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Abstract. We consider planar quadrangulations with three marked vertices and
discuss the geometry of triangles made of three geodesic paths joining them. We
also study the geometry of minimal separating loops, i.e. paths of minimal length
among all closed paths passing by one of the three vertices and separating the two
others in the quadrangulation. We concentrate on the universal scaling limit of
large quadrangulations, also known as the Brownian map, where pairs of geodesic
paths or minimal separating loops have common parts of non-zero macroscopic
length. This is the phenomenon of conﬂuence, which distinguishes the geometry
of random quadrangulations from that of smooth surfaces. We characterize the
universal probability distribution for the lengths of these common parts.
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1. Introduction
Understanding the geometry of large random quadrangulations is a fundamental issue
relating combinatorics, probability theory and statistical physics. Indeed random
quadrangulations, or more generally random maps, provide natural discrete models for
random surfaces, for instance in the context of two-dimensional quantum gravity [1]–[3],
and may mathematically be viewed as metric spaces endowed with the graph distance. In
the same way that discrete random walks converge to the Brownian motion in a suitable
scaling limit, random planar quadrangulations are expected to converge to the so-called
Brownian map [4, 5] in the scaling limit where the size of the quadrangulation becomes
large jointly with the fourth power of the scale at which distances are measured. This
Brownian map is moreover expected to be the universal scaling limit for many models of
planar maps such as random planar triangulations or more generally maps with arbitrary
bounded face degrees or even maps coupled to non-critical statistical models. It can be
constructed as a random metric space and has been shown to be homeomorphic to the
two-dimensional sphere [6, 7].
A number of local properties of the Brownian map can be derived from a detailed
analysis of discrete maps. In this spirit, the simplest observable in the Brownian map is
doi:10.1088/1742-5468/2009/03/P03001
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the distance between two points. The statistics of this distance is characterized by the
so-called two-point function and was obtained in [8] via scaling arguments for large triangulations, and in [9] via an exact computation of the discrete two-point function for planar
quadrangulations. A related quantity is the radius, whose law was studied in [10, 11]. The
question of estimating the number of geodesics (i.e. paths of shortest length) between two
points was addressed later [12] and it was found that for typical points, all geodesics
coalesce into a unique macroscopic geodesic path in the scaling limit [13, 14].
Properties involving three points on the map give a much richer geometric information.
For instance, we may consider the ‘triangle’ made by the three geodesics between these
points. In a previous paper [15], the authors have computed the joint probability
distribution for the pairwise distances between three uniformly chosen random vertices
in a random quadrangulation. In the scaling limit, this yields the so-called three-point
function of the Brownian map, which can interpreted as the joint law for the three side
lengths of the triangle. The three-point function was considered previously in [16] where an
expression involving two distances only was obtained and used as a basis for an operator
product expansion analysis in the limit where two of the points approach each other.
The full dependence on the three distances was found in [15] as a corollary of the exact
discrete expression for quadrangulations. On the other hand, it was recognized by Le Gall
that geodesics exhibit a phenomenon of conﬂuence [14]. In our setting, this means that
any two sides of the triangle merge before reaching their common end-point, and hence
have a common part of non-zero macroscopic length. This is quite unlike the case for
smooth surfaces where two sides of a triangle only meet at their end-point. Thus a full
characterization of the geometry of triangles involves six lengths, which are those of the
three segments proper to each side and of the three segments common to two sides (see
ﬁgure 1(a)), as well as two areas for the two domains in the map delimited by the triangle.
Beyond triangles, another interesting geometric construction involving three points
is what we call a minimal separating loop, deﬁned as follows: given three distinguished
points, say v1 , v2 and v3 , we deﬁne a separating loop as a closed path passing through v3
and separating v1 from v2 , in the sense that any path from v1 to v2 necessarily intersects
it. A minimal separating loop is such a separating loop with minimal length. We expect
the minimal separating loop to be unique at a macroscopic level, and to have a ﬁnite
macroscopic length (note that, if we relax the condition that the loop passes through
v3 or that it separates v1 from v2 , then clearly we can ﬁnd loops of arbitrarily small
length). Moreover, its two halves are geodesic paths and we again expect a phenomenon of
conﬂuence, namely the two halves share a macroscopic common segment (see ﬁgure 1(b)).
The characterization of the geometry of minimal separating loops involves therefore the
lengths of its common and ‘open’ parts, as well as the areas of the two domains delimited
by the loop.
In this paper, we derive the probability distributions for the above parameters
characterizing triangles and loops when the three points are chosen uniformly at random.
This is done by explicit computations of the discrete counterparts of these distributions in
the framework of planar quadrangulations, using the methodology developed in [15] and
based on the Schaeﬀer [17] and Miermont [13] bijections between quadrangulations and
well-labeled maps.
The paper is organized as follows. In section 2, we give a precise deﬁnition of minimal
separating loops in triply pointed planar quadrangulations and compute the generating
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function for such quadrangulations with a prescribed value for the loop length. To this end,
we provide in section 2.1 two alternative bijections based on the Schaeﬀer and Miermont
constructions relating the desired class of triply pointed quadrangulations with suitable
classes of well-labeled trees or maps. In section 2.2, we calculate their generating functions
by expressing them in terms of basic building blocks already computed in [15]. Section 2.3
is devoted to the analysis of the scaling limit, with a particular emphasis on the universal
probability law for the length of the minimal separating loop, as well as its correlation with
the distances between the marked vertices. In section 3, we turn to the phenomenon of
conﬂuence, which we analyze via a reﬁnement of the above enumeration. In section 3.1, we
give the probability law for the length of the part common to two geodesics leading to the
same vertex. We then investigate the phenomenon of conﬂuence for minimal separating
loops in section 3.2 where we derive the probability distribution for the parameters
characterizing the geometry of these loops. Section 4 is devoted to the geometry of
triangles. There we revisit the bijection of [15] and solve a reﬁned enumeration problem
in order to keep track of the six lengths characterizing the triangle. We deduce their joint
law in the scaling limit, and provide explicit expressions for a number of marginal laws.
We discuss our results and conclude in section 5.
2. Minimal separating loops
Consider a quadrangulation of the sphere, i.e. a planar map whose faces all have degree
4, equipped with three marked distinct vertices v1 , v2 and v3 . As is customary for
doi:10.1088/1742-5468/2009/03/P03001
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Figure 1. A schematic picture of the phenomenon of conﬂuence for the geometry
of triangles (a) and separating loops (b) in the scaling limit of large maps. In
(a), the three geodesics (represented as thick blue lines) linking the three points
v1 , v2 and v3 have common parts of macroscopic length. The triangle is therefore
characterized by six lengths (as indicated by double arrows) and by the area of the
two domains delimited by its open part. In (b), a minimal separating loop passing
by v3 and separating v1 from v2 also has a common part of macroscopic length
and is therefore characterized by two lengths (as indicated by double arrows) and
by the area of the two domains delimited by its open part.

Conﬂuence of geodesic paths and separating loops in large planar quadrangulations

orientable maps, we may represent the map as a ribbon graph by splitting each edge
of the quadrangulation into two oriented half-edges (with opposite orientations) so that
half-edges are oriented clockwise around each face (see ﬁgure 2). It is also convenient
to place a small counterclockwise oriented roundabout around each vertex so that the
map looks like a traﬃc network. We can then consider (oriented) paths on this traﬃc
network, and in particular loops made of a closed non-intersecting circuit starting from
and returning back to the marked vertex v3 . Any such loop separates the sphere into
two simply connected domains. Note that any vertex along the loop naturally belongs
to exactly one of these domains, by following the roundabout convention. The circuit is
called a separating loop if the marked vertices v1 and v2 do not lie in the same domain
(see ﬁgure 2 for an illustration). The length of a circuit is the number of half-edges that
it passes through. A minimal separating loop is a separating loop of minimal length.
Clearly the length l123 of a minimal separating loop is strictly positive and, from the
bipartite nature of planar quadrangulations, it is even. Also, if we call d13 (respectively
d23 ) the graph distance from v1 (respectively v2 ) to v3 , following a geodesic path back and
forth from v3 to the closest vertex v1 or v2 forms a separating loop of length 2 min(d13 , d23 ),
therefore:
l123 ≤ 2 min(d13 , d23 ).

(2.1)

The purpose of the following sections is to enumerate triply pointed quadrangulations
whose three marked vertices have prescribed values of d13 , d23 and l123 .
An alternative deﬁnition of separating loops, mentioned in the introduction, consists
in taking arbitrary (possibly self-intersecting) closed paths passing through v3 and such
that any path from v1 to v2 necessarily intersects them. This gives rise to a broader set of
doi:10.1088/1742-5468/2009/03/P03001
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Figure 2. A quadrangulation with three marked vertices v1 , v2 and v3 ,
represented as a traﬃc network, i.e. a ribbon graph with roundabouts. In (a),
we show (red thick lines) a particular separating loop of length 6. In (b), the
indicated separating loop is minimal, i.e. has a minimal length (here 4) among
the loops passing through v3 and separating v1 from v2 .

Conﬂuence of geodesic paths and separating loops in large planar quadrangulations

minimal separating loops but does not aﬀect the minimal length since any such minimal
separating loop can be transformed into a non-self-intersecting circuit of the same length
by ‘undoing’ the crossings.
2.1. Combinatorics
2.1.1.

Approach via the Schaeﬀer bijection. It is well-known [18] that any planar

quadrangulation with n faces and a marked origin vertex is in one-to-one correspondence
with a well-labeled tree with n edges and with minimal label 1. Here we deﬁne a welllabeled tree as a plane tree with vertices carrying integer labels  satisfying
|(v) − (v  )| ≤ 1

if v and v  are adjacent in the tree.

(2.2)

As shown by Schaeﬀer [17], this tree can be drawn directly on the quadrangulation by
applying local rules which associate with each face of the quadrangulation an edge of
the tree (see ﬁgure 3). The tree spans all vertices of the quadrangulation except the
origin, and the label of each vertex is nothing but its graph distance to the origin in
the quadrangulation. Conversely, to recover the quadrangulation from the well-labeled
tree, we draw non-crossing arches connecting every corner of the tree to its successor.
Recall that a corner is the sector between two consecutive edges around a vertex, and the
successor of a corner with label  > 1 is the ﬁrst corner with label  − 1 encountered after
it clockwise along the contour of the tree, while all corners with label 1 have the same
successor which is an extra vertex added in the external face (see ﬁgure 3(b)). The arches
form the edges of the quadrangulation and the added vertex is the origin. Note that the
chain of successors of a given corner (i.e. its successor, the successor of its successor, and
doi:10.1088/1742-5468/2009/03/P03001
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Figure 3. The quadrangulation of ﬁgure 2 with a marked origin (corresponding
to v3 in ﬁgure 2) and its coding (a) by a well-labeled tree (blue thick lines). The
quadrangulation is recovered from the well-labeled tree by connecting each corner
to its successor (dashed red arrows in (b)).

Conﬂuence of geodesic paths and separating loops in large planar quadrangulations

so on until the origin is reached) provides a geodesic path from the associated vertex to
the origin.
In the case of a triply pointed quadrangulation, we can take v3 as the origin vertex
and we end up with a well-labeled tree with two marked vertices v1 and v2 carrying labels
(v1 ) = d13 and (v2 ) = d23 . Let us now explain how the quantity l123 can be read oﬀ
the tree. Within the tree, there is a unique branch connecting v1 to v2 (see ﬁgure 4).
Any loop separating v1 from v2 in the quadrangulation must intersect this branch at some
vertex v. Decomposing the loop into a ﬁrst part from v3 to v and a second part from
v back to v3 , both parts have length larger that the distance (v) from v to v3 , and we
ﬁnd that the length of the loop is larger than 2(v), and hence larger than 2u, where u
is the minimal label encountered along the branch from v1 to v2 . This holds in particular
for minimal separating loops, and we therefore have l123 ≥ 2u. Conversely, a separating
loop of length 2u is obtained by considering a vertex with minimal label u on the branch,
picking two corners on opposite sides of the branch and considering the chain of successors
of these two corners which are both paths to v3 of length u (see ﬁgure 4). This implies
l123 ≤ 2u and therefore l123 = 2u. More generally, any minimal separating loop crosses
the branch at a vertex with minimal label u, and hence it is made of two geodesic paths
of the same length u joining the origin to that vertex which they reach from both sides
of the branch.
For consistency with the alternative approach described below, we decide to shift all
labels on the well-labeled tree by −u so that the minimal label on the branch from v1 to
v2 becomes 0. The minimal label in the whole tree is now 1 − u, while v1 and v2 receive
respective non-negative labels s ≡ d13 − u and t ≡ d23 − u (see ﬁgure 5 for an illustration).
To conclude, triply pointed quadrangulations with prescribed values of d13 , d23 and l123 are
in one-to-one correspondence with well-labeled trees having two marked vertices labeled
doi:10.1088/1742-5468/2009/03/P03001
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Figure 4. A well-labeled tree with two marked vertices v1 and v2 . The edges of
the branch from v1 to v2 are represented as magenta thick lines and the other
edges as light-blue thin solid lines. The vertex v3 is the origin added in the
external face. We consider a vertex of minimal label (here 2) on the branch from
v1 to v2 and represent the chains of successors (dashed red arrows) starting from
two of its corners, one on each side of the branch. These form a minimal loop
separating v1 from v2 and passing through v3 .

Conﬂuence of geodesic paths and separating loops in large planar quadrangulations

s = d13 − l123 /2 and t = d23 − l123 /2, such that the minimal label on the branch joining
these two vertices is 0 and the global minimal label in the tree is 1 − u = 1 − l123 /2.
2.1.2. Approach via the Miermont bijection. An alternative approach is based on a
bijection by Miermont [13] generalizing the Schaeﬀer bijection to multiply pointed planar
quadrangulations. More precisely, the Miermont bijection acts on a quadrangulation
equipped with, say p marked vertices v1 , v2 , . . . , vp called sources and p integers
τ1 , τ2 , . . . , τp called delays, satisfying the conditions

1 ≤ i = j ≤ p,
|τi − τj | < dij ,
1 ≤ i, j ≤ p,
τi − τj + dij is even,

(2.3)

where dij is the graph distance between vi and vj . It results in a planar map with p faces
that is well-labeled, i.e. its vertices carry integer labels  satisfying
|(v) − (v  )| ≤ 1

if v and v  are adjacent in the map.

(2.4)

Again, this map can be drawn directly on the quadrangulation by applying local rules
which associate with each face of the quadrangulation an edge of the map (see ﬁgure 6).
The map spans all vertices of the quadrangulation except the p sources and the label of
a vertex v is given by
(v) = min d(v, vj ) + τj ,
j=1,...,p

(2.5)

where d(v, vj ) is the graph distance from v to the source vj in the quadrangulation. Each
face of the well-labeled map encloses exactly one source of the quadrangulation and we
call the faces f1 , f2 , . . . , fp accordingly. We furthermore have the property that, for any
vertex v incident to fi , the minimum in (2.5) is attained for j = i, i.e. d(v, vi) = (v) − τi .
In particular, the minimal label among vertices incident to fi is τi + 1, corresponding to
nearest neighbors of vi .
doi:10.1088/1742-5468/2009/03/P03001
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Figure 5. The well-labeled tree coding a triply pointed quadrangulation with
prescribed values of d13 , d23 and l123 . It has two marked vertices v1 and v2 with
respective labels s = d13 − l123 /2 and t = d23 − l123 /2. The minimal label on the
branch between v1 and v2 is 0 and the global minimal label is 1 − u = 1 − l123 /2.

Conﬂuence of geodesic paths and separating loops in large planar quadrangulations

Conversely, to recover the quadrangulation from the well-labeled map, we add inside
each face fi an extra vertex with label τi where
τi =

min

v incident to fi

(v) − 1,

(2.6)

and each corner with label  inside fi is connected by an arch to its successor, which is the
ﬁrst corner with label  − 1 encountered counterclockwise inside the face (corresponding
for the external face to the clockwise orientation around the map). The arches form the
edges of the quadrangulation and the added vertices are the sources (see ﬁgure 6(b)).
Let us now see how to use the Miermont bijection to address the speciﬁc question of
three marked vertices with prescribed values of d13 , d23 and l123 . As in [15], the idea is to
supplement the Miermont bijection (here with p = 3 sources) with a particular choice of
delays related to d13 , d23 and l123 . This particular choice will restrict the topology of the
resulting well-labeled maps with three faces, and induce extra conditions on labels. More
precisely, from the inequality (2.1), we may use the following parameterization:
d13 = s + u,

d23 = t + u,

l123 = 2u,

(2.7)

with s, t, u non-negative integers, and moreover u = 0. Our particular choice of delays is
τ1 = −s = l123 /2 − d13 ,

τ2 = −t = l123 /2 − d23 ,

τ3 = −u = −l123 /2.

(2.8)

Note that this particular choice fulﬁls the general condition (2.3) except when we have
the equality l123 = 2 min(d13 , d23 ), i.e. when s or t vanishes. This particular case must be
treated separately, as will be explained below.
Assuming s and t strictly positive, a close look at the properties resulting from the
choice of delays (2.8) in the Miermont bijection shows that the resulting well-labeled map
doi:10.1088/1742-5468/2009/03/P03001
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Figure 6. The quadrangulation of ﬁgure 2 with three marked vertices v1 , v2 , v3 ,
and its coding (a) by a well-labeled map (blue thick lines) using the Miermont
bijection with particular delays τ1 = τ2 = −1 and τ3 = −2. The quadrangulation
is recovered from the well-labeled map by connecting each corner to its successor
(dashed red arrows in (b)).
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is necessarily of the type displayed in ﬁgure 7. In particular, we ﬁnd that any minimal
separating loop must remain inside the face f3 ; hence the faces f1 and f2 cannot be
adjacent, i.e. cannot be incident to a common edge. The map can be viewed as made of
a skeleton map (thick lines and big dots in ﬁgure 7) to which trees are attached. The
skeleton is necessarily made of two cycles c1 and c2 , which form respectively the frontier
between f1 and f3 , and that between f2 and f3 , together with a bridge b connecting c1
to c2 , and whose edges are only incident to f3 . Moreover, the labels must satisfy the
following constraints (see ﬁgure 7):
min

v incident
to f1

(v) = 1 − s,

min (v) = 0,

v on c1

min

v incident
to f2

(v) = 1 − t,

min (v) = 0,

v on c2

min

v incident
to f3

(v) = 1 − u,
(2.9)

min (v) = 0.

v on b

The ﬁrst three constraints are general consequences of the Miermont bijection and rephrase
the general condition (2.6), while the last three constraints result from our particular
choice of delays, and can be obtained by arguments similar to those presented in [15].
More precisely, the constraint on c1 (respectively c2 ) ensures that the distance between
v1 and v3 (respectively v2 and v3 ) is s + u (respectively t + u), while the constraint on b
ensures that the length of a minimal separating loop is 2u. Note that the bridge b can be
reduced to a single vertex, necessarily with label 0.
When s = 0 and t > 0, we apply the Miermont bijection with p = 2 sources only,
namely v2 and v3 , and delays τ2 = −t, τ3 = −u. We obtain a well-labeled map with two
doi:10.1088/1742-5468/2009/03/P03001
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Figure 7. The well-labeled map with three faces coding a triply pointed
quadrangulation with prescribed values of d13 , d23 and l123 , in the case l123 <
min(d13 , d23 ). The faces f1 and f2 are not adjacent, and their frontiers with
the face f3 form two cycles c1 and c2 , connected by a bridge b, whose edges are
adjacent to f3 only. The minimal label for vertices incident to f1 (respectively
f2 and f3 ) is 1 − s = 1 − d13 + l123 /2 (respectively 1 − t = 1 − d23 + l123 /2 and
1 − u = 1 − l123 /2). The minimal label on the cycle c1 is 0, as is that on the cycle
c2 and that on the bridge b.

Conﬂuence of geodesic paths and separating loops in large planar quadrangulations

faces of the type illustrated in ﬁgure 8(a). In particular, v1 is necessarily incident to f3
and has label 0, and is connected to the frontier between f2 and f3 by a bridge having nonnegative labels only. This can be seen as a degenerate version of the generic case displayed
in ﬁgure 7, where the face f1 is shrunk into a single vertex. We have a symmetric picture
when s > 0 and t = 0. Finally, if s = t = 0, we apply the Miermont bijection with p = 1
source only (equivalent to the Schaeﬀer bijection), namely v3 , and delay τ3 = −u. We
then obtain a well-labeled tree on which the vertices v1 and v2 have label 0 and the branch
doi:10.1088/1742-5468/2009/03/P03001
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Figure 8. (a) The well-labeled map with two faces and a marked vertex coding
a triply pointed quadrangulation with prescribed values of d13 , d23 and l123 , in
the case l123 = d13 < d23 . The marked vertex v1 is incident to the face f3 and
is connected to the frontier c2 between f2 and f3 by a bridge b (whose edges are
adjacent to f3 only). The label of v1 is 0 and the minimal label for vertices incident
to f2 (respectively f3 ) is 1 − t = 1 − d23 + l123 /2 (respectively 1 − u = 1 − l123 /2).
The minimal label on the cycle c2 is 0, as is that on the bridge b. (b) The welllabeled tree with two marked vertices coding a triply pointed quadrangulation
with prescribed values of d13 , d23 and l123 , in the case l123 = d13 = d23 . The
marked vertices v1 and v2 are connected by a branch b and have label 0. The
global minimal label is 1 − u = 1 − l123 /2, while the minimal label on the branch
b is 0.

Conﬂuence of geodesic paths and separating loops in large planar quadrangulations

connecting them has non-negative labels. Again this is a degenerate case of the generic
situation in which both f1 and f2 degenerate to single vertices.
To conclude, triply pointed quadrangulations with prescribed values of d12 , d13 and
l123 are in one-to-one correspondence with well-labeled maps of the generic type displayed
in ﬁgure 7, or of its degenerate versions displayed in ﬁgure 8.
2.2. Generating functions

We can now readily relate the generating functions of
the various well-labeled maps above to those introduced in [15]. As usual, we attach a
weight g to each edge of a well-labeled map, which amounts to a weight g per face of the
quadrangulation. The ﬁrst generating function is that of well-labeled trees planted at a
corner with label  > 0 and whose labels are all larger than or equal to 1 (see ﬁgure 9).
It reads [9]
[]x [ + 3]x
,
(2.10)
R = R
[ + 1]x [ + 2]x
2.2.1. Known generating functions.

doi:10.1088/1742-5468/2009/03/P03001
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Figure 9. A schematic picture of the known generating functions R , Xs,t , X̃;s,t
and Ys,t,u (see the text).
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where
[]x ≡

1 − x
,
1−x

and where
1−

(2.11)

√

1 − 12g
,
6g
√ 
√
√
1 − 24g − 1 − 12g + 6 72g 2 + 6g + 1 − 12g − 1
√
.
x=
2(6g + 1 − 12g − 1)

R=

(2.12)

Xs,t =


m≥0



m−1


g Rk +s Rk +t =

k=0
M=(0=0 ,1 ,...,m =0)
s.t. i ≥0,|i+1 −i |≤1,i=0,...,m−1

[3]x [s + 1]x [t + 1]x [s + t + 3]x
.
[1]x [s + 3]x [t + 3]x [s + t + 1]x
(2.13)

Note that Xs,t = 1 + O(g), with a conventional weight 1 for the tree reduced to a single
vertex, which is added for convenience to the family of trees enumerated by Xs,t .
We may instead consider well-labeled trees with two marked vertices, one with label
 > 0, the other with label 0, with strictly positive labels on the branch in between and
such that the trees attached to one side have labels larger than or equal to 1 − s and those
attached to the other side have labels larger than or equal to 1 − t, with s > 0 and t > 0
(see ﬁgure 9). The tree attached to the extremity with label  is assumed to have labels
larger than or equal to 1 − s and that attached to the extremity with label 0 is assumed
to have labels larger than or equal to 1 − t. The resulting generating function reads [15]
X̃;s,t =

=





m≥

M=(=0 ,1 ,...,m =0)
s.t. i >0,|i+1 −i |≤1,i=0,...,m−1

g R+s Rt

m−1


g Rk +s Rk +t

k=1

x [s + 1]x [s + 2]x [t]x [t + 3]x [2 + s + t + 3]x
.
[s + t + 3]x [ + s + 1]x [ + s + 2]x [ + t]x [ + t + 3]x

(2.14)

This last formula extends to  = 0 where it yields X0;s,t = 1, corresponding again to a
conventional weight 1 for the tree reduced to a single vertex.
The ﬁnal generating function counts well-labeled trees with three marked vertices,
say w1 , w2 , w3 , and with the following constraints (see ﬁgure 9). On the tree, the marked
doi:10.1088/1742-5468/2009/03/P03001

13

J. Stat. Mech. (2009) P03001

Note that R = 1 + O(g) for all  ≥ 1, with a conventional weight 1 for the tree reduced
to a single vertex. The generating function of well-labeled trees planted at a corner with
label  ≥ 0 and whose labels are all larger than or equal to 1 − s, for some s > 0, is then
simply given by R+s , as obtained by a simple shift of all labels by s.
The second generating function is that of well-labeled trees with two distinct marked
vertices having label 0, connected by a branch with non-negative labels only, and such
that the trees attached to one side of the branch have labels larger than or equal to 1 − s
and those attached to the other side have labels larger than or equal to 1 − t, with s > 0
and t > 0 (see ﬁgure 9). By convention, the trees attached to the marked vertices are
assumed to be on opposite sides, so that the result is symmetric in s and t. This generating
function reads [15]
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Ys,t,u =

∞


X̃;s,tX̃;t,u X̃;u,s

=0

[s + 3]x [t + 3]x [u + 3]x [s + t + u + 3]x
=
.
[3]x [s + t + 3]x [t + u + 3]x [u + s + 3]x

(2.15)

Again, we have Ys,t,u = 1 + O(g), with a conventional weight 1 for the tree reduced to a
single vertex, which is added for convenience to the family of trees enumerated by Ys,t,u .
In this approach,
we have to enumerate trees of the type displayed in ﬁgure 5. It is convenient to ﬁrst relax
the condition on the global minimum, demanding only that it be larger than or equal to
1 − u. We can then decompose the tree by cutting it at the ﬁrst and last occurrences of
the label 0 on the branch from v1 to v2 , resulting in three trees counted respectively by
X̃s;u,u , Xu,u and X̃t;u,u (see ﬁgure 10 for an illustration). The corresponding generating
function therefore reads
2.2.2. Application to minimal separating loops via the Schaeﬀer bijection.

Hloop (s, t, u) = X̃s;u,u Xu,u X̃t;u,u
= xs+t

[3]x [u]2x [u + 1]4x [u + 2]2x [2s + 2u + 3]x [2t + 2u + 3]x
.

[1]x [2u + 1]x [2u + 3]x 3k=0 [s + u + k]x [t + u + k]x

(2.16)

To restore the condition that the global minimal label be exactly 1 − u, we simply have
to consider Δu Hloop (s, t, u) where Δu is the ﬁnite diﬀerence operator:
Δu f (u) ≡ f (u) − f (u − 1).

(2.17)

To conclude, the generating function for triply pointed quadrangulations with prescribed
values of d13 , d23 and l123 is given by
Gloop (d13 , d23 ; l123 ) = Δu Hloop (s, t, u),
t = d23 − l123 /2,
with s = d13 − l123 /2,

u = l123 /2.

(2.18)

In this approach,
we simply have to enumerate maps of the type displayed in ﬁgures 7 and 8. Again, we
relax the conditions on the minimal label within each face, namely we demand only that
it be larger than or equal to 1 − s, 1 − t or 1 − u respectively. In the generic case of
ﬁgure 7, we can now decompose the map by cutting it at the ﬁrst and last occurrences of
2.2.3. Application to minimal separating loops via the Miermont bijection.

doi:10.1088/1742-5468/2009/03/P03001
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vertices are connected by three branches joining at a central vertex. We impose that
the branches leading respectively to w1 , w2 and w3 appear clockwise around this central
vertex. We also impose that all labels on these branches be strictly positive, except for w1 ,
w2 and w3 , which have label 0. We further impose that trees attached to the branch from
w1 to w2 on the side opposite to w3 have labels larger than or equal to 1 − s. Similarly,
we impose that trees attached to the branch from w2 to w3 (respectively from w3 to w1 )
on the side opposite to w1 (respectively w2 ) have labels larger than or equal to 1 − t
(respectively 1 − u). By convention, the labels on the tree attached to w1 (respectively
w2 and w3 ) are assumed to be larger than or equal to 1 − s (respectively 1 − t and 1 − u).
The corresponding generating function reads [15]

Conﬂuence of geodesic paths and separating loops in large planar quadrangulations

the label 0 on the cycle c1 , starting from the end-point of the bridge b, at the ﬁrst and last
occurrences of the label 0 on the cycle c2 , starting from the other end-point of the bridge
b, and ﬁnally at the ﬁrst and last occurrences of the label 0 on the bridge b itself (see
ﬁgure 11 for an illustration). This results in general in ﬁve trees counted respectively by
Xs,u , Ys,u,u, Xu,u , Yt,u,u and Xt,u . The corresponding generating function therefore reads
Floop (s, t, u) = Xs,u Ys,u,u Xu,u Yt,u,u Xt,u
[3]x [s + 1]x [t + 1]x [u + 1]4x [s + 2u + 3]x [t + 2u + 3]x
= 3
.
[1]x [s + u + 1]x [s + u + 3]x [t + u + 1]x [t + u + 3]x [2u + 1]x [2u + 3]x
(2.19)
Note that this formula incorporates the cases where some of the cutting points above
coincide as we added in Xs,t and Ys,t,u the weight 1 of the tree reduced to a single vertex.
It also naturally incorporates the degenerate cases of ﬁgure 8: for instance, the situation
of ﬁgure 8(a) is properly taken into account by having the two leftmost trees in the
decomposition of ﬁgure 11 reduced to single vertices, while the situation of ﬁgure 8(b) is
doi:10.1088/1742-5468/2009/03/P03001
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Figure 10. The cutting of a well-labeled tree of the type of ﬁgure 5 (with a relaxed
constraint on the global minimal label) at the ﬁrst and last labels 0 encountered
along the branch from v1 to v2 . This results in three pieces, enumerated by X̃s;u,u ,
Xu,u and X̃t;u,u respectively.
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properly taken into account by having the two leftmost and the two rightmost trees in the
decomposition of ﬁgure 11 reduced to single vertices. Again, we can restore the constraint
that the minimal label within each face be equal to 1 − s, 1 − t or 1 − u respectively by
considering Δs Δt Δu Floop (s, t, u). We deduce the alternative formula
Gloop (d13 , d23 ; l123 ) = Δs Δt Δu Floop (s, t, u),
(2.20)
t = d23 − l123 /2,
u = l123 /2.
with s = d13 − l123 /2,
Note that the two expressions (2.18) and (2.20) are consistent as we have the identity
Δs

[s + 1]x [s + 2u + 3]x
[1] [u]x [u + 2]x [2s + 2u + 3]x
= xs x 
,
3
[s + u + 1]x [s + u + 3]x
k=0 [s + u + k]x

(2.21)

which can be checked directly from the deﬁnition (2.11).
doi:10.1088/1742-5468/2009/03/P03001
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Figure 11. The cutting of a well-labeled map of the type of ﬁgure 7 (with relaxed
constraints on labels inside each face) at the ﬁrst and last labels 0 encountered
along the cycles c1 , c2 and the branch b (see the text). This results in ﬁve pieces,
enumerated by Xs,u , Ys,u,u , Xu,u , Yt,u,u and Xt,u respectively.
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A simpler generating function is that of triply pointed quadrangulations with a
prescribed value of l123 only. The corresponding generating function Gloop (l123 ) is obtained
by summing Gloop (d13 , d23 ; l123 ) over all the allowed values of d13 and d23 for a ﬁxed
l123 . This amounts to a summation over all non-negative values of s and t, which
is easily performed upon using the expression (2.20) by noting that, with the above
expression (2.19), the quantities Floop (−1, t, u) and Floop (s, −1, u) vanish identically, so
we have
Gloop (l123 ) = Δu Floop (∞, ∞, u)
[3]x [u + 1]4x
,
[1]3x [2u + 1]x [2u + 3]x

with u = l123 /2.

(2.22)

2.3. Continuum limit

The scaling limit is obtained by letting g approach its critical value 1/12 and considering
large values of d13 , d23 and l123 with the following scaling:
g=

1
12

d13 = D13 −1/4 ,

(1 − Λ )

d23 = D23 −1/4 ,

l123 = L123 −1/4 ,

(2.23)

and  → 0. The quantity Λ may be interpreted as a ‘cosmological constant’. In this limit,
we have
Gloop (l123 ) ∼ −1/4 2 Gloop (L123 ; α),
where

4
3 sinh (αU) 
1
3 sinh(αL123 /2)
Gloop (L123 ; α) = ∂U 2
=
.
2

2
α sinh (2αU) U =L123 /2 4α cosh3 (αL123 /2)
Here and throughout the paper, we use the notation

α = 3/2Λ1/4 .

(2.24)

(2.25)

Note the factor 1/2 in the deﬁnition of Gloop , which is introduced to compensate for the
fact that, at the discrete level, l123 can take only even integer values. More generally, we
have
Gloop (d12 , d13 , l123 ) ∼ 1/4 2 Gloop (D12 , D13 , L123 ; α),
(2.26)
Floop (s, t, u) ∼ −1/2 Floop (S, T, U; α),
Hloop (s, t, u) ∼ Hloop (S, T, U; α),
where
Floop (S, T, U; α) =

3 sinh(αS) sinh(αT ) sinh4 (αU) sinh(α(S + 2U)) sinh(α(T + 2U))
,
α2
( sinh(α(S + U)) sinh(α(T + U)) sinh(2αU))2

Hloop (S, T, U; α) = 3

sinh8 (αU) sinh(2α(S + U)) sinh(2α(T + U))
,
sinh2 (2αU) sinh4 (α(S + U)) sinh4 (α(T + U))
(2.27)

and where
Gloop (D12 , D23 , L123 ; α) = 12 ∂S ∂T ∂U Floop (S, T, U; α) = 12 ∂U Hloop (S, T, U; α),
T = D23 − L123 /2,
U = L123 /2.
with S = D13 − L123 /2,
doi:10.1088/1742-5468/2009/03/P03001
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= Δu
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Again the two expressions above for Gloop (D12 , D23 , L123 ; α) are consistent as we have the
identity


sinh2 (αU) sinh(2α(S + U))
1 sinh(αS) sinh(α(S + 2U))
=
,
(2.29)
∂S
α
sinh2 (α(S + U))
sinh4 (α(S + U))

Gloop (l123 )|gn =

1
2iπ

dg
Gloop (l123 ),
g n+1

(2.30)

and we perform the change of variables


ξ2
1
1+
,
l123 = L123 n1/4 .
g=
12
n

(2.31)

At large n, the contour integral becomes at dominant order an integral over real values
of ξ and we can use the continuous formulae above with  = 1/n and λ = −ξ 2 . After a
proper normalization by the number of triply pointed quadrangulations with ﬁxed size n,
we obtain the probability density ρloop (L123 ) for the rescaled length L123 :
∞

2
2
dξ ξ e−ξ Gloop (L123 ; −3iξ/2).
(2.32)
ρloop (L123 ) = √
i π −∞
The quantity ρloop (L123 ) dL123 is the inﬁnitesimal probability that the (rescaled) minimal
length for loops having origin v3 and separating v1 from v2 lies in the range [L123 , L123 +
dL123 ] in the ensemble of triply pointed quadrangulations with ﬁxed size n, in the limit
n → ∞. This probability density is plotted in ﬁgure 12 and has the following limiting
behaviors:
3 3
ρloop (L123 ) ∼ 16
L123
when L123 → 0,
(2.33)
3 5/3 4/3
1 2/3
when L123 → ∞.
ρloop (L123 ) ∼ 1/6 L123 e−( 4 ) L123
6
The associated average value of L123 reads
L123 =

4
3

D = 2.361 98 . . .

with D = 2

3
Γ
π

 
5
= 1.771 48 . . . .
4

(2.34)

Here and throughout the paper, we decide to express average distances in units of the
average distance D between two uniformly chosen vertices in a large quadrangulation,
whose value given above was computed in [19]–[21].
Similarly, the joint probability density for D13 = d13 /n1/4 , D23 = d23 /n1/4 and L123
reads
∞

2
2
ρloop (D12 , D13 , L123 ) = √
dξ ξ e−ξ Gloop (D12 , D13 , L123 ; −3iξ/2),
(2.35)
i π −∞
doi:10.1088/1742-5468/2009/03/P03001
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which is the continuous counterpart of (2.21).
The above continuous formulae can be used to capture the statistical properties of
triply pointed quadrangulations with ﬁxed size, i.e. with a ﬁxed number n of faces, in the
limit n → ∞. Indeed, ﬁxing n amounts to extracting the g n term of the various discrete
generating functions at hand. This can be done via a contour integral in g which, at large
n, translates via a saddle point estimate into an integral over a real variable ξ. More
precisely, considering for instance the generating function Gloop (l123 ), we write
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while the conditional probability density for D13 and D23 , given the value of L123 , simply
reads
ρloop (D13 , D23 , L123 )
ρloop (D12 , D13 |L123 ) =
.
(2.36)
ρloop (L123 )
This conditional probability density is represented in ﬁgure 13 for decreasing values of L123
(namely L123 = 2.0, 1.6 and 1.0), and in ﬁgure 14 for increasing values of L123 (namely
L123 = 2.0, 3.0 and 4.0). For large enough L123 , this joint probability density is maximal
for equal values of D13 and D23 , i.e. when the two vertices v1 and v2 are equally distant
from v3 . In contrast, for small enough L123 , we observe a symmetry breaking phenomenon
with a probability density being maximal when one of the two vertices v1 or v2 lies closer
from v3 than the other.
This phenomenon increases for smaller L123 and, when L123 → 0, we ﬁnd that




2
2D23
2
2D13
ψ
ψ
+ ρ(D23 ) ×
,
(2.37)
ρloop (D13 , D23 |L123 ) ∼ ρ(D13 ) ×
L123
L123
L123
L123
with a scaling function
3 2ω − 1
ψ(ω) =
4 ω4

(2.38)

normalized to 1/2 when ω varies from 1 to ∞, and where ρ(D) is the so-called canonical
two-point function, which is the probability density for the distance D between two vertices
picked uniformly at random in a large quadrangulation. This canonical two-point function
is given by a formula similar to (2.32):
∞

2
2
√
dξ ξ e−ξ G(D; −3iξ/2),
ρ(D) =
i π −∞
(2.39)
3 cosh(αD)
with G(D; α) = 4α
.
sinh3 (αD)
doi:10.1088/1742-5468/2009/03/P03001
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Figure 12. Plot of the probability density ρloop (L123 ).
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Figure 13. Plots of the conditional probability density ρloop (D13 , D23 |L123 ) for
L123 = 2.0, 1.6 and 1.0, from top to bottom. For each plot on the left, we display
its associated contour plot on the right.
doi:10.1088/1742-5468/2009/03/P03001
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Figure 14. Plots of the conditional probability density ρloop (D13 , D23 |L123 ) for
L123 = 2.0, 3.0 and 4.0, from top to bottom.
doi:10.1088/1742-5468/2009/03/P03001
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The particular form (2.37) expresses that, when L123 becomes small, one of two vertices v1
or v2 , say v1 , necessarily lies in the vicinity of v3 , with a distance D13 of the order of L123
and governed by the density (2.38) for ω = 2D13 /L123 , while the other vertex lies at an
arbitrary distance from the two others, with a probability density given simply by the twopoint function of quadrangulations, as expected. This behavior is depicted in ﬁgure 15, for
L123 = 0.02. This result corroborates the known property of quadrangulations of large size
n: small loops of length negligible with respect to n1/4 in the quadrangulation necessarily
separate it into a macroscopic domain containing most of the area of the quadrangulation,
and a small part of negligible size with respect to n.
In the other limit, i.e. when L123 becomes large, we ﬁnd the limiting behavior
2/3

9L123
ρloop (D13 , D23 |L123 ) ∼
Φ(μ, ν),
2
(2.40)



1/3

1/3
9L123
9L123
L123
L123
,
ν = D23 −
,
with μ = D13 −
2
2
2
2
doi:10.1088/1742-5468/2009/03/P03001
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Figure 15. (a) Plot of the conditional probability density ρloop (D13 , D23 |L123 )
for a small value of L123 , here L123 = 0.02. This density is concentrated in two
regions corresponding to either D13 or D23 being of order L123 . A zoom on the
ﬁrst region is obtained by considering the same plot (b) with a rescaled abscissa
ω = 2D13 /L123 , or the corresponding contour plot (c). As is apparent by taking
longitudinal and transverse cut views along the thick lines in (c), the probability
density factorizes in this region into the product of the density ψ(ω) (red curve
in (d)) and the two-point function ρ(D23 ) (green curve in (e)).
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with a scaling function
Φ(μ, ν) = e−(μ+ν) 2 − e−μ − e−ν

(2.41)

properly normalized to 1 when μ and ν vary from 0 to ∞. At large L123 , both distances
D13 and D23 are therefore necessarily of order L123 /2, with diﬀerences D13 − L123 /2 and
−1/3
D23 −L123 /2 of order L123 , governed by the joint probability density (2.41). This behavior
is depicted in ﬁgure 16 for L123 = 20.0.
3. Conﬂuence
3.1. Conﬂuence of geodesics

In this section, we explain how we can use the quantities computed in section 2, or slight
generalizations of them, to study the phenomenon of conﬂuence of geodesics in the scaling
limit of large quadrangulations. It was shown by Le Gall [14] and Miermont [13] that two
typical points in a large random quadrangulation are joined by a unique ‘macroscopic’
doi:10.1088/1742-5468/2009/03/P03001
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Figure 16. (a) Plot of the conditional probability density ρloop (D13 , D23 |L123 )
for a large value of L123 , here L123 = 20.0. The same plot (b) and its
contour (c) in the rescaled variables μ = (D13 − L123 /2)(9L123 /2)1/3 and
ν = (D23 − L123 /2)(9L123 /2)1/3 . In these variables, the conditional probability
density tends to a limiting distribution Φ(μ, ν), as shown in (d).
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geodesic path. By this, it is meant that, although there are a large (extensive in the length)
number of geodesic paths between two points at a discrete level, all these geodesics remain
within a distance negligible with respect to n1/4 , which is the scale at which points can
be distinguished in the scaling limit. Moreover, given three typical vertices v1 , v2 and v3 ,
the unique macroscopic geodesic from v1 to v3 and the unique macroscopic geodesic from
v2 to v3 merge before reaching v3 , i.e. have a macroscopic common part (see ﬁgure 17).
This is the phenomenon of conﬂuence of geodesics [14] which raises interesting problems,
such as that of the distribution of the length δ of this common part.
3.1.1. Approach via the Schaeﬀer bijection. At a discrete level, this length can be estimated
by a particular choice of geodesics deﬁned as follows: we start again with a triply pointed
quadrangulation with marked vertices v1 , v2 and v3 and consider the associated welllabeled tree obtained from the Schaeﬀer bijection, taking v3 has the origin. This tree has
two marked vertices v1 and v2 , and upon shifting the labels so that the minimal label on
the branch between v1 and v2 is 0, it is of the type displayed in ﬁgure 5 for some s, t and u.
We can now consider the leftmost geodesic from v1 to v3 formed by the chain of successors
from the corner incident to v1 and lying immediately on the right of the branch oriented
from v1 to v2 . Similarly, we consider the leftmost geodesic from v2 to v3 obtained as the
chain of successors from the corner incident to v2 and lying immediately on the left of the
branch (oriented again from v1 to v2 ). These two geodesics will merge at a point which
we characterize as follows (see ﬁgure 18 for an illustration): let us call 1 − u (respectively
1−u ) the minimal label on trees attached to the left (respectively right) side of the branch
oriented from v1 to v2 (with the convention that the tree attached to v1 lies on the left side
of the branch, and that attached to v2 on the right side), with u = max(u , u). Then the
two chosen geodesics have a common part of length |u − u |. Indeed, assuming without
loss of generality that u = u ≥ u , all the s + u successors of the corner chosen at v1 lie
on the left of the branch until v3 (with label −u) is reached. On the other hand, among
doi:10.1088/1742-5468/2009/03/P03001
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Figure 17. A schematic picture of the phenomenon of conﬂuence of geodesics.
For generic points v1 , v2 and v3 and in the scaling limit of large quadrangulations,
the geodesic from v1 to v3 and that from v2 to v3 (represented as thick blue lines)
are unique and have a common part of macroscopic length δ.
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the t + u successors of the corner chosen at v2 , the ﬁrst t + u − 1 successors are found
on the right of the branch but the (t + u )th successor, having label −u , is on the left of
the branch and coincides with the (s + u )th successor of the corner chosen at v1 . From
that point, all remaining successors form a common part of length u − u (see ﬁgure 18).
To conclude, there is a correspondence between, on the one hand, well-labeled trees with
ﬁxed values of s, t, u and u as deﬁned above and, on the other hand, triply pointed
quadrangulations with prescribed values d13 = s + max(u , u ), d23 = t + max(u, u ),
l123 = 2 max(u , u ) and such that the leftmost geodesics from v1 to v3 and from v2 to v3
have a common part of length |u − u |. Note that the sign of u − u simply accounts for
the relative position of the geodesics: when u > u (respectively u > u ), the geodesic
from v1 to v3 merges on the right (respectively on the left) of the geodesic from v2 to v3 .
We now wish to enumerate the above trees. By an immediate generalization of
equation (2.16), such trees have the generating function
Δu Δu Hloop (s, t, u , u)

where Hloop (s, t, u, u ) = X̃s;u,u Xu ,u X̃t;u ,u .

(3.1)

In the scaling limit, this generating function becomes
where
∂U  ∂U  Hloop (S, T, U  , U  ; α),


Hloop (S, T, U , U ; α) =
sinh4 (αU  ) sinh4 (αU  ) sinh(α(2S + U  + U  )) sinh(α(2T + U  + U  ))
3
,
(sinh(α(U  + U  )) sinh(α(S + U  )) sinh(α(S + U  )) sinh(α(T + U  )) sinh(α(T + U  )))2
(3.2)
doi:10.1088/1742-5468/2009/03/P03001
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Figure 18. In the well-labeled tree of ﬁgure 5, we distinguish (a) the minimal
label 1 − u on trees attached to one side of the branch from v1 to v2 and the
minimal label 1 − u on trees attached to the other side of the branch, with
u = max(u , u ). The quantity |u − u | measures the length of the common part
of the leftmost geodesics from v1 and v2 to the added vertex v3 . As apparent in
(b), here in the case u > u , these leftmost geodesics are made of two distinct
chains of successors of respective lengths s − u (green long-dashed arrows) and
t − u (red short-dashed arrows), followed by a common chain of successors of
length u − u (magenta solid arrows).
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and we expect that any other choice for the geodesics at the discrete level would lead
to the same continuous expression. This formula holds in the grand canonical formalism
and can be transformed via an integral of the type (2.32) into the canonical normalized
joint probability density for D13 , D23 , L123 and the (rescaled) length δ ≡ |U  − U  | for the
common part of the geodesics.

Δs Δt Δu Δu Floop (s, t, u , u),
where


Floop (s, t, u , u ) = Xs,u Ys,u,u Xu ,u Yt,u ,u Xt,u .

(3.3)

Note that this generating function is diﬀerent from that given by (3.1) as our particular
choice of geodesics diﬀers in the Schaeﬀer and Miermont bijection approaches. In the
scaling limit however, we expect to recover the same expression (3.2) due to the unicity
of geodesics at a macroscopic level. Indeed, the expression (3.3) translates into
where
∂S ∂T ∂U  ∂U  Floop (S, T, U  , U  ; α),


Floop (S, T, U , U ; α) =
3 sinh(αS) sinh(αT ) sinh2 (αU  ) sinh2 (αU  ) sinh(α(S + U  + U  )) sinh(α(T + U  + U  ))
,
α2 sinh(α(S + U  )) sinh(α(S + U  )) sinh(α(T + U  )) sinh(α(T + U  )) sinh2 (α(U  + U  ))
(3.4)
which precisely matches the continuous expression (3.2), namely
∂S ∂T ∂U  ∂U  Floop (S, T, U  , U  ; α) = ∂U  ∂U  Hloop (S, T, U  , U  ; α),
doi:10.1088/1742-5468/2009/03/P03001
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3.1.2. Approach via the Miermont bijection. As in section 2, a useful alternative expression
for the above function may be obtained by use of the Miermont bijection for triply pointed
quadrangulations, leading, for the special choice (2.8) of delays, to well-labeled maps of
the type displayed in ﬁgure 7 (or of its degenerate versions) for some s, t, and u. A
particular geodesic path from v1 to v3 is obtained by picking, say, the last label 0 on
the (counterclockwise oriented) cycle c1 , looking at the two corners at that vertex lying
immediately on the right of the cycle when we follow the cycle in both directions, and
considering the chains of successors of these two corners. The concatenation of these
chains forms the desired geodesic path. A similar geodesic path can be considered from v2
to v3 , passing via the last label 0 on the (counterclockwise oriented) cycle c2 . Let us now
call 1 − u the minimal label on trees attached to the left side of the branch b (oriented
from v1 to v2 ), to the external side of the cycle c1 before the last occurrence of a label 0 on
this cycle, and to the external side of the cycle c2 after the last occurrence of a label 0 on
this cycle (see ﬁgure 19 for an illustration). We also call 1 − u the minimal label on trees
attached to the complementary part of the frontier of the face f3 , with u = max(u, u ).
Then by arguments similar to the discussion above, the two particular geodesics have a
common part of length |u − u |. We now have a correspondence between, on the one
hand, well-labeled maps with ﬁxed values of s, t, u and u as deﬁned above and, on the
other hand, triply pointed quadrangulations with prescribed values d13 = s + max(u, u ),
d23 = t + max(u, u ), l123 = 2 max(u, u ) and such that the two particular geodesics
considered above from v1 to v3 and from v2 to v3 have a common part of length |u − u |.
By an immediate generalization of equation (2.19), such maps are enumerated by

Conﬂuence of geodesic paths and separating loops in large planar quadrangulations

as a consequence of the identity


1 sinh(αS) sinh(α(S + U  + U  ))
sinh(αU  ) sinh(αU  ) sinh(α(2S + U  + U  ))
∂S
.
=
α sinh(α(S + U  )) sinh(α(S + U  ))
sinh2 (α(S + U  )) sinh2 (α(S + U  ))
(3.6)
doi:10.1088/1742-5468/2009/03/P03001
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Figure 19. In the well-labeled map of ﬁgure 7, we mark the last occurrence of
a label 0 on each (counterclockwise oriented) cycle c1 and c2 and call 1 − u the
minimal label on trees attached to the part of the frontier of the external face
made of: (i) the left side of the branch b (oriented from c1 to c2 ), (ii) the external
side of the cycle c1 before reaching the marked label 0, and (iii) the external
side of the cycle c2 after passing the marked label 0. We also call 1 − u the
minimal label on trees attached to the complementary part of the frontier, with
u = max(u , u ). The quantity |u − u | measures the length of the common part
of two particular geodesics leading from v1 and v2 to v3 , as apparent in (b), here
in the case u > u .
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3.1.3. Marginal law for δ. It is now a simple exercise to obtain, in this scaling limit, the
marginal law for δ. We simply have to integrate over all positive values of S, T , U  and
U  with the constraint that |U  − U  | = δ. This is done more easily in the grand canonical
formalism ﬁrst and by use of the expression (3.4), namely
∞

∞

dS
0

∞

dT
0

dU
0
∞

∞

dU  δ(|U  − U  | − δ)∂S ∂T ∂U  ∂U  Floop (S, T, U  , U  ; α)

0
∞

As before, we can transform this result into the probability density for the (rescaled)
variable δ in the canonical ensemble of triply pointed quadrangulations of large ﬁxed size.
This probability density reads



  


∞
3 −2αδ 
1 1
3
3
9δ 4
2
−ξ 2
e
,
dξ ξ e
=
Γ
,−
σ(δ) = √
0 F2
 √
i π −∞
2α
π
4
4 2
64
α= −3iξ/2






 
√
9δ 4
9δ 4
3 3
5 7
5
3
,
,
−
+
,
,
−
, (3.8)
F
3πδ
F
− 3δ 2 Γ
0 2
0 2
4
4 2
64
4 4
64
where
0 F2 ({b1 , b2 }, z)

≡

∞

zk
k=0

1
,
k! (b1 )k (b2 )k

with (b)k ≡

k−1


(b + i).

(3.9)

i=0

This probability density is plotted in ﬁgure 20. We have in particular
δ =

1
3

D = 0.590 494 . . . ,

(3.10)

i.e. the common part represents on average one third of the length of a geodesic.
3.2. Conﬂuence of minimal separating loops

The minimal separating loops themselves also exhibit a phenomenon of conﬂuence.
Indeed, a minimal separating loop is made of two geodesics of the same length emanating
from a particular vertex v (with minimal label on the branch from v1 to v2 ) and reaching
v3 . In the scaling limit, we expect the macroscopic minimal separating loop to be unique
and moreover, its two constituent geodesics have a common part of macroscopic length
δloop (see ﬁgure 21 for an illustration). Note that, although v1 , v2 and v3 are generic
points, v is a non-typical point as it can be connected to v3 by two distinct macroscopic
geodesics which are not conﬂuent at v. We shall call the complementary part the open
part of the loop, with length L123 = L123 − 2 δloop .
doi:10.1088/1742-5468/2009/03/P03001
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dU  δ(|U  − U  | − δ)∂U  ∂U  Floop (∞, ∞, U , U  ; α)
0
0


∞
∞
3 sinh2 (αU  ) sinh2 (αU  )




dU
dU δ(|U − U | − δ)∂U  ∂U 
=
α2 sinh2 (α(U  + U  ))
0
0
∞
∞
sinh2 (αU  ) sinh2 (αU  )
=
dU 
dU  δ(|U  − U  | − δ)18
sinh4 (α(U  + U  ))
0
0
∞
sinh2 (αU) sinh2 (α(U − δ))
3 −2αδ
e
= 36
dU
.
(3.7)
=
4
2α
sinh (α(2U − δ))
δ
=

dU 
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Figure 21. A schematic picture of the phenomenon of conﬂuence of minimal
separating loops. For generic points v1 , v2 and v3 and in the scaling limit of large
quadrangulations, the minimal loop originating from v3 and separating v1 from
v2 (represented as a thick blue line) is unique and is made of a common part of
macroscopic length δloop and an open part of macroscopic length L123 .

The statistics for δloop and L123 can be computed along the same lines as in section 3.1.
In the Schaeﬀer approach, on the branch from v1 to v2 in the well-labeled tree, we now
consider the vertex v with minimal label closest to v1 . Calling 1 − u the minimal label
for trees attached the part of the branch from v1 to v, and 1 − u the minimal label for
trees attached to the complementary part, the quantity |u − u | measures the length of
the desired common part for a particular minimal loop formed by two chains of successors
starting from v (see ﬁgure 22 for an illustration). As for the length of the open part of
the loop, it is simply measured by 2 min(u, u ). The generating function for the objects
doi:10.1088/1742-5468/2009/03/P03001
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Figure 20. Plot of the probability density σ(δ) for the length δ of the common
part of the two geodesics from v1 and v2 to v3 in the scaling limit of large triply
pointed quadrangulations.
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above is immediately given by
Δu Δu H̄loop (s, t, u , u),

where H̄loop (s, t, u, u ) = X̃s;u,u Xu ,u X̃t;u ,u .

(3.11)

In the scaling limit, this generating function becomes
where
∂U  ∂U  H̄loop (S, T, U  , U  ; α),
4
sinh (αU  ) sinh4 (αU  ) sinh(α(2(S + U  ))) sinh(α(2(T + U  )))
H̄loop (S, T, U  , U  ; α) = 3
,
sinh(2αU  ) sinh(2αU  ) sinh4 (α(S + U  )) sinh4 (α(T + U  ))
(3.12)
doi:10.1088/1742-5468/2009/03/P03001
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Figure 22. In the well-labeled tree of ﬁgure 5, we mark the ﬁrst label 0 on the
branch from v1 to v2 and call 1 − u the minimal label on trees attached to the
part of the branch lying from v1 to the marked label 0. We also call 1 − u the
minimal label on trees attached to the complementary part of the branch, with
u = max(u , u ). The quantity |u − u | measures the length of the common part
of a particular minimal loop originating from v3 and separating v1 from v2 , as
apparent in (b), here in the case u > u . The length of the open part of the
minimal separating loop is 2 min(u , u ) = 2u .

Conﬂuence of geodesic paths and separating loops in large planar quadrangulations

which yields the joint law for L123 = 2 min(U  , U  ), D13 = S + max(U  , U  ), D23 =
T + max(U  , U  ) and δloop = |U  − U  |. Note that the sign of U  − U  indicates which
domain delimited by the open part contains the common part of the loop. As is apparent
in ﬁgure 22, this common part lies in the domain containing v1 when U  > U  .
An alternative expression is found through the Miermont approach where we consider
well-labeled maps of the type displayed in ﬁgure 23 using a particular minimal separating
doi:10.1088/1742-5468/2009/03/P03001
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Figure 23. In the well-labeled map of ﬁgure 7, we mark the ﬁrst occurrence of a
label 0 on the branch b oriented from the cycle c1 to the cycle c2 and call 1 − u
the minimal label on trees attached to the part of the frontier of the external
face made of: (i) the part of the branch b lying between c1 and the marked label
0 and (ii) the external side of the cycle c1 . We call 1 − u the minimal label on
trees attached to the complementary part of the frontier, with u = max(u , u ).
The quantity |u − u | measures the length of the common part of a particular
minimal loop originating for v3 and separating v1 from v2 , as apparent in (b),
here in the case u > u (corresponding to having the common part in the domain
containing v1 ). The length of the open part is 2 min(u , u ).
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loop passing through the vertex with minimal label on the branch b closest to the cycle
c1 . We ﬁnd a generating function
Δs Δt Δu Δu F̄loop (s, t, u , u),
where
(3.13)
F̄loop (s, t, u, u ) = Xs,u Ys,u,u Xu ,u Yt,u ,u Xt,u ,
whose scaling limit

This can be translated into the marginal joint law for δloop and L123 . For triply pointed
quadrangulations of ﬁxed large size n, we ﬁnd the joint probability density:
τloop (δloop , L123 )
2
= √
i π

∞

−ξ 2

dξ ξ e
−∞



3/4

.
cosh2 (α ((L123 /2) + δloop )) cosh2 (α(L123 /2)) α=√−3iξ/2
(3.16)

This probability density is plotted in ﬁgure 24.
Upon integrating τloop (δloop , L123 ) over L123 , we get the marginal density distribution
for the length δloop only, namely
2
τloop (δloop ) = √
i π

∞

dξ ξ e−ξ

2

−∞

1
3
3
2α sinh (αδloop ) cosh(αδloop )

× {2 cosh2 (αδloop ) (αδloop − log(cosh(αδloop )))

− sinh(αδloop ) cosh(αδloop ) + e−αδloop }α=√−3iξ/2 .
This probability density is plotted in ﬁgure 25. We have in particular
δloop = 23 (2 − log 4) D = 0.724 779 . . .

(3.17)
(3.18)

in terms of the average length D of a geodesic path.
On the other hand, upon integrating τloop (δloop , L123 ) over δloop , we get the marginal
density distribution for the length L123 only, namely

∞

1
2

−ξ 2 3
−α(L123 /2) 
dξ ξ e
.
(3.19)
τ̄loop (L123 ) = √
e
 √
i π −∞
4α cosh3 (α(L123 /2))
α= −3iξ/2
This probability density is plotted in ﬁgure 26. We have in particular
L123 = 43 (log 4 − 1) D = 0.912 418 . . . .
Note that 2 δloop + L123 =

4
3

(3.20)

D , in agreement with equation (2.34).

doi:10.1088/1742-5468/2009/03/P03001
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where
∂S ∂T ∂U  ∂U  F̄loop (S, T, U  , U  ; α),


F̄loop (S, T, U , U ; α) =
3 sinh(αS) sinh(αT ) sinh2 (αU  ) sinh2 (αU  ) sinh(α(S + 2U  )) sinh(α(T + 2U  ))
(3.14)
α2
sinh2 (α(S + U  )) sinh2 (α(T + U  )) sinh(2αU  ) sinh(2αU  )
matches the expression (3.12) above. This matching is again a direct consequence of the
identity (2.29).
We can integrate over S and T and obtain the marginal law for U  and U 
1
3
sinh2 (αU  ) sinh2 (αU  )
3


∂
∂
.
(3.15)
=
U
U
2
α2
sinh(2αU  ) sinh(2αU  )
4 cosh (αU  ) cosh2 (αU  )

Conﬂuence of geodesic paths and separating loops in large planar quadrangulations

3.3. Area enclosed by a minimal separating loop

Within the above framework, we may easily address the question of the partitioning of
the area of triply pointed quadrangulations over the two domains separated by a minimal
separating loop. For a given separating loop, we may indeed decide to attach a weight
per face of the quadrangulation depending on which domain it lies in. In the equivalent
Miermont picture and for the particular minimal separating loop considered in ﬁgure 23,
this amounts to assigning a weight, say g1 (respectively g2 ), to edges lying in the domain
containing v1 (respectively v2 ), which results in the generating function
where
Δs Δt Δu Δu F̄loop (s, t, u, u ; g1, g2 ),


F̄loop (s, t, u , u ; g1 , g2 ) = Xs,u (g1 ) Ys,u,u (g1 ) Xu ,u (g2 ) Yt,u ,u (g2 ) Xt,u (g2 ).

(3.21)

Here Xs,t(gm ) and Ys,t,u (gm ) denote the generating functions Xs,t and Ys,t,u , as given
by (2.13) and (2.15), with g replaced by gm in (2.12), for m = 1, 2. In the continuum
limit, we set
g1 =

1
(1
12

− Λ1 ),

g2 =

1
(1
12

− Λ2 ),

which amounts to having diﬀerent cosmological constants in the two domains.
generating function above translates into the scaling function
where
∂S ∂T ∂U  ∂U  F̄loop (S, T, U  , U  ; α1 , α2 ),


3


F̄loop (S, T, U , U ; α1 , α2 ) = 3 Y(S, U , U ; α1 )Y(T, U  , U  ; α2 ),
1 sinh(αS) sinh(αT ) sinh(αU) sinh(α(S + T + U))
Y(S, T, U; α) ≡
,
3α sinh(α(S + T )) sinh(α(T + U)) sinh(α(U + S))
doi:10.1088/1742-5468/2009/03/P03001

(3.22)
The

(3.23)
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Figure 24. Plot of the joint probability density τloop (δloop , L123 ) for the length
δloop of the common part and the length L123 of the open part of the minimal
loop originating from v3 and separating v1 from v2 in the scaling limit of large
triply pointed quadrangulations.
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Figure 26. Plot of the marginal probability density τ̄loop (L123 ) for the length of
the open part of the minimal loop originating from v3 and separating v1 from v2
in the scaling limit of large triply pointed quadrangulations.


1/4
and αm = 3/2Λm . Here, Y is the scaling limit of Y , while each X tends to 3 in the
scaling limit, irrespectively of its arguments.
Upon integrating over all possible values of S, T , U  and U  , we get a function
3
F̄loop (∞, ∞, ∞, ∞; α1, α2 ) =
.
(3.24)
4α1 α2
doi:10.1088/1742-5468/2009/03/P03001
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Figure 25. Plot of the marginal probability density τloop (δloop ) for the length of
the common part of the minimal loop originating from v3 and separating v1 from
v2 in the scaling limit of large triply pointed quadrangulations.
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Returning to the canonical formalism where we ﬁx the sizes of the two domains separated
1), we
by the minimal loop to be respectively n1 and n2 (with n1 + n2 = n, n1 √1, n2
2
1/2
set  = 1/n and Λm = −ξm , so that the expression (3.24) tends to n i/(2 ξ1 ξ2 ). Setting
n1 = ηn and n2 = (1 − η)n, we obtain the probability density for η as
∞
2
2
dξ1 ξ1 e−ηξ1
(η) = 3/2
iπ
−∞
√
1
π
=
.
1
3/4
Γ 4 η (1 − η)3/4

∞

1
2
dξ2 ξ2 e−(1−η)ξ2 √
2 ξ1 ξ2
−∞
(3.25)

∞

dU 

0

3
[∂U  tanh(α1 U  )] tanh(α2 U  ),
4α1 α2

(3.26)

which, together with the symmetric contribution from the domain U  > U  (obtained by
exchanging α1 and α2 ), adds up to (3.24). We can in principle deduce from (3.26) the
(now asymmetric) law for η conditionally on the position of the common part. We have
not found a compact simple form for this law but its ﬁrst few moments can be computed.
We ﬁnd an average value
η

U  >U 

= 1−η

U  >U 

= 13 (1 + log 4) ∼ 79.543%

(3.27)

for the proportion of the total area lying in the same domain as the common part of the
minimal separating loop.
4. The three-point function revisited
The three-point function of planar quadrangulations enumerates quadrangulations of the
sphere with three marked vertices v1 , v2 and v3 at prescribed pairwise distances d12 , d23
and d31 . It was computed in [15] and, in the scaling limit of quadrangulations of ﬁxed
large size n → ∞, translates into a universal joint probability ρ(D12 , D23 , D31 ) for the
three rescaled lengths D12 = d12 /n1/4 , D23 = d23 /n1/4 and D31 = d31 /n1/4 of the three
geodesics forming the triangle (v1 , v2 , v3 ). As mentioned in section 1, a full description
of the geometry of this triangle must incorporate the phenomenon of conﬂuence. We call
the lengths of the common parts respectively δ1 (for the two geodesics leading to v1 ), δ2
(for the two geodesics leading to v2 ) and δ3 (for the two geodesics leading to v3 ). The
remaining proper parts of the geodesics form an open triangle with sides of respective



= D12 − δ1 − δ2 , D23
= D23 − δ2 − δ3 and D31
= D31 − δ3 − δ1 (see ﬁgure 27
lengths D12
for an illustration). A natural question is that of determining the corresponding joint



, D23
, D31
, δ1 , δ2 , δ3 ).
probability density ρ(D12
doi:10.1088/1742-5468/2009/03/P03001
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The partitioning η of the mass is therefore governed by a simple Beta distribution with
parameters {1/4, 1/4}. In particular the two domains are most likely of very asymmetric
sizes, with a probability density maximal for η = 0 or 1.
More precisely, we can naturally distinguish the two domains as exactly one of them
contains the common part of the minimal separating loop. As mentioned above, this
information is encoded in the sign of U  − U  . We may integrate (3.23) over S, T , U  and
U  in the domain U  > U  , corresponding to the case where the common part lies in the
domain containing v1 . This leads to

Conﬂuence of geodesic paths and separating loops in large planar quadrangulations

As explained in [15], triply pointed quadrangulations with prescribed values of the
pairwise distances d12 , d23 and d31 are in one-to-one correspondence with particular welllabeled maps with three faces. This is again a consequence of the Miermont bijection with
three sources v1 , v2 and v3 , and with a particular choice of delays, now given by
d23 − d31 − d12
d31 − d12 − d23
,
τ2 = −t ≡
,
τ1 = −s ≡
2
2
(4.1)
d12 − d23 − d31
τ3 = −u ≡
,
2
where we use the parameterization of the pairwise distances
d12 = s + t,

d23 = t + u,

d31 = u + s.

(4.2)

As shown in [15], the maps obtained for this choice of delays are now of the type displayed
in ﬁgure 28, or degenerate versions of this generic form when one of the frontiers between
faces or one of the faces reduces to a single vertex. By an simple decomposition of the
map in ﬁve pieces obtained by cutting the map at the ﬁrst and last occurrences of a label
0 on each frontier, we immediately get the generating function for these maps:
Δs Δt Δu F (s, t, u),

where F (s, t, u) = Xs,t Xt,u Xu,s (Ys,t,u )2 .

(4.3)

If we now consider, say, the ﬁrst label 0 on each of the three pairwise frontiers between
faces, the global frontier of each face can then be divided into two parts lying in between
the two marked labels 0 on this frontier. We may then distinguish the minimal label on
trees attached to the ﬁrst part of the frontier from that on trees attached to the second
doi:10.1088/1742-5468/2009/03/P03001
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Figure 27. A schematic picture of the phenomenon of conﬂuence of geodesics for
the three geodesics linking three generic points v1 , v2 and v3 in the scaling limit
of large quadrangulations. These geodesics (represented as thick blue lines) have
common parts of macroscopic lengths δ1 , δ2 and δ3 . The remaining open part of
 , D  and D  , and separates
the triangle has sides of macroscopic lengths D12
23
31
the quadrangulation into two domains. The three common parts may lie in the
same domain (as represented here) or in diﬀerent domains, giving rise to eight
possibilities for the relative position of the three geodesics (see ﬁgure 33 below).
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part of the frontier (see ﬁgure 29(a) for an illustration). For instance, the minimal label
1 − s in the ﬁrst face corresponds to a minimal label 1 − s on one part and 1 − s on the
other part with s = max(s , s ). We have similar minima 1 − t , 1 − t and 1 − u , 1 − u in
the other faces. The quantities |s − s |, |t − t | and |u − u | measure the lengths of the
pairwise common parts of three particular geodesics made of chains of successors of corners
at the marked labels 0 (see ﬁgure 29(b)). Similarly, the quantities min(s , s ) + min(t , t ),
min(t , t ) + min(u , u ) and min(u, u ) + min(s , s ) are the lengths of the proper parts of
the same three geodesics. With the above reﬁnements, the generating function now reads
Δs Δs Δt Δt Δu Δu F (s, s , t , t , u , u),
where
   


F (s , s , t , t , u , u ) = Xs ,t Xt ,u Xu ,s Ys ,t ,u Ys ,t ,u ,

(4.4)

and its continuous counterpart reads
∂S  ∂S  ∂T  ∂T  ∂U  ∂U  F (S , S  , T  , T  , U  , U  ; α),


















where

F (S , S , T , T , U , U ; α) = 3 Y(S , T , U ; α)Y(S , T  , U  ; α),
(4.5)
1 sinh(αS) sinh(αT ) sinh(αU) sinh(α(S + T + U))
,
Y(S, T, U; α) =
3α sinh(α(S + T )) sinh(α(T + U)) sinh(α(U + S))
3







which yields directly the joint law ρ(D12
, D23
, D31
, δ1 , δ2 , δ3 ) for D12
= min(S  , S  ) +









min(T , T ), D23 = min(T , T ) + min(U , U ), D31 = min(U , U ) + min(S  , S  ), δ1 =
|S  − S  |, δ2 = |T  − T  | and δ3 = |U  − U  |. Note that the sign of S  − S  (respectively
T  − T  , U  − U  ) indicates in which of the domains delimited by the open part of the
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Figure 28. Structure of the well-labeled maps with three faces coding triply
pointed quadrangulations with prescribed values of the pairwise distances
between the marked vertices: d12 = s + t, d23 = t + u and d31 = u + s. These
maps are easily enumerated by cutting them at the ﬁrst and last labels 0 on each
frontier (big green dots).
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triangle the common part leading to v1 (respectively v2 , v3 ) lies. Let us now discuss in



more detail a number of marginal laws inherited from ρ(D12
, D23
, D31
, δ1 , δ2 , δ3 ).

A ﬁrst marginal law is that for the lengths δ1 , D12 and δ2 of the three parts of the
geodesic between v1 and v2 . It is obtained by ﬁrst integrating (4.5) over U  and U  , which
yields ∂S  ∂S  ∂T  ∂T  F (S  , S  , T , T  , ∞, ∞), then integrating over S  , S  , T  and T  with
ﬁxed values min(S  , S  ) = σ, max(S  , S  ) = σ + δ1 , min(S  , S  ) = τ , max(S  , S  ) = τ + δ2 ,

. We obtain the grand
and ﬁnally integrating over σ and τ with the condition σ + τ = D12
canonical function


1
1
3
α
+




2
sinh3 (αD12
) sinh3 (α(D12
+ δ1 + δ2 )) sinh3 (α(D12
+ δ1 )) sinh3 (α(D12
+ δ2 ))


× {2αD12 (2 cosh(αδ1 ) cosh(αδ2 ) + cosh(α(2D12 + δ1 + δ2 )))

+ δ1 + δ2 ))
+ 2 sinh(α(δ1 + δ2 )) − 2 sinh(α(2D12

− cosh(α(δ1 − δ2 )) sinh(2αD12 )},
(4.6)

from which we can get the canonical joint probability density θ(δ1 , δ2 , D12
) as before. It
is interesting to consider this probability density conditionally on the value of the total
length D12 of the geodesic between v1 and v2 , namely

θ(δ1 , δ2 |D12 ) =

θ(δ1 , δ2 , D12 − δ1 − δ2 )
,
ρ(D12 )
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Figure 29. In the map of ﬁgure 28, we mark the ﬁrst label 0 on each frontier. We
then call 1 − s , 1 − s , 1 − t , 1 − t , 1 − u and 1 − u respectively the minimal
labels on trees attached to the six frontier sides delimited by these marked points
as shown, with s = max(s , s ), t = max(t , t ) and u = max(u , u ). The
quantities |s − s |, |t − t | and |u − u | measure the lengths of the common parts
(represented by solid magenta arrows) of three particular geodesics obtained from
the concatenation of chains of successors of the marked labels 0. The situation
represented here corresponds to s > s , t > t and u > u .
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where ρ(D) is the canonical two-point function (2.39). This conditional probability density
is plotted in ﬁgure 30 for D12 = 1.0, 2.0 and 5.0.
At large D12 , it takes the simple form
1
× (9D12 )1/3 χ((9D12 )1/3 (D12 − δ1 − δ2 )),
D12


8
1
1
+
(λ cosh(λ/2) − 2 sinh(λ/2)) .
where χ(λ) =
3 sinh3 (λ/2) e3λ/2
θ(δ1 , δ2 |D12 ) ∼

(4.8)

In this limit, the geodesic consists mainly of two common parts linked by a small open
−1/3
part whose length is of order D12 , with a distribution given by the scaling function χ(λ).
doi:10.1088/1742-5468/2009/03/P03001
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Figure 30. Plots of the conditional probability density θ(δ1 , δ2 |D12 ) for the
lengths of the two common parts of a geodesic of ﬁxed length D12 , here for
(a) D12 = 1.0, (b) 2.0 and (c) 5.0.
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The position of this open part is moreover uniform along the geodesic. This property is
illustrated in ﬁgure 31.

only. In
Upon integrating (4.6) over δ1 and δ2 , we can get the marginal law for D12
the grand canonical formalism, it reads
3




(8 + 13e−2αD12 − 4e−4αD12 + e−6αD12 )
{2αD12
4

16α sinh (αD12 )






− (1 − e−2αD12 )(20 − 3e−2αD12 + e−4αD12 )},
from which we obtain the canonical probability density
is plotted in ﬁgure 32. We have in particular

D12
= 13 D = 0.590 494 . . . ,


).
θ(D12

(4.9)
This probability density
(4.10)

i.e. the length of the open part represents on average one third of the length of a geodesic,

and δ2 and turning to the
in agreement with (3.10). Upon integrating (4.6) over D12
doi:10.1088/1742-5468/2009/03/P03001
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Figure 31. The conditional probability density θ(δ1 , δ2 |D12 ) for a large value
of D12 (here D12 = 10.0) becomes uniform in the ‘transverse’ direction
(corresponding to ﬁxing the value of δ1 + δ2 ) and characterized by the scaling
function χ(λ) in the ‘longitudinal’ direction (corresponding to varying the value
 = (9D )1/3 (D − δ − δ ).
of δ1 + δ2 ), with a scaling variable λ = (9D12 )1/3 D12
12
12
1
2
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canonical formalism, we can recover the marginal law σ(δ1 ) of section 3.1. Similarly, upon


, δ1 and δ2 with a ﬁxed value of D12 = D12
+ δ1 + δ2 , and
integrating (4.6) over D12
upon turning to the canonical formalism, we recover the two-point function ρ(D12 ), as we
should.
To conclude this section, let us ﬁnally discuss the global arrangement of the three
geodesics on the sphere. As illustrated in ﬁgure 33, there are eight possibilities: in two
cases ((a) and (h) in ﬁgure 33), the three common parts lie in the same domain, while in
the remaining six cases ((b)–(g) in ﬁgure 33), two of the common parts lie in the same
domain and the third one in the other domain.
We may wonder what the probability is of observing a given arrangement in the
canonical ensemble. Any of the above arrangements corresponds simply to a choice of sign
for S  − S  , T  − T  and U  − U  . To obtain, say, arrangement (a), we may integrate (4.5)
with the conditions S  = max(S  , S  ) = S, T  = max(T  , T  ) = T , U  = max(U  , U  ) = U,
leading to the grand canonical function
33 (∂S ∂T ∂U Y(S, T, U; α)) Y(S, T, U; α).

(4.11)

To obtain arrangement (b), the third condition must be replaced by U  = max(U  , U  ) =
U, leading to a grand canonical function
33 (∂S ∂T Y(S, T, U; α)) (∂U Y(S, T, U; α)) .

(4.12)

All the remaining arrangements follow by symmetry and their contributions add up to
the grand canonical three-point function
33 ∂S ∂T ∂U (Y(S, T, U; α))2 ,

(4.13)

which is the continuous limit of equation (4.3). To obtain the probability of having a given
arrangement, we simply have to integrate its individual contribution over S, T , U, and
doi:10.1088/1742-5468/2009/03/P03001
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 ) for the length D  of the proper
Figure 32. Plot of the probability density θ(D12
12
part of the geodesic between v1 and v2 in the scaling limit of large triply pointed
quadrangulations.
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divide by the integral of (4.13). Note that this ratio, obtained in the grand canonical
ensemble, yields directly the correct canonical probability since all grand canonical
individual contributions integrate to a numerical constant times the same function 1/α2 .
A simple calculation shows that each of the arrangements (a) and (h) occurs with a
probability 1/4, while each of the arrangements (b)–(g) occurs with a probability 1/12.
As for the partitioning of the area over the two domains, we ﬁnd that, if we disregard
the particular arrangement at hand, the probability density for the proportion η of
the total area lying in one of the two domains is again given by the symmetric Beta
distribution (3.25) with parameters {1/4, 1/4}. On the other hand, if we consider a
particular arrangement, the partitioning of the area is no longer symmetric over the two
domains. In the case of arrangement (a) or (h), we ﬁnd that, on average, ∼94.259% of
the total area lies in the domain containing the three common parts, while, in the case
of the arrangement (b), (c), (d), (e), (f) or (g), an average of ∼67.224% of the total area
lies in the domain containing the two common parts.
5. Conclusion and discussion
In this paper, we derived a number of probability distributions for the lengths and areas
of triangles made of the three geodesics connecting three uniformly drawn random points,
as well as of minimal separating loops. These laws are expected to be universal features
of the Brownian map and provide quantitative results characterizing the phenomenon
of conﬂuence. This phenomenon is remarkable as it places the Brownian map halfway
between smooth surfaces and trees. In smooth surfaces, geodesics cannot merge and the
three sides of a triangle only meet at their end-points, so there are no common parts. In
contrast, in trees, the three sides of a triangle meet at a central common vertex, so there
doi:10.1088/1742-5468/2009/03/P03001
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Figure 33. A schematic picture of the eight possible arrangements for the three
common parts of the geodesics with respect to their open part. In the cases (a)
and (h), the three common parts lie on the same side of the open part. In the
remaining cases, two of the common parts lie on the same side and the third one
on the other side. Note that, due to the orientation of the sphere, (a) and (h)
(respectively (b) and (e), (c) and (f), (d) and (g)) can be distinguished through
the cyclic order of the three sources.
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