large, then the probability to have an inelastic collision is
close to 1 due to the fact that the number of participants is large when b0 → 0,
i.e. P (b0 ) = 1. Then the formula eq. (1.10) can be simplified as
πb2max
c(%) ∼
.
σin

(1.12)

The range of centrality is usually indicated as 0 − c% and the maximum value
of the impact parameter bmax in this range. For example thel central collisions
are the collisions with a centrality range of 0 − 10% and peripheral with a range
of 90 − 100%. Note that the approximated definition (1.12) stops to work after
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∼ 80% for the peripheral regions.
The definition (1.12) is suitable for theoretical calculations but not for experiments as the impact parameter is not directly measured but estimated via
Monte Carlo models. One of the most common methods used in experiments
is the definition of centrality as the % of events with the largest multiplicity
recorded by detectors or with the largest number of participants [42].

1.2

Theoretical overview

In the last decades, there were a lot of attempts to describe the matter created in
heavy-ion collisions. Different theoretical methods suitable for the description of
large macroscopic systems were used, such as thermodynamics, hydrodynamics,
transport theory, field theory at finite temperature and density, non-equilibrium
field theory, Monte-Carlo simulations, etc. None of these approaches has provided as good description of the dynamic properties of quark-gluon plasma as
relativistic viscous hydrodynamics [43, 44].
After a short introduction into basics of the fundamental theory of strong
interactions, I will focus on the hydrodynamic description of the heavy-ion collisions which is the approach used in this thesis.
Basics of QCD
The system created in heavy-ion collisions seems to behave as a strongly coupled
liquid. The fundamental theory of strong interactions is called QCD (Quantum
Chromodynamics). QCD describes the interactions between quarks and gluons,
which constitute the hadronic matter. The strong force is carried by gluons
which are the vector bosons of the SU(3) color gauge group of QCD. Quarks and
antiquarks carry respectively color and anti-color charges. Quarks, antiquarks
and gluons are generically called partons.
Two main properties in QCD are the confinement of the colored particles in
color singlet states and the so-called asymptotic freedom of QCD. Although it
is not yet proven analytically, confinement is considered to be true because it
explains the nonexistence of free quarks and can be shown in lattice QCD.
Asymptotic freedom is the fact that the strong coupling between partons
decreases with the energy of the interaction.
If one adjusts the energy to the system, at some point the distance between
the quarks is so increased, that it become energetically favorable to create another quark-antiquark pair, which will join these two separated quark-antiquarks
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and thus creates 2 hadrons. This can be illustrated with the so-called string
model shown in the Fig. 1.5.
q

q

q

q

q

q

q

q

q

q

q

q

q

q

Figure 1.5: Schematic picture of the confinement. The pair q q̄ stretches the string and breaks
into two pairs of q q̄ [2].

The name quark-gluon plasma (QGP) was introduced by Shuryak [45, 46] in
1978. One of the main interest of the heavy-ion collisions is the observation of
the phase transition between the hadronic phase and the quark-gluon plasma.
This phase transition can take place if one increases the temperature or the
baryon density (or both of them at once) [47, 48, 49]. The phase transition
that happened in the Early Universe appears to be a cross-over as it is shown
in fig. 1.6.
The lattice calculations has shown the extremely high temperature T ≈ 175M eV
(though recent calculations show T ≈ 155M eV ) needed to pass this transition
from the hadronic phase to the quark-gluon plasma [50, 51, 52]. Such a high
temperature is complicated to reach in the lab, the matter cannot be heated until this level by any chemical or nuclear reaction. The only way is to accelerate
the matter, as we can see from the energy definition
mc2

E=p
.
1 − v 2 /c2

(1.13)

In 2012 during Quark Matter 2012 it was announced by ALICE collaboration
that 5.5 trillion (5.5 · 1012 ) degrees Celsius was reached at the LHC, what is
100000 times higher than the temperature in the center of the Sun [36]. This
fact has been marked as the Guinness record.
In order to describe quark-gluon plasma one needs to define the equation
of state (EoS). Equation of state is relating thermodynamic parameters, i.e.
ε and P . If it isconsidered that the medium expands as a pure conformal
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Figure 1.6: QCD phase diagram [3].

gas without a phase-transition, the conformal equation of state reads as ε =
3P . In order to have more realistic description it is needed to characterize
the color confinement phase transition and the hadron gas at the later time
of the evolution, i.e. at lower temperatures. In this case one consider the
equation of state from lattice QCD. There are a number of different groups
working with the EoS from lattice QCD. Some of the results of these groups are
shown in figs. 1.7. In our calculations we use the equation of state from lattice
QCD by Laine and Schroeder [53] shown in fig. 1.7 left, denoted as "Laine".
This equation is obtained from the concept of a hadron resonance gas at low
temperatures, a high-order weak-coupling perturbative QCD calculation at high
temperatures and an analytic crossover regime interpolating between the high
and low temperature regime. One of the most modern lattice QCD equations
of state [5] using the physical quark masses is shown in fig. 1.7 right, but such
equations are not considered in this thesis.
One of the most remarkable evidences of the existence of the quark-gluon
plasma is the appearance of the so-called anisotropic flow. In this phenomenon
the initial anisotropy of the coordinate space resulting from the geometry of
non-central collisions is transformed into anisotropy in the momentum space.
This effect is caused by the interactions in the created matter, that would not
be the case for the hadron gas [21, 23, 54, 22].
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Figure 1.7: Left: Normalized energy density and pressure vs temperature from the lattice
QCD, full line represents results from ref. [4]. Right: the normalized pressure vs temperature
from the Wuppertal-Budapest group [5].

The main observable we study in this thesis is the anisotropic flow which we
present in the next section.

1.3

Anisotropic flow

Collective flow characterizes the collective expansion as the response to the
fluctuating initial geometry [55, 56]. After the collision the system starts to
expand and later breaks down into the outgoing hadronic particles. Within a
pure hydrodynamic approach these particles are emitted independently. Due
to the fluctuations in the initial state there is no azimuthal symmetry, so the
azimuthal distribution of these particles can be written as a Fourier series with
respect to the azimuthal angle φ of the momentum of the outgoing particle
∞
X
2π dN
=1+
2vn (pt , η) cos n (φ − Ψn (pt , η)) ,
N dφ
n=1

(1.14)

where Ψn is the reference angle (usually referred to as event-plane) for each
harmonic n that is defined [57, 58] as the phase of the complex Fourier coefficient1 einφ = vn einΨn , or equivalently hsin n(φ − Ψn )i = 0. Defined this way,
both Ψn and vn can be dependent on transverse momentum and pseudorapidity.
The coefficients vk are called flow coefficients and characterize the momentum
anisotropy. v1 is called directed flow, v2 - elliptic flow, v3 - triangular flow etc.
Note that event-by-event anisotropic flow is well defined only in hydrodynamics.
The event-by-event vn , as defined above from the single-particle distribution,
1

The brackets indicate an average over the probability density in a single event.
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Figure 1.8: Flow coefficients vn .

cannot be measured experimentally. Indeed, one measures the system after
thermalization when a single event has already turned out into a thermal ensemble. The number of particles per event in the experiment is too small to
measure both differential and integrated flow vn . Anisotropic flow can only be
measured through event-averaged azimuthal correlations between particles as
this will be discussed later in this chapter.
The interest to the studies of the particle momentum anisotropy in the directions transverse to the beam has grown after the first observation of elliptic
flow [38] which was first suggested by Ollitrault [55]. The anisotropy of the flow
is the only observable that allows to unravel the early state of the collective
system. This is due to the fact that it can only be generated at first few f m/c
of the system evolution, before the spatial asymmetries of the system decrease.
The anisotropic flow must be sensitive to the particle interactions in the early
system evolution. It is a unique hadronic observable which can provide information on the properties of the quark-gluon plasma present in the early stage
of collisions.
1.3.1

Directed flow

In the absence of fluctuations, the directed flow v1 is believed to arise from the
aside deflection of the colliding ions [38] and develops along the direction of the
impact parameter [59]. Due to the collision symmetry, directed flow is an odd
function of pseudorapidity
v1odd (η) = −v1odd (−η) .

(1.15)

The illustration of the v1odd is shown in the fig. 1.9. We see the deflection of
the participants of the incoming nucleus, positive in rapidity with x > 0 and
negative in rapidity for the zone x < 0.
Fluctuations in the initial state have an influence on the reference angles Ψn
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Figure 1.9: Net baryon density in the reaction plane illustrating v1odd with velocity arrows
for midrapidity fluid elements, bold red arrows corresponds to the flow [6] (left). Schematic
picture of elliptic and directed flow v1odd (right).
(a) reaction plane

(b) transverse plane

x

y

(t )

Ψ SP
target (η<0)

Ψ PP

projectile (η>0)

z

x

participant zone

( p)

Ψ SP

projectile spectators
target spectators

target

projectile

Figure 1.10: Schematic picture of the v1even component in the reaction (a) and the transverse
(b) plane. ΨP P is the participant plane angle defined by the dipole asymmetry of the initial
energy density. ΨpSP and ΨtSP are projectile (η > 0) and target (η < 0) spectators plane
angles respectively.

for all n, see fig. 1.10. As a consequence, one can expect an additional contribution to the directed flow from the fluctuations [60]. With the fluctuations taken
into account, the directed flow has additional component which is even function
of pseudorapidity [61]
v1even (η) = v1even (−η) .
(1.16)
This additional even component is not vanishing at midrapidity, while the odd
component is zero due to the symmetry. The even component of the directed
flow is the subject of studies in the Chapters 2 and 3.
The directed flow can be written as a sum of the odd and even components [61]
even
odd
v1 (η)eiψ1 (η) = v1even (η)eiΨ1 (η) + v1odd (η)eiΨ1 (η) .
(1.17)
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Figure 1.11: v1odd and v1even with dependence on pseudorapidity for Pb-Pb collisions at
√
sN N = 2.76 TeV (a), the hpx i/hpt i dependence on pseudorapidity for Pb-Pb collisions
√
at sN N = 2.76 TeV (b), v1odd comparison of ALICE Pb-Pb measurements with the STAR
√
data (scaled) [7] for Au-Au collisions at sN N = 200(62.4) GeV (c), taken from [8].

Recent studies show that both v1 (η)odd and v1 (η)even have a weak centrality
dependence.
The component v1 (η)odd has shown a negative slope [7, 8] in the experimental measurements whereas a positive slope was expected in the model calculations [62, 63], though some of them had also a negative slope [64]. The even
component v1 (η)even measured at ALICE was found to be negative and independent of pseudorapidity within uncertainties. Both behaviours are illustrated
in the figs. 1.11(a) and 1.11(c).
At the beginning of 2012, v1odd was already measured [65, 66, 67, 68, 7, 69, 70,
71] and studied [64] for RHIC energies. At that time, v1even was not measured
yet neither at RHIC nor at LHC.
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Figure 1.12: Elliptic and triangular flows from fluctuated initial state [9].

1.3.2

Elliptic and triangular flows

The second Fourier coefficient v2 , elliptic flow, is the most studied flow coefficient. The origin of the elliptic flow in non-central collisions is the spatial
anisotropy of initial distribution [55] which has an elliptic form. If the collision
is central, the overlap area has a round form, in this case the origin of elliptic
flow is connected with fluctuations which are coming from the wave-functions
of nucleons in each event.
Recent studies have shown some remarkable features of the elliptic flow. It
was shown that v2 increases with centrality percentage for small centralities as
we can see from the fig. 1.13. This can be explained by the fact that elliptic flow
is proportional to the initial eccentricity. Indeed, when eccentricity is smaller,
i.e. for bigger centrality percentage, the flow is growing. For more peripheral
collisions the system becomes so small that the viscous effects become more
important. Indeed, the viscous effects are inversely proportional to the size
of the system. These viscous effect decrease the flow. In the same time, the
eccentricity is larger for peripheral collisions, leading to a bigger flow. These
two processes are in competition. For peripheral collisions, the viscous effect
dominates.
Elliptic flow is growing with energy of collisions, thus we have bigger values
of v2 with LHC energies than with lower energies [72] as we can see in fig. 1.14.
Indeed, with higher energies of collisions, the initial temperature of the system
is higher so that the system will take more time to cool down to the freeze out
temperature meaning that its life-time is increased.
As shown in fig. 1.15 the v2 is growing linearly for low pt range which is what
one expects from hydrodynamics. However, at high pt the flow is not anymore
linear which can be explained by the presence of hard probes, particularly the
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Figure 1.13: v2 and v3 dependence on centrality, ALICE collaboration [10].

Figure 1.14: Integrated v2 by ALICE collaboration compared with lower energy results [72],
20–30% centrality range.

presence of jets.
The triangular flow, v3 , was first discovered during the studies of the twoparticle correlations as an explanation of the structures "ridge" and "shoulders"
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Figure 1.15: v2 (pt ) by ALICE collaboration compared [72], 40–50% centrality range.

appeared in the correlations [73], see later in this Chapter. The triangular flow
v3 is understood as the response of a triangular deformation which is caused by
fluctuations of initial geometry [73]. The physics of v3 was found to have a lot
of similar features with the physics of elliptic flow v2 . Here I only mention the
main properties of the triangular flow. The magnitude of the integrated values
of v2 and v3 is similar for central collisions [74], and is the largest among all
the Fourier coefficients. The triangular flow v3 is also linear with pt , though it
grows quicker with pt than v2 as it can be seen in fig. 1.16.

Figure 1.16: vn (pt ), n = 2, 3, 4, 5 by ALICE collaboration for central collisions [10].

The v3 is growing more slowly than v2 with centrality percentage as we
can see on fig. 1.13. In the central collisions, the system is larger and thus it
has less fluctuations, i.e. the triangularity is smaller. For smaller systems at
peripheral collisions fluctuations become more important and as a consequence
v3 increases with centrality percentage. The v3 is also dependent on the energy
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of the collisions and it is higher for LHC energies.
The elliptic and triangular flow are the subjects of studies described in the
Chapter 4.

1.3.3

Flow measurements

Two-particle correlations

The study of the two-particle correlations in ∆φ and ∆η has been a very debated
topic of the heavy-ion physics of the last years [75]. Indeed, it was found out that
the measured two-particle correlation behavior for proton-proton collisions and
heavy-ion collisions is different. As it is shown in fig. 1.17 the distribution in pp
collisions is almost flat in the azimuth with the specific ridge around ∆η = 0 for
all ∆φ range. For AA collisions, the distribution presents additional structures
at large ∆η. The structure around ∆φ ∼ 0 wide in ∆η is called the ridge,
while the structure at ∆φ ∼ π is called the shoulders [76, 77, 78, 79]. The
explanation of these phenomena can be found in the flow-harmonics studies
[80, 81, 82, 83, 84, 85, 73, 74]. Recently the ridge structures were also found in
pp-collisions at LHC [86].
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Figure 1.17: Two-particle correlations for pp ( 200 GeV) and AuAu ( 200 GeV) collisions at
RHIC [11].

The flow harmonics vn can be measured from two or many particle correlations. The simplest method in order to extract the flow coefficients vn is
the two-particle correlations method. The measured anisotropy from the two-
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particle azimuthal distribution reads
pairs

dN
∝
d∆φ

1+

∞
X

!
2Vn∆ (pat , pbt ) cos (n∆φ)

,

(1.18)

n=1

where a pair of particles is correlated. The relative azimuthal angle is ∆φ =
φa − φb and the pseudorapidity is ∆η = ηa − ηb [78]. Thus, the two-particle
correlations denoted as Vn∆ can be represented as
Vn∆ ≡ hcos [n ∆φ]i .

(1.19)

This value Vn∆ can be measured as a function of pt for both particles a and b.
If the anisotropy is driven by the collective motion, the Vn∆ should factorize
into the product of two single-particle correlation [87].
Vn∆ = vn (pat )vn (pbt ) .

(1.20)

In the two-particle correlation method, the left hand side of eq.(1.20) represents an N × N symmetric matrix which can be generally fitted by the right
hand side of the equation with the N parameters vn where N is the number of
pt bins [14].
The azimuthal correlations Vn∆ which factorizes as (1.20) is called "flow"
correlation. The two-particle correlation usually has a contribution called "nonflow" which breaks this factorization. Thus, the two-particle correlation with
the non-flow contribution reads
Vn∆ = vn (pat )vn (pbt ) + δn .

(1.21)

The non-flow contribution leads to fluctuation of the magnitude and the direction of the anisotropic flow at fixed centrality, from one event to another. The
equation (1.21) can also be used in the two-particle correlation method with
an additional parameter taken into account. This method will be used in our
calculations in the Chapter 2.
Other methods

The flow can be also measured by other methods. One of them is the multiparticle correlations method described in ref. [88]. The advantage of higher
order cumulants is that one can separate the so-called "flow" from the "nonflow" correlations that will be discussed in the next section. In this thesis we will
mainly focus on the two-particle correlation method and therefore we will not
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detail other methods such as: Lee-Yang Zeros, q-distributions, Bessel, Fourier,
for which one can find more details in ref. [38] and therein.

1.4

Initial conditions

In order to make a study of the initial state, one has to model all the evolution of
the quark-gluon plasma from the initial stage to the freeze-out. By comparing
the model results with the experimental data, one could draw conclusions about
the initial state.
The first step of any hydrodynamic modeling is to specify initial conditions.
Since we work with ultra-relativistic hydrodynamics, we need the energy-density
profile as an input for the hydrodynamic equations.
For a long time smooth and symmetric profile was used in hydro simulation,
showing quite reasonable results. Only recently it was realized that due to the
fluctuations existing in initial state the geometry of initial profile is not smooth
and symmetric, and changes from one event to another, this statement gave life
to numerous models of initial state, taking into account initial fluctuations [89,
90, 73] .
Here we are going to speak about two main types of models of initial conditions: The Glauber type of models and the QCD-inspired type of models. Typically these models are using the Monte Carlo approach. As it was shown [43],
both types of models give a reasonable description of the spectra but they give
different predictions for initial spatial eccentricity which leads to different values of the differential flow. We discuss here the main features of each type of
models.
1.4.1

Glauber model

The Glauber model [91, 92, 93] is one of the oldest models of initial state. In this
thesis, we use two implementations of the Glauber model: the optical Glauber
model used in our calculations, and the Monte Carlo variation of the Glauber
model [93] called PHOBOS Monte Carlo model [94], tested in the Chapter 4.
In the optical Glauber model, densities of participants and binary collisions
are calculated directly from the probability distribution as one can see from
eqs.(1.25), (1.26).
In the Glauber model the nuclei can be described by Woods-Saxon density
distribution
ρ0
ρA (x) =
(1.22)
1 + exp[(|x| − r0 )/a]
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where we take A=208, r0 = 6.56 fm and a = 0.45 fm for the lead nucleus. The
value of ρ0 is chosen in such a way that
Z
A = d3 x ρA (x) .
(1.23)
We define the nuclear thickness function as
Z ∞
TA (x) =
dz ρA (x) .

(1.24)

−∞

The density of nucleons participating in the collision npart reads

 !A 


b
σ TA x − 2 , y
b

npart (x, y, b) = TA x + , y 1 − 1 −
2
A

 !A 


b
σ TA x + 2 , y
b
.
+TA x − , y 1 − 1 −
2
A
The density of binary collisions ncoll reads

 

b
b
ncoll (x, y, b) = σ TA x + , y TA x − , y
2
2

(1.25)

(1.26)

where b is the impact parameter and σ is the nucleon-nucleon cross section. For
√
Pb-Pb collisions we take the value σ = 67.7 mb at s = 2.76 TeV per nucleon
pair.
The total number of participating nucleons
Z
Npart (b) = npart (x, y, b)dxdy

(1.27)

is used to characterize the centrality class of the collision.
The total number of binary collisions is
Z
Ncoll (b) = ncoll (x, y, b)dxdy .

(1.28)

As an initial condition for the energy density, the following parametrization
is used
(τ = τ0 , x, y, b) = Const ncoll (x, y, b)
(1.29)
which gives a good description of the multiplicity distribution of the experimen-
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tal data. The constant is chosen in such a way that at zero impact parameter
the energy density (τ0 , 0, 0, 0) corresponds to a temperature Ti , defined from
the equation of state. Ti is used as a free parameter which is tuned during the
calculations in such a way that the final value of the multiplicity corresponds
to the experimental value.
In some particular cases, we need to have more precise results in our calculations. In this case we use the parametrization for entropy density, combining
both density of participant nucleons and the density of binary collisions
s(τ = τ0 , x, y, b) = A npart (x, y, b) + B ncoll (x, y, b) .

(1.30)

The coefficients A and B are corresponding to the values used by the collaborations.
In the Monte Carlo version of the Glauber model, the positions of nucleons
within nuclei are sampled according to the Monte Carlo method and their positions in the transverse plane are used to decide if there is interaction between
the nucleons. In this way the total number of participants Npart and the total
number of binary collisions Ncoll can be calculated. Typically each nucleon is
modeled as a Gaussian source so that the resulting energy density is the sum
of Gaussians. The comparison of the initial energy density profiles from Monte
Carlo and Optical Glauber models is represented in the fig. 1.18.

Figure 1.18: Monte Carlo Glauber (left) [12, 13] and Optical Glauber (right) initial energy
density profile.

Recently the Glauber approach has been developed further by taking into
account additional fluctuations [95] but we do not consider such models in this
thesis.
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Color-Glass-Condensate

The Color-Glass-Condensate (CGC) model belongs to the large class of the
QCD-inspired models. This model is based on the idea of the gluon saturation at high energy. “Color” refers to a type of the charges carried by gluons.
“Glass” refers to a material that is disordered and acts like a solid on short time
scales but as a liquid on long time scales. Indeed, during heavy-ion collisions,
the gluons themselves are disordered and do not change their positions rapidly
because of the Lorentz time dilation. “Condensate” means that the density of
gluons is very high. These gluons can be packed until their phase space density
is so high that interactions prevent higher gluon occupation. With increasing
density, the gluons are forced to occupy higher momenta where the coupling
becomes weak. The density saturates at dN/d2 pt d2 rt ∼ 1/αs  1 [96]. Within
this QCD inspired model, the energy density is proportional to the density of
gluons.
The oldest CGC model of initial state is KLN (Kharzeev-Levin-Nardi) model
which is using kT -factorization [97, 98].
Different implementations of this and other QCD-inspired models will be
discussed in the Chapter 4.

1.5

Hydro approach

The hydrodynamic approach proposed historically in the 50’s by Landau and
continued by Bjorken, gives a reasonable description of the matter created in the
heavy-ion experiments. Today’s hydrodynamic calculations continue the general concepts proposed by Landau and Bjorken, including the recent knowledge
about the initial conditions, transverse expansion and the modern equation of
state from the lattice QCD.
1.5.1

Hydrodynamic models

Nowadays, the hydrodynamic approach is the most popular and has been intensively studied in the last decade.
There are several types of the hydrodynamic codes that exist in order to
simulate the heavy-ion collisions. Usually it is 2+1D and 3+1D which can be
ideal hydrodynamics codes, or the codes taking into account different transport
phenomena, such as viscosity etc.
Currently, a major role in this area is played by the codes taking into account
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the viscosity and fluctuations. For our purposes we use a 2+1D viscous hydrodynamic code created by U. and P. Romatschke and modified by M. Luzum [99].
The code has been used for several years and provides a good description of
experimental data [43].

1.5.2

Event-by-event hydrodynamic versus single-shot hydrodynamic

Until recently, event-by-event fluctuations were taken into account only as an
average of an ensemble of events [100, 101, 102, 103, 104, 89]. This type of
hydrodynamics is called single-shot hydrodynamics. In these calculations the
initial density profile is smooth and propagated hydrodynamically. In the singleshot hydrodynamic only average values of flow components can be computed.
Another type of hydrodynamics got the name event-by-event hydrodynamics.
In this case flow fluctuations can be computed from event to event [105, 106,
107, 108, 13, 109, 110, 111, 9, 112, 113, 114].
In the experiment, heavy-ion collisions take place event by event, in theory
often hydrodynamic evolution is not computed for each event, but approximately by generating a single smooth initial density distribution, from where
the mean values of flow coefficients are extracted, corresponding to mean participant eccentricities. This value is not measured in experiment. What can
be measured is the average of an ensemble of events. Though the single-shot
hydrodynamic calculations give a good qualitative picture and agreement with
data, there is a difference of a few % for peripheral collisions in results for flow
components and eccentricities [18].

1.5.3

Hydro evolution

According to Landau [115], the dynamic state of a liquid is determined by the
fluid velocity v = v(x, y, z, t) and by any two thermodynamic properties such
as pressure p(x,y,z,t) and fluid density ρ(x, y, z, t). Indeed, the equation of
state relates the thermodynamic quantities so that the definition of v, p and ρ
is enough to uniquely define the dynamic state of liquid. These quantities are
connected by the continuity equation
∂ρ
+ div j = 0,
∂t
where j = ρv is the current density.

(1.31)
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The equation of motion, or Euler equation is defined as
∂v
1
+ (v∂) v = − grad(p) .
∂t
ρ

(1.32)

By adjusting the equation of state p = p(ρ), we get a complete system of
equations for the ideal liquid.
In the relativistic case the system is not anymore described by the mass
density ρ(x, y, z, t) because it ignores kinetic energy which becomes important
for high velocities. In the relativistic case, the description is made through the
energy density (x, y, z, t) which transforms back to the mass density in nonrelativistic limit. In the same way the velocity v(x, y, z, t) has to be replaced
by 4-velocity uµ which is defined as2
1
,
1 − v2
v
,
u= √
1 − v2

u0 = √

which satisfies
u2 = uµ uµ = u0

2

− u2 = 1.

(1.33)
(1.34)

(1.35)

In order to get the relativistic equations [116, 117], we work with the energymomentum tensor T µν where T 00 = T00 is the energy density, T 0α = −T0α is
the density of the momentum component, T αβ = Tαβ is the pressure tensor of
the flux along the α axis of the momentum component and T α0 is the energy
flux along the α axis. In the local rest frame the tensor of energy-momentum is


 0 0 0
0 P 0 0 

(1.36)
T µν = 
0 0 P 0  .
0 0 0 P
For an arbitrary fluid velocity the energy-momentum tensor can be written as
T µν = ( + P ) uµ uν − P g µν ,

(1.37)

where g µν = diag(1, −1, −1, −1) is the Minkowski metric tensor.
The conservation of energy and momentum reads
∂µ T µν = 0 .
2

The natural units c = ~ = 1 are used.

(1.38)
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In order to generalize the continuity equation to the relativistic case, we define
a baryon density n in the rest frame such that in the moving frame the density
reads n u0 . We replace then the density ρ by n u0 and use the equation u = u0 v.
Thus, we obtain the equation of conservation of the baryon number
∂µ (nuµ ) = 0 ,

(1.39)

where nuµ is the 4-vector, nu0 is the baryon density and nu is the baryon flux,
and we denote j = nu. Eqs. (1.37), (1.38) and (1.39) adjusted by the equation
of state of the fluid, provide the full system of equations of ideal relativistic
hydrodynamics.

Viscous hydrodynamics

For a non-ideal fluid where dissipation takes place, the equation of motion is
generalized by the Navier-Stokes equation [117, 43]

 




δvi
∂p
∂
∂vi
∂vk 2 ∂vl
∂
∂vl
∂vi
+ vk
=−
+
η
+
− δik
+
ζ
,
ρ
∂t
δxk
∂xi ∂xk
∂xk ∂xi 3 ∂xl
∂xi
∂xl
(1.40)
where the dissipation part is usually written in terms of the viscous stress tensor


∂vk 2 ∂vl
∂vl
∂vi
Πki = −η
+
− δik
− ζδik
,
(1.41)
∂xk ∂xi 3 ∂xl
∂xl
where i=1,2,3, mean space directions, η is the shear viscosity and ζ is the bulk
viscosity.
The energy-momentum tensor for a non-ideal fluid reads
T µν = T0µν + Πµν

(1.42)

where T0µν is the energy-momentum tensor for an ideal liquid while Πµν is the
viscous stress tensor that contains the dissipation effects.
Considering a system at zero chemical potential, the conservation of energymomentum reads
uµ T µν = uν ,
uµ Πµν = 0 .
(1.43)
For a relativistic viscous fluid dynamics then the continuity equation reads
D + ( + p) ∂µ uµ − Πµν ∇(µ uν ) = 0 ,

(1.44)
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where [43]

1
∇µ uν + ∇ν uµ ,
2
and the relativistic Navier-Stokes equation reads
∇(µ uν ) =

( + p) Duα − ∇α p + ∆αν ∂µ Πµν = 0 ,

(1.45)

(1.46)

with D ≡ uα Dα and ∇µ ≡ ∆µα Dα where we denote the covariant derivative
Dα = ∂x∂ α .
The viscous tensor can be represented as a sum of a traceless term π µν and
the remainder Π
Πµν = π µν + ∆µν Π ,
(1.47)
where
π µν = η∇<

µ ν

u >

,

Π = ζ∇α uα ,

(1.48)

with η the shear viscosity and ζ the bulk viscosity, where [43]
2
∇<µ uν > = 2∇(µ uν ) − δµν ∇α uα .
3

(1.49)

Numerical solution

Navier-Stokes equations are difficult to solve numerically [43, 118]. In order
to overcome the numerical instabilities, higher gradient terms are added to the
shear and bulk viscosity terms as following

π µν




4
= ησ µν − ητπ < Dσ µν> + (∇ · u) σ µν
3
λ1
λ2
λ3
− σλ<µ σ ν>λ + σλ<µ wν>λ − ωλ<µ ω ν>λ
2
2
2
4
λ
4
− ητπ∗ (∇ · u) σ µν + ∇<µ ln s∇ν> ln s
3
2

Π = ζ (∇ · u) − ζτΠ D (∇ · u) − ξ1 σ µν σµν − ξ2 (∇ · u)2
− ξ3 ω µν ωµν + ξ4 ∇µ ln s∇µ ln s .

(1.50)

(1.51)

In eqs. (1.50) and (1.51), the entropy density is denoted s = ( + p)/T in zero
chemical potential. In these equations we consider a flat space. In addition to
the first-order transport coefficients, η and ζ, there are 11 second-order transport

CHAPTER 1. INTRODUCTION

27

coefficients introduced: τπ ,τπ∗ , λ1 , λ2 , λ3 , λ4 , τΠ , ξ1 , ξ2 , ξ3 and ξ4 . We denote
σ µν = ∇<µ uν> and the fluid vorticity is defined ω µν = −∇[µ uν] , where the
brackets are defined as
A[µ B ν] =

1 µ ν
(A B − Aν B µ ) .
2

(1.52)

The transport coefficients should be in principle calculated from the underlying theory (QCD) which is generally not possible. These coefficients are thus
considered as free parameters. In order to reduce the number of parameters, the
positive divergence of the entropy can be required to provide two constraints
[119] leaving only 9 free parameters.
The ratio ζ/s, bulk viscosity over entropy density is generally small in comparison to the shear viscosity over entropy density η/s [120, 121, 122]. Thus
we put ζ = 0, and consider conformal fluids. Under these assumptions, one
gets [123]:


4
Πµν = π µν = ησ µν − ητπ h Dσ µνi + (∇ · u)σ µν
3
λ2 hµ
λ3 hµ
λ1 hµ
(1.53)
− σλ σ νhλ + σλ ω νiλ − ωλ ω νiλ .
2
2
2
It is valid to replace σ µν → π µν /η = Πµν /η, in order to solve it numerically:


4
Πµν = η∇<µ uν> − τπ ∇µα ∇νβ DΠαβ + Πµν (∇α uα )
3
λ1
λ2 <µ ν>λ λ3 <µ <µ ν>λ
ν>λ
− 2 Π<µ
Π
+
Π ω
− ωλ ω λ ω .
(1.54)
2η λ
2η λ
2
Note, that only 4 second-order coefficients left: τπ , λ1 , λ2 , λ3 .
The hydrodynamic code that we use for the calculations presented in this
thesis is based on eq. (1.54). It was found that λ1 , λ2 , λ3 do not affect the
boost-invariant hydrodynamic evolution in heavy-ion collision systems [124] so
their values were set to zero. The value of relaxation time τπ is expected to
lie in the range τηπ ( + p) = 2.6 − 6 [124] and is set to τηπ ( + p) = 4 in our
calculations [99].

1.6

Freeze-out

During its expansion the matter created in a heavy-ion collision at some stage
reaches the point where hadrons almost stop to interact. This stage is called
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thermal or kinetic freeze-out, since after this point the momenta of particles
does not change anymore (freeze). It is a phase transition from the strongly
coupled matter to a weakly coupled one. The thermal freeze-out takes place
when the collision time τcoll becomes larger than the expansion time τexp . It is
common to say that the thermal freeze-out takes place when the mean free path
of particles is of the same order of size as the system.
The freeze-out process is complicated, for example particles with different
cross sections may freeze-out at a different time and similarly different types of
processes may be turned off at different times.
The thermal freeze-out happens after the so-called chemical freeze-out. As
the system expands and cools down, the inelastic collisions are decreasing and
stop at some point, this point is called chemical freeze-out. The temperature of
chemical freeze-out is higher than the temperature of thermal freeze-out Tch >
Tth . During the time between chemical and thermal freeze-out, elastic processes
and strong decays of heavier resonances are taking place.
In practice the most popular concept is to use fixed final temperature Tf
for the thermal freeze-out. It means that all processes in the fluid element
stop when the system reaches the temperature Tf during cooling. At the point
T = Tf we have a 3D hypersurface in the Minkowski space, where due to
hydrodynamic calculations we know the values of hydrodynamic parameters
and flow on this hypersurface. After this information is obtained, it is possible
to calculate different observables and compare them with existing data. The
formalism is based on the utilization of Cooper-Frye formula [37].
The number of particles that decouple on the freeze-out hyperface Σ is
Z 3 Z
dp
N=
dΣµ (x)pµ f (x, p),
(1.55)
Ep
where f (x, p) is the equilibrium distribution.
When system is close to equilibrium, it is possible to describe it with the
equilibrium function of Bose or Fermi distribution with an additional viscous
correction which must vanish in the limit of ideal hydrodynamics
f (p) = f0 + δf (p).

(1.56)

The correction δf (p) depends on the interactions between the particles [125].
There are several types of ansatzs used, the most traditional way is the quadratic
ansatz, δf (p) ∝ p2 [126], however, a linear ansatz δf (p) ∝ p is also often used
and gives a good agreement with the data [127].
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Other models

Other models exist in order to describe heavy-ion collisions. The so-called hybrid
models give a good description of the bulk properties of the quark-gluon plasma.
These models are based on hydrodynamics for the early stage and on transport
theory for the late stages where the matter is out of equilibrium [112]. Here is
an non-exhaustive list of other different approaches:
- transport theory: AMPT [128],
- hybrid models: UrQMD [129],
- thermal models: HRGM [130],
- string decay models: HIJING [131], RQMD [132], HIJET [133], MCMHA [134].
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Chapter 2
Directed flow measurements
In hydrodynamics the anisotropic flow is defined through the Fourier decomposition
vn einΨn = heinφ i ,
(2.1)
where vn is the magnitude of anisotropic flow [135] and Ψn is the reference
angle in harmonic n. The average is taken over the distribution of particles.
The coefficient v1 is called the directed flow.
The theoretical description of the directed flow was given in the Chapter 1.
Thus, it was discussed that due to the fluctuations the directed flow has the
component which is even in rapidity, see eq. (1.16). This component was not
measured yet by 2012. In this Chapter, we present the first measurements of
the v1even at the LHC. The results of this Chapter were published in ref. [136].

2.1

Two-particle correlations

In order to measure v1even component of the directed flow, the measurements
should be done in such a way that it would be average over rapidity in order to
make the odd component v1odd vanishing. The symmetry of the detector ALICE
allows such measurements. v1even can thus be measured from ALICE data.
In the standard picture of the heavy-ion collisions, the created matter expands and breaks into particles. In hydrodynamics these particles are emitted
independently in each event with an azimuthal distribution which fluctuates
from one event to another. The two-particle correlation factorizes into the
product of two single-particle distributions vn
Vn∆ (ptt , pat ) = vn (ptt )vn (pat ) ,

(2.2)

here we follow a standard practice in correlation studies [14], where one particle
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pa,t
t (N )
ptt (1)
ptt (2)
ptt (3)
...

pat (1)
pat (2)
pat (3)
Vn∆ (11)
...
...
Vn∆ (21) Vn∆ (22)
...
Vn∆ (31) Vn∆ (32) Vn∆ (33)
...
...
...

32
...
...
...
...
...

Table 2.1: The N × N symmetric matrix Vn∆ .

is referred to as "trigger" particle and labeled with t and another particle is
referred to as "associated" particle denoted as a. These particles can be taken
from different pt bins. Currently, the flow is the only known mechanism that
produces a factorized correlation at low pt .
The factorization (2.2) was studied at the LHC in Pb-Pb collisions [14, 137].
The values of Vn∆ are measured for N pt bins for the trigger and the associated
particles. This data are presented in a N × N symmetric matrix as illustrated
in Table. 2.1.
The ALICE collaboration has tested the factorization by fitting the matrix
Vn∆ by the expression (2.2) with the vn as N fit parameters. In the figures 2.1
we see the values of Vn∆ and the values of the ratios Vn∆ /f it where “fit” is
vn (ptt )vn (pat ). This ratio is supposed to be close to 1 if the factorization works
well. All the values far from 1 means that the factorization breaks and can
be considered as a non-flow contribution, see Chapter 1. As it was shown by
ALICE, the factorization works well for the low pt range for n = 2, 3, 4, 5,
but breaks for n = 1 even at low pt . In the high pt range the difference can
be explained by the presence of jets or by flow fluctuations [138, 139]. The
explanation of the results for n = 1 can be found in the fact that the first flow
harmonic is affected by the additional long-range term due to the momentum
conservation [85]. The study of the momentum conservation contribution will
be discussed in the next Section.

2.2

Momentum conservation

In this section we rederive the contribution of momentum conservation to V1∆ [85].
The two-particle distribution can be written as the sum of a factorized product of single particle distributions and the two-particle correlation function in
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Figure 2.1: Fit results from ALICE collaboration [14]: the measured Vn∆ coefficients plotted
on pt axis (upper plots) and the ratio of the data to the fit Vn∆ /f it (lower plots).

the following way:
dNjk
dNj dNk
=
(1 + Cjk (p1 , p2 )) ,
d3 p1 d3 p2
d3 p1 d3 p2

(2.3)
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where Cjk (p1 , p2 ) is the connected two-particle correlation function responsible
for the non-flow contribution. We denote p1 , ...pN the momenta of N particles
emitted in a heavy ion collision. We are interested in azimuthal correlations, so
we consider only the transverse momenta pt 1 , ...pt N . Global momentum conservation yields back-to-back correlations between the outgoing particles.
P Followp
ing ref. [85] we compute the momentum conservation contribution Cjk t (p1 , p2 )
to the Cjk (p1 , p2 ) function. The transverse momentum conservation reads:
pt 1 + ... + pt N = 0 .

(2.4)

We want to calculate two-particle distribution of p1 , p2 , namely f (p1 , p2 ). If
momentum conservation is the only source of correlations then the distribution
of p1 , ...pN is defined as
Q
R
QN
k
2
3
f
(p
)
δ
(p
+
...
+
p
)
i
t
t
1
N
i=1
i=k+1 (f (pi )d pi )
, (2.5)
fc (p1 , ..., pk ) =
R
QN
2
3
δ (pt 1 + ... + pt N ) i=1 (f (pi )d pi )
where k < N and f (p) is the single particle normalized transverse momentum
distribution. The average transverse momentum is assumed to be zero:
Z
hpt i ≡ pt f (p)d3 p = 0 .
(2.6)
The statement (2.6) is in agreement with experimental results [8].

The transverse momentum distribution is assumed isotropic in the transverse plane because the effect of azimuthal asymmetries is of the order of a few
percent. According to the central limit theorem, the sum of M uncorrelated
momenta
M
X
Pt =
pt i
(2.7)
i=1

has a gaussian distribution if M is large:
! M

Z
M
2
X
Y

1
P
t
FM (Pt ) = δ 2 −Pt +
pt i
f (pi ) d3 pi =
exp − 2 ,
2
πσ
σ
i=1
i=1
(2.8)
where the square of the width reads
σ 2 = Pt 2 = M p2t

(2.9)
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Taking into account eqs. (2.8) and (2.9) the distribution (2.5) can be written as
Q
 R P
Q

PN
k
k
N
3
2
f
(p
)
p
+
p
f
(p
)
d
p
δ
i
i
i
i=1
i=1 t i
i=k+1 t i
i=k+1


fc (p1 , ..., pk ) =
R
P
QN
3
δ2 0 + N
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exp −
=
f (pi )
2i
N
−
k
(N
−
k)
hp
t
i=1
Now the expressions for the cases k = 1 and k = 2 can be obtained.
In the case k = 1, expanding the expression to the leading order 1/N we get




N
pt 2
1
pt 2
fc (p) = f (p)
exp −
∼ f (p) 1 + −
.
N −1
(N − 1) hpt 2 i
N N hp2t i
(2.11)
For the case with two particles the distribution (2.10) reads as


(pt 21 + pt 22 )
N
exp −
fc (p1 , p2 ) = f (p1 )f (p2 )
N −2
(N − 2) hpt 2 i


(pt 21 + pt 22 )
2
∼ f (p1 )f (p2 ) 1 + −
.
(2.12)
N
N hp2t i
According to (2.3), the two-particle correlation due to momentum conservation
has a form:
C

P

pt

(p1 , p2 ) =

fc (p1 , p2 )
2pt 1 pt 2
−1=−
.
fc (p1 )fc (p2 )
N hp2t i

(2.13)

The first Fourier coefficient V1∆ (ptt , pat ) = hcos ∆φi can be written in a
way (2.2):
hcos ∆φi = v1 (ptt )v1 (pat ) + hcos ∆φicorr ,
(2.14)
where the correction hcos ∆φicorr due to momentum conservation (2.13) reads
hcos ∆φicorr

ptt pat
.
=−
N hp2t i

(2.15)
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Thus (2.2) can be rewritten in the final form with the additional non-flow term:
V1∆ (ptt , pat ) = v1 (ptt )v1 (pat ) − kptt pat ,

(2.16)

where k is the coefficient of momentum conservation [140]. Note that the nonflow correlation also factorizes in this particular case, but the sum does not.
Following (2.15), coefficient k can be calculated as
k=

1
.
N hp2t i

(2.17)

This coefficient will be estimated in two different ways in the following section.

2.3

Extraction of directed flow from two-particle correlations

In order to extract v1 from the values of two-particle correlations measured by
ALICE collaboration, we use the formula (2.16). The left side of this equation
represents the N × N matrix which we fit with the right part of the equation
using N + 1 parameter: N values of v1 (pt ) and one additional parameter k.
Note, that the fit of ALICE collaboration
V1∆ (ptt , pat ) = v1 (ptt )v1 (pat )

(2.18)

had N parameters instead of N + 1. Table 2.2 compares the quality of the χ2
fit to V1∆ using the eqs. (2.18) and (2.16) respectively. One more additional
parameter k noticeably improve the fit for all the centralities. It was checked
that the values of the fit parameters v1 and k depend little on the chosen pt
window. However if we include higher pt values, the quality of the fit gets
worse [14]. The entire range of valuesis included as a systematic error bar,
this uncertainty is obtained by varying the lower value of pt cutoff between
0.25 − 0.75 GeV, and the upper cutoff in the range of 2.5 − 15 GeV. These
uncertainties are presented in the table 2.2. The same procedure was used also
later in order to estimate systematic uncertainties in the extracted values of v1 .
The second way to extract the parameter k uses the theoretical definition
(2.17) which we rewrite in the following way:
1
k= P 2 ,
h i pt i

(2.19)

where the sum runs over all particles emitted in one event, and angular brackets
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|y| < 0.5

103

102

d2N (c/GeV)
dydp

d2N (c/GeV)
dydp

d2N (c/GeV)
dydp

denote an average over events in the centrality class. In order to calculate the
momentum conservation coefficient, it is needed to know the total number of
particles. The problem is that experiments measure only charged particles and
only in a restricted phase-space window. Due to this fact, only rough estimation
could be done with the eq. (2.19). A computation of the number of particles
in the full pt range is needed. For this, the extrapolatation of the spectra
outside the pt acceptanceis required. In order to extrapolate the spectra the
analytic function in order to fit the spectra should be found. In order to fit the
preliminary identified particle pt spectra measured by ALICE collaboration at
midrapidity [15] we have tested 3 functions.
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Figure 2.2: The preliminary identified particle spectra measured by ALICE collaboration at
midrapidity [15], from left to right: pions, kaons, protons.

First, the following functions were tested:
d2 N
= A · pt e−
dydpt
and

√2

pt +m2
T


−n
d2 N
pt
= B · pt 1 +
,
dydpt
p0

(2.20)

(2.21)

where A, B, p0 are fit parameters. Then, the fits were performed with Levy (or
Tsallis) fit functions [141]:
!−n
p
2
2
2
dN
(n − 1)(n − 2)
pt + m − m
= N0 p t
1+
,
(2.22)
dydpt
nC(nC + m(n − 2))
nC
where N0 = dN/dy, n and C are the parameters of Levy function and m is the
mass of particles used in the spectra: pions, kaons and protons.
The Levy formula gave better fit than other functions. This is in agreement
with ref. [142]. This function is now widely used by collaborations [141]. With
the Levy function fit, the spectra was extrapolated outside the pt acceptance of
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the detector. In order to calculate p2t for each type of the particles we use
R 2 d2 N
pt dydp dpt
p2t = R d2 N t
.
(2.23)
dp
t
dydpt
In order to extrapolate the spectra to all rapidities, we assume that pt spectra
tot
are independent of rapidity. We use the total charged multiplicity Nch
from
the fig. 2.3 calculated by ALICE collaboration [143].

tot
Figure 2.3: Total number of charged particles Nch
as a function of number of participants
Npart .

In order to take into account the neutral particles we assumed isospin symmetry and neglected the contribution of particles heavier than nucleons.
Knowing dN/dy as a fit parameter of the Levy function eq. (2.22) for each
tot
type of the particles, calculating p2t with eq. (2.23) and extracting the Nch
,
we finally get
DX

p2t

E

=

tot 3[
Nch

p2t dN/dy]π + 4[ p2t dN/dy]K + 4[ p2t dN/dy]p
, (2.24)
2[dN/dy]π + 2[dN/dy]K + 2[dN/dy]p

where the coefficients in the numerator mean total number of particles and in
the denominator mean the number of charged particles.
The resulting estimated value of k is shown in the last column of the table 2.2.
The fit results have the same order of magnitude as the estimated value and
they increase with the centrality procentage. However, the fit values of k are
increasing quicker than for estimated k. Unfortunately, we do not know the
reason of such behavior. The discrepancy in k has almost no effect on the
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Centrality χ2 , Eq.(2.18)
0–10%
6
10–20%
16
20–30%
45
30–40%
75
40–50%
126

χ2 , Eq.(2.16)
2.0
1.7
2.2
2.2
2.4

39
kf it
2.5+1.1
−0.3
4.7+1.4
−0.4
10.2+2.1
−0.5
20.6+3.2
−1.6
41.5+4.7
−3.0

P
h p2t i−1
6.2
8.9
13
21
35

Table 2.2: From left to right: χ2 per degree of freedom of the fit to the ALICE V1∆ (restricted
to pt < 4 GeV/c) using Eq. (2.18), and using Eq. (2.16); value of k from the fit; estimated
value of k from momentum conservation, both in units of 10−5 (GeV/c)−2 .

extracted directed flow values and this ambiguity was also included in the error
bar for the extracted v1 values which is shown in fig. 4.1.
The resulting extracted values of the directed flow are presented in the fig.
2.4. The v1 component is showing negative results at low pt unlike the v2 and v3

Figure 2.4: First measurement of v1 at the LHC.

components which are positive in all the pt range. This is explained by the condition that the net transverse momentum of the system is zero, i.e. hpt v1 (pt )i = 0
which implies that low pt particles flow in the opposite direction to the high
pt particles. From the fig. 2.4 we can see the dependence of v1 on centrality,
showing larger values of v1 for more peripheral collisions. The v1 components
originates from the fluctuations, and the fluctuations are more important for
smaller systems, i.e. for more peripheral collisions. The magnitude of v1even
is several times more than the measured v1odd magnitude which is denoted as
"odd" in fig. 2.6.
The resulting v1 (pt ) can be considered as a reliable measurement of directed
flow v1 for the LHC. These data were later confirmed by the ATLAS collabo-
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Figure 2.5: v1 at the LHC: ATLAS with two-particle correlations method [16].

Figure 2.6: v1 at ALICE with the spectators method [8].

ration [16] which also used the method of two-particle correlations in order to
extract the v1 values.
Later in 2013, another attempt to measure the v1even was done by ALICE
collaboration [8]. They used the detector ZDC which registers the spectators.
If for ATLAS results the v1 component changes of sign at transverse momenta
around 1 GeV/c, for ALICE the cross-point is at 1.2-1.5 GeV/c. The magnitude
that was observed in this estimation was 40 times smaller than at ATLAS
and in our calculations, see fig. 2.6. The measurements of ALICE were done
with respect to the collision plane defined by the spectator nucleons ΨSP , see
fig. 1.10, while the measurements of ATLAS were done with respect to the
(1)
collision plane defined by participants ΨP P . This difference in the magnitudes
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(1)
of measured directed flow gives hcos
− ΨSP i = v1 {ΨP P }v1 {ΨSP } << 1,
i.e. that fluctuating participant and spectator collision symmetry planes are
weakly correlated.
(1)
ΨP P
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Chapter 3
First viscous hydrodynamic modeling of
the directed flow v1
Relativistic viscous hydrodynamics has been a successful theory for the predictions of flow coefficients vn for n = 2, 3, 4 [13]. Here I present the first viscous
hydro calculations of directed flow v1 .
By definition in hydrodynamics v1 is
v1 eiΨ1 ≡ heiφ i ,

(3.1)

where Ψ1 is the corresponding event-plane angle and the average is taken over
the momentum distribution [144]. At midrapidity for AA collisions the symmetry φ → φ + π takes place, so odd flow harmonics like v1 and v3 are naturally
zero. These odd flow components appear due to initial geometry fluctuations.
In order to study the initial states we perform hydrodynamic simulations of the
directed flow v1 which can be compared to experimental data on v1 , extracted
in the previous Chapter. These calculations could also show the dependence of
directed flow on viscosity which is unknown.
The results of this Chapter were published in ref. [136].

3.1

Hydrodynamic modeling of directed flow at LHC

The hydrodynamic modeling usually has 3 main steps: one put energy density
profile as initial conditions, then one evaluates the system with hydrodynamics
and finally one converts the fluid into particles at freeze-out.
In event-by-event ideal hydro calculations v1 was found with good approximation to be proportional [61] to the dipole asymmetry of the system ε1
v1 ∝ ε1 ,

(3.2)
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where the dipole asymmetry ε1 is defined as [60]:
ε1 ≡

|{r3 eiφ }|
,
r3

(3.3)

the average is taken over initial energy density after recentering the coordinate
system, {reiφ } = 0.
We use 2+1D single-shot viscous hydrodynamic calculations with a smooth
initial profile (r, φ). This profile is taken from the optical Glauber model [93]
and is symmetric with respect to the reaction plane, see fig. 1.18. With such
profile the value of ε1 and accordingly the value of v1 is zero due to the symmetry.
In order to create the dipole asymmetry we deform the profile in the following
way:
 p

(r, φ) →  r 1 + δ cos (φ − Φ1 ), φ ,
(3.4)
where δ is a small parameter and ε1 ∝ δ for δ << 1, Φ1 is the dipole asymmetry
angle. For the central collisions the direction of v1 is Φ1 , but for the non-central
collisions it is not strictly true because of additional non-linear correlations of
v1 with v2 and v3 [145]. Our calculation is averaged over Φ1 . This deformation
is illustrated in fig. 3.1.

Figure 3.1: Deformed initial energy-density profile.

At the next step of modeling we run the hydrodynamic evolution equations
corresponding to eq. (1.54). This hydrodynamic evolution is stopped when
the system reaches the freeze-out temperature Tf r and the fluid is converted
into particles. The resonances are taken into account in this calculation in
the following way: the decays of unstable particles are calculated from the
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particle spectra obtained after freeze-out calculation. The modified program
AZHYDRO [146] is used to perform these calculations.
The resulting hydrodynamic calculations of v1 /ε1 with different parameters
of viscosity are presented in the fig.3.2. We choose to present the ratio v1 /ε1
and not v1 in order to be independent on the initial state model. A slight
dependence on the models was pointed out in ref. [18], but we ignore it in our
calculations.
2.0
1.5

Ηs=0
Ηs=0.08
Ηs=0.16
Ηs=0.24

v1¶1

1.0
0.5
0.0

0.0

0.5

1.0

1.5
2.0
pT @GeVcD

2.5

3.0

Figure 3.2: v1 /ε1 vs pt for central collisions.

Note, that the dependence of v1 on pt has the same behavior as for experimental values extracted in the Chapter 2, in hydrodynamic calculations the net
transverse momentum of the system is set to zero.
In our calculations we used the ratio viscosity over entropy η/s as a free
parameter and varied it as η/s = 0, 0.08, 0.16, 0.24. Dependence of v1 /ε1 on
viscosity in the fig.3.2 shows that with higher values of viscosity we have less
flow. This effect can be explained due to the fact that flow is created by the
interactions. If there were no interactions there would be no flow. The viscosity is approximately inversely proportional to the cross-section, so with larger
viscosity one has smaller interactions which leads to less flow.
The flow harmonics vn are expected to have an increasing sensitivity to viscosity because smaller systems are more sensitive to the viscous effects. Indeed,
we find that v1 is less sensitive to viscosity than v2 [43] and other higher harmonics [13, 74]. This effect is illustrated in the fig. 3.3. In this figure we see
the ratio of the flow coefficient calculated with the value of viscosity η/s = 0.08
to the flow coefficient calculated with η/s = 0.24. For n=1 this ratio is close
to 1 which demonstrates that directed flow is slightly dependent on the viscos-
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Figure 3.3: vn (η/s = 0.08)/vn (η/s = 0.24), comparison of the ratio values of vn with different
viscosities, n = 1, 2.

ity. The ratio for n = 2 is closer to 1.5, so the elliptic flow v2 shows stronger
dependence on viscosity than directed flow.
This insensitivity to viscosity combined with the approximate proportionality
v1 ∝ ε1 , provides a unique opportunity to place a direct constraint on the dipole
asymmetry of the early-time stage and to exclude some models of initial state.
Such constraints will be done in the next Chapter.

3.2

Viscous hydrodynamic predictions for directed flow
at RHIC

In this section we show predictions for the directed flow v1 for RHIC energies.
In order to compare hydrodynamic data at the LHC with the experimental
values we write
 LHC
v1
v1LHC =
εbest
.
(3.5)
ε1 hydro 1
In the left-hand side, v1LHC denotes the directed flow extracted from data as
shown in Chapter 2. In the right-hand side, the values (v1 /ε1 )LHC
hydro are viscous
best
hydrodynamic calculations. The ε1 is the parameter which we tune in order
to get the best fit to the data. We assume little change in the average dipole
asymmetry in a centrality bin. The value of εbest
at LHC is obtained by taking
1
the best fit to the experimental v1 for pt < 1.5 GeV/c, which is the range where
hydrodynamics agrees best with data [144]. The best value εbest
calculated for
1
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Figure 3.4: v1 (pt ), hydrodynamic predictions (curve) for RHIC, compared with measured
experimental data (points). Data are taken from Y.Pandit proceedings, QM2012 [17].

LHC can be applied at RHIC energies, as ε1 change little with the energy of
collisions. 
Then vε11
is calculated for Au-Au collisions with RHIC energies. Our
hydro

calculations use η/s = 0.16 both at LHC and at RHIC, but the extrapolation
from LHC to RHIC are almost independent of η/s [124]. Thus, the predicted
values of v1 at RHIC are:
 RHIC
v1
RHIC
εLHC
.
(3.6)
v1
=
ε1 hydro 1
Later our data were compared with experimental data from RHIC, as it is
shown on Fig. 3.4 [17]. Our result was found to be well consistent with the data
at low transverse momentum and in central collisions.
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Chapter 4
Constraining models of initial conditions
using anisotropic flow data
One of the most important topics in heavy-ion physics is the understanding of
the initial state. In hydrodynamics, initial conditions means the initial energydensity profile at thermalization time t0 [147]. This profile is not smooth and
fluctuates due to the wave-functions of the incoming nuclei. The magnitude of
these fluctuations is still unconstrained by the data.
Many models exist in order to describe the initial state. These models predict
different values for the transport coefficients in order to match the data. In
particular, by tuning the value of η/s [148], the experimental data can be fitted
with one model or another [43]. Thus, it is important to understand which
of these models are physically reliable. We propose a systematic approach for
constraining models of initial conditions using the anisotropic flow data.
In this Chapter, we present two different methods to constrain models of
initial state. The first of them is using the data on directed flow v1 , these data
are rms values. We compare them to v1 /ε1 values from hydrodynamics with
different values of viscosity and extract the allowed range on rms values of ε1
depending on centrality. Computing ε1 in different Monte Carlo models, one
could compare them with the allowed range. In the second method we use the
combination of the experimental data on v2 and v3 , these data are also rms
values. We compare experimental values with hydrodynamic calculations of
vn /εn , n = 2, 3. By varying the free parameters in hydrodynamic calculations,
we extract the allowed region on the plane (rms ε2 , rms ε3 ). Computation of
(rms ε2 , rms ε3 ) values in Monte Carlo models allows to make a comparison
with the extracted range and constrain some of the models.
The results of this Chapter were published in refs. [136, 149, 150].
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Linear response

One of the most remarkable features of the first three flow harmonics vn is that
hydrodynamic response to the initial state is dominated by the linear response.
Thus, it was shown that vn is with a good approximation proportional [151] to
the initial eccentricity εn
vn ∝ εn ,
(4.1)
for n < 4. Higher flow harmonics have additional non-linear terms and will be
discussed in the Chapter 5.
For the directed flow the dipole asymmetry ε1 of the initial system is defined
as
R
| r3 eiφ (r, φ)rdrdφ|
ε1 ≡ R 3
,
(4.2)
r (r, φ)rdrdφ
where the integration is over the transverse plane in polar coordinates, the (r, φ)
is the energy density at z ∼ 0. The average is calculated after the recentering
coordinate system as
Z
reiφ (r, φ)rdrdφ = 0 .

For the elliptic flow the ellipticity ε2 is defined as [90]
R
| r2 ei2φ (r, φ)rdrdφ|
ε2 ≡ R 2
,
r (r, φ)rdrdφ

(4.3)

(4.4)

where recentering is taken into account as in (4.3) .
The triangular flow v3 is generated by fluctuations in the initial state with
triangular form. The triangular flow is proportional to the initial participant triangularity ε3 [152] which can be defined in two different ways. A first definition
that was used earlier is given by
R
| r2 ei3φ (r, φ)rdrdφ|
ε3 ≡ R 2
.
(4.5)
r (r, φ)rdrdφ
According to [60, 153], the definition should be
R
| r3 ei3φ (r, φ)rdrdφ|
ε3 ≡ R 3
,
r (r, φ)rdrdφ
with (4.3) taken into account.
We will use the definition given by eq. (4.6).

(4.6)

CHAPTER 4. CONSTRAINING MODELS OF INITIAL CONDITIONS USING
ANISOTROPIC FLOW DATA

4.2

51

Constraining models of initial state with v1 data

The first Fourier coefficient v1 originates from dipole deformation characterized
by the dipole asymmetry ε1 . As it was shown in Chapter 3, the directed v1 is
less affected by viscous effects than the higher harmonics. This fact provides a
good opportunity to put direct constraints on the dipole asymmetry ε1 of the
initial system, defined as (4.2).
The procedure is the following: we extract the experimental values of v1
from two-particle correlation data of ALICE as it is shown in Chapter 2, then
we run viscous hydrodynamics calculations and we get v1 /ε1 as it is described
in Chapter 3.
We want to compare hydrodynamic data with the experimental values. For
this goal we compute
 
v1
εtune
.
(4.7)
v1 =
ε1 h 1
which fits the experimental data in all the pt range does
The value of εtune
1
not exist. By tuning this parameter, we can obtain a good fit either in the
low pt range, or in the high pt range as shown in fig. 4.1. In the first case we
overpredict data in the upper range whereas in the second case we overpredict
data in lower range. The idea is then to match the data with one set of data
from below and with another set from above for a given viscosity. The values
of εtune
obtained after fitting the data establish upper and lower bounds on the
1
actual value.
Fig. 4.1 displays v1 versus pt . The experimental points are extracted from
ALICE correlation data, as discussed in Chapter 2. The two lines shown in
fig. 4.1 correspond to the two sets of values of v1 calculated with the eq. (4.7)
with two different values of viscosity. One of them fits the data from below
and another one from above. Thus, we take the line with the viscosity η/s = 0
and fit the data at low pt and the second line with η/s = 0.24 and fit the
data at high pt . These lines are chosen in such a way that we get the largest
possible range in the values of εtune
. The extracted range for 0 < η/s < 0.24 is
1
demonstrated in fig. 4.2 as the light gray bounds.
The extraction of the extreme values of ε1 is done for all centralities. We
show in fig. 4.2 the allowed values of ε1 as a function of centrality with the rms
values from various Monte-Carlo models of initial conditions. The allowed range
taking into account viscosity range 0.08 < η/s < 0.16 is also shown in a darker
band in order to illustrate the small effect of viscosity. The fact that v1 has a
smaller dependence on viscosity gives a more narrow band of allowed values.
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Figure 4.1: v1 vs pt for different centrality ranges.

This allows to constrain some models and could not be done with higher-order
flow harmonics as good as with v1 .
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Figure 4.2: Variation of ε1 with centrality. The shaded band represents allowed region:
darked band corresponds to the range of viscosities 0.08 < η/s < 0.16 and lighter band
correspond to 0 < η/s < 0.24. Symbols are predictions from Monte Carlo models.
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Results

In fig. 4.2, we see that two models, MC-KLN [154, 155] Nara [155] are inside the
allowed region for all centralities. We see that ALICE data exclude DIPSY [156]
above 10% centrality. Two models, PHOBOS Glauber [94] model and an improved mckt model [157, 155] with KNO fluctuations, can be excluded over
the full centrality range. Concerning MC Glauber models, the binary collision
fraction for both of the models was taken as αNcoll , α = 0.18 [158]. Since
hydrodynamics is more reliable at low pt , we believe that the real value of ε1
lies close to the upper bound. The two models which have the largest values of
dipole asymmetry only need a small tuning to be inside the allowed region of
ε1 . Other models may lead to too low values of ε1 .
This study does not provide strong constraints on the models and in the next
section we propose another study for more accurate conclusions.

4.3

Constraining models of the initial state with v2 and
v3 data

The anisotropic flow is the hydrodynamic response [60] to initial spatial anisotropy
of the strongly-interacting system appearing in the initial state of the heavyion collision. In this section, we focus on two of corresponding experimental
observables: the elliptic v2 [159, 72] and the triangular v3 flow coefficients, see
fig. 1.12. The main properties of elliptic and triangular flow were discussed in
the Chapter 1.
In spite of the fact that v2 and v3 are the most studied harmonics of anisotropic
flow, many questions remain to be answered. It was found out that both v2 and
v3 hydrodynamic values can fit the data using different models of initial state
by tuning η/s. As it was shown in ref. [43] CGC models predict higher values
of initial eccentricity than Glauber model, which gives higher values of the flow
for CGC model. The viscous effect decreases the flow, so in order to fit the
data with CGC initial conditions thet higher value of viscosity has to be put.
However some of the models of initial state are unable to fit both v2 and v3 the
same time [74, 160]. By combining v2 and v3 data we could constrain models
of initial state even if the viscosity is unknown.
In order to create the range of allowed values we combine together viscous hydrodynamic calculations with experimental data from RHIC [160] and LHC [10].
These constraints are used later in order to exclude some of the existing models of initial state. This provides a simple method that could be used by any
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Monte Carlo group in order to quickly and easily compare their model with
the constraints and determine weather or not this model is compatible with the
data.

4.3.1

Principle of our approach

In our approach, we focus on the integrated anisotropic flow [161], i.e. the
anisotropic flow averaged over pt . Collaborations have published data of the
integrated anisotropic flow coefficients vn up to the sixth harmonics n = 6 [16].
In this study, we deal only with the elliptic and the triangular flow coefficients.
The reason why we do not consider here higher order Fourier harmonics of
anisotropic flow as v4 , v5 , v6 is that these components have non-linear additional
terms in the hydrodynamic response to the initial state geometry [162, 163,
145, 164], while the elliptic and the triangular flow coefficients are to a good
approximation linear in the response to the initial state [165, 151] as it was
shown in the first section of this Chapter.
Assuming linear response to the initial anisotropy, the anisotropic flow in
an event is vn = κn εn . The response coefficient κn is the same for all events
in a centrality bin, but εn fluctuates, so that initial-state fluctuations result
in event-by-event flow fluctuations. The experimental data of integrated flow
are taken from the ALICE and PHENIX collaborations [160, 10]. The ALICE
collaboration uses two-particle correlations method in order to extract the data
whereas PHENIX collaboration uses an event-plane method. Both methods
provide the root-mean-square values (rms) of the event-by-event distribution
over a centrality bin of the anisotropic flow vn [89]. It can therefore be written:
p
p
h(vn )2 i
2
hεn i =
,
(4.8)
κn
p
where h...i is an average over collision events, n = 2, 3 and h(vn )2 i is the
measured rms value of the integrated flow. In hydrodynamics, the coefficient
κn is calculated as κn = (vn /εn )hydro and the rms values of ε2 and ε3 can be
extracted with the eq. (4.8).
There are several free parameters in hydrodynamic calculations which give
uncertainties in the hydrodynamic response. These uncertainties are taken into
account and are represented by the shadow bands in the (rms ε3 , rms ε2 ) plane.
As we will discussed in sec 4.3.3 , these uncertainty bands are narrow enough
to constrain models of initial state.
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Uncertainties in hydro response

Each step of standard hydro modeling [166] induces its own uncertainties [167].
An ideal evaluation that would take into account all these uncertainties would
be too expensive [168]. In our calculations we simplify the problem by keeping
at each step the main source of uncertainties. In the next section, we will
discussed the leading sources of uncertainties.
Viscous effect

The main uncertainty in the hydrodynamics is the value of the shear viscosity.
This value is not well constrained neither in theory nor the experiment [169,
167, 170]. We treat η/s as a free parameter that we vary from 0 to 0.24 by
steps of 0.04. The hydrodynamic approach can be applied only if η/s is not too
large [171]. Though effect of bulk viscosity can be not negligible for some values
of temperature [122], its effect on the integrated flow is smaller than those from
shear viscosity [172]. Then in the spirit of keeping only the main uncertainty
source, we do not take into account the effect of bulk viscosity [173, 174]. The
second-order corrections [123] are also not taken into account because they have
a small effect [43].
Initial conditions

The optical Glauber model profile is smooth and has already an ellipticity,
so automatically gives us elliptic flow values and we can directly compute the
values of κ2 . If we want to obtain the values of ε3 or v3 with this profile, we get
zero values for both of them due to the symmetry. In order to calculate κ3 we
deform the third harmonic in the profile in the similar way as for v1 [74]:
p
(r, φ) → (r 1 + ε0n cos(n(φ − Φn )), φ)
(4.9)
where ε0n is the magnitude of the deformation and Φn is the orientation of
the deformation. As far as the elliptic deformation does not interfere with the
triangular deformation [145, 74], we choose Φ3 = 0 for our calculations. We also
check that the dependence of the ratio (v3 /ε3 )h on the values chosen for ε03 [74]
is negligible. This calculation uses the same values of ε03 as [74]. The values of
ε03 differs from ε3 by a few percent. Our studies show that recentering (4.3)1 the
distribution in coordinate space after performing the deformation of the profile
1

We found out that in ref. [74] this recentering correction was neglected and the resulting values of
hydrodynamic response were lower by up to 10% for peripheral collisions.
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by ε03 , shifts the center by a distance which is proportional to ε2 ε3 . This shift
leads to a correction to ε3 which decreases its value by a term of the relative
order of (ε2 )2 .
As the Fourier coefficients have, with a good approximation, a linear response
to the initial state, we consider the values of the hydrodynamic response κn =
vn /εn to be independent on the initial state model. In reality this response is not
exactly linear and should depend on the initial state model. These effects were
studied in ref. [18] and it was shown that the response have a weak dependence
on the initial state model. By comparing in figs. 4.3 and 4.4 the curves for
"single-shot" and "event-by-event" calculations for the different models, on can
see that the effects are small.

Figure 4.3: v2 /ε2 dependence on impact parameter for pions. Solid lines correspond to eventby-event hydrodynamics, dashed lines correspond to single-shot hydrodynamics. Left: for
MC Glauber initial state model, right: MC-KLN initial state model [18].

In order to estimate the uncertainty on the value of κn from the initial profile,
we use two definitions of εn : with energy density weighting as in eqs. (4.4), (4.6)
and entropy density weighting. Both definitions provide reasonable predictions
of vn [163], the difference between the two calculations indicates the size of
the uncertainty due to the linear approximation. The deformation of optical
Glauber profile as in Eq. 4.9, gives exactly the same values of ε3 for the central
collisions for both types of weighting [74], though in other type of calculations
this difference can take place [18]. The values of ε2 calculated with entropy
density weighting and with energy density weighting, are different for the optical
Glauber model, so this difference can be used as the part of the error bar in our
calculations.
Another free parameter in our calculations is the thermalization time t0 [147,
144] at which hydrodynamics becomes a good approximation. This parameter is
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Figure 4.4: v3 /ε3 dependence on impact parameter for pions. Solid lines correspond to eventby-event hydrodynamics, dashed lines correspond to single-shot hydrodynamics. Left: for
MC Glauber initial state model, right: MC-KLN initial state model [18].

not well known. In previous studies [144] the transverse flow expansion before t0
was neglected. t0 is typically close to 1 fm/c. In reality the transverse flow exists
directly after the collision happened, independently on the fact if the system
thermalizes or not. This so-called initial flow has given a good explanation
of interferometry data [175, 176, 177]. Initial flow is universal [178] and can
be obtained in calculation with vanishing flow at t0 , by choosing a very small
values [176] of t0 . We would like to take into account the effect of initial flow and
thus we choose two values of the thermalization time which are 0.5 fm/c and
1 fm/c. As we vary the thermalization time, we tune the starting temperature
Tstart and the freeze-out temperature Tf r in order to match the pt spectrum.
Freeze-out stage

At some point during its expansion the fluid can be described as a gas of hadrons
with collective and thermal motion. The question here is at what point the hydrodynamic approach is still valid. We assume that hydrodynamics is still reasonable in the hadronic stage, using only a single freeze-out temperature [144].
Some other groups use the so-called afterburners which simulates hadronic
decays and two-body collisions [56, 179, 180]. These afterburners are useful for
reproducing the elliptic flow and identified particle spectra, though afterburner
have quite a little effect on integrated properties of unidentified hadrons. These
afterburners are now used in calculations for both RHIC and at LHC energies [112, 114]. Some groups also use the hydrodynamics with bulk viscosity
in the hadronic stage [181] which also successfully generate the properties of
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identified particles.
In our approach we run hydrodynamic calculations starting from initial time
t0 and we choose the freeze-out temperature Tf r in such a way that we would
have the average transverse momentum unchanged hpt i. Thus choosing smaller
values of t0 , we stop the hydro simulation earlier, that means we put larger Tf r .
We take into account resonance decays, but we neglect hadronic collisions.
In the hadronic part, a significant uncertainty comes from the freeze-out
viscous correction [126, 182] which momentum dependence is unknown and
involves microscopic information about hadronic cross-sections [125]. Due to
this, we make two types of calculations with two possible ansatzs which were
introduced in the Chapter 1: the quadratic ansatz ∝ p2 [125] which is commonly
used, and the linear ansatz ∝ p [127] which also gives a reasonable description
of the data.
4.3.3

Calculations

In this section we use Glauber optical model for the initial conditions, with the
energy density weighted with the linear combination of the number of collisions
Ncoll and the number of participants Npart as it was described in the Chapter 1.
The cuts on the transverse momentum pt and pseudorapidity η used by
experiments, are: ALICE collaboration [10] uses 0.2 < pt < 5 GeV/c cut
for the transverse momentum and |η| < 0.8 cut for the pseudorapidity, the
PHENIX collaboration [160] uses the cuts 0.25 < pt < 4 GeV/c and |η| < 0.35.
Our model is independent of rapidity because it is invariant under longitudinal
boosts.
Our calculations take into account the difference in rapidity and pseudorapidity [39], as described in Chapter 1. Changing variables from rapidity to
pseudorapidity increases v2 by 3% and v3 by 4%. In order to suppress non-flow
correlations, the ALICE collaboration [87] uses pair correlations with a pseudorapidity gap |∆η| > 1 between particles in the pair. This condition excludes
particles at |η| < 0.2. Since all pairs are weighted the same way, it gives more
weight to particles near |η| = 0.8. We take into account this additional cut in
∆η which decreases v2 by 0.3 % and v3 by 0.4%.
After taking into account the uncertainties, we can calculate ε2 and ε3 using
Eq. (4.8). The resulting values are shown in the fig. 4.5 for the 20–30% centrality
range at the LHC. In this figure one hydro calculation with one set of parameters
corresponds to one point on the (rms ε3 , rms ε2 ) plane. Six types of symbols
correspond to different sets of parameters:
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Figure 4.5: (Color online) R.m.s. values of
ε2 (ε3 ) from hydro simulations + ALICE data
for 20-30% centrality range. Purple squares
correspond to tinit = 1 fm/c with quadratic
freezeout. Blue circles correspond to tinit =
1 fm/c with linear freezeout. Yellow diamonds correspond to tinit = 0.5 fm/c with
quadratic freezeout. Open symbols mean
entropy-density profile used. The shaded
band is an allowed band encompassing uncertainty in the extracted values.
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Figure 4.6: (Color online) The shaded band
is the same as in fig. 4.5 and represents
allowed values. Symbols are predictions
from various models of initial state. The
MC-Glauber model is shown for different
values of the width of gaussian σ=0 fm,
0.4 fm, 0.8 fm and 1.2 fm, which are distinguished by different symbol sizes, showing that changing the smearing parameter
has the same effect as changing viscosity.

- blue circles, use as parameters the thermalization time 1 fm/c and the linear
ansatz
- purple squares use thermalization time 1fm/c and quadratic ansatz
- yellow diamonds correspond to thermalization time 0.5 fm/c and quadratic
ansatz
- open symbols mean that the entropy-density weighting is used.
These symbols are composing six lines with viscosity η/s changing. Each
line has seven points, corresponding to seven values η/s = 0, 0.04, 0.08, 0.12,
0.16, 0.2, 0.24 (from left to right).
The difference between the linear and the quadratic ansatz is small, except
for high viscosity values which makes the values of ε2 with quadratic ansatz
slightly smaller than for linear ansatz. The difference in the thermalization
time gives the resulting decrease of ε2 and ε3 values with t0 = 0.5 fm/c in
comparison with the values for t0 = 1 fm/c. Since the hydro evolution starts
earlier, more flow is produced. From the ratio (4.8) it can be seen that if more
flow is produced, both values of ε2 and ε3 are decreasing.
With the lines drawn on the plane (rms ε3 , rms ε2 ), a shaded band is created
such that all the points are inside this band as it is shown in the fig. 4.5. This
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band defines the allowed range. The important fact here is that even with all
uncertainties taken into account, we obtain a narrow band, which allows us to
constrain models as we show in the fig. 4.6.
Note that the curves can be fitted by a power law function:
q
k
q
hε22 i/
hε23 i = C,
(4.10)
where the best fits leads to k=0.6 for LHC and k=0.5 for RHIC and where C
is fixed. k can be understood as the ratio of the relative change in v2 to the
relative change in v3 when viscosity is increasing. Note that for k < 1, viscosity
has a smaller effect on v2 than on v3 as it is expected.
We can determine the range of values for C by computing the maximum
and the minimum values of C allowed by hydrodynamics. The resulting minimum and maximum values are shown in Table 4.1 and corresponding figure
fig. 4.7, showing the allowed C region for RHIC and Table 4.2 with the fig. 4.8
corresponding to the LHC respectively.
4.3.4

Results

The region of allowed values for (ε3 , ε2 ) obtained in the previous section can be
used to constrain models of initial state. Since ε3 is solely created by fluctuations
we test Monte Carlo models which have fluctuations. We test two types of the
models: Glauber type [93] and QCD-inspired models.
The type of the Monte Carlo Glauber model we use, is the PHOBOS Monte
Carlo [94] model which we shortly describe in the Chapter 1. Other implementations of MC Glauber [183, 184] are not taken into account here. In this
section we differ Glauber models by the participant weighting and denote them
as following:
- “Glauber Npart ” is the Glauber model, where each participant can be given or
the equal weight.
- “Glauber Ncoll ” is the Glauber model, where the weight is proportional to the
number of collisions
- “Glauber” is the Glauber model, where the weight is taken as the linear combination of Npart and Ncoll .
Among the QCD-inspired models, we test four of them: the oldest QCD
model we refer to as MC-KLN [185, 154] which is using kT factorization and
taking into account fluctuations of the positions of the nucleons. The second
model MCrcBK [157] is an improved MC-KLN model with additional KNO
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fluctuations in order to match multiplicity distribution in pp collisions. The
third one is the DIPSY [156] model, a QCD model which takes into account
the multiple gluon cascade. The last one is the IP Glasma model [186] which
does not assume kT factorization and includes non-linearities and fluctuations
of color charges within a nucleon.
p
p
0.5
Table 4.1: Values of the ratio hε22 i/ hε23 i at RHIC. First two lines: minimum and maximum values allowed by hydrodynamics and experimental data. Next lines: values predicted
by various models.
% centrality
0-10 10-20 20-30 30-40 40-50
minimum
0.36 0.56
0.69
0.75
0.74
maximum
0.41 0.63
0.79
0.90
0.91
MC-Glauber
0.38 0.57
0.69
0.76
0.80
MC-Glauber (Ncoll ) 0.44 0.64
0.76
0.81
0.83
MC-Glauber (Npart ) 0.34 0.52
0.64
0.73
0.78
MC-KLN
0.49 0.78
0.95
1.03
1.06
MC-rcBK
0.49 0.73
0.87
0.95
0.98
IP-Glasma
0.43
0.76
0.85
DIPSY
0.39 0.59
0.72
0.80
0.84

MC-KLN
MCrcBK
IP Glasma
DIPSY
MC-Glauber

< ¶22 > 

< ¶32 >

0.5

1.2
1.0
0.8

ò
ç

0.6

ô
ì

0.4
0.2
0

æ
à

ò
ç
á
ô
ì

ò
ç
á
ô
ì

ò
ç

ò
ç
á
ô
ì

ô
ì

RHIC
10

20
30
centrality,%

40

50

p
k
p
2
2
Figure 4.7: (Color online) Ratio of eccentricity moments hε2 i/
hε3 i versus centrality.
Shaded bands are allowed by experiment values, combined with hydrodynamic calculations,
for RHIC. Symbols are predictions from various models of initial state.

For all the models the centrality bins are set using the total entropy of each
Monte Carlo event which is close to the total multiplicity, obtained in hydro
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evolution. As it was mentioned before, experimental definitions of centrality are
also using multiplicity, so the uncertainties in centrality definition are negligible
and are not taken into account.
The results for the values of C calculated in different Monte Carlo models
are shown in the Tables 4.1 and 4.2 and the corresponding figures 4.7, 4.8. We
put constraints on the initial state models by comparing the values of Monte
Carlo models with the C minimal and maximum values. Thus, one can see
that MC-KLN is excluded for all centralities both at RHIC and LHC. It is in
agreement with recent studies which have shown that this model underpredicts
the values of triangular flow v3 at RHIC, while the elliptical flow v2 is well
reproduced [74, 160]. The MC Glauber model (which we basically use with a
superposition weight of number of participants and number of binary collisions),
does not show agreement with data at LHC, except for the most central region,
while it shows a good agreement for RHIC. The MC-rcBK model is excluded
at RHIC and is inside allowed band for several centralities at the LHC. DIPSY
and IP-Glasma models shows good results for both RHIC and LHC, and so does
the MC Glauber models when binary collision scaling is chosen.
Since MC-Glauber model has as a free parameter, the value of the source
size σ, we demonstrate how the source smearing effect can change the predicted
values with the variation of σ. In fig. 4.6 we display as an example the 20-30%
centrality range. The MC-Glauber model (superposition weight) is shown for
different values of the width of gaussian σ=0 fm, 0.4 fm, 0.8 fm and 1.2 fm [151]
which are denoted by different symbol sizes. By changing this parameter, the result is shifted along the band which has the same effect as changing the viscosity,
so that the agreement with data cannot be improved by adjusting the unknown
source size. Thus, the ratios in Table 4.1 and Table 4.2, only change respectively
by 2% and 1%. This can be understood as following: only the denominator in
the (4.4), (4.6) is affected by the smearing of the sources [187] while the numerator remains unchanged. Thus, the effect of source smearing is a small increase
in the system size which results in smaller εn . Since {r3 } ∝ {r2 }2/3 , the value
of εn is decreasing so that
2/3

ε2 /ε3

∼ const .

(4.11)

Since the value of k in equation (4.10) is close to 2/3, the smearing process
moves the results parallel to the allowed band due to (4.11).
In fig. 4.9 one can see the predictions of the MC models of initial state with
the shaded bands of the allowed region for all the centrality range. All models
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Table 4.2: Values of the ratio
% centrality
minimum
maximum
MC-Glauber
MC-Glauber (Ncoll )
MC-Glauber (Npart )
MC-KLN
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0.88
0.94
0.43 0.65 0.87
1.06
1.13
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0.46 0.61 0.79
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0.96
0.33 0.42 0.57
0.71
0.80
0.46 0.73 0.98
1.17
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0.43
0.83
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Figure 4.8: (Color online) Ratio of eccentricity moments hε22 i/
hε23 i versus centrality.
Shaded bands are allowed by experiment values, combined with hydrodynamic calculations,
for LHC. Symbols are predictions from various models of initial state.

show that the rms ε2 and rms ε3 increase with centrality, as it was expected
from the explanation given in the first section. The difference between LHC
energies and RHIC energies depends on the model. Thus, the MC Glauber
model shows a decrease of ε2 and ε3 by several % which could be explained by
the fact that lead nuclei used at LHC are bigger system than gold nuclei used
at RHIC, though this explanation is not complete. For the MC-rcBK model the
values are quite similar for both experiments. For the DIPSY model the ε2 is
increased, while ε3 stays the same.
The claim that some model is compatible with data or can be excluded seems
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Figure 4.9: (Color online) Shaded bands are root-mean-square values of (ε2 , ε3 ) allowed by
experimental data in combination with hydrodynamic calculations, for Au-Au collisions at
√
√
sN N = 0.2 TeV (left)and Pb-Pb collisions at sN N = 2.76 TeV (right)in various centrality windows (from top to bottom). Symbols are predictions from various models of initial
conditions (see text for details).

to be strong with respect to several uncertainties in the definitions of ε2 and ε3 .

Chapter 5
Event-plane correlations
The anisotropy of the particle distribution is characterized by the Fourier expansion
∞
X
dN
vn cos n(φ − Φn ) ,
(5.1)
∝1+2
dφ
n=1
where φ is an azimuthal angle, vn is a magnitude of the n’th flow harmonics
and Φn is an event plane characterizing the phase of the n’th flow harmonic.
Anisotropic flow is usually measured in two-particle angular correlations [188,
14, 137, 16] as it was described in Chapter 1. A new study of the so called eventplane correlations among the event planes of different flow harmonics started
recently [153, 10, 19, 189]. The event-plane correlations are defined by the
functions
hcos (c1 Φ1 + ... + lcl Φl )i .
(5.2)
Since the azimuthal orientation cannot be controlled in the experiments and
only rotationally symmetric quantities can be measured, the coefficients must
add up as c1 + 2c2 + ... + lcl = 0 [153].
In 2012, ATLAS presented measurements of event plane correlations in PbPb collisions [19, 189] and significant correlations were observed for two-plane
(e.g., the correlation between second Φ2 and fourth harmonics Φ4 ) and threeplane correlations (e.g., the correlation between second Φ2 , third Φ3 and fifth
Φ5 harmonics). These correlations can be qualitatively explained within the
hydrodynamic approach by the combination of flow response in the medium
with initial state fluctuations. Thus, as we discussed earlier in Chapter 4, in
hydrodynamics v1 , v2 and v3 with a good approximation have a linear response
to the medium. However, higher flow harmonics have an additional non-linear
response. Thus, v4 has an additional non-linear contribution where magnitude
scales as v22 , i.e. v4 ∝ v22 , and is oriented along Φ2 . This non-linear mixing
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results in the correlations between Φ4 and Φ2 event plane angles, denoted as
hcos 4 (Φ2 − Φ4 )i. The coefficient v5 also has an additional non-linear response
which represents a mixing between v2 and v3 harmonics, i.e. v5 ∝ v2 v3 . This
non-linear response results in correlations between Φ2 , Φ3 and Φ5 planes, denoted hcos (2Φ2 + 3Φ3 − 5Φ5 )i. These correlations are strong where v2 is large,
i.e. in more peripheral collisions as we can see in fig. 5.1. Note, that if the
event planes Φn were correlated completely, the values of hcos 4 (Φ2 − Φ4 )i and
hcos (2Φ2 + 3Φ3 − 5Φ5 )i would be equal to 1.
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Event-plane correlations measurements

In order to perform the analysis of chosen correlations, it is important to understand how the event-plane correlations are measured in the experiment.
The ATLAS collaboration was measuring [19] the angular correlations between the harmonics Φn . The method they used is the event plane (EP) method.
It was shown [190] that the traditional event-plane method [191] does not measure the mean value. In fact, in EP method, the measured value is lying
between the event-average mean value hvn i and the root-mean-square value
1/2
vn2
[190, 192] and depends on the reaction plane resolution. The measurements of mixed-harmonic correlations have even stronger influence from
this effect [193]. Thus this affects the measured correlation between the event
planes Φ4 and Φ2
c{2, 2, −4} = hcos 4 (Φ4 − Φ2 )i .
(5.3)
This correlation cannot be measured directly if v2 and v4 fluctuate. However it
is possible to measure
v4 v22 cos 4(Φ4 − Φ2 )
q
c{2, 2, −4} =
.
2
hv22 i hv42 i

(5.4)

Note, that if there are no fluctuations of v2 and v4 , (5.4) is equivalent to (5.3).
The values, measured1 by the ATLAS collaboration with the EP method [19]
are between the values obtained with (5.3) and (5.4). Recently the ATLAS
collaboration published [189] new measurements with the scalar-product (SP)
method [191, 194, 193, 20] which corresponds to the value given by (5.4) but
we do not consider them here2 .
The measured value of 3-particle correlation denoted by ATLAS as
hcos (2Φ2 + 3Φ3 − 5Φ5 )i:
c{2, 3, −5} =

hv2 v3 v5 cos (2Φ2 + 3Φ3 − 5Φ5 )i
p
.
hv22 i hv32 i hv52 i

(5.5)

This representation was suggested in the refs. [153, 193] and is more suitable
for our analysis.
1

Note, that ATLAS collaboration papers [19, 189] and the theoretical works [164, 20] have different
notations. Thus, ATLAS define Φn as the event-plane angle, and theoreticians define it as Ψn . In order to
avoid misunderstanding we denote the measured correlations between nk harmonics as c{n1 , n2 ...}.
2
Our analysis was done before the new data were published, so this analysis needs to be updated in the
future with the new data sets, though we can notice that for the chosen correlations the data does not change
significantly.
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Our model

In order to describe anisotropic flow vn response to the medium in hydrodynamics we denote the complex flow coefficient as3
Vn = vn einΨn ,

(5.6)

where Ψn is an event-plane angle.
As it was described in Chapter 4, the hydrodynamic response for first three
flow harmonics is linear with a good approximation. We recall that this reads
V 1 = a1 E 1 ,
V 2 = a2 E 2 ,
V 3 = a3 E 3 ,

(5.7)
(5.8)
(5.9)

where an are linear hydrodynamic response to the initial state, and En is the
complex coefficient depending on the initial density profile, which will be defined
below. In this section we consider higher flow harmonics v4 and v5 . These
harmonics have additional non-linear response to the medium [163]. Thus, in
analogy with the hydrodynamic response of the lower flow harmonics, it can be
written
V4 = a4 E4 + b4 E22 ,
V5 = a5 E5 + b5 E2 E3 .

(5.10)
(5.11)

There are two terms which relate V4 and V5 to the initial profile: linear one
and non-linear one. The coefficients an is indicating the linear hydrodynamic
response to the medium and bn is a non-linear hydrodynamic response. The
values En are characterizing the medium properties defined by the initial conditions. Thus, we need two models: hydrodynamic response model and a model
of initial state. In this section we discuss the hydrodynamic response model and
the initial state model is presented in the section 5.4.
Following refs. [60, 164], we assume that the hydrodynamic response is represented in terms of cumulants 4 En , where its complex notation with the corresponding orientation Φn reads as
En = En einΦn .
3

(5.12)

From here we follow the notations and definitions used in theoretical works, in particular in ref. [164].
In order to distinguish moments from cumulants the moments are denoted as εn and cumulants are
denoted as En .
4
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The general definition of the cumulants is
En einΦn ≡ −

{rn einφ } − δn
,
{rn }

(5.13)

where δn denotes the subtractions. The values δn = 0 turns cumulant representation to the moment representation which was used in Chapters 2, 3, 4.
For first three harmonics azimuthal cumulants and moments are identical as
defined in Chapter 4. eqs. (4.2), (4.4), (4.6) [164], but 4th and 5th harmonics
have additional non-linear response to the medium:
 4 i4φ

2 i2φ 2
{r
e
}
−
3{r
e
}
,
(5.14)
E4 ei4Φ4 ≡ −
{r4 }
 5 i5φ

2 i2φ
3 i3φ
{r
e
}
−
10{r
e
}{r
e
}
E5 ei5Φ5 ≡ −
.
(5.15)
{r5 }
The cumulants E1 , E2 , E3 , E4 and E5 characterize the deformation of energy
density profile in the transverse plane, respectively: dipole, elliptic, triangular,
quadrangular and pentagonal.
The definitions presented earlier were given for one single event. In the
following calculations we will need to calculate the mixed terms of the cumulants
averaged over all the events. We will use following notations [153, 187]

E{n1 , ..., nk } ≡ hEn1 En2 ...Enk i,

(5.16)

where h...i denotes an average over events in a centrality class. The rms average
of En [89]:
En {2} ≡ hEn2 i1/2 = E{n, −n}1/2 .
(5.17)
The symmetry with respect to the reaction plane (y → −y) means that all
the cumulants are real, i.e. E{−n1 , ..., −nk } = E{n1 , ..., nk }. The symmetry
(x, y) → (−x, −y) means that the odd values of n1 + ... + nk are vanishing.
The azimuthal orientation of each collision in not measured experimentally, so
the only possible measurements are symmetric to the rotation values. Thus, the
only cumulants taken into account must satisfy the following rule:
n1 + ... + nk = 0 .

(5.18)
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Event-averaged observables

The event-plane correlations averaged over events which we study in this Chapter are hcos 4 (Φ4 − Φ2 )i and hcos (2Φ2 + 3Φ3 − 5Φ5 )i.
Using the notations of the previous section, the measured value for hcos 4 (Φ4 − Φ2 )i
(5.4) reads
hV ∗ V2 V2 i
.
c{2, 2, −4} = q 4
2
h|V22 |i hV42 i

(5.19)

Applying the eqs. (5.8)-(5.11), the previous equation can be written as
(a4 E4∗ + b4 E22 )a2 E2 a2 E2

c{2, 2, −4} = q
.
2
∗
2
2
2
h(a2 E2 ) i h(a4 E4 + b4 E2 ) i
We introduce the following variables:
  p 2 ∗2
hE E i
b4
p 2 2 ,
λ224 =
a4
hE4 E4∗ i
E4∗ E22
,
C224 = p
hE4 E4∗ i hE22 E2∗2 i

(5.20)

(5.21)
(5.22)

where a4 and b4 are linear and non-linear response coefficients from the eq. (5.33).
The variable λ224 represents the ratio of the non-linear response over the linear
response to the medium. The coefficient C224 is the Pearson correlation between
E4 and E22 which is small. In these terms the desired correlation has a form:
λ224 + C224
λ
p 224 ,
c{2, 2, −4} = p
'
1 + 2λ224 C224 + λ2224
1 + λ2224

(5.23)

where we have neglected the correlation C224 .
In the similar way a 3-event plane correlation c{2, 3, −5} can be presented
as
hV2 V3 V5∗ i
c{2, 3, −5} = p 2
,
(5.24)
hV2 i hV32 i hV52 i
where using eqs. (5.8)-(5.11), we have
ha2 E2 a3 E3 (a5 E5∗ + b5 E2 E3 )i
c{2, 3, −5} = p
,
h(a2 E2 )2 i h(a3 E3 )2 i h(a5 E5∗ + b5 E2 E3 )2 i

(5.25)
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In analogy with (5.21) we denote the following parameters:
 p
hE2 E3 E2∗ E3∗ i
b5
p
λ235 =
,
a5
hE5 E5∗ i
hE5∗ E2 E3 i
.
C235 = p
hE5 E5∗ i hE2 E2∗ i hE3 E3∗ i
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(5.26)
(5.27)

Thus, (5.24) reads
λ
λ235 + C235
p 235
'
.
c{2, 3, −5} = p
1 + 2C235 λ235 + λ2235
1 + λ2235

(5.28)

In order to perform the calculations of desired correlations first we need
to calculate the following terms: hE2 E2∗ i ≡ E{2, −2}, hE4 E4∗ i ≡ E{4, −4},
E4∗ E22 ≡ E{2, 2, −4}, E22 E2∗2 ≡ E{2, 2, −2−2}, hE2 E3 E2∗ E3∗ i ≡ E{2, 3, −2, −3},
hE5 E5∗ i ≡ E{5, −5}, hE5∗ E2 E3 i ≡ E{2, 3, −5} and hE3 E3∗ i ≡ E{3, −3}. In order to calculate these correlations we need a model of the initial state that we
present in the next section.
Secondly, we need to know the constants of the hydrodynamic response b4 /a4
and b5 /a5 . The calculations of the hydrodynamic response coefficients will be
presented in sections 5.5 and 5.6.

5.4

Independent source model

As the model of the initial state in our work we choose the independent source
model. Here we introduce the formalism of this model [187].
In this model authors assume that initial energy density profile in the transverse plane is the superposition of N random independent sources
(x) =

N
X

ρ(|x − xj |),

(5.29)

j=1

where xj are N independent random variables with a probability distribution
p(xj ) and ρ(r) - profile of a single source, where the standard choice for ρ(r) is
a Gaussian profile
2
− σr 2
(5.30)
ρ(r) = ρ0 e ,
where σ is controlling the width.
All cumulants can be calculated analytically as a systematic expansion in
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powers of 1/N within the independent-source model formalism.

5.4.1

Application of the model

In this section we introduce the analytic tools that are needed in order to calculate cumulants E{n1 , ..., nk } within the independent source model [187].
We denote hf (x, y)i the average value of f (x, y) with the source probability
density p(xj ) and introduce
δf ≡ {f } − hf i

(5.31)

for the event-by-event fluctuations, and {...} denotes an average over the transverse plane in a single event
R
f (x, y)(x, y)dxdy
R
{f (x, y)} ≡
,
(5.32)
(x, y)dxdy
where the average is weighted with the energy density (x, y).
We use complex coordinates z = x + iy and z̄ = x − iy. The reiφ is replaced
by z − δz in order to take into account the recentering correction. Thus the
expressions for cumulants are obtained in the leading order on fluctuations as
δz 2 z̄ − 2 hz z̄i δz − z 2 δz̄
{(z − δz )2 (z̄ − δz̄ )}
E1 = −
'−
,
{r3 }
hr3 i
z 2 + δz 2 − δz2
,
E2 = −
hz z̄i + δz z̄ − δz δz̄
δz 3 − 3 z 2 δz − 3δz 2 δz
E3 = −
,
hr3 i

(5.33)
(5.34)
(5.35)

2

z 4 + δz 4 − 3 z 2 − 6 z 2 δz 2 − 3δz22 + 12 z 2 δz2 − 4δz 3 δz
,
E4 = − 2 2
hz z̄ i + δz 2 z̄ 2 − 2δz 2 z̄ δz̄ + hz 2 i δz̄2 − 2δz z̄ 2 δz + 4 hz z̄i δz δz̄ + hz̄ 2 i δz̄2
(5.36)
2

δz 5 − 5 z 4 δz − 10 z 2 δz 3 + 30 z 2 δz − 5δz 4 δz − 6 z 2 δz 2 δz + δz 2 δz 3
.
E5 = −
hr5 i
(5.37)
The calculations of E{n1 , ..., nk } involve an average over events of products of
δ’s. Two-point averages are computed within the formalism of the independent
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source model as following:
hδf δg i =

hf gi − hf i hgi
.
N

(5.38)

We use the following equations
hz n z̄ m i = 0, n-m − odd ,
hz n z̄ m i = rn+m cos ((n − m)φ) , n-m − even .

(5.39)
(5.40)

With the equations (5.33)-(5.40) we are able now to get any cumulants
E{n1 , ..., nk }. In the following sections we use the notation
hr2 cos 2φi
,
εs ≡ −
hr2 i

(5.41)

which denotes the standard eccentricity.

5.5

Correlation c{2, 2, −4}

In this section we present the calculations of the value event-plane correlation
c{2, 2, −4} in the terms of the independent source model.
In order to calculate E{2, −2} we repeat the calculation as in [187]. We
apply the formulas (5.33), (5.38) and (5.40) and get the following equation:
E{2, −2} =

ε2s

+

r4 + 3ε2s r4 + 4εs r4 cos 2φ
hr2 i2 N

.

(5.42)

In the similar way it can be obtained
E{2, 2, −2, −2} =

ε2s (2(2 + 5ε2s ) r4 + 16εs r4 cos 2φ + 2 r4 cos 4φ + ε2s r2
hr2 i2 N
(5.43)

The expressions for the correlations E{4, −4}, E{4, −2, −2} are too large,
so we present their general form in the Appendix. Knowing the four correlations E{2, −2}, E{2, 2, −2, −2}, E{4, −4} and E{4, −2, −2} one can obtain the
expressions for λ224 and C224 which are also presented in the Appendix.
The average values hrn+m cos (n − m)φi presented in the terms of the expressions for λ224 and C224 are calculated in the Gaussian model, PHOBOS Monte
Carlo Glauber model and MC-KLN model.

2

N)

.
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Correlations for c{2,2,-4} in the Gaussian model

In this section we present the calculations of correlations E{n1 , n2 , ...nk } with
the Gaussian model.
For the Gaussian model the density distribution is
2

2
− x2− y2
1
2σx
2σy
ρ(x, y) =
e
2πσx σy

(5.44)

hr2 i = σx2 + σy2 ,

(5.45)

σx2 − σy2
εs = 2
.
σx + σy2

(5.46)

from where
and the eccentricity reads as

Integration over ρ(x, y) gives following expressions for the correlations:
2 + 3ε4s + ε2s (−5 + N )
E{2, −2} =
,
N
24
,
E{4, −4} =
(2 + ε2s )2 N
E{4, −2, −2} =

(5.47)
(5.48)

6ε4s (6 + ε2s )
,
(2 + ε2s )2 N

(5.49)

ε2s (8 + 10ε4s + ε2s (−18 + N ))
E{2, 2, −2, −2} =
.
N
Thus, the expression for λ224 reads
q
λ224 =

εs 2 (8+10εs 4 +εs 2 (−18+N ))
N

√ q
2 6 (2+ε12 )2 N

.

(5.50)

(5.51)

s

And the expression for C224 is following:
q
C224 =
(2 +

ε2s )2

3 4
2 εs

q

6 + ε2s



ε2s (8+10ε4s +ε2s (−18+N ))
N
2
(2+ε2s ) N 2

.

(5.52)

Note, that Gaussian model is given only for the demonstration and we
do not use this model in our following calculations. In order to calculate
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hrn+m cos (n − m)φi we use PHOBOS MC-Glauber and MC-KLN models of
initial state in the following sections.
5.5.2

Calculations of a4 /b4 parameter with MC-Glauber and MCKLN models

After we have got the values of the correlations defined in the section 5.3, we
need to calculate the parameter a4 /b4 . For this goal we combine experimental
data on measured correlations with the calculations of these correlations from
independent source model which were in previous sections.
In this method the experimental data on c{2, 2, −4}(Npart ) can be fit with
the function (5.23) and use the a4 /b4 as a parameter.
We represent the fit function in the following way
(b /a )L
p 4 4 224
(Npart )
1 + (b4 /a4 )2 L2224

(5.53)

(b4 /a4 )L224 + C224
p
(Npart ) ,
1 + (b4 /a4 )2 L2224 + 2(b4 /a4 )L224 C224

(5.54)

or in general case

where
L224

p
hE22 E2∗2 i
λ224
=
= p
.
(b4 /a4 )
hE4 E4∗ i

(5.55)

The behavior of the hydrodynamic response coefficients
p a4 and b4 can be
expressed as a function of the size of the system R ≡ hr2 i. Thus, from the
eq. (1.40) the hydrodynamic response coefficients decreases as ∝ 1/R [195] due
to the viscous correction. This viscous correction is found to be more important
for the linear response a4 . Thus, the ratio of nonlinear to linear response can
be written in the following way:
(b4 /a4 ) = 

β4
1−

√α4 2
hr i

.

(5.56)

In the eqs. (5.53) and (5.54) the parameters (b4 /a4 ), L224 and C224 are in
fact functions of Npart . In order to make a fit of the experimental data with
one of the functions (5.53) or (5.54), one needs to find a form for the functions
L224 (Npart ) and C224 (Npart ). We do this by the fit of the numerical points got
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Figure 5.2: Comparison of experimental data of c{2, 2, −4} (blue circles) with the fit made
with MC-Glauber (yellow diamonds) and MC-KLN models (purple squares) with the help of
independent source model calculations.

from MC-Glauber
or MC-KLN models with the polynomial functions. The
p
value hr2 i in (5.56) is also dependent on Npart and is fitted as well with a
polynomial function. These functions then can be used in the fit models (5.53)
or (5.54). The fit functions have only two parameters α4 and β4 . The resulting
fit is shown in fig. 5.2.
The parameters α4 and β4 extracted from the fit allow us to construct the
function for the a4 /b4 (Npart ). The resulting values are shown in fig. 5.3. In
this figure we can see that the values of a4 /b4 are different for MC-Glauber and
MC-KLN models. These models give different prediction for hE22 E2∗2 i, thus the
MC-KLN gives higher values, so the value of a4 /b4 is also higher.
The extracted values of a4 /b4 for the CGC model are of the same order
of magnitude as the values obtained from the hydrodynamic calculations by
Teaney and Yan [196].

5.6

Correlations for c{2, 3, −5} in the Gaussian model

In this section we present similar calculations for the measure 3-event plane
correlation c{2, 3, −5}.
The general formulas calculated within the independent source model formalism are presented in the Appendix.

a4b4
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Figure 5.3: a4 /b4 extracted from the fit, for MC Glauber (yellow diamonds) and MC-KLN
models (purple squares).

Here we present the expressions for cumulants in the Gaussian model. The
expressions which we get within this model demonstrate the usefulness of the
cumulant formalism, thus one gets E{2, 3, −5} = 0.
(120hr2 i5 )
E{5, −5} =
,
hr5 i2 N

(5.57)

(6hr2 i3 )
E{3, −3} =
,
hr3 i2 N

(5.58)

(6ε2s hr2 i3 )
E{2, 3, −2, −3} =
,
hr3 i2 N

(5.59)

E{2, 3, −5} = 0 ,

(5.60)

q

ε2s hr2 i3
2
hr3 i N

λ235 = √ q 2 5 ,
2 5 hrhr5 i2iN

(5.61)

C235 = 0 .

(5.62)

where εs and hr2 i are defined by eqs. (5.45) and (5.46).
In the following sections these values are calculated within PHOBOS MC-
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Glauber model.
5.6.1

Calculation of a5 /b5 parameter with MC-Glauber model

<cosH2F2+3F3-5F5L>

In this section we do the same fit procedure as for a4 /b4 parameter. Thus, we
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Figure 5.4: Comparison of experimental data of c{2, 3, −5} (blue circles) with the fit made
with MC-Glauber (yellow diamonds) with the help of independent source model calculations.
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Figure 5.5: a5 /b5 extracted from the fit with MC-Glauber model.
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choose the fit function in the following way:
(b /a )L
p 5 5 235
(Npart ) ,
1 + (b5 /a5 )2 L2235

(5.63)

(b5 /a5 )L235 + C235
p
(Npart ) ,
1 + (b5 /a5 )2 L2235 + 2(b5 /a5 )L235 C235

(5.64)

or in general case

where we denote
L235

λ235
=
=
(b5 /a5 )

p
hE2 E3 E2∗ E3∗ i
p
.
hE5 E5∗ i

(5.65)

The resulting fit is shown in fig. 5.4.
As in the case with a4 and b4 , we assume the following dependence on the
size of the system for the coefficients a5 and b5 :
β5

(b5 /a5 ) = 

1−

√α5 2
hr i

.

(5.66)

The extracted function of a5 /b5 (Npart ) is presented in fig. 5.5. These values
are in a good agreement with the hydrodynamic predictions by Teaney and
Yan [196].
Verification of the independent source model.

Figure 5.6: E4
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p
Npart (Npart ), E5 Npart (Npart ) and E3 Npart (Npart ) with MC-Glauber model

One of the main statements of the independent source model is that all
the cumulants are ∝ √ 1 . In order to check this statement we compute
p
p Npart
p
E4 Npart (Npart ), E5 Npart (Npart ) and E3 Npart (Npart ). In this calculations
we used PHOBOS MC-Glauber model as the initial state model for the cumulants. The resulting functions are presented in figs. 5.6.
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We expect these values to be close to a constant. In these figures we see
that these values are approximately constant in the low centrality range, so the
independent source model is considered reliable.

5.7

Predictions for the 4-particle correlation c{2, −3, −4, 5}.

<cosH2F2-3F3-4F4+5F5L>

In this section we propose a prediction for the possible future measurement of
4-particle correlation c{2, −3, −4, 5} = hcos (2Φ2 − 3Φ3 − 4Φ4 + 5Φ5 )i.
We assume that
q
c{2, 2, −4}c{2, 3, −5} hE2 i4
c{2, −3, −4, 5} =
.
(5.67)
hE22 i
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Figure 5.7: Prediction of hcos (2Φ2 − 3Φ3 − 4Φ4 + 5Φ5 )i with MC-Glauber model.

Figure 5.8: Prediction of hcos (2Φ2 − 3Φ3 − 4Φ4 + 5Φ5 )i (Npart ) from the AMPT model, from
[20] (blue squares: calculations made with SP method, green circles: calculations made with
EP method)
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Here c{2, 2, −4} and c{2, 3, −5} are q
2-particle and 3-particle correlations
measured by ATLAS and the values of hE2 i4 and E22 can be calculated
within some model of initial state. As the model of initial state here we choose
PHOBOS MC-Glauber model. The resulting prediction is shown in fig. 5.7.
These predictions are consistent with the predictions made within AMPT
model [20] with the SP method, see fig. 5.8.
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Conclusions
In this thesis we were studying the physics of anisotropic flow in heavy-ion collisions. Anisotropic flow characterizes the collective expansion as the response
to the fluctuating initial state. A relativistic hydrodynamics is used in order
to describe the evolution of the fluid created in the heavy-ion collision. During its evolution the fluid turns into independently emitted outgoing particles.
The azimuthal distribution of produced particles is characterized by a Fourier
distribution with the flow coefficients vn
!
∞
X
dN
N
=
1+2
vn cos n(φ − Ψn ) ,
(6.68)
dφ
2π
n=1
where Ψn are the reference angles of harmonics n.
In the first chapter of this thesis we gave a general introduction which
includes a historical review on the heavy-ion physics and recent theoretical and
experimental approaches.
In the second chapter we present the first measurements of the Fourier
coefficient v1 , called directed flow. For this goal we used the data on twoparticle correlations Vn∆ from ALICE collaboration. These correlations can be
represented as the product of two single-particle flow coefficients
Vn∆ = vna vnb ,

(6.69)

where a and b are two particles. It turns out that for the case n = 1 this
factorization does not work and one needs to take into account an additional
term due to the momentum conservation. Thus the two-particle correlation
reads
V1∆ = v1a v1b − kpat pbt ,
(6.70)
where k is the momentum conservation coefficient.
In order to extract v1 we fit the experimental data V1∆ which represent a
N × N matrix by the right side of the equation (6.70) with N+1 parameters: N
parameters v1 and one parameter k, where N is the number of pt bins. The val-
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ues of v1 extracted as the parameter of the fit, thus were the first measurements
of rapidity-even directed flow at the LHC. Later these results were confirmed
by the ATLAS collaboration.
In the third chapter we present the first viscous hydrodynamic calculations
of the directed flow v1 . For this goal we use 2+1D viscous hydrodynamic model
with the optical Glauber model for the initial state. As far as the initial profile
of the optical Glauber model is symmetric and smooth it had to be deformed
in order to create the dipole asymmetry which causes the directed flow. With
the viscous hydrodynamic calculations we have found that v1 has a weaker
dependence on viscosity than v2 and v3 . In this chapter we also present the
predictions of the directed flow at RHIC. These results were later confirmed by
the measurements at RHIC.
In the fourth chapter we focus on the initial state models. The initial
conditions are poorly constrained, so there is a number of models of initial state.
We propose two ways to constrain the models of initial state by using anisotropic
flow data. In the first part of this chapter we constrain the models of initial
state by using v1 flow data. Directed flow v1 is found with a good approximation
to be proportional to the initial dipole symmetry ε1 . The following equation
can be written:
 
v1
LHC
v1
=
εtune
.
(6.71)
ε1 h 1
In order to fit the left part of the equation which represents experimental data
extracted in Chapter
2, with the right part of the equation, one can tune the

value εtune
. vε11
are the values calculated from hydrodynamics as shown in
1
h

Chapter 3. By tuning the coefficient εtune
one can fit the experimental values
1
at low pt and at high pt . The corresponding values of εtune
are considered as
1
upper and lower bounds on the actual values of ε1 . Calculating the values of
ε1 with different Monte Carlo models of initial state one can compare them
with the allowed region and thus exclude or constrain these models. The fact
that v1 is weakly dependent on viscosity allows us to put a constrain on some
models of initial state, because the created band is rather narrow. However,
the constraints provided by this method are not strong enough. In the second
part of the chapter we propose more strong constraints on the models of initial
state by using v2 and v3 data. In this method we perform a combined analysis
of v2 and v3 using viscous hydrodynamics. Elliptic and triangular flow are
proportional to the elliptic and triangular asymmetry respectively, which reads
as vn = κεn , n = 2, 3, where κ is the linear response in harmonic n. Combining

CHAPTER 6. CONCLUSIONS

85

experimental values with hydrodynamic calculations we extract the values ε2
and ε3 in the following way
p
p
h(vn )2 i
hε2n i ≡
,
(6.72)
κn
where h(vn )2 i is the measured rms value of integrated flow, average is taken
over collision events. The coefficient κn = (vn /εn )hydro is calculated in hydrodynamics. This way we are able to extract the rms values of εn . By varying free
parameters in the hydrodynamic calculations, we have obtained range of ε2 and
ε3 values. These values placed in the (rms ε2 , rms ε3 ) plane create a band of
allowed values. After calculating the values of rms ε2 and rms ε3 in the models
of initial state, we put them on the (rms ε2 , rms ε3 ) plane and constrain models
of initial state. This method could be used as a test by any group which has a
Monte Carlo model.
The fifth chapter, prospects for initial state studies were given. In this
chapter, we perform calculations of event-plane correlations recently measured
by the ATLAS collaboration. In order to study these correlations one needs a
model for the initial state and a model for the hydrodynamic response. In our
study we used the independent source model proposed by Ollitrault, Luzum
and Bhalerao and the cumulant approach proposed by Teaney and Yan. In
the cumulant approach the medium response is represented as a sum of linear
and non-linear order responses. We analyze two correlations, c{2, 2 − 4} =
hcos 4(Φ2 −Φ4 )i and c{2, 3, −5} = hcos(2Φ2 +3Φ3 −5Φ5 )i. The method provides
the ratio of linear over non-linear response. The values are in agreement with
the predictions from hydrodynamics. In this chapter we also propose a simple
method for a prediction of the possible future measurement of the 4-particle
correlation c{2, −3, −4, 5} = hcos(2Φ2 − 3Φ3 − 4Φ4 + 5Φ5 )i, the predicted
values are similar to the predictions made with the AMPT model.
In this thesis, we have performed a full analysis of the first five harmonics vn ,
n < 6. This analysis allowed us to put constraints on the initial state models.
The future of the studies of the initial state is connected with the analysis of
event-plane correlations. We hope that these studies could shed light on initial
fluctuations and the hydrodynamic expansion.
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Appendices

Cumulants calculations
Cumulants for c{2, 2, −4} correlation
Here we present the general formulas for cumulants, calculated within the cumulan expantion formalism and within the independent source model. The values
presented here and used in the Chapter 5. Later they are calculated within
Gauss, MC-Glauber and MC-KLN models.
The following expressions are calculated with the formulas for cumulants
within the independent source model formalism:
iΦ1

E1 e

E2 e2iΦ2
E3 e3iΦ3

δz 2 z̄ − 2 hz z̄i δz − z 2 δz̄
{(z − δz )2 (z̄ − δz̄ )}
'−
,
= E1 = −
{r3 }
hr3 i
z 2 + δz 2 − δz2
= E2 = −
,
hz z̄i + δz z̄ − δz δz̄
δz 3 − 3 z 2 δz − 3δz 2 δz
= E3 = −
,
hr3 i

(A.73)
(A.74)
(A.75)

2

E4 e

4iΦ4

E5 e

5iΦ5

z 4 + δz 4 − 3 z 2 − 6 z 2 δz 2 − 3δz22 + 12 z 2 δz2 − 4δz 3 δz
= E4 = − 2 2
,
hz z̄ i + δz 2 z̄ 2 − 2δz 2 z̄ δz̄ + hz 2 i δz̄2 − 2δz z̄ 2 δz + 4 hz z̄i δz δz̄ + hz̄ 2 i δz̄2
(A.76)
2

δz 5 − 5 z 4 δz − 10 z 2 δz 3 + 30 z 2 δz − 5δz 4 δz − 6 z 2 δz 2 δz + δz 2 δz 3
,
= E5 = −
hr5 i
(A.77)

where
δf ≡ {f } − hf i

(A.78)

for the event-by-event fluctuations, and {...} denotes an average over the transverse plane in a single event:
R
f (x, y)(x, y)dxdy
R
{f (x, y)} ≡
.
(A.79)
(x, y)dxdy
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We use complex coordinates z = x + iy and z̄ = x − iy. We replace reiφ by
z − δz in order to take into account the recentering correction.
Two-point averages are computed as following:
hδf δg i =

hf gi − hf i hgi
N

(A.80)

We use the following equations:
hz n z̄ m i = 0, n − m − odd
hz n z̄ m i = rn+m cos ((n − m)φ) , n − m − even,

(A.81)
(A.82)

Thus, we get following equations
E{2, −2} =

E{2, 2, −2, −2} =

ε2s

r4 + 3ε2s r4 + 4εs r4 cos 2φ

+

(A.83)

hr2 i2 N

ε2s (2(2 + 5ε2s ) r4 + 16εs r4 cos 2φ + 2 r4 cos 4φ + ε2s r2
hr2 i2 N
(A.84)

1
6
2
2
(−36ε6s r2
r4 − 6 r4
r4 cos 4φ −
4
hr4 i N
2
3
2 2
4
r + r cos 4φ
+ 72ε3s r2
r4 r6 cos 2φ +

E{4, −4} =
8 r

2 2

r

4



−3ε2s

12εs r2

r4 ( r4 − 2 r4 cos 4φ ) r6 cos 2φ +
r4

ε4s

r

2 4



−9 r4

2

2

r8 + 3 r4 cos 4φ

+ 24 r4

r8 +

4
8
r cos 4φ + 27 r
−

4 hr4i r4 cos 4φ
2ε2s r2

2

(18 r4

3

2

2

r8 cos 4φ +
2

+ 9 r4
r4 cos 4φ − 2 r4 r4 cos 4φ −
9 r4 cos 4φ r8 + 6 r4 r8 cos 4φ )+

2
2
2
r4
−3ε2s r2 + r4 cos 4φ
N)
(A.85)

2

N)

91

E{2, 2, −4} =

1
(−6ε6s r2
2
3
hr2 i hr4 i N

6

r4 − r4

2

r4 cos 4φ2 +


2
12ε3s r2
r4 2 r4 r4 cos 2φ + r2 r6 cos 2φ −
2εs r4 (2 r4 r4 cos 2φ r4 cos 4φ − r2 r4 r6 cos 2φ +
r2 r4 cos 4φ r6 cos 2φ )+
4

ε2s (4 r2
r4 r4 cos 4φ − 3 r4
2 r2 r4 (− r4 cos 4φ r6 + r4
r2

2

(12 r4

3

− r4 cos 4φ
r4

ε4s r2

2

(−12 r2

r2

2

(2 r4

4

3

r8 + r4
2

r4 cos 4φ +
r6 cos 4φ )+
r8 cos 4φ −

r4 cos 4φ (−6 + N )))+

r4 + 9 r4

3

+ 6 r2

r4

r4 cos 4φ + 3 r8 + 3 r4

Denoting λ224 and C224 in the following way
  p 2 ∗2
hE E i
b4
p 2 2 ,
λ224 =
a4
hE4 E4∗ i
E4∗ E22
p
C224 =
,
hE4 E4∗ i hE22 E2∗2 i

r6 +
2

N )))

(A.86)
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one gets the value of λ224 :
 
b4 p 2
λ224 =
( ((εs (2(2 + 5ε2s ) r4 + 16εs r4 cos 2φ + 2 r4 cos 4φ +
a4
p
2
2
4
6
ε2s r2 N ))/( r2 N )))/( (1/( r4 N )(−36ε6s r2
r4 −
8 r2

2

r4

r4 cos 4φ

2

− 6 r4

72ε3s r2
12εs r2

3

2

r4

r4 cos 4φ

2

r8 − 4 r4

2ε2s r2
r4 (24 r2

2

2

(18 r4

4

3

2

(−24 r2
3 r4

2

2

r4 + 8 r4

2

2

r8 +

r8 cos 4φ +

− 9 r4 cos 4φ

r4 cos 4φ − 2 r4 cos 4φ
3 r4

3ε4s r2

r4 cos 4φ

+

r6 cos 2φ +

r4 ( r4 − 2 r4 cos 4φ ) r6 cos 2φ + r4
3 r4 cos 4φ

2

r8 +

+ 6 r8 cos 4φ )−

r4 cos 4φ (−3 + N ))+
r4 cos 4φ + 9 r8 +

(−1 + N )) + r4

2

r4 cos 4φ

2

N )))
(A.89)
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and the value of C224
6

C224 = (−6ε6s r2

2

r4 − r4

r4 cos 4φ

2

+

2

12ε3s r2
r4 (2 r4 r4 cos 2φ + r2 r6 cos 2φ )−
(2 r4 r4 cos 2φ r4 cos 4φ − r2 r4 r6 cos 2φ +
r2 r4 cos 4φ r6 cos 2φ )+

2εs r4

4

ε2s (4 r2
r4 r4 cos 4φ − 3 r4
2 r2 r4 (− r4 cos 4φ r6 + r4
2

r2

3

(12 r4

− r4 cos 4φ
r4

ε4s r2

2

r2

( r2

2

r8 + r4
2

r4 cos 4φ +
r6 cos 4φ )+
r8 cos 4φ −

r4 cos 4φ (−6 + N )))+

r4 + 9 r4

3

+ 6 r2

r4

2

r6 +
2

(2 r4 r4 cos 4φ + 3 r8 + 3 r4 N )))/
p
2
4
4 3
r4 N 2 )ε2s (2(2 + 5ε2s ) r4 +
r N ( − 1/( r2
16εs r4 cos 2φ + 2 r4 cos 4φ +

ε2s r2

2

N )(36ε6s r2

6 r4
12εs r2

4

(−12 r2

3

2

6

r4 cos 4φ

r4 + 8 r2
2

2

− 72ε3s r2

r4
3

r4

r4 cos 4φ2 +
r6 cos 2φ −

r4 ( r4 − 2 r4 cos 4φ ) r6 cos 2φ − r4
3 r4 cos 4φ

2

r8 + 4 r4

2ε2s r2
r4 (24 r2

2

2

r4 cos 4φ

(18 r4

3

2

2

2

r8 −

r8 cos 4φ −

− 9 r4 cos 4φ

r4 cos 4φ − 2 r4 cos 4φ
3 r4

2

r8 +

+ 6 r8 cos 4φ )−

r4 cos 4φ (−3 + N ))+

3ε4s r2

4

(24 r2

9 r8 − 3 r4

2

(−1 + N )) − r4

r4 − 8 r4
2

r4 cos 4φ −

r4 cos 4φ

2

N )))

(A.90)

Cumulants for c{2, 3, −5} correlation
Here we perform the calculations of cumulants which we need in order to calculate c{2, 3, −5} correlations.
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4

2

2

2

(90ε4s r2 )
(60ε3s r2
r2
r4 cos 2φ ) (15ε2s r2
r4 cos 4φ )
E{2, 3, −5} =
+
−
−
(hr3 i hr5 i N )
(hr3 i hr5 i N )
(hr3 i hr5 i N )
(5εs r4 cos 2φ r4 cos 4φ ) (10ε2s r2 r6 ) (3ε2s r2 r6 cos 4φ ) (εs r8 cos 2φ )
+
+
+
(hr3 i hr5 i N )
(hr3 i hr5 i N )
(hr3 i hr5 i N )
(hr3 i hr5 i N )
(A.91)

E{5, −5} =
(300ε2s r2

3

5

r10
(hr5 i2 N )

+

r4 cos 4φ

(hr5 i2 N )
(25 r2

2

r4 cos 4φ )

(900ε4s r2 )
(hr5 i2 N )

−

(100εs r2

+

(600ε3s r2

3

r4 cos 2φ )

(hr5 i2 N )

r4 cos 2φ

r4 cos 4φ )

(hr5 i2 N )

(100ε2s r2

2

r6 )

(60ε2s r2

2

+

r6 cos 4φ )

+
+
(hr5 i2 N )
(hr5 i2 N )
(hr5 i2 N )
(10 r4 cos 4φ r6 cos 4φ ) (20εs r2 r8 cos 2φ )
+
(hr5 i2 N )
(hr5 i2 N )

ε{3, −3} =

ε{2, 3, −2, −3} =

(9ε2s r2

3

+ 6εs r2

r4 cos 2φ + r6 )

(hr3 i2 N )

ε2s (9ε2s r2

3

+ 6εs r2

r4 cos 4φ + r6 )

hr3 i2 N

−

−

(A.92)

(A.93)

(A.94)

We denote:

p
hE2 E3 E2∗ E3∗ i
p
,
hE5 E5∗ i
hE5∗ E2 E3 i
p
=
hE5 E5∗ i hE2 E2∗ i hE3 E3∗ i


λ235
C235

b5
=
a5

(A.95)
(A.96)
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Thus, we have:
 
b5 p 2 2 2 3
λ235 =
((εs (9εs r + 6εs r2 r4 cos 2φ + r6 ))/
a5
q
3 2
( r N )))/( 1/(hr5 i2 N ( r10 +
3

5

5(180ε4s r2 + 120ε3s r2
r4 cos 2φ +
r4 cos 4φ (5 r2 r4 cos 4φ − 2 r6 cos 4φ )+
2

4ε2s r2 (−15 r2 r4 cos 4φ + 5 r6 + 3 r6 cos 4φ )+
4εs r2 (−5 r4 cos 2φ r4 cos 4φ + r8 cos 2φ ))))
(A.97)

4

2

C235 = (εs (90ε3s r2 + 60ε2s r2
r4 cos 2φ − 5 r4 cos 2φ r4 cos 4φ +
εs r2 (−15 r2 r4 cos 4φ + 10 r6 + 3 r6 cos 4φ )+
p
2
2
3
8
3
5
(1/( r3
r5 N 2 )ε2s (9ε2s r2 + 6εs r2 r4 cos 2φ +
r cos 2φ ))/( r
r
r6 )( r10 + 5(180ε4s r2
2

5

+ 120ε3s r2

3

r4 cos 2φ + r4 cos 4φ (5 r2

r4 cos 4φ −

2 r6 cos 4φ ) + 4ε2s r2 (−15 r2 r4 cos 4φ + 5 r6 + 3 r6 cos 4φ )+
4εs r2 (−5 r4 cos 2φ r4 cos 4φ + r8 cos 2φ ))))N )
(A.98)
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We analyze published data from the ALICE Collaboration in order to obtain the first extraction of the
recently proposed rapidity-even directed flow observable v1 . An accounting of the correlation due to the
conservation of transverse momentum restores the factorization seen by ALICE in all other Fourier
harmonics and thus indicates that the remaining correlation gives a reliable measurement of directed flow.
We then carry out the first viscous hydrodynamic calculation of directed flow, and show that it is less
sensitive to viscosity than higher harmonics. This allows for a direct extraction of the dipole asymmetry
of the initial state, providing a strict constraint on the nonequilibrium dynamics of the early-time system.
A prediction is then made for v1 in Au-Au collisions at RHIC.
DOI: 10.1103/PhysRevLett.108.252302

PACS numbers: 25.75.Ld, 24.10.Nz

Introduction.—Azimuthal correlations between particles
emitted in heavy-ion collisions are a useful observable to
probe the behavior of these systems [1]. Specifically, one
measures the Fourier coefficient [2]
Vn  hcosn’i;

(1)

where ’ is the relative azimuthal angle between a pair of
particles, and h  i denotes an average over pairs and
collisions. The long-range part of this correlation (defined
by a rapidity gap between the pair) is mostly generated by
collective, anisotropic flow of the strongly coupled matter
created in the collision [3].
The most studied Fourier component is V2 [4–6], corresponding to elliptic flow [7]. Recently it was realized that
event-by-event fluctuations [2] generate a whole series of
harmonics. This has triggered detailed analyses of Vn for
n ¼ 3–6 [8–13].
Neglected in these analyses is the first Fourier harmonic
V1 . The observed V1 is smaller than V2 and V3 [3,10],
and receives a sizable contribution from global momentum
conservation [14,15], which makes its interpretation less
straightforward. Fluctuations are expected to create a dipole asymmetry in the system [16], resulting in a specific
directed flow pattern, with high transverse momentum
particles flowing in the direction of the steepest gradient
and low pT particles flowing in the opposite direction.
Hints of this directed flow have been extracted from published V1 data at the Relativistic Heavy-Ion Collider
(RHIC) by two of the authors [17], and its magnitude
and pT -dependence were shown to be in agreement with
ideal hydrodynamic calculations [18]. Note that this quantity is distinct from the directed flow observable that has
been obtained in the past from measurements employing a
rapidity-odd projection [19]. That rapidity-odd v1 gives a
negligible contribution to V1 near midrapidity and represents different physics [20].
0031-9007=12=108(25)=252302(5)

In this Letter, we show that data on V1 obtained by
ALICE [10] can be explained by the superposition of two
effects: global momentum conservation and directed flow.
This allows for the first reliable measurement of directed
flow at midrapidity. We then carry out the first viscous
hydrodynamic calculation of directed flow, and show that
these data can be used to constrain the initial dipole asymmetry of the system for each centrality, putting strong
constraints on models of initial conditions.
Directed flow from dihadron correlations.—The standard picture of heavy-ion collisions is that an approximately thermalized fluid is created, which eventually
breaks up into particles. Particles are emitted independently in each event, with an azimuthal distribution that
fluctuates from event to event. This yields a two-particle
correlation which factorizes into the product of two singleparticle distributions [21]:
Vn ðptT ; paT Þ ¼ vn ðptT Þvn ðpaT Þ;

(2)

where the superscripts t and a refer to trigger and associated particles that can be taken from different bins in
transverse momentum, and vn ðpT Þ is the anisotropic flow
coefficient. Note that it is possible for the event-averaged
correlation to not factorize even if independent emission
holds in each event [21], and it is also possible for intrinsic
(‘‘nonflow’’) pair correlations to factorize [22]. However,
flow is currently the only known mechanism that produces
a factorized correlation in the range of transverse momentum studied here (the bulk of particles). This factorization
has been tested in Pb-Pb collisions at the Large Hadron
Collider (LHC) [10,12]: this is done by fitting the left-hand
side of Eq. (2), which is a N  N symmetric matrix for
N bins in pT , with the right-hand side of Eq. (2), using the
N values of vn ðpT Þ as fit parameters. The ALICE
Collaboration has shown that, while the data do factorize
for n > 1, this factorization breaks down for n ¼ 1 [10].
This is not surprising since there is expected to be an
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additional long-range correlation induced by momentum
conservation that only affects the first harmonic [14]. The
constraint that all transverse momenta add up to 0 yields a
back-to-back correlation between pairs, which increases
linearly with the transverse momenta of both particles.
This correlation adds to the correlation from flow:
V1 ðptT ; paT Þ ¼ v1 ðptT Þv1 ðpaT Þ  kptT paT :

(3)

(Note that the nonflow correlation also factorizes in this
particular case [22], but the sum does not.) Table I compares the quality of the fit to V1 using Eqs. (2) or (3).
Adding one single fit parameter k tremendously increases
the quality of the fit for all centrality windows. We have
checked that the values of the fit parameters depend little
on the pT window. However, the quality of the fit decreases
as higher pT particles are included, as observed for other
harmonics [10]. Nevertheless, we include the entire range
of values as a systematic uncertainty in Table I, varying the
lower pT cutoff between 0.25 and 0.75 GeV, and the upper
cutoff between 2.5 and 15.0 GeV. Similarly, we use this
procedure to estimate a systematic uncertainty in v1 (see
Fig. 2 below).
Next, we check whether the value of k from the fit is
compatible with the value expected from momentum conservation. Assuming for simplicity that momentum conservation
P is the only source of correlation, one obtains [14]
k ¼ h p2T i1 , where the sum runs over all particles emitted in one event, and the angular brackets denote an
average over events in the centrality class. Since experiments measure only charged particles in a restricted phasespace window, only a rough estimate of this quantity can be
made, by extrapolating from existing data. We have used
the preliminary identified particle pT spectra from ALICE
at midrapidity [23], and extrapolated them outside the pT
acceptance of the detector using Levy fits [24]. In order to
extrapolate to all rapidities, we have assumed for simplicity that the pT spectra are independent of rapidity, and we
have used the total charged multiplicity estimated by the
ALICE Collaboration [25]. Neutral particles were taken
into account assuming isospin symmetry, and the contribution of particles heavier than nucleons was neglected.
The resulting estimate is shown in the last column of
Table I. The fit result in general has the correct size and
TABLE I. From left to right: 2 per degree of freedom of the
fit to the ALICE V1 [10] (restricted to pT < 4 GeV=c) using
Eq. (2), and using Eq. (3); value of k from the fit; estimated value
of k from momentum conservation in units of 105 ðGeV=cÞ2 .
P
Centrality 2 , Eq. (2) 2 , Eq. (3) k [105 GeV2 ] h p2T i1
0%–10%
10%–20%
20%–30%
30%–40%
40%–50%

6
16
45
75
126

week ending
22 JUNE 2012
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2.0
1.7
2.1
2.2
2.4

2:5þ1:1
0:3
4:7þ1:3
0:4
10:2þ2:1
0:5
20:6þ3:2
1:6
41:5þ4:7
3:0

6.1
8.8
13
21
35

increases with percent centrality, as expected. The centrality dependence is steeper than expected from our rough
estimate, however—the fit value is larger than the estimated value for the most peripheral bin, while it is significantly smaller for central collisions. We cannot explain
this, but overall the agreement is reasonable, and a discrepancy in k of this size has a very small effect on the
extracted directed flow; the extracted directed flow curves
with k fixed to the estimated values were also included in
the systematic error band in v1 , but only have a small effect
on the two most central bins.
It has been suggested that the correlation from momentum conservation could be larger than our estimate because
of approximate conservation of transverse momentum
within smaller subsystems of the entire collision system—specifically rapidity slices of roughly unit extent
[26,27]. However, we see no evidence here for such an
enhancement.
Thus, by taking into account the only obvious nonflow
correlation, the factorization seen in higher harmonics is
restored, and we can take the resulting v1 ðpT Þ as a reliable
measurement of directed flow v1 (presented in Fig. 2
below).
Results of hydrodynamic calculations.—Relativistic viscous hydrodynamics has been shown to successfully reproduce vn for n ¼ 2, 3, 4 [28]. Here, we present the first
viscous hydrodynamic calculation for directed flow, v1 . In
hydrodynamics, v1 and the corresponding event-plane
angle 1 are defined by v1 ei1  hei’ i, where angular
brackets denote an average over the momentum distribution at freeze-out [29]. A collision of identical nuclei at
midrapidity has ’ ! ’ þ  symmetry except for fluctuations; hence, v1 at midrapidity is solely due to event-byevent fluctuations in the initial state.
In event-by-event ideal hydrodynamic calculations, v1
was found [18] to be approximately proportional to the
dipole asymmetry of the system "1 defined as [16]
"1 

jfr3 ei gj
:
fr3 g

(4)

where f  g denotes an average value over the initial
energy density after recentering the coordinate system
(frei g ¼ 0).
Here, in order to make a systematic study, we use a
smooth, symmetric density profile which we deform to
introduce a dipole asymmetry of the desired size and
orientation. Specifically, our calculation is a 2 þ 1 dimensional viscous hydrodynamic calculation which uses as
initial condition the transverse energy density (ðr; Þ)
profile from an optical Glauber model [30], which is
deformed in a way analogous to the previous study of v3
and higher harmonics in Ref. [31]:
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðr; Þ ! ðr 1 þ  cosð  1 Þ; Þ;

252302-2
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agreement with data. If one chooses to match data at the
lowest pT , calculation overpredicts data at high pT .
Conversely, if one matches data at high pT , calculation underpredicts data at low pT . The corresponding values of "1 can
be considered upper and lower bounds on the actual value.
The values of =s (the ratio of shear viscosity to entropy
density) implied by comparisons of elliptic flow data to
hydrodynamic calculations all lie in the range 0 < =s <
0:24 [30,33,34]. Assuming that =s lies in this range, we
can extract an allowed range for the dipole asymmetry,
using the extremal values of =s and "1 that still give a
reasonable fit to data (the extremal curves used are shown
in Fig. 2).
Figure 3 displays the allowed values of "1 as a function
of centrality, together with the rms "1 from various Monte
Carlo models of initial conditions. The allowed range
assuming 0:08 < =s < 0:16, representing the most common values extracted from v2 data, are also shown in a
darker band, to illustrate the small effect of viscosity. Both
the order of magnitude and the centrality dependence of "1
from Monte Carlo models resemble the allowed values
from LHC data. However, there are significant differences
between the models. LHC data already exclude DIPSY
[35] above 10% centrality, and the Phobos Glauber model
[36] as well as a recent improved MCKT model with KNO
fluctuations [37] over the entire centrality range.
Note, however, that since hydrodynamics is expected to
be more reliable at low transverse momentum, the actual
value of "1 is most likely to lie very close to our upper

0.08
0.06
0.04
0.02
0
0.02

v1

where  is a small parameter. Both v1 and "1 are proportional to  for   1. For noncentral collisions, v1 depends mildly on the orientation of the dipole asymmetry
1 with respect to the impact parameter. Our results are
averaged over 1 .
Figure 1 presents the ratio v1 ="1 as a function of the
transverse momentum pT for central collisions. Unlike
higher-order harmonics, which are usually positive for all
pT , v1 changes sign. The reason is that the net transverse
momentum of the system is zero by construction, which
implies hpT v1 ðpT Þi ¼ 0: low-pT particles tend to flow in
the direction opposite to high-pT particles.
The harmonics vn tend to probe smaller length scales
with increasing n, and as a result are expected to have an
increasing sensitivity to viscosity. Our results show that,
indeed, v1 is less sensitive to viscosity than v2 [32] and
higher harmonics [28,31]. This insensitivity to viscosity
combined with the approximate proportionality v1 / "1
provides a unique opportunity to place a direct constraint
on the dipole asymmetry of the early-time system.
In a realistic Pb-Pb collision, "1 varies from event to event.
The contribution of directed flow to V1 scales like "21 .
Therefore the experimentally measured v1 scales like the
root-mean-square (rms) value of "1 in the centrality bin. As
we shall see below, there is a wide range of predictions for
this quantity. With these new data we can now quickly
discern which are compatible with experiment by identifying
an allowed range of values for the rms dipole asymmetry.
Figure 2 displays v1 versus pT extracted from ALICE
correlation data using Eq. (3). The magnitude and pT
dependence of v1 are similar at LHC and at RHIC [17],
and the mild centrality dependence, reminiscent of v3
[8,9], is expected since both are generated purely from
fluctuations in the initial state.
The pT dependence of v1 in LHC data bears a striking
resemblance to that predicted by hydrodynamics (Fig. 1). In a
given centrality window and for a given value of the viscosity,
one can tune the value of the dipole asymmetry "1 in the
hydrodynamic calculation so as to obtain reasonable
2.0
s
s
s
s

0.08
0.06
0.04
0.02
0
0.02
0.08
0.06
0.04
0.02
0
0.02

0
0.08
0.16
0.24

1.0

v1

1

1.5
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FIG. 1 (color online). Directed flow v1 , scaled by the initial
dipole asymmetry "1 , in a central Pb-Pb collision at 2.76 TeV, for
different values of the shear viscosity to entropy ratio =s.

FIG. 2 (color online). v1 ðpT Þ in Pb-Pb collisions at 2.76 TeV
extracted from correlation data [10], in various centrality
windows. The shaded band represents the systematic uncertainty
from the choice of pT window used for the fit. The curves are
hydrodynamic calculations, where the value of "1 has been
adjusted so as to match the data from above or below, that were
used to obtain the upper and lower bound, respectively, in Fig. 3.
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FIG. 3 (color online). Variation of "1 with centrality. The
shaded bands indicate the allowed regions using ALICE data
in combination with viscous hydrodynamics, assuming either
0 < =s < 0:24 (lighter shade) or 0:08 < =s < 0:16 (darker
shade). Also shown are the prediction of several Monte Carlo
models of initial conditions: DIPSY [35], MC-KLN (obtained from
MCKT V1.00) [38,39], MCKT V1.25 [37,39], and two different
implementations of the Glauber model utilizing pointlike nucleons [36] or uniform disks [39]. The binary collision fraction for
both Glauber models was taken to be x ¼ 0:18 [40].

bound. Thus it is possible that the two models with the
largest dipole asymmetry may only need a slight tuning to
achieve a correct value, while the value from the others
may in fact be too low. We prefer here to be conservative in
our claimed region of allowed values and leave it to future
study for more stringent conclusions.
Models such as those presented here do not in general
predict a significant change in dipole asymmetry with
collision energy. By extracting a best value of "1 from
these LHC data combined with hydrodynamic calculations
of lower energy collisions, we can make predictions for
Au-Au collisions at RHIC assuming little change in the
average dipole asymmetry in a centrality bin. Since the
change of "1 with collision energy predicted by each
current Monte Carlo model is much smaller than the range
spanned by the various models, this prediction is more
reliable than any obtained by assuming a particular model
for the initial conditions. These are presented in Fig. 4. The
value of "1 at LHC is obtained by taking the best fit to the
experimental v1 for pT < 1:5 GeV=c, which is the range
where hydrodynamics agrees best with data [29]. Our
calculations use =s ¼ 0:16 both at LHC and at RHIC,
but the extrapolation from LHC to RHIC depends very
weakly on the assumed value of =s [30].
These predictions are compatible with the attempted
extraction of v1 [17] from a much more limited set of
correlation data at 20%–60% centrality released by the
STAR Collaboration, but a dedicated analysis by one of
the experimental collaborations at RHIC will allow for a
much more precise test, including centrality dependence.
Conclusions.—We have shown that the first Fourier
component of the two-particle azimuthal correlation

0.5

1.0

1.5
p T GeV c

2.0

2.5

3.0

FIG. 4 (color online). Viscous hydrodynamic prediction for v1
in Au-Au collisions at 200 GeV in various centrality windows.

measured at LHC, V1 , can be explained by collective
flow, much in the same way as higher harmonics, after
the correlation from momentum conservation is accounted
for. We have thus obtained the first measurement of directed flow, v1 , at midrapidity at the LHC. This experimental result was compared with the first viscous
hydrodynamic calculation of directed flow. v1 was found
to have a weaker dependence on viscosity than v2 and v3 ,
which allows for the first time a tight constraint to be
placed directly on the geometry and fluctuations of the
early-time system, and which rules out certain current
theoretical models. The extracted values of the dipole
asymmetry of the initial conditions then allow for predictions to be made for directed flow at midrapidity in lowerenergy collisions at RHIC, which were presented.
For providing experimental data from the ALICE
Collaboration we would like to thank Andrew Adare and
Mateusz Ploskon. M. L. is supported by the European
Research Council under the Advanced Investigator Grant
No. ERC-AD-267258.
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We carry out a combined analysis of elliptic and triangular flow data using viscous relativistic hydrodynamics.
We show that these data allow us to put tight constraints on models of the early dynamics of a nucleus-nucleus
collision. Specifically, the rms values of the initial ellipticity ε2 and the initial triangularity ε3 are constrained
to lie within a narrow band for each centrality. We use these constraints as a filter for existing Monte Carlo
models of initial state, and provide a simple test that can be performed on any candidate model to determine its
compatibility with data.
DOI: 10.1103/PhysRevC.89.014902

PACS number(s): 25.75.Ld, 25.75.Gz, 24.10.Nz

I. INTRODUCTION

II. METHODOLOGY

Anisotropic flow [1] in heavy-ion collisions is understood
as the hydrodynamic response [2] of the strongly interacting
medium to a spatial anisotropy created in the early stages
of the collision. Elliptic flow, v2 [3,4], originates from the
almond shape of the overlap area between the colliding
nuclei [5]. Similarly, triangular flow, v3 , is generated by
fluctuations of the initial density profile which have a triangular
shape [6].
It has long been recognized that the extraction of transport
coefficients of the strongly-coupled quark-gluon plasma (in
particular, its viscosity over entropy density ratio η/s [7])
from elliptic flow data is hindered by the poor knowledge of the
initial geometry [8]. Specifically, different models of the initial
state, supplemented with viscous hydrodynamic evolution, can
be made compatible with experimental elliptic flow data at the
expense of tuning η/s. More recently, a large number of new
flow observables have been measured, which can add extra
nontrivial constraints. For example, it was noticed that, while
either elliptic flow or triangular flow data could be reasonably
fit individually by tuning the viscosity in a hydrodynamic
calculation, only some models of the initial state could be
made compatible with both. Thus, some models can actually
be ruled out [9,10].
The goal of this paper is to propose a systematic approach
for constraining models of initial conditions using anisotropic
flow data. Early work in this direction was done by the ALICE
Collaboration, which was able to place constraints on the
relative centrality dependence of the initial eccentricity for
very central collisions at the Large Hadron Collider (LHC),
without having to perform hydrodynamic calculations [11].
Here, by combining hydrodynamic simulations with data
√
from Au-Au collisions at sNN = 0.2 TeV [10] and Pb√
Pb collisions at sNN = 2.76 TeV [11], we are able to
place strong constraints at all centralities. We then use these
constraints as a filter for existing models of initial conditions,
and we provide a simple test that can be applied to any future
model to quickly and easily determine whether it is compatible
with these data.

The observable we choose for this study is the integrated [12] anisotropic flow vn , i.e., averaged over the
particle transverse momentum. The reason is twofold: First,
hydrodynamics is meant to describe the bulk features of
particle production, therefore its most robust predictions are
for bulk observables. Second, differential anisotropic flow
(i.e., its relative dependence on transverse momentum) does
not depend much on the initial state:1 predictions of ideal
(nonviscous) hydrodynamics for the differential vn are to
some extent universal [9,15], while viscous corrections are
determined by the late stages of the collision [16,17]. Therefore
one does not lose essential information on the initial state by
considering only the integrated anisotropic flow.
We only use two out of the six Fourier harmonics which
have been measured [18], namely v2 and v3 . Again, the
reason is twofold: First, they are the largest harmonics
for all centralities, hence they are determined with better
accuracy. Second, in these two harmonics, the hydrodynamic
response to the initial state is dominated by simple linear
response [19]. Specifically, elliptic flow v2 in hydrodynamics
is to a good approximation [20] proportional to the participant
ellipticity ε2 [21] and triangular flow is proportional [22] to
the participant triangularity ε3 [6]. εn with n > 1 is generally
defined as [2,23]

  n inφ
 r e (r,φ)r dr dφ 

,
(1)
εn ≡
r n (r,φ)r dr dφ

0556-2813/2014/89(1)/014902(7)

where integration is over the transverse plane in polar
coordinates, and (r,φ) denotes the energy density at z ∼ 0.
The system is centered, so that reiφ (r,φ)r dr dφ = 0.

1

Except at high transverse momentum where a granular density
profile yields less anisotropic flow [13] than a smooth density profile.
This effect [14] could be used to study such additional features of
the initial state, but we will see that those features do not affect the
conclusions in this work.
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Linear response is also a reasonable approximation for
v1 [24], with a specific definition of the dipole asymmetry
ε1 [2]. The constraints on the initial state from v1 were studied
in a previous publication [25]. Higher order Fourier harmonics
of anisotropic flow (v4 , v5 , v6 ) have a more complicated
relation to initial-state properties because of large nonlinear
terms in the hydrodynamic response [15,26–28].
The linear-response approximation states
 
vn
εn ,
(2)
vn =
εn h
with n = 2,3, where vn on the left-hand side is the measured
flow in a given collision event. The first factor on the
right-hand side is the hydrodynamic response to the initial
anisotropy [2,9], which is assumed independent of the initial
profile for a given centrality, while the second factor depends
only on the initial state and encodes all information about
event-by-event fluctuations. Experimental data for moments
of the event-by-event v2 and v3 distribution, combined with
hydrodynamical calculations of (v2 /ε2 )h and (v3 /ε3 )h , thus
yield the values of the same moments of the initial anisotropies
ε2 and ε3 . Here, we use ALICE data inferred from two-particle
correlations [11] and PHENIX data which use an eventplane method [10]. In practice, both methods yield the rootmean-square (rms) value of the event-by-event distribution of
vn [29].2 Equation (2) gives
  

vn
2
vn  =
εn 2 .
(3)
εn h
Therefore the constraints we obtain on εn also relate to rms
values.
There are several sources of uncertainties in the hydrodynamic response: once these uncertainties are taken into account, the predictions span some region in the (rms ε3 ,rms ε2 )
plane. As we show in Sec. III, this region turns out to be a
narrow band. This puts strong constraints on existing models
of initial conditions, which are scrutinized in Sec. IV.
III. UNCERTAINTIES IN THE RESPONSE

Hydrodynamical modeling [32] consists of three stages. It
first uses as input an initial condition for the energy-momentum
tensor of the system at an early stage of the collision, which is
provided by some model of the early dynamics. Second, one
evolves this initial condition through the equations of relativistic hydrodynamics. Finally, the fluid is converted into hadrons.
Every step of this calculation comes with its own uncertainties.
Investigating sources of uncertainty [33] in hydrodynamic
modeling requires one to carry out a large number of numerical
calculations, and the computational effort of a state-of-the-art
calculation can become prohibitively expensive [34]. This cost
can be reduced by orders of magnitude at the expense of a few
simplifying assumptions. For each of the three stages, we now

2
The event-plane method gives a result which coincides with the
rms value in the limit of low resolution [30], and the PHENIX analysis
has a low resolution [31].

describe the simplifications which can be made, and identify
the leading source of uncertainty.
1. Initial conditions. Our calculation uses boost-invariant
initial conditions [35]. This amounts to neglecting the rapidity
dependence of correlations due to anisotropic flow, which is
known to be small at LHC energies [18,36] but may be larger
at the Relativistic Heavy Ion Collder (RHIC) [37]. In order to
compute the hydrodynamic response in the second harmonic,
(v2 /ε2 )h , we parametrize the transverse density with an optical
Glauber model, with an impact parameter that corresponds
to the rms impact parameter of each bin in a Monte Carlo
Glauber calculation. The overall normalization is then set to
match the observed charged multiplicity [38,39]. In a centered
polar coordinate system (r,φ), the optical Glauber profile
has φ → φ + π symmetry for a symmetric collision, hence
ε3 = v3 = 0. In order to compute the response v3 /ε3 , we
introduce by hand a triangularity by deforming the optical
Glauber profile as follows [9]:

(r,φ) → (r 1 + ε3 cos[3(φ − 3 )],φ),
(4)
where ε3 is magnitude of the deformation, and 3 its
orientation. The nonlinear coupling between v2 and v3 [27]
induces a small modulation of v3 with 3 , whose relative
magnitude scales like (ε2 )3 cos(63 ) (the reaction plane is
chosen along the x axis). We find this dependence to be 1% or
less in all cases: therefore we neglect it and choose 3 = 0 for
all calculations. We have also checked that the dependence of
the ratio (v3 /ε3 )h on the values chosen for ε3 [9] is negligible.
This calculation uses the same values of ε3 as [9]. Note that recentering the distribution after deformation shifts the center by
a distance proportional to ε2 ε3 . This in turn results in a decrease
of ε3 of relative order (ε2 )2 . This recentering correction was
neglected in [9] and the hydrodynamic response was therefore
underestimated by up to 10% for peripheral collisions.
Within our linear-response approximation (2), the hydrodynamic response (vn /εn )h is assumed independent of
the fine structure of the initial profile. Event-by-event ideal
hydrodynamic calculations [40] have proven that a such a
“single-shot” calculation with smooth initial condition yields
the same value of (vn /εn )h , within a few percent, as a
calculation with fluctuating initial conditions averaged over
many events, while event-by-event viscous hydrodynamic
calculations show an even stronger correlation between initial
anisotropy εn and vn [19].
In order to estimate quantitatively the dependence of
(vn /εn )h over the initial profile, we use two different definitions
of εn , weighted either with energy density [as in Eq. (1)] or with
entropy density. Both weightings yield approximately equally
good predictors of vn [26]. So any difference in prediction
from one weighting versus the other is an indication of the
size of the uncertainty due to the linear approximation. For
central collisions, the particular deformation that we choose
to create triangular flow, Eq. (4), gives the exactly same value
of ε3 irrespective of whether one weights with entropy or
energy [9]: therefore our calculation is unable to tell the
difference between the two. However, values of ε2 differ for
the optical Glauber model, and we use the resulting difference
in (v2 /ε2 )h as part of our error bar.
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The thermalization time t0 , at which hydrodynamics becomes a good approximation [41], is poorly constrained.
Early calculations [42] used to neglect transverse flow for
t  t0 (where t0 is typically of order 1 fm/c). However, the
transverse expansion starts immediately after the collision,
whether or not the system thermalizes. This “initial flow” has
proven essential in understanding interferometry data [43–45].
Furthermore, it is to some extent universal [46] and can be
obtained simply, in a traditional calculation with vanishing
flow at t0 , by letting t0 go to unrealistically small values [44].
In order to estimate the uncertainty due to initial flow, we run
two sets of calculations with t0 = 0.5 fm/c and t0 = 1 fm/c;
linearity of initial transverse flow at early times [47] can then
be used to extrapolate to smaller values.
2. Fluid expansion. The main source of uncertainty in
the hydrodynamic evolution itself is the value of the shear
viscosity of the strongly interacting quark-gluon plasma,
which is poorly constrained so far, either from theory [48]
or experiment [33,49]. We take this uncertainty into account
by varying η/s from 0 to 0.24 in steps of 0.04. If η/s is too
large, hydrodynamics itself breaks down [50]. Effects of bulk
viscosity [16,51] on the integrated flow are smaller [52], even
though the bulk viscosity may be large for some values of
the temperature [53]. Second-order corrections [54] have a
negligible effect [8].
3. Hadronic stage. Eventually, the fluid expands and can
be described as a gas of hadrons with collective and thermal
motion. An open question in the description of the hadronic
phase is to what extent hydrodynamics is a valid approach.
Instead, a common approach at RHIC energies was to
couple hydrodynamics to a hadronic “afterburner” simulating
hadronic decays and two-body collisions [55–57]. Although
these afterburners usually have little affect on integrated
properties of unidentified hadrons, this approach has proven
useful for reproducing the elliptic flow and momentum spectra
of identified particles. Hadronic afterburners are also being
implemented at LHC energies [58,59]. Besides, it has been
pointed out that hydrodynamics with bulk viscosity in the
hadronic phase [60] also succeeds in reproducing identified
particle properties [61].
In this paper, we assume for simplicity that hydrodynamics
still applies in the hadronic phase, with a single freeze-out
temperature [42]. When changing the initial time in the
hydrodynamic calculation, we tune the freeze-out temperature
in such a way that the average transverse momentum of charged
particles pT  is unchanged: smaller values of t0 thus imply
larger freeze-out temperatures. We neglect hadronic collisions
below freeze-out, but resonance decays are taken into account.
In viscous hydrodynamics, a significant source of uncertainty is the momentum distribution at freeze-out, which
deviates from a thermal distribution due to the viscous
correction [62,63]. The momentum dependence of this
viscous correction involves microscopic information about
hadronic cross sections [64]. The quadratic ansatz [62] is
the most commonly used. However, a linear ansatz gives
better agreement with v4 data [65]. In order to estimate the
uncertainty associated with the modeling of freeze-out, we
perform two sets of calculations with the linear and quadratic
ansatz.

FIG. 1. (Color online) Root-mean-square values of (ε2 ,ε3 ) implied by hydrodynamic calculations in combination with ALICE
√
data for the 5% most central Pb-Pb collisions at sNN = 2.76 TeV.
Squares: t0 = 1 fm/c with quadratic freeze-out. Circles: t0 = 1 fm/c
with linear freeze-out. Diamonds: t0 = 0.5 fm/c with quadratic
freeze-out. Closed symbols correspond to energy density weighting,
open symbols to entropy density weighting. For each symbol type, the
7 points correspond to different values of η/s, from 0 to 0.24 (from
left to right) in steps of 0.04. The shaded band is the area between
two curves of the type (5) with C = Cmin and C = Cmax , where the
values of Cmin and Cmax are chosen such that all hydrodynamic points
lie within the band.

The code we use to solve hydrodynamics is the same as
in Ref. [38], with resonance decays taken into account after
freeze-out.
We compute v2 and v3 for outgoing hadrons using similar
experimental cuts as the experimental data that we compare to.
Specifically, the ALICE Collaboration [11] analyzes vn for all
charged hadrons in transverse momentum range 0.2 < pt <
5 GeV/c and pseudorapidity range |η| < 0.8. The PHENIX
Collaboration [10] uses the cuts 0.25 < pt < 4 GeV/c and
|η| < 0.35. Since our model has longitudinal boost invariance,
our results are independent of rapidity. Because of the
difference in rapidity and pseudorapidity, however, the cut
in η must be taken into account in a precision calculation [66].
It typically increases v2 by 3% and v3 by 4%.
An additional subtlety of the ALICE analysis is that the
method uses pair correlations, with a pseudorapidity gap
|η| > 1 between particles in the pair in order to suppress
nonflow correlations [67]. The analysis thus excludes particles
at |η| < 0.2, and gives more weight to particles near the
boundary |η| = 0.8, since all pairs are weighted identically.
We also take into account this additional cut in η, which
typically decreases v2 by 0.3% and v3 by 0.4%.
Figure 1 illustrates the effects of several sources of
uncertainty on the root-mean-square values of (ε2 ,ε3 ) extracted
from Eq. (3) (for the 5% most central Pb-Pb collisions at
the LHC). Each point represents a hydrodynamic calculation
with different parameters. As the viscosity increases, the
hydrodynamic response (vn /εn )h decreases, therefore the rms
εn increases. The lines drawn in the (ε3 ,ε2 ) plane as η/s varies
are well fitted by a power law:


k
ε22 = C
ε32 ,
(5)
where k = 0.6, and C is fixed. k is the ratio of the relative
change in v2 to the relative change in v3 when η/s increases.
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The fact that k < 1 expresses that viscosity has a smaller effect
on v2 than on v3 .
Other sources of uncertainty in the hydrodynamic prediction result in uncertainties in the coefficient C in Eq. (5).
Switching from the quadratic to the linear freeze-out ansatz has
a very small effect, which is visible only for the largest values
of η/s. Adding initial flow by starting the evolution earlier,
at t0 = 0.5 fm/c, yields more flow for a given value of η/s,
resulting in smaller values of εn . Although this result may seem
natural, it is not trivial as it looks: the freeze-out temperature
is adjusted so as to match the pt spectrum, so that smaller
t0 goes along with earlier freeze-out. Both effects essentially
compensate each other at RHIC energies [8], so that final
results were insensitive to t0 . The situation is different at LHC
energies: in general, hydrodynamic results are less sensitive
to the hadronic phase [68] and to the freeze-out temperature,
which results in a stronger sensitivity of εn to initial flow.



0.5
TABLE I. Values of the ratio ε22 / ε32  at RHIC. First two
lines: minimum and maximum values allowed by hydrodynamics and
experimental data. Next lines: values predicted by various models.
% centrality

0–10

10–20

20–30

30–40

40–50

minimum
maximum

0.36
0.41

0.56
0.63

0.69
0.79

0.75
0.90

0.74
0.91

MC-Glauber
MC-Glauber (Ncoll )
MC-Glauber (Npart )
MC-KLN
MC-rcBK
IP-Glasma
DIPSY

0.38
0.44
0.34
0.49
0.49
0.43
0.39

0.57
0.64
0.52
0.78
0.73

0.69
0.76
0.64
0.95
0.87
0.76
0.72

0.76
0.81
0.73
1.03
0.95
0.85
0.80

0.80
0.83
0.78
1.06
0.98

0.59

0.84

In general, the takeaway message is that any effect that
causes stronger collective flow tends to increase both ε2 and
ε3 in such a way that the coefficient C in Eq. (5) is almost
unchanged.
In fact, the largest contribution to the thickness of the
uncertainty band comes not from properties of the medium
or physical parameters, but instead from the linear-response
approximation itself: weighting with entropy rather than
energy yields slightly smaller values of ε2 , while ε3 remains
the same.
Once all sources of uncertainties are taken into account,
one is left with an allowed region in the (ε2 ,ε3 ) plane,
corresponding to an allowed interval for the coefficient C
in Eq. (5). The same procedure can be repeated for other
centrality intervals, and at lower energy. The value k = 0.6
in Eq. (5) gives a good fit for all centralities at LHC, while
k = 0.5 gives a better fit at RHIC. These allowed regions are
displayed as shaded bands in Fig. 2. The uncertainty becomes
larger as centrality percentile increases, which is mostly due
to the difference between energy and entropy weighting. The
minimum and maximum values of C are listed in Tables I and II
for RHIC and LHC, respectively. In the same centrality range,
the allowed band at LHC is slightly higher than at RHIC, but
they overlap.
IV. TESTING INITIAL STATE MODELS

We now use the values of the rms ellipticity ε2 and triangularity ε3 obtained from data and hydrodynamic calculations
TABLE II. Values of the ratio

FIG. 2. (Color online) Shaded bands are root-mean-square values of (ε2 ,ε3 ) allowed by experimental data in combination with
√
hydrodynamic calculations, for Au-Au collisions at sNN = 0.2 TeV
√
(left) [10] and Pb-Pb collisions at sNN = 2.76 TeV (right) [11]
in various centrality windows (from top to bottom). Symbols are
predictions from various models of initial conditions (see text for
details).




0.6
ε22 / ε32  at LHC.

% centrality

0–5

5–10

10–20

20–30

30–40

minimum
maximum

0.40
0.43

0.58
0.65

0.76
0.87

0.88
1.06

0.94
1.13

MC-Glauber
MC-Glauber (Ncoll )
MC-Glauber (Npart )
MC-KLN
MC-rcBK
IP-Glasma
DIPSY

0.39
0.46
0.33
0.46
0.48
0.43
0.40

0.50
0.61
0.42
0.73
0.67

0.66
0.79
0.57
0.98
0.88
0.83
0.76

0.78
0.92
0.71
1.17
1.04
0.97
0.90

0.85
0.96
0.80
1.25
1.12
1.03
0.95
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as a filter for existing models of the initial state. Since ε3 is
solely created by fluctuations of the initial geometry [6], in
order to be consistent with data there is a trivial requirement
that models take these fluctuations into account—typically
these are Monte Carlo models. The simplest is the Glauber
model [69], where each participant nucleon adds a contribution
to the initial density with Gaussian shape (in x and y)
and width σ = 0.4 fm, a value commonly used in eventby-event hydrodynamic calculations [20,70,71]. We use the
PHOBOS Monte Carlo Glauber model [72], though other
implementations exist [73,74]. Each participant can be given
equal weight (referred to as “Glauber Npart ”), or a weight
proportional to its number of collisions (referred to as “Glauber
Ncoll ” scaling), or a linear combination of the two, adjusted to
match observed multiplicity spectra (default version, referred
to simply as “Glauber”) at RHIC [75] and LHC [76].
Another class of initial state models, which generically
go under the name CGC, implement the idea of parton
saturation [77]. They generally predict a larger ε2 [56,78].
In the earliest Monte Carlo implementation [79], which we
denote by MC-KLN, the source of fluctuations is essentially
the same as in Glauber models, resulting in similar values
of ε3 . Recent works tend to incorporate additional sources
of fluctuations, at the subnucleonic level [80–83], resulting
in general in larger ε3 . Specifically, we test the MC-rcBK
model which incorporates negative binomial fluctuations in
nucleon-nucleon collisions [82], the DIPSY model [81] which
incorporates a BFKL gluon cascade, and the IP-Glasma
model [83] which involves a classical Yang-Mills description
of early-time gluon fields.
In all cases, centrality bins are assigned according to the
total entropy of each Monte Carlo event, which corresponds
closely to the total multiplicity that would be obtained after
hydrodynamic evolution. Since the experimental centrality
selection is also closely related to multiplicity, any systematics
from centrality selection adds a negligible uncertainty and does
not affect any of the following conclusions
Predictions of these initial-state models are plotted in Fig. 2,
together with constrains from data and hydrodynamics. They
are generally in the ballpark for all centralities. All models
predict a strong increase of the rms ε2 with centrality percentile
(as the overlap area between colliding nuclei becomes more
elongated) and a mild increase of the rms ε3 , driven by the
decrease in the system size [84]. The evolution from RHIC to
LHC at the same centrality depends on the model. The Glauber
model predicts a decrease of both ε2 and ε3 by a few percent,
which is only partially explained by the increase in system size
from Au to Pb. The MC-rcBK predicts similar values at RHIC
and LHC. Finally, DIPSY predicts a mild increase of ε2 while
ε3 is unchanged.
Equation (5) provides a simple criterion for checking
whether or not a particular model of initial conditions is
compatible with data and hydrodynamics: one computes
√
√
k
ε22 / ε32  for this model, with k = 0.5 (0.6) at RHIC
(LHC), and checks whether the result falls within the allowed
band. This comparison is carried out in Tables I and II. One
sees that the MC-KLN is excluded for all centralities at RHIC
and LHC. It has already be noted that this particular model

underpredicts v3 at RHIC if tuned to reproduce v2 [9,10]. The
MC-rcBK model is also excluded at RHIC, and marginally
allowed at LHC. The Glauber model (in its default version with
a superposition of number of participants and number of binary
collisions) falls within the allowed band at RHIC, but is excluded at LHC, except for the most central bin. DIPSY and IPGlasma fall within the allowed region for all centralities, and
so does the Glauber model with pure binary collision scaling.
The statement of whether a particular model of initial
conditions is compatible with data or not turns out to be quite
robust with respect to several ambiguities in the definitions of
ε2 and ε3 . In the Glauber model, for instance, one treats each
participant as a “source”, whose width σ is a free parameter.
There is also a similar ambiguity due to the unknown
thermalization time: if one lets the system evolve for some time
t0 before evaluating εn , the values of εn depend on t0 . If one
doubles the value of σ , from 0.4 to 0.8 fm [20], ε2 decreases by
6% and ε3 decreases by 9% for central collision, but the ratios
in Tables I and II only change by 2% and 1% respectively.
This can be easily understood. It can be shown [84] that the
smearing of the sources only affects the denominator of Eq. (1),
while leaving the numerator unchanged: thus the only effect of
source smearing is a small increase in the system size, resulting
in smaller εn . Since {r 3 } ∝ {r 2 }2/3 , εn decreases in such a way
that the ratio ε2 /(ε3 )2/3 remains constant. Comparing with
Eq. (5), where k is close to 2/3, one sees that smearing results
in a displacement of (ε2 ,ε3 ) almost parallel to the allowed
band; more or less smearing does not yield better or worse
agreement with data.
V. CONCLUSIONS

Elliptic and triangular flow, v2 and v3 , are determined by
the ellipticity ε2 and triangularity ε3 of the initial density
profile, and by the linear hydrodynamic response to these
initial anisotropies. Experimental data on v2 and v3 thus allow
to constrain the rms ε2 and ε3 . By varying unknown parameters
in the hydrodynamic calculations, we have obtained the
corresponding uncertainties on the rms ε2 and ε3 at RHIC
and LHC energies. They are strongly correlated, so that
region allowed by data reduces in practice to a band in the
(rms ε2 ,rms ε3 ) plane. We have described a simple test that
can be performed on any candidate model of initial conditions
to determine its compatibility with data.
While the main source of uncertainty in the hydrodynamic
response is the viscosity over entropy ratio η/s, the uncertainty
on the early stages is also significant. Both are correlated, in
the sense that more initial flow can be compensated by a larger
viscosity. For this reason, it is easier to constrain models of
initial conditions than η/s.
We have shown that elliptic and triangular flow data can be
used to exclude existing models of initial conditions. However,
it is very difficult to constrain the granularity [85] of initial
conditions from these data. As exemplified by Monte Carlo
Glauber simulations, changing the source size has a modest
effect on ε2 and ε3 . In addition, the resulting change has almost
exactly the same effect as changing the viscosity, which is
unknown. Therefore it is unlikely that the granularity can be
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constrained with just elliptic and triangular flow data as long
as η/s is not precisely known. Other data can be used for
this purpose, such as the detailed structure of two-particle
correlations [14].
The width of our error band is mostly due to the error on
the linear response approximation itself, with the set of initial
conditions that we have tested. Note that the deformation that
we introduce to generate triangular flow, Eq. (4), is singular
at the origin. With realistic initial conditions, one usually
observes a stronger linear correlation between v2 (v3 ) and ε2
(ε3 ) than with our smooth initial conditions [19]. Repeating
the calculation with realistic initial conditions could thus help

reduce the width of the error band and yield tighter constraints
on initial-state models.
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Abstract
We present a combined analysis of elliptic and triangular flow data from LHC and RHIC using
viscous relativistic hydrodynamics. Elliptic flow v2 in hydrodynamics is proportional to the
participant eccentricity ε2 and triangular flow is proportional to the participant triangularity ε3 ,
which means vn = κn εn , where κn is the linear response coefficient in harmonic n. Experimental
data for v2 and v3 combined with hydrodynamic calculations of κn thus provide us with the rms
values of initial anisotropies ε2 and ε3 . By varying free parameters in the hydro calculation
(in particular the shear viscosity), we obtain an allowed band in the (rms ε2 , rms ε3 ) plane.
Comparison with Monte-Carlo models of the initial state allows us to exclude several of these
models. We illustrate that the effect of changing the granularity of the initial state is similar to
changing the medium properties, making these effects difficult to disentangle.

1. Introduction
One of the most important topics of study in heavy-ion collisions is the observation of particle
momentum anisotropy in directions transverse to the beam [1], which can provide the evidence
for the formation of some strongly interacting medium, which thermalizes and expands as a liquid, which we call the quark-gluon plasma (QGP). The corresponding experimental observables
are the flow coefficients v1 , v2 , v3 etc. In these proceedings we will concentrate on v2 and v3 (elliptic [3, 4] and triangular) flow coefficients. While elliptic flow, v2 , is a response of the system
to an initial distribution with the form of ellipse in the transverse plane [5], the triangular flow,
v3 , is understood as the response of triangular deformation, which is caused by fluctuations of
initial geometry [6].
In spite of the fact that v2 and v3 are the most studied harmonics of anisotropic flow, there
are still a number of open questions. Different models of initial states give different values
when trying to extract transport coefficients from data. For instance by tuning η/s (viscosity
over entropy [7]) one can match the experimental data with one model or another [8]. And it
was found out that although one could fit both v2 and v3 data separately by tuning η/s with hydro
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calculation, some of the models of initial state were unable to fit simultaneously v2 and v3 [9, 11].
This hints, that by combining v2 and v3 data we can constrain models of initial state even though
the viscosity is unknown.
2. Monte Carlo models of initial state
By initial conditions, we mean the initial energy-density profile at thermalization time t0 [32].
This profile is not smooth and has fluctuations from wave-functions of incoming nuclei. The
magnitude of these fluctuations is still to a large extent unconstrained from data. Another open
question pertaining to initial state is how elongated is the ellipse of the overlap area in non-central
collisions. We will address these issues and test different Monte Carlo models of initial state. We
are testing two types of models: Glauber-type models and QCD-inspired models. The Monte
Carlo Glauber model is the oldest and the most classic one [14]. We use the PHOBOS Monte
Carlo [15]. In this model positions of nucleons within a nuclei are sampled through
√ Monte
Carlo. These nucleons move on straight lines and interact if their distance is less then σNN /π.
Typically one then models each nucleon as a Gaussian source, so that the final energy-density is
equal to a sum of Gaussians.
Among the QCD-inspired models we are going to test 4 of them: the oldest QCD model
which we call MC-KLN [16, 17], which is using kT factorization and taking into account fluctuations of the positions of the nucleons. The second model MCrcBK [19] is an improved MC-KLN
model with additional KNO fluctuations in order to match multiplicity distribution in pp collisions. The third one is DIPSY [18], a QCD model which takes into account the multiple gluon
cascade. And the last one is the IP Glasma model [20], which doesn’t assume kT factorization
and includes non-linearities and fluctuations of color charges within a nucleon.
3. Hydro evolution
In spite of the fact that collaborations have published data for integrated vn [13] for n=1,
2, ... 6 [21], here we only use elliptic and triangular flow. The main reason is that these two
Fourier coefficients are determined by simple linear response to the initial state [22]. That means:
v2 ∝ ε2 [23], where ε2 is called participant ellipticity [24] and v3 ∝ ε3 [25], ε3 is called participant
triangularity [6]. The participant eccentricity εn for a single event is defined as [2, 26]:
εn =

|{rn einφ }|
,
{rn }

(1)

where {...} denotes an average value over the initial energy density (it can also be entropy density
profile though) after recentering the coordinate system {reiφ } = 0.
Assuming linear response to the initial anisotropy, the anisotropic flow in an event is vn =
κn εn . The response coefficient κn is the same for all events in a centrality bin, but εn fluctuates, so
that initial-state fluctuations result in event-by-event flow fluctuations. Experiments measure the
rms value of vn over a centrality bin, thus the experimentally measured flow vn is proportional to
the rms value of εn . We can therefore write:
p
q
h(vn )2 i
2
hεn i =
,
(2)
κn
2

p
where h(vn )2 i is the measured root mean square value of integrated flow and h...i represents
an average over collision events. The response coefficient κn is calculated in hydrodynamics as
κn = (vn /εn )hydro , so that we are able to extract the root mean square values of ε2 and ε3 . We take
experimental data of integrated flow from the ALICE and PHENIX collaborations [11, 12].
4. Uncertainties in hydro response
The standard hydro modeling [27] procedure consist of 3 main steps:
1) initial conditions
2) evolve these initial conditions through relativistic hydro evolution
3) convert the liquid into hadrons at freeze-out temperature.
Each of these steps obviously has its uncertainties [28]. The main uncertainty in the hydro
evolution is the value of the shear viscosity of the strongly-interacting quark-gluon plasma. This
value is not constrained well in theory and experiment[36, 37], so we vary η/s as a parameter
from 0 to 0.24 in steps of 0.04. The value of the shear viscosity has a remarkable influence on
the values of integrated flow: the flow decreases with increasing viscosity. Another big source
of uncertainty is coming from initial conditions. Our hydro calculations are 2+1D viscous hydrodynamic, which uses as input initial condition the transverse energy density profile from an
optical Glauber model. This profile is smooth and already has an ellipticity, so automatically
gives us elliptic flow values. If we want to obtain the values of ε3 or v3 , with this profile we get
0 for both of them, so in order to calculate κ3 we deform the third harmonic in the profile in the
following way [9] :
p
(r, φ) → (r 1 + ε0n cos(n(φ − ψn )), φ)

(3)

where ε0n is magnitude of the deformation, and ψn is the orientation of the deformation.
First, the linear approximation itself has an associated uncertainty, and the value of κn obtained from a smooth initial condition can differ from that extracted from a set of flucuating
events [10]. We estimate this uncertainty by using values obtained from two definitions of εn :
with energy density weighting and entropy density weighting.
Another free parameter is the thermalization time t0 [32, 33] which is not known. We vary it
from 0.5 fm/c to 1fm/c. While we vary the thermalization time we tune the starting temperature
T start and the freeze-out temperature T f r so as to match the pt spectrum [30, 31].
In the hadronic part we also have some uncertainty, which is coming from the freezeout
viscous correction, the momentum dependence of which is unknown[38, 39, 40], so we test 2
possible ansatzs: linear ∝ p[41] and quadratic ∝ p2 [38]. We use the same code as in Ref.[38]
and we take into account resonance decays after hadronization.
After taking into account all types of uncertainties we can calculate ε2 and ε3 using Eq. (2).
The resulting values are shown in the Fig. 1 for the 20–30% centrality range at the LHC.
Each point in this figure corresponds to one hydro calculation with one set of parameters.
We have 6 types of symbols, corresponding different sets of parameters: thermalization time
t0 , the type of ansatz and the type of εn weighting. These symbols are composing 6 lines with
viscosity η/s changing. Each line has 7 points, corresponding to η/s = 0, 0.04, 0.08, 0.12, 0.16,
0.2, 0.24 (from left to right). The first line, composed of blue circles, uses as parameters the
thermalization time 1fm/c and the linear ansatz. The line with purple squares uses thermalization
time 1fm/c and quadratic ansatz. We see the line almost doesn’t change, except for high viscosity,
which makes values of ε2 slightly smaller. The line composed of yellow diamonds corresponds
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Figure 2: (Color online) The shaded band is the same
as in Fig.1 and represents allowed values. Symbols
are predictions from various models of initial state.
The MC-Glauber model is shown for different values of the width of gaussian σ=0 fm, 0.4 fm, 0.8
fm and 1.2 fm, which are distinguished by different symbol sizes, showing that changing the smearing
parameter has the same effect as changing viscosity.

Figure 1: (Color online) R.m.s. values of ε2 (ε3 ) from
hydro simulations + ALICE data for 20–30% centrality
range. Purple squares correspond to tinit = 1 f m/c with
quadratic freezeout. Blue circles correspond to tinit =
1 f m/c with linear freezeout. Yellow diamonds correspond to tinit = 0.5 f m/c with quadratic freezeout. Open
symbols mean entropy-density profile used. The shaded
band is an allowed band encompassing uncertainty in the
extracted values.

to thermalization time 0.5 fm/c and quadratic ansatz. We see that ε2 and ε3 are both decreasing.
The explanation is that since we start the hydro evolution earlier, we produce more flow, and from
the ratio (2) obviously if we produce more flow, we will have smaller values of ε2 and ε3 . Lines
composed of open symbols have the same parameters, except that entropy-density weighting is
used. Now we create a shaded band, such that all these points are inside this band. This band
defines the allowed range. The important fact here is that even with all uncertainties taken into
account, we obtain a narrow band, which eventually allows us to constrain models. These lines
q
k
q
hε23 i =C, where k=0.6 for LHC and k=0.5
are noticed to be well fitted by the law hε22 i/
for RHIC and C is fixed. By computing the maximum and minimum values of C allowed by
hydrodynamics, we determine the range of allowed values for C.
By computing the values of C in various Monte Carlo models, one can check if the values
predicted by models are inside the allowed region, as shown in Fig. 3. In this way the formula
can be used easily by any group who has an MC model of initial states in order to see if their
model is compatible with experimental data.
5. Results
We calculate the allowed region in the (rms ε2 , rms ε3 ) plane for different centralities for
LHC and RHIC, which we represent as a shaded band. After this we test the models, introduced
in Section 2.
In Fig. 2 we display as an example the 20–30% centrality range. The MC-Glauber model is
shown for different values of the width of gaussian σ=0 fm, 0.4 fm, 0.8 fm and 1.2 fm, which
are distinguished by different symbol sizes. By changing this parameter the result moves parallel
to the band, which has the same effect as changing the viscosity, so that compatibility with data
cannot be improved by adjusting the unknown source size.
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q
k
q
hε23 i versus
Our main results are presented in Fig. 3. It displays the rms values of hε22 i/
centrality, where shaded bands are allowed values and symbols are predictions from different
models. We can see that one can exclude the PHOBOS MC-Glauber (as was also noticed for
20–30% centrality) and MC-KLN models for LHC energies. It seems MC Glauber works better
for lower energies, and MC-KLN doesn’t have enough fluctuations. For RHIC energies MCKLN can also be excluded, along with the MCrcBK model, which seems to works better at LHC
energies. Note that we have not tested all possible variants of Glauber-type models. In particular,
the PHOBOS MC-Glauber has only fluctuations from the random positions of nucleons in the
nucleus, and neglects any extra local fluctuations in entropy production.
From the Fig.2 in our paper [42] we’ve seen that rms ε2 and ε3 values predicted by MC
models both increase with centrality, but we noticed that ε2 values are increasing faster then ε3 ,
which can be explained by the fact, that v2 is growing faster with centrality then v3 : v2 grows
due to geometry, and v3 due to the fact that fluctuations have more influence with increasing
centrality, but this effect is weaker. By looking at the ε3 values of MC models we can see
which of the models have more fluctuations, for example by comparing MC-KLN and MCrcBK,
obviously, the second has more fluctuations, as the result it has bigger value of ε3 . The same
about DIPSY which seems to have big value of fluctuations.
Conclusions
We have extracted ellipticity ε2 and triangularity ε3 , using experimental data and hydro calculations with different sources of uncertainties and created a narrow allowed region on the
(rms ε3 , rms ε2 ) plane. We have shown that we are able to constrain models of initial state.
It was shown that we can exclude PHOBOS MC-Glauber and MC-KLN models for LHC and
MC-KLN and MCrcBK models for RHIC. We have illustrated for the MC-Glauber model that
changing the granularity of the initial condition model has the same effect as changing viscosity,
so the effects are difficult to disentangle.
More details about this study can be found in our recently published paper [42].
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