Volume 159B, number 4,5,6

PHYSICS LETTERS

26 September 1985

RANDOMLY TRIANGULATED SURFACES IN -2 DIMENSIONS

F. DAVID'

Service de Physique Théorique, CEN Saclay, 91191 Gif - sur-Yvette Cedex, France

Received 4 June 1985

A model of planar random surface in d-dimensional space is studied in the special case d = —2. Using Parisi-Sourlas
dimensional reduction, this model may be mapped onto a zero-dimensional supersymmetric planar field theory, or equivalently
onto a planar stochastic equation. Previous results by Kazakov, Kostov and Migdal are rederived and some new results are
obtained. In particular the critical behaviour for open surfaces is the same for d = —2 as for d = 0.

Random surfaces are expected to play a role in
many areas of field theory and they have been actively
studied during the last years. Many different discrete
models of random surfaces have been proposed.
Among them, models based on randomly triangulated
planar surfaces seem particularly interesting [1-7].
They are related by duality to some planar ¢3 field
theories [5—8], and exact and numerical results indi-
cate a non trivial critical behaviour. For d = 0 (where
d is the dimension of the euclidian space in which the
surface is embedded) the problem of computing the
partition function may be reduced to counting prob-
lems of Feynman diagrams in the planar ¢3 theory,
and it may be solved by combinatoric [9] as well as
functional [10] methods.

Recently, Kazakov, Kostov and Migdal have suc-
ceeded in computing the partition function for a closed
surface in d = —2 dimensions [6]. Their method is in
essence combinatoric, since they reduce this problem
to counting problems of (maximal) connected trees
on planar triangulations. The purpose of this letter is
to show that it is possible to rederive their results by
functional methods. As we shall see, the model of
random triangulation in d = —2 may be simply re-
duced, by the so-called “dimensional reduction” trick
(11], to a supersymmetric planar field theory ind =0,
or equivalently to a “planar spin”in a random external
field. This zero-dimensional effective theory may eas-
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ily be solved by the methods developed in ref. [10].

Besides providing a check of the result of ref. [6],
our method allows to obtain other quantities, such as
the partition functions for open surfaces with free
boundary, and for triangulations without “tadpoles
and self-energy insertions”*!, which should be much
more difficult to obtain by the combinatoric argu-
ments of ref. [6]. The consequences of those results
will be discussed at the end of this paper.

For a closed planar surface, the partition function
of the model is

ddX
pdl2

F(8) = 2 exp(~ ﬁITI)C(T) /I ﬂ

2
xep (- 2 ot-x7). )

In (1) the sum runs over all triangulations T with the
topology of the sphere S,. C(T') is a combinatoric fac-
tor [5,6]. The integral runs over the position X; of
the N, —1 first vertices i of T.¥2. The position of the
last one, X Ny» is fixed to be zero. The gaussian action
in the exponential is the sum over the links 7 = (i, )
of T of the square of the link length. The “intrinsic
area” |T'| is simply the number of triangles in T. § is
the coupling constant.

*1 [n the dual language.

*2 ] et us note that the measure for X;in (1) is slightly differ-
ent from the one used in ref. [5].
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As shown in refs. [5,6], this model is equivalent,
for any d, to the planar ¢3 theory defined by the
action:

S=N [ d@x Tt 6)  2H) ) +3 e S @], ()

where ¢ is an N X N hermitian matrix (¢ = ¢"), in the
planar limit N = o F(B) is the vacuum energy of this
model and we have:

dF(B)/aB = Jim_ (e /3N (Tr ¢, (3)

Moreover, since the propagator is gaussian in (2), the
contribution I of a Feynman graph G in (3) was
shown in refs. [5,6] to be simply

= —df2
Ig =gy 92,
Let us now consider the stochastic equation:

dv(¢)/dp =h,

ng = number of treesinG.  (4)

V($) = Tr(3 ¢ +1 e 8¢%), 5)

where ¢ denotes an N X N hermitian matrix and where
h is an N X N hermitian random matrix with gaussian
probability distribution such that

P Mg =84a0p,- (6)

(This corresponds to the probability distribution dP (%)
= dh exp(—Tr h2/2)). In the following the bar denotes
the average with respect to &. Given any function F(¢),
and provided that the stochastic equation (5) has a
unique solution for any 4, dimensional reduction states
that: '

F(g) = (F($(x)))_ (7

where { )_, denotes the expectation value in the —2-
dimensional theory defined by the action (2).

The proof of (7) is completely standard and may
be obtained by the general perturbative argument of
ref. [12]. First we expand F'(¢,) in the coupling con-
stant e—# i.e.in ¢3 tree diagrams with a k field at the
end of any open line. The effect of the average over h
is, by Wick tehorem, to close the trees T and recon-
struct the diagrams of a ¢3 theory. The contribution
of some G is simply the sum of trees which can be con-
structed in G and from (4) may be identified to the
contribution of G to (F(¢)? in —2 dimensions. Let us
note that dimensional reduction holds in general on-
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ly with the ordinary propagator (A +m?2)~1 It is on-
ly in zero dimensions that this argument may be ap-
plied to any kind of propagator, in particular the
gaussian one of (2).

Representing F(¢,) as

F@y) = [ d6 F($)8(2V/00 - h) 102V/3609l,  (8)

and integrating over 2 we have thus reduced the cal-
culation of any local observable (F(¢))_, ind = -2
with the action (2) to the calculation of (F(¢)} in
the zero-dimensional effective theory given by the
action

exp[—Seer(9)] = [92V/393¢ | exp[~ 3N Tr(3¥/3¢)*].

)
Representing the determinant |V"(¢)] in (9) as an in-
tegral over grassmannian variables we obtain the super-
symmetric effective action of Parisi and Sourlas [11]
for this problem.

In particular from (3) the calculation of the parti-
tion function F(B) for d = -2 is reduced to the calcu-
lation of (N—1 Tr ¢3) with the effective action (9)
in the planar limit N - oo,

This limit may be obtained by the method of ref.
[10]. Diagonalizing ¢ and integrating over the U(NV)
“radial” degrees of freedom we are left with the aver-
age over the eigenvalues A; < ... <Ay of ¢ with the
probability distribution: (we denote Z = ¢ —8)

N
apo)= 1 ax, TT i, =2 n+zo, +
o= o I iy—x 2 [Tiiezoy + )

X exp (—g%}(x,. +z>\,.2)2). (10)

In the limit NV - o this measure is dominated by a
saddle point. As in ref. [10] we introduce the density
of eigenvalues v(\) normalized by

farvy=2. (11)
The saddle point is given by the equation

(1+2Z2) (A +2ZA2)

~ fduo@ (O - )+ 1[YZ+ Q+w)]} = 0.
(12)
It is convenient to perform the change of variable
x =X+ 1/2Z. The solution of (12) is found to have
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compact support and is given by

v = (222/m) x [(b% —x%) (x2 - a})] V2

if a<x<b

=0  otherwise (13a)
with
b=(1/az2+22)V?,  a=(1/az% - 2/z)'/?,
x=x+1/2Z. (13b)
From the following arguments we have

S S Y. N | 3
Jim 3 (Tred =3 fand vy, (14)
and using (3) and (13) the explicit calculation gives
F(g)=2, 220+ 2 .
k=0 P(—53-20)T(k+3)F(k+4)

(15)

From (15), F has a singularity at Z =% and the sin-
gular part of F behaves as (Z — Z)3 Ln|Z — Z |, which
confirms the results of ref. [6] for the value of the
critical point and of the critical exponent y = —1. For
zZ>Z,, a? given by (13b) becomes negative and v(\)
is no more real and positive. It is interesting to note
that in the effective zero-dimensional theory, this
phenomenon simply reflects the fact that the deter-
minant |V"(¢)| is no more positive, which means that
the stochastic equation (5) has more than one solution
and the supersymmetry of the effective theory is
spoiled [11].

This method may easily be applied to compute the
partition function of an open planar surface with the
topology of a disc. Let F(P, B) be defined by (1) but
now the sum is made over planar triangulations with
a boundary with fixed number of edges P. In (1) the
position of the boundary is free so we may view this
case as a discretization of an euclidian free open
string. From the duality of refs. [5—7], it is easy to
see that ford =2,

_ . 1 P _ l P
F(P,p)= lim 5 (Tr(—¢)")a-_2=3 Jaaun.
(16)
As done in ref. [3] for d = 0, we shall look at the be-
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haviour of the mean area of a surface
A(P,B)=—03InF(P,)/oB, (17

close to the critical point. The calculations are straight-
forward and we get the following results: for fixed P
the mean area remains finite at 8, since y = —1 is
negative. When the length of the boundary P goes to
infinity, the mean area diverges in the same way as in
the case d =0 [3]:

AP.p~CB-P, if B>B,

A(P,B)~ P2, if §=8,. (18)
The coefficient C(B) in (18) diverges at 8 like

c®~ 6 -8, (19)

and it is possible to define a continuum limit by intro-
ducing an elementary length ¢ and defining renormal-
ized quantities as

Agp=a’A, Lg=aP, B@=6.+a*z. (20)

In the “continuum limit” (@ ~ 0; L and AR fixed),
Apg is of the form

AR Ly, \g)=(1/ MRV LR VAR). ey

The explicit form of the function ¢ in (20) differs
from the case d = 0 [3] but ¢ has a similar asymptotic
behaviour:

V@) ~22, Z-0,

V@) ~2Z, Z-ee (22)

As argued in ref. [3], an appealing interpretation of
such a result is that we generate a space with a negative
average curvature R proportional to — Ag. It is re-
markable that this critical behaviour is the same in the
two solvable casesd = 0 andd = —2.

Finally our functional derivation allows easily to
deal with triangulations without closed loops of length
t or 2 (i.e. made of only one or two different links).
Let us first consider the case of triangulations without
1 loops. In the dual 3 theory this corresponds to
eliminate ¢3 diagrams with tadpoles (see fig. 1). Since
the restriction of a connected tree T to a tadpole S,
7/S, is a tree in S, contribution of tadpoles may be
cancelled in the zero-dimensional stochastic equation
(5) by adding a counterterm of the form X Tr(¢) to
V(¢) and by adjusting X (Z) such that
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Fig. 1. The contribution of a tadpole graph to the stochastic
equation. The cross denotes a contraction of A.

Tr(¢y) = 0. (23)

In order to suppress triangulations with 1 and 2 loops,
we have to cancel the contribution of tadpoles and
self-energy insertions. This may be done ford = —2

in the following way. The restriction of a connected
tree T to a self-energy insertion S may be either a con-
nected tree in §, or a tree with two connected compo-
nents in S. In the first case we may cancel this term
by a mass renormalization3 ¥ Tr(¢2) in V(¢). For
the second case one has to renormalize the variance
of the gaussian random field 2 toN-1 Tr(h h) = 1 +Z
(see fig. 2). The cancellation of tadpoles and self-
energy is obtained by tuning the counterterms X, ¥
and Z in such a way that

Tr(@,) =0, Tr@}) =N,

In those two cases the value of —F'(f) is now given

by the solution of an implicit transcendental equation
and we have not been able to obtain on explicit expres-
sion like in (15). However one can obtain an explicit
expression for the critical points Z = exp(—8,) (in

the following the subscripts 1, 1 and 2 denote the
general case, the case with no 1 loops and the case
with no 1 and 2 loops respectively)

z®=1=012s,

Tr(@¢y,/ok) =N. (24)

zO = (EEm? =0.13554...,

ZD = (1284/2/105m) [1 —2048/(15m)*] Y2 = 0.15302.....

ﬁ m
V— \*j

(a) (b}

Fig. 2. The two possible contributions of a self-energy graph.
Term (a) corresponds to a mass renormalization and term (b)
to a renormalization of the variance of 4.
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In all cases the value of the critical exponent 7 is
v = —1. From those results it is possible to extract the
behaviour of the mean number of trees(ny) for closed
planar triangulations with fixed area [T|*3. From (4)
this is the ratio between the term order of (e=#)!17'l
in the series (1) ford = -2 and d = 0. Therefore (n)
has an exponential growth for large |T[:

(np)~C'Tl with C=Z(d =0)/Z,(d = -2). (26)

In the cases 0, 1 and 2, we obtain respectively for C
(using (25) and the results of ref. [10] ford = 0):

c®=1754..., ¢M=2008..., c®=2122....

@7
This shows that the number of trees grows faster with
the area for more regular triangulations (case (2)) than
for more irregular ones (case (0)). This result corrobo-
rates the conjecture, made in refs. [6,13}], that for large
negative dimension d regular triangulations will domi-
nate the partition function,
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*3 This was suggested to us by J. Ambjérn and B. Dorhuus.
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