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We analyze the structure of the Borel transform of the two-dimensional O(N) non-linear o
model within 1ts 1/N expansion We check the existence of IR singularities (IR renormalons) and
the presence of non-perturbative terms which organize themselves in an operator expansion a la
Shifman-Vainshtein-Zakharov We prove that renormalons cancel between the different terms
of the operator expansion, so that there is a well-defined resummation procedure of the perturbative
series. We suggest that this mechanism provides a general solution of the IR renormalons problem
for massless UV free field theories

1. Introduction

In a well-known series of papers, Shifman, Vainshtein and Zakharov (SVZ) [1]
suggested that it was possible to take into account the large distance non-perturba-
tive effects of QCD with the help of the operator product expansion. The basic
idea was the following; the product of two currents j*, j® (for instance) may be
expanded into

T(j*(x), 7% (0} = T C2"(x)0,, (1.1)

where the sum runs over local operators @, (properly renormalized) and the C2? (x)
depend on x [2]. In [1], SVZ assumed that the expansion (1.1) holds beyond
perturbation theory, so that one may write

OIT{j*(x), i (0}0) =% C2 (x) - (00, 0) , (1.2)

where the vacuum expectation values (0|0, |0) are allowed to be non-zero, and
parametrize the non-perturbative effects of QCD (in perturbation theory, (0|0, |0) =
0 at all orders). The coefficients C52 (x) are given by perturbation theory.
Practically, SVZ and coworkers used the operator expansion (OE) (1.2) by
matching it with dispersion relations (and by retaining the first operators of
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dimension <6 and the first order(s) in a, for the CfB) to look for instance at the
meson spectrum of QCD. This “QCD sum rules formalism™ has now a firm
phenomenological status and the existence of ‘“quark and gluon condensates” is
recognized as an essential feature of gauge theories. Those condensates (0|0,|0)
have to be estimated from experimental data, Monte Carlo computations or semi-
classical evaluations.

However, the validity of this expansion is not obvious, and was extensively
discussed by SVZ in [1]. Indeed, it relies finally on a (somewhat phenomenological)
extension of perturbative arguments. A related and important problem concerns
the mathematical consistence of the expansion (1.2). The non-perturbative quan-
tities (0|0, |0) are exponentially small, typically

(0]0,10) ~ exp (dn/B2axs) , (1.3)

where 8, is the first term of the 8 function and d, the canonical dimension of O,.
It is not consistent to incorporate such terms as long as the perturbative series in
as, C2B(x, as), have not been properly summed. But those series are expected to
be divergent so that even if there is a domain of physical parameters where the
first perturbative corrections are smaller than the first non-perturbative ones (as
argued in [1]) this situation disappears at large orders in a,. Thus a resummation
piocedure for the perturbative series has to be defined. However, according to our
present knowledge, difficulties are expected in the usual program of Borel summa-
tion of the perturbative series. Indeed, even disregarding the problems of instantons
and of the behaviour of the Borel transform at infinity, one expects the presence
of infrared (IR) singularities on the positive real axis of the Borel transform [3].
A simple argument to locate such singularities, usually called IR renormalons, has
been given by Parisi [4]. In a massless UV free theory such as QCD (8, <0), the
Borel transformed effective coupling constant g(p, #) should behave at small
momenta as

g(p, a))~|p|™ (1.4)

(b is the Borel variable). Inserting (1.4) in the (Borel-transformed) Dyson-—
Schwinger integral equations should give IR singularities at » = —2n/8,, n € N.

Moreover, Parisi argued in [4] that (by analogy with IR divergences below 4
dimensions) these singularities could be classified in terms of the coefficients C,, of
the OE (1.1), and so were related to the appearance of the non-perturbative
expectation values (1.3). This relationship between the existence of an “IR tachyonic
Landau singularity”’ (which corresponds to (1.4)) and some ‘‘vacuum instability”
was previously noted by Gross and Neveu [5] and by Olesen [6]. However, it seems
to us that this relationship has not received a more quantitative formulation and
that the problem of the summation of the perturbative series of gauge theories has
still to be understood.
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In this paper we shall look at these points within the 1/N expansion of the O(N)
non-linear sigma model at two dimensions. As gauge theories it is asymptotically
free [9] and its perturbative expansion is made around a “wrong vacuum’ since
the classical theory describes N — 1 interacting Goldstone bosons but the Mermin-
Wagner~Coleman theorem [7] ensures the dynamical restoration of the O(N)
symmetry and the non-perturbative generation of a mass gap for any positive
coupling constant. In particular, the perturbative expansion has IR divergences
which cancel only for the ‘“physical” O(N) invariant observables [8]. The 1/N
expansion takes into account these non-perturbative effects and is a powerful tool
to study the theory, since it allows partial infinite resummation of the usual
perturbative series [9]. Moreover, there are no instantons (N > 3), thus the structure
of non-perturbative effects is expected to be simpler.

Our purpose is to characterize the analytic structure of the Borel transform (with
respect to the coupling constant) of any O(N) invariant observable at an arbitrary
order of the 1/N expansion. The result is stated in theorem A (subsect. 3.3) and
proves that, within the 1/N expansion:

there are non-perturbative terms which organize themselves formally in an
operator expansion but have IK renormalons;

nevertheless, there is a Borel summation prescription for those terms which
makes the SVZ operator expansion unambiguous and gives the right result; with
such a prescription, IR renormalons are cancelled between the different non-
perturbative terms.

Moreover, we shall argue this mechanism goes beyond the 1/N expansion and
may provide a general solution for the problem of IR renormalons.

This paper is organized as follows:

In sect. 2 we introduce the O(N) model and its 1/N expansion (subsect. 2.1)
and show that one recovers the operator expansion at leading order N = 00 (subsect.
2.2) and more generally at the order of tree diagrams (subsect. 2.3), i.e. in cases
where the perturbative series are convergent (no Borel transform is needed).

In sect. 3 we analyse the Borel transform of any order of the 1/N expansion.
We adapt desingularization techniques of Bergére-Lam and the author[10, 11]. Basic
definitions are given in subsect. 3.1. For technical reasons one first has to look
at the “bare” theory below 2 dimensions (subsect. 3.2) and then to take the limit
d -2 (subsect. 3.3), where the complete analytic structure of the Borel transform
(in the first sheets) is obtained in theorem A. The result is discussed in subsect. 3.4.

In sect. 4 we discuss the possible validity of our result beyond the 1/N expansion
and for other models. Various implications are examined.

Finally in appendix A the technicalities of the Borel transforms are recalled. In
appendix B we discuss the obtaining of the coefficients of the operator expansion
in perturbation theory for the O(N) model. Appendix C is devoted to another
integral representation for the 1/N expansion needed in sect. 3 and used in appendix
D for explicit computations of IR renormalons at first 1/N order.
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2. The structure of the O(N) model for NV =

21 THE 1/N EXPANSION OF THE O{(N) SIGMA MODEL

First we briefly recall how to obtain the 1/N expansion of the O(N) non-linear
o model. The generating functional reads

Z[J]=J@[S]@[a]exp{——J % (10,8 - 9,8) +2a (x)[§2(x) - 1]}}

Xexp{J dd (S0} (2.1)
where §(x) is a N-component real vector field defined in the d-dimensional euclidian
space; the Lagrange multiplier a(x) fixes the constraint

§*(x)=1, Vx. (2.2)

gs is the bare coupling constant and J(x) the source term. Integrating over the §
field we get

1
ZU1= [ Dl exp (- INSulalt exp {2 [ (6] s WG dx
(2.3)
with

Sesla]=TrLn[-A +a(x)]—iJ‘ddxa(x). (2.4)

B

The limit N = o0 is obtained by taking the constant saddle point of S.g, a(x)>= .,
given by

4 1 1
(x| |x>=J—dL—=—. (2.5)

1
—-A+a. (27r)d kX +a. gs

The integral (2.5) is UV divergent for d =2. Using dimensional interpolation
[12] and taking d =2 —¢ (Re £ >>0), (2.5) makes sense and gives

e =[gal (e )(dm) "7 P" . (2.6)
At N = co only the connected 2-point function survives and is
gB
Gp)=—=7 > 2.7
2P P a(ge)

so that a(gs) is the square of the physical mass at N = 0.
At d =2 a wave function and a coupling constant renormalization are needed.
We define the renormalized coupling constant g by

Lz%Z(g), Z(g)=1+gu T (e)dm)"*"! 2.8)

8B



F. David / Infrared renormalons 437
(where u is the subtraction mass scale), so that at d =2
czc=;.l,ze_4"/g (2.8)

The renormalized 2-point function is

R _ __ 8
G2 (p)=ZG,(p) p2+ac.

(2.10)

Computing the fluctuations @ = a.+ & around a.in (2.3) we get the 1/N expansion.
Its perturbative rules are illustrated in (fig. 1). The two propagators are the §
propagator (fig. 1a) given by

1
pZ_’_aC ’

D(p)= (2.11)
and the & propagator (fig. 1b) which is —(1/N)G(p) with

-1

i d% 1
G(p)‘[zj(zw)d (k2+ac)((p+k)2+ac)] : 2.12)

The factors associated to § - § - & vertices and to internal § loops are illustrated
in (figs. 1c, d). The internal § loops with only one or two & insertions are forbidden
(figs. le, f).

The renormalizability of the 1/N expansion was shown in [13] within the BPHZ
scheme (see also [14]). This point will be discussed in sect. 3.

22 THE ANALYTIC STRUCTURE AT N =

As a first step let us discuss the analytic structure (in the coupling constant) of
the leading order N = 0. In a manner analogous to the one used in sect. 3, we
first look at the bare theory at d =2 —¢ (Re ¢ >0). Using the techniques of [11],
the 2-point Green function given by (2.7) has the expansion

d% ( k2)n }
Qm)? (k*+a))”

[s <)

Galp)= ¥ |(-1rgaPF. [G%—]a +a, (A" (P)g |

n=

(2.13)
— .2 - - " 2n
{a) ib) N [O] fc) 1 )
¢ O
(e) (f)

Fig 1 Elements of the 1/N expansion (a) The § propagator D(p), (b) the & propagator G(p), (c)
the interaction vertex, (d) general internal § loop; (e, f) the internal loops forbidden 1n the expansion
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P.F. stands for “Hadamard’s finite part” [15] (P.F. 1/(p>)"*" is unambiguously
defined for —3d+n+1¢N); a,(d) is a combinatorial factor (a,(d)=
I'Gd)/T'(n+3d) 2"(n")?%); 4 is the laplacian operator with respect to p. (2.13) is
an expansion in powers of a. since, using (2.5) and integration rules of dimensional
interpolation [12, 16], we get

J ddk (kZ)n
Bloem?® (P+al)

=(~ad)". (2.14)

The point is that this expansion may be easily interpreted as an operator expansion:
indeed a. corresponds to (") at N =00 and the integral (2.14) is simply equal to
the (bare) vacuum expectation value of [$(x)(—4)"S(x)] for N =c. So we may
rewrite (2.13) as

Galp)= L Fun(p, gaXa")+Fan(pXS(-A)'S) . 2.15)

This is, in fact, an explicit realization of the operator expansion into non-analytic
terms for massless superrenormalizable theories (here d =2—¢) [4,11, 17, 18].
The operator « is related to the operator 4,8 - 9,8 via the equations of motion
[9], namely

a"=(-d,8 - 3,8)" +contact terms . (2.16)

The limit d =2 of (2.13) is performed by taking into account the renormalization
with (2.8) and (2.10). The composite operators o™ and §(—A4)"S need no additional
renormalization at leading order in 1/N. We get for the renormalized two-point
function

GE(p, ) =2 (-1"gSIP) " k] @M+ L an(d)A™S(p) - (S(-A)"S),  (2.17)
where the distribution S[(p*)™'";u] is obtained by subtracting the pole of
P.F. (p») " ate =0;

SUp? s wl=Em PE. (6% " +u Thean@a's(p)],  (2.18)
and is a finite distribution at d = 2.

The expansion (2.17) is exactly the VSZ operator expansion (1.1). The ordinary
perturbative part is given by the terms n =0, m =0 in (2.17), namely

1
G (p, g)pm=6(p)+g5[?;u], (2.19)

but non-perturbative terms proportional to the v.e.v.,
<(—aus ap.s)n>N=03 = /4'2" e—4-rm/g ’

m 2m _—4mm/ (2'20)
(SA"S)NIN-w=p"" e ™",
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have to be taken into account. One may check that the coefficients of the expansion
coincide with those obtained from the perturbative OE (appendix B).
In the following we shall rescale the renormalized coupling constant

gog' =2 (2.21)
4
in order not to deal with (47) factors.

The (modified) Borel transform (A.1) is a Mellin transform with respects to the
squared mass a./p’ (2.9). In this paper we often look first at the bare theory at
d=2—-¢ (Ree>0) in order not to deal with renormalization. Nevertheless we
shall be interested into the analytic structure of the Mellin transform with respects
to a:

fls)= J.O dacal 'fla), (2.22)

which is not the Borel transform with respect to g (or gg) at d =2 —¢ anymore.
For simplicity we shall use the term “Borel transform” for the Mellin transform
(2.22), keeping in mind that it coincides with the Borel transform (A.1) only for
d =2, but that the inverse representation (A.2) always holds

d ”
fla) =j - @)f(s). (2.23)

The Borel transform of the propagator D (2.11) is then in momentum space for
d <2 [forgetting the distribution-like character of D and its singularities at p =0,
and integrating up to a. =0 in (2.22)}:

D(p,s)=(p*) " '['(s+ DI (s)=(p*)* 'Ds). (2.24)

The poles at s =—1, -2, ... are irrelevant and given by the behaviour at a.= co.
The relevant poles of I'(s) at s =0, 1, ... give simply the Taylor expansion of D
around a. =0 (see fig. 2).

23 THE ANALYTIC STRUCTURE OF THE G PROPAGATOR

Let us now look at the & propagator (—1/N)G(p) (2.12). Since G = (D * D)™*
(where * stands for the convolution product), using the expansions (2.13)—(2.17)
of D we may expand G in terms of the operators @ and §(—4™)S. The final result

18
-1

G(p)=Go(p>[1+z (P)Golp) | (2.25)

0= —_— e - Qg —e— ¢+ aﬁ_._.__.

Fig 2 The operator expansion of the § propagator.
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where Gy(p) is the “perturbative”” & propagator and is given at d =2 —¢ by

11 -1
Golp)=| = 2 +3Fu(p)] (2.26)
g8 P
and at d =2 by
11 -
Golp)=|= ~+18u(p3 )] (2.27)
gp
and where Y (p) contains the powers of a. and is at d =2 —¢ of the form
1
Z (p) =g— Z o <a>7V=OO(S(—A)mS>N=OODn,m(p)+% ZO <ap>N=con(p) E)
B nm= p>
n+m#0
(2.28)
andatd =2
1
Y=o ¥ (@)% =8 (—2)"S )N =D (P) +3 L (@ In-Sp(p3 )
n,mz= p>
n+m=0
(2.29)
In (2.26)-¢2.29),
Dom(p)=(=D"an(d)a™(p*» ™1, (2.30)

and F,(p) (S,(p; u)) is the “IR-finite part” (the “IR-subtracted part’) of the 1-loop
graph with p mass insertions [11] (see fig. 3).
So, G(p) may also be written as an operator expansion of the form

G(P)=%GO(P, gHO)N - (2.31)

where the composite operators @ are now of the form
J

O=a" [] (84™S), nandJ =0,
1=1
(2.32)
m, >0,

0= Vv = e s e b e -
{a)

Gp= =g -ooon gm0 R OO
(b)

=0~ =l cao>me el csass 2101 a5 (O
g n=1, m=0 9 n=1, m=2 2 p=1
*
(c)

Fig 3 Diagrammatic interpretation of the expansion of the & propagator (a) eq (2 25), (b) expansion
of the perturbative propagator Gy, (c) operator expansion of 3, (2 28)—(2.30)
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Ims
0 1 o 2 3 Res
[+ o L] o
€/2° o . .. LI .. ., : LI
L] L] L]
(a)
Ims
0 1 2 3 Res
(b

Fig 4. Analytic structure of the Borel transform of G(p) at (a) d =2—¢ and (b) d = 2.

and where Go(p, g) is a series with a finite radius of convergence (depending on
p)ingatd=2 (in gg at d =2 —¢). For O given by (2.32) we have (O)ny-c= ale’?
where do =2(n +Z]J=1 m,) is the dimension of 0. .

From (2.31), we may write the Borel transform G of G as

G(p,s)=(p»)'""*G(s), (2.33)

where G (s) has the following analytic structure:
Atd=2—¢, G(s) has single poles at s of the form

sac=n+(1+k)e, nkeN. (2.34)

Each series of poles at fixed n corresponds to the expansion in gg of the Gg’s
such that dg=n (see fig. 4a)*.

At d =2, G(s) has now branch points at each s =n € N*.

According to appendix A, the discontinuity along the nth cut is given by the
“ordinary” Borel transform G ( p, s)of the Go(p, g)forde = n [see (A.4)]. However,
the fact that these series are convergent implies that each discontinuity is aralytic
in the whole complex s plane. An important consequence is that one meets such
a cut at s = n with the same discontinuity in the different Riemann sheets generated
by the previous branch points at p <n. (See fig. 4b).

* In addition G(s) has irrelevant single UV poles at s =(1—n +3¢) corresponding to the behaviour
of G as a.—~> 0.



442 F. David [ Infrared renormalons
3. The general structure of the 1/N expansion

The result of the sect. 2 is that the operator expansion holds at the tree order
of the 1/N expansion. Now we intend to understand whether this remains true,
and how, within the next terms of this expansion. For that purpose we shall
investigate the analytic structure of the Borel transform of an arbitrary amplitude
of the 1/N expansion by using the desingularization techniques of [10, 11].

3.1 AN a PARAMETRIC REPRESENTATION FOR THE BOREL TRANSFORM

First we need a Schwinger-Symanzik representation for those amplitudes. We
recall that the usual propagator D(p) (2.11) may be written

0

D(p, ac)=j da e *PPred (3.1)

0

Similarly, we write the propagator G(p) (2.12) as

o 2

da M(a, ac)(ai) e’ (3.2)

43

G(p, = [

0

with

1 dg Gs) —es2
M, a. =I e —1—a’ '°,
(@ad=) S Tits-1e)®

(3.3)
where e =2—d, é(s) is the Borel transform of G (2.33) and where the derivatives
with respects to a in (3.2) are introduced in order to make the integral convergent
ata =0.

Let G be some graph of the 1/N expansion. We denote Z(G) (9(G)) the set
of D (G) propagators of G. Using (3.1) and (3.3), the integrations over internal
momenta may be performed in the standard way to get for the amplitude I of G
the representation

IG(pa ag)= L 1_[ da. M, (aaa ac)QG[eXP {—pdG(a )p}PG(a )7d/2] » (34)

where each a, is associated to a line a of G, M, =exp'(—aga.) if a € D(G) and
M, is given by (3.3) if a € 4(G) and where

2

8 ) , (3.5)

@G = (
ac$(G) \0a,

pda{a)p and Pg(a) are the usual Symanzik functions of G. Eq. (3.4) holds if the
amplitude I is UV convergent. In order to make power-counting rules simple we
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associate to each line a,

an IR degree §, = —1 if a € D(G)
. (3.6)
=1+3¢ ifae9(G);
and UV degrees §, =—1—n neN, ifac?(G)
3.7
=1-n-3ek nkeN, ifac¥%G).
The IR superficial degree of G is
A-N
®(G)=3dL(G)+T dat—0—» (3.8)
and the UV degrees of G are defined as
- A4—-N
@(G)=3dL(G)+¥ &, + 5 (3.9)

where L(G) is the number of internal loops of G; A4 and N are respectively the
number of derivative couplings in G and of derivatives with respect to some external
momenta of G, if needed.

The main problem is that we cannot apply the standard techniques of [10, 11]
to study the Borel transform of I(p, a.) at two dimensions for two basic reasons:

(a) First, those technics apply when the « integrand of (3.4) is FINE [19], that
is has a ‘“generalized Taylor expansion in every Hepp’s sectors”. This is not the
case for the function M, (a, a.) for the G-propagator, which contains infinite series
of 1/Lna as a » 0 coming from the cuts of G(s) in the representation (3.3).

(b) Second, the amplitude has to be subtracted because of UV-divergent
(sub)graphs. The point is that we need a subtraction scheme in the 1/N expansion
which corresponds to a definite subtraction scheme in the usual weak coupling
(perturbative) expansion. This is not the case for the BPH subtractions at zero
momenta which were used in [13, 14]; indeed such subtractions are known to give
IR divergences in the perturbative expansion which describes a massless theory.
The modified soft mass renormalization scheme of [20] avoids that problem but
introduces additional non-analyticity in the counterterms and is very difficult to
handle explicitly*.

For those reasons we choose (as already done in sect. 2) to work in two steps:

First we look at the (bare) dimensionally regularized theoryatd =2 —¢ (Re £ >0),
where the a-integrands are in fact FINE. This avoids point (a) and defines amplitudes
meromorphic in the half-plane Re d < 2.

Then we take into account renormalization and perform the limit d - 2 by using
dimensional renormalization [16] (the minimal subtraction scheme), which is known
to respect the Ward identities of the O(N) invariance of the model [9].

* Moreover, the Ward 1dentities of the model have to.be restored by finite counterterms in the usual
way
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So we first study the bare amplitude I at d =2 —¢ (Re £ > 0). Then the functions
M, are FINE and have the following expansion at « =0: if a € 2(G) we have
obviously

© —1 n
Mo, a)= Y a"acd., d, _b , (3.10)
n=0 n!
and if a € 4(G), from (3.3) and (2.34),
Ma(a, ac) _ z;( an+k€/2a2+(k+l)s/2gn,k , (311)
where
-1 ) 1
gn.k=mRCS {G(s); snx=n+k+1)e}. (3.12)

One can show that the amplitude I defined by (3.4) for d small enough is
meromorphic in the half-plane {Re d <2} with poles at any d such that there is
some connected one-particle irreducible (CIPI) subgraph § in G such that, for
some set of {§,} given by (3.7)

@(s)=0. (3.13)

This leads to discrete series of poles at rational d with a point of accumulation at
d=2. So d =2 will be in general an essential singularity, and there is a cut and
other singularities on the real axis d >2 (fig. 5). For Re d <2 away from those
discrete UV poles the convergent integral representation holds [21]:

Io(p.ad= | da@ |l Mi(an a)@dle ™ Pole) )], (.19)
(1] a
where the subtraction operator & is a sum of products of Taylor operators over

all nests & of divergent subgraphs S of G [22]:
R=% 1 (=7, (3.15)

N SenN
Using (2.22) and the homogeneity properties of the integrand of (2.14), the Borel
transform fG( p, s) of I has the following integral representation:
fop,$)=T's ~0(G) | da?{[1Mu(ee, Dl(pdop)* @« Pole) 21}
0 a
(3.16)

3.2. STRUCTURE OF THE BARE AMPLITUDES AT d=2-¢

The fact that the integrand of (3.16) is now FINE implies that the Borel transform
fc,( p, s} is meromorphic in s and that the representation (3.16) is convergent for
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Imd

Fig. 5. Analytic structure of a regularized amplitude 1n d :d =2 is an essential singularity with a cut at
d >2 and an accumulation of poles at d <2

Re s different from its poles. More precisely, one can extend the techniques used
in [11] to classify those poles in terms of essential g-subgraphs E of G*. The result
is the following;:

Proposition 1: Let G be some graph and ¢ # the UV poles of G given by (3.13).
The Borel transform of G, I (D, s), is meromorphic in the positive half-plane with
single poles at values of s such that there is some g-essential E < G and some choice
of {5,, a € E} such that

s=w(G)-a(E). (3.17)
This structure corresponds to the following expansion of Ig:

Is(p, ac)=EZG Fe(p, ad! g/ (o), (3.18)

where the sum runs over the (infinite) set of g-essentials E in G.

I /e (ae) = (@) P g/E) (1) (3.19)

is the bare amplitude of the reduced graph (G/E)**.
Fg(p,a.) is the “IR-finite part” of Ig(p,a.) and is a (formal) series in
{al*eP*. u k €N} of the form

Fe(p,ad= ¥ ()™ @8 fe 5 (p) (3.20)
obtained from Ig by:

(i) Insert the expansions (3.10), (3.11) of the functions M, into the integral
representation (3.14) of Ig.

(if) Take the ““finite part” of each term of th’s expansion, which gives the fg 5,’s.

* According to [11], an essential g-subgraph of G 1s (at non-exceptional momenta) a {connected)
subgraph E of G contaiming all its external vertices plus a family of derivatives versus external
momenta of E internal to G

** (G/E) is obtamed by reducing E to one vertex v in G and by putting on lines going to v the
corresponding coupling derivatives The amplitude of (G/E) does not depend on the p’s, so that
we get the homogeneity relation (3.19)
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Comment: The proof of this proposition is a straightforward extension of tech-
niques of [11] and will not be given here. In our case the poles given by (3.17)
have necessarily Re (s) >0. So any g-essential E gives series of sequences of poles
at

s=w(G/B)+n+3ek, nkeN. (3.21)

We now have to check that this diagrammatic expansion corresponds to an operator
expansion as for the N =0 order (2.15).

Proposition 2. Let 4(p,) be some bare Green function of the model at d =2 —«¢.
Order by order within the 1/N expansion, the following expansion over all com-
posite operators 0, (product of derivatives of « and § fields at the same point) holds

G(ps @)=Y Gu(p, a)0.,), (3.22)
where each term of the 1/N expansion of 0, is a series in at? gs and so
corresponds to a perturbative series in gg and where each term of the 1/N expansion
of the vacuum expectation value of @, (0,), is proportional to al (where d,, is the
canonical dimension of G,,).

This expansion reflects the meromorphic structure of the Borel transform of 4,
which has (order by order) series of single poles at

s=d,+3ek, keN. (3.23)

Proof. Diagrammatically, the reduced graphs (G/E) of the expansion (3.18) are
obviously related to various composite operators 0, at different 1/N orders.
Moreover, the sequences of poles (3.21) given by some E with #n # 0 (which give
a¢ contribution in Fg) come from the terms with # # 0 of the expansion (3.10),
{(3.11) of the functions M,. Those terms come from the operator expansions (2.15)
and (2.31) of the propagators D and G, which involve vacuum expectation values
(at order N = 0) of operators of the form (2.32). When summing upon all graphs
present in the 1/N expansion of %, it is possible to reorganize all those contributions
into an expansion of the form (3.22) (this needs a careful but not difficult analysis
which will not be given here).

An explicit example is given in fig. 6. Let us note that many essentials contribute
to the leading term (n = 0) since the reduced graph may correspond to the observable
($)*=1.

33 STRUCTURE OF THE RENORMALIZED AMPLITUDES AT d=2

As already discussed in subsect. 3.1, the subtraction schemes at zero momenta
of [13, 14, 20] are not suited to our study of the renormalized theory at d = 2. For
that reason we shall use dimensional renormalization (the minimal subtraction
scheme or MS) [16] which is known to lead to an IR-finite perturbative expansion
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Fig. 6. Diagrammatic mterpretation of the first terms of the expansion (3.22) for the irreducible two
points function at order (1/N)". (a) the two graphs of 1/N expansion, the terms (b), (c), (d) correspond
to operators (1), ((auS))2 and (a) at order N = o0, the term (e) to {«) at order (l/N)l.

[8] and which respects the Ward identities [9] (the O(N) invariance) and the
“quantum chirality identities” [13, 20] (§*> = 1) in the perturbative phase. Unfortu-
nately, there is no corresponding explicit subtraction scheme in the 1/N expansion;
indeed, we have seen in subsect. 3.1 that d =2 may be a branch point and/or an
essential singularity, which cannot be subtracted as a pole (via some Cauchy
integration for instance). For that reason we must define the MS scheme implicitly
in the following way.

Lemma: (a) Let G be some graph of the 1/N expansion. The renormalized
amplitude IS of Gis defined atd =2—¢ (Re e >0) by

I8 (p,ad= {zs) Lo/us(po o I1 () OKs(g; 1) s (3.24)
where;

(i) The sum is performed over all families (eventually empty) of disjoint CIPI
divergent subgraphs S of G (at d = 2).
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(i) Each counterterm K(g; ) is defined as a series in the renormalized coupling
constant g [given by (2.6) and (2.8) as a function of a.] of the form

Ks(g;n)=28"n "ksnle), (3.25)

obtained by summing the counterterms (of the MS scheme) of the perturbative
expansion corresponding to S (consequently each ks, (¢) is a polynomial in 1/¢).
The series (3.25) has a finite radius of convergence as long as (Re ¢ >0) and so
defines an analytic function of g (or a.).

(iii) w is the usual subtraction mass scale [the same as in (2.8)]

(iv) In (3.24) and in the following @ *(s) stands for w(s) at e =0. S is divergent
atd=2iff o*(s)eN.

(b) The amplitude I¥° has a limit as e > 0 provided that

Arge €]—3m, 0[U0, 37 .

Comments: The fact that (3.24) defines a finite amplitude at d =2 is not obvious:
indeed the counterterms are defined perturbatively and the bare amplitudes contain
also non-perturbative terms (propositions 1 and 2). One may introduce an IR cut
off (finite volume or external symmetry breaking term) which eliminates the non-
perturbative terms in (3.22). The counterterms of the minimal subtraction scheme
do not depend on the IR cut off so that one may sum up the perturbative expansion
order by order to get an 1/N expansion which is now UV finite, then, set the IR
cut off to zero and recover (3.24). A complete and rigorous proof is rather delicate
and will not be given here.

With this subtraction scheme we can now go to ¢ =0. The main result is:

Theorem A. (a) At each order of the 1/N expansion, the Borel transform of
any renormalized Green function 9™%(p,, s) at two dimensions is analytic in s away
from the positive real axis and has branch points at each entire point s € N.

(b) Each discontinuity AP@MS at s =p in the first sheet (fig. 7a) may be written
as a sum over all operators 0, of dimension d, =p:

4,8™(s) = z G (5) = G (s), (3.26)
d,.:p

where Eéﬁ‘s (s) is the ordinary Borel transform (see appendix A) of the term dual
to 0,, 9%, in the formal operator expansion obtained by the techniques exposed
in appendix B. More precisely, each %™S is at each order of the 1/N expansion a

4y
9 ! 2 3 2 ’/‘2\3\
AO A1 —x 4 A’z
(a) (b)

Fig. 7. The two different cuts at s =2 which give the first IR renormalon.
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(divergent) series of the form

4.°(g) = % g“Guc (3.27)
and 9 (s) is given by the convergent series*
k—1

Wo(g) = ZF(k 1) . (3.28)

Similarly oS is the ordinary Borel transform of (OYS), and is given by the
discontinuity at s = p of the Borel transform O, (s)**,  is the Borel convolution
product which reads

g *é<s)=jsdué(u><é(s—u>. (3.29)

(c) The discontinuities at s =p (p =2) in the different sheets corresponding to
the branch points at g <p are in general different from the first one given by (3.26).

Proof: The principle of the proof is the following. We first look at the analytic
structure of the Borel transform of ¥™° at d =2 —¢. Using prop. 2 and lemma 1,
one can show that, order by order in the 1/N expansion, @MS( Ds, §), is meromorphic
like G with infinite series of single poles at s =n +3¢k (n, k € N) corresponding to
the new operator expansion

G(py 2 =L G0" (P a )0, (3.30)

where (O)°) is now the v.e.v. of the renormalized operator 0, and is (in the 1/N
expansion) of the form

(OMSy= % {series in gz},

and where each 95" (p,, a.) is a perturbative series in gs (and so in g) convergent
for Re ¢ > 0; each term of the corresponding series in g, G, i (¢) corresponds to IR
and UV-subtracted amplitudes of the perturbation theory and so has a limit as
£ - 0 which is the G, of (3.27).

We now have to take the limit £ >0 with Arge =6 fixed. The crucial point is
that each series of poles at s = n +3 ¢k, n fixed, coalesces to giveacutalongs =n +A4,
arg A =6, and that no other singularity appears as ¢ > 0. This may be shown by
the following argument, developed in appendix C.

The amplitudes subtracted at zero momenta according to the usual Zimmermann
scheme may be represented by a “‘complete Mellin representation” [23]. In this
representation, (given in appendix C) general arguments show that there are no
other singularities than the above cuts at ¢ =0. Then one can argue that the finite

* The term k = 0 has to be understood as 8(s).
** @MS(5) has in fact a single branch point at s = p so that O (s) is analytic on the real axis s >d,,.
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counterterms needed to recover the MS subtracted amplitude do not destroy the
structure and simply modify the discontinuities. So we get part (a).

Starting now from the fact that those cuts are the limit of the series of poles,
one uses (3.30) to get (3.26). Indeed, for £ # 0, Arg ¢ =6, the discontinuity along
the line {s =p +e°x} may be written in the form (3.26), but now @GMS s defined
on the line Args =6 as a sum of Dirac distributions at s = %ek, k eN and @nMS on
the line Arg (s —p) =6 as a sum of Dirac distributions at s =p +3 ¢k, k € N.

Now the distribution 9%° with discrete support at £ >0 tends towards (3.28) as
e »0; indeed, using (2.6) and (2.8), to the term gk in (3.27) corresponds the
distribution

k+m—-1)!

ik Ty S6 ke rmze), (3.31)

4P = T I'ie)
m=0
which tends towards s“ /" (k) as £ »0. 6 being equal to the discontinuity of
O%S for any € =0, we finally get part (b) of the theorem.
The arguments developed here do not permit us to look at the singularities in
other sheets than the first one. The CM representation is a more adequate tool for
that problem. In appendix D we use it to look explicitly at point (c) at order (1/N)".

34 THE STATUS OF THE OPERATOR EXPANSION AND IR RENORMALONS

Now we can see how the operator expansion makes sense. Using (3.26) and the
inverse Borel transform (2.23) we get that the operator expansion

G (p, g) =3 4N (p, gHOYE(2)), (3.32)

is exact at each order of the 1/N expansion with the following resummation
prescriptions which make it unambiguous.

(i) All 4,.(p, g) are defined as the Borel sum (A.6) of (3.27) with the same
prescription of integration on a complex line above (or under) the positive real axis.

(ii) The non-perturbative quantities (O3 (g)) are defined without ambiguities
since each ordinary Borel transform oS is analytic for Re s >d,.

The remarkable point is that we have obtained that result quite independently
of the presence and of the nature of the IR renormalons on the positive real s axis
of the ordinary Borel transform @,. Those singularities come obviously from point
(c) of theorem A. However, since the discontinuities APG given by (3.26) are real
for p <s <p+1, they are equal in the first sheet above or under the positive real
axis; one concludes that the first IR renormalon of the perturbative series ?B’ls is
at s =2 (and not at s =1) and corresponds to the operators of dimension 4 (see
fig. 7).

Similarly, the first IR renormalon of GMs (corresponding to the operator (6§ )
is at s =1. From (3.32) when adding the two contributions associated to the
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operators 1 and (8S)?, the corresponding singularities at s = 2 must cancel, leaving
the next renormalon at s =3. This mechanism holds at all orders; namely, when
adding the terms corresponding to the operators of dimensions <P in the operator
expansion, all renormalons at s <P +1 cancel.

Of course one would like to have more details on the nature of those singularities
in the 1/N expansion. Unfortunately, the techniques developed here cannot cope
with that problem in general. We have checked in appendix C the presence of such
renormalons at the order 1/N. At that order those singularities of the Borel
transform 9o(s) are single poles at s =2, 3, 4, ... and are checked to be proportional
to the terms %, (s) dual to some of the operators of the corresponding dimension.
The renormalon at s =2 is for instance dual to the operator « - «, the renormalons
at s=3 dual to a - a + @ and d,a * d.a, etc.... One expects that such a feature
remains at next orders.

4. General discussion

(1) Let us first outline the results of this paper: At any arbitrary order of the
1/N expansion, we have shown that in the O(N) o model:

(i) There are IR renormalons at s =4sn, n =2 on the positive real axis of the
Borel transform of the perturbative expansion.

(ii) Non-perturbative terms proportional to vacuum expectation values of all
invariant operators are present.

(iii) Those terms are organized in an operator expansion a la SVZ at all orders.

(iv) There is a well-defined Borel summation prescription of the perturbative
series which deals with IR renormalons and makes the operator expansion unam-
biguous. Basically, the operator expansion manages to cancel the IR renormalons
of its different perturbative parts, as explained in subsect. 3.4.

(2) The technics of this paper may be applied without difficulties to the two-
dimensional U(N) Gross-Neveu Model [5]. One can show similarly that the vacuum
expectation values of the fermion condensates associated to the spontaneous break-
down of the (discrete) Z, chiral symmetry organize in a SVZ operator expansion
which cancels the corresponding IR renormalons.

(3) Itseemsreasonable to think that those results are not modified when summing
the 1/N expansion to get the o model for finite N (the 1/N expansion is likely
Borel summable [24, 25]). One expects that the branch points of the Borel transform
are only shifted to s = 2n/8, with 8, = (N —2)/27N but that their structure remains
the same. The cancellation of IR renormalons which takes place is, in fact, the
only possible way to make the SVZ operator expansion consistent with the Borel
resummation procedure. So we conjecture that the same phenomenon occurs in
four-dimensional gauge theories (with massive or massless fermions). It is interesting
to note that SVZ found heuristically that an optimal summation procedure for the
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operator expansion was their “Borel improvement” [1], that is precisely the use
of the Borel transform.

However, it seems to us that any direct attempt to get a rigorous proof of that
fact (even for the o model for finite N) needs a non-perturbative use of the
Dyson-Schwinger equations and is a formidable program [26].

(4) The mechanism described above which deals with IR renormalons is some-
what different to what happens for instantons in quantum mechanics or in massive
fields theories [27].

In the case of instantons, one can write any quantity F as

o

E@g)= ¥ E"(@), (4.1)
where E™(g)~O(@[E™(g)]") is the sum of n instanton contributions. However,
each E™ is ambiguous even at leading order O([E"(g)1") (this is related physically
to the instability of instantons—anti-instantons configurations, and mathematically
to Stockes phenomenon, i.e. to the different ways to catch those configurations in
the functional integral). This ambiguity in the definition of £ is raised only when
making precise the integration prescription around the corresponding singularity at
s =nS, of the Borel transform of Z:;(l, E® )(g) (So is the action of the instanton).

In the operator expansion (3.32), the terms of order O([e*#**]") given by
operators @ of dimension d; = 2n, are ambiguous only at next order O([e*/#25]"*1),
but the v.e.v. 0, (g) = (0|0, |0) are given by perturbation theory only up to a numerical
factor. Indeed, the O, ’s satisfy the RG equation*

d d
[ o+ Be) g—yn(g)]O’(g) -0, .2)

which determines the @,’s up to dimensionless factors C,**:

—2n +vn(g)
B(g)

(5) However, the cancellation of renormalons at s = —(2/8)(n + 1) between the
term of order n and those of order <n fixes strong constraints on the C;’s. For
instance, the existence of a renormalon at s=—4/8, fixes the value of the first
perturbative term (0/(3,.8)°|0). An interesting question is: can all non-perturbative
quantities be fixed in that way? In such a case one could say that (formally)
perturbation theory contains enough information to recover the full theory. One
could also imagine numerical estimations of the first non-perturbative terms based
on that scheme.

14
0u(@) = Cus™ exp | du 4.3)

* .18 an operator mixing all @, with dimension 2n.
** The RG functions B(g) and v,(g) are Borel summable and so computable from perturbative theory
This may be checked 1n the 1/N expansion; the reason why there are no IR renormalons, at least
in the MS scheme, 1s that 8 and the y’s are not modified when there 1s an IR cut off
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(6) In sect. 3 we never made precise the integrability at infinity of the Borel
transform. In fact we expect no problem order by order in the 1/N expansion but
it is possible that in the full theory this condition breaks down, so that the Borel
sum itself is only asymptotic [3]*. With this restriction this does not change our
conclusions.

(7) In the case of the non-linear o model, the existence of a “spin wave
condensate”’, (O|(8u5)2|0) #0, is obviously related to the restoration of the O(N)
symmetry. This is self-evident in the limit N = co since we have then**

(0]3,.8 5,.8|0) = —(physical mass)” . (4.4)

(8) The presence of condensates is often justified by the existence of non-
perturbative effects such as instantons [1]. It is interesting to note that the existence
of instantons is not necessary to get such condensates.

However, the problem of taking into account instantons in the operator expansion
in a mathematically consistent way has still to be understood [29] and is obviously
related to a correct understanding of the dense instanton gas problem [30].

I am grateful to E. Brézin and J. Zinn-Justin for their interest and for a careful
reading of the manuscript, and to C. de Calan for useful discussions. I thank also
Pr. K. Symanzik and H.J. de Vega for stimulating discussions.

Appendix A

BOREL TRANSFORMS

A convenient object to study non-Borel summable functions is the (modified)
Borel transform [31]

const

Z dg s

©=[ " Ferie). (A1)
0 8

If f(s) is analytic in some disc Re (g_')>p~' tangent to the origin g =0 (and has

an ad hoc behaviour as g -» 0, which we do not make precise), F(s) is analytic away

from the positive real axis s € R* and the following inverse representation holds***:

ds _.,.a
f(g) =j S ), (A2)

where the (anticlockwise) contour ¢ encircles R* (fig. 8) (A.1) is nothing other than

* *t Hooft’s argument for such a singularity 1s based on the existence of an infinite number of resonances
. at arbitrary large energy. This 1s not the case for the non-linear o model [28].
9,8 8,8 is subtracted according to some normal product algorithm and may perfectly well have a
negative vacuum expectation value

okl f(s) depends on the upper bound of integration in (A.1) but its discontiuity along R™ does not.
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Ims

% Res

Fig. 8 Integration contour for the inverse Borel transform (A.2)

a Laplace transform with respect to 1/g, or a Mellin transform with respect to

exp (—1/g).
If f(g) has an asymptotic expansion

gkc, (A.3)

0

flg)=

i 18

k

and is Borel summable (i.e. satisfies the Nevanlinna-Sokal theorem [32]), the
discontinuity at s =0, Aof, given by

Aof(s)= i (s +ie)—Fs —ie)], (A4)

-~

is equal to the ordinary Borel transform f(s) of f,
(A.5)

where s ' /I"(0) has to be understood as 8(s). (A.2) is nothing other than the usual
inverse Borel transform

o

f@)= dse " fis). (A.6)

0

Imu

v

Fig. 9 Integration contour from the Borel convolution (A 7).
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When f is not Borel summable, as in instanton problems, f(s) has other branch
points on the positive real axis which have to be taken into account when one
writes (A.2) as an integral over the discontinuities.

In this paper the term Borel transform denotes in general the transform (A.1)
and we are more precise when dealing with the ordinary Borel transform (A.S5),
(A.6).

We finally recall that the Borel transform of a product f;-f, is the Borel
convolution product fl * fz:

fosfuto)= [ S Futots —u), (A7)

where the contour c encircles R* (or s —R") as in fig. 9.

Appendix B

THE OPERATOR EXPANSION IN PERTURBATION THEORY

A simple way to get the terms of the (formal) operator expansion (1.2) in
perturbation theory is to see it as an IR expansion when some IR cut off goes to
zero. In the case of the 2-dimensional non-linear o model one may consider the
theory in a finite volume V or put an external constant magnetic field H.

General techniques of studying asymptotic estimates in perturbation theory
[2, 10, 11] can be used to get the following result: within perturbation theory, the
following expansion holds as V' (1/H)- oo for any observable 4.

G(V)=L G.(V)O.(V), (B.1)

where the sum runs over all composite operators 0,,.
0,(V) is equal to the vacuum expectation value of the renormalized operator 0,
and is of the form

0.(V)=V™*" ¥ g"Puulln V), (B.2)

where d,, is the dimension of the operator 0, and each P, , a polynomial (of order
<k)inLnV.
The term dual to G,,, 4,.(V), is analytic in v~!, and more precisely

G(V)= T gV, (B.3)

where each G,,,k(V_l) is a (formal) series in V! and corresponds to a sum of UV
and IR-subtracted* Feynman amplitudes.

* In the sense of [4, 12].



456 F Dauvid [ Infrared renormalons

The key of the proof of the IR finiteness of the non-linear o model [8] is the
fact that, for invariant observables, among all operators of dimension 0, only the
invariant one 1 survives in (B.1). Similarly one expects that in general, only O(N)
invariant operators 0, are present in (B.1). In fact, to the “naively” invariant
operators one must add new ones involving the operator 4Ao/g, which is the
perturbative analog to the operator a (in the parametrization § =
(m,0 =1 —?)); it may namely be written as the derivative of the action versus
the constraint and so is related to the action (9, 9,.8) via the equations of motion [9].
[91.

Taking V =00 the 4, are finite perturbative series (B.3) and the 0, are zero
order by order in g (B.2). It is those @, which are assumed to be non-zero in the
SVZ operator expansion.

Appendix C

The complete Mellin (CM) representation of Feynman amplitudes [23] provides
a systematic tool to study its analytic properties. Indeed, an amplitude is written
as an integral of the Mellin type, the CM integrand is a product of I" functions and
of linear powers of external invariants and of internal masses, its analytic structure
allows the determination of any asymptotic expansion. Another advantage is that
the renormalization according to the Zimmermann scheme takes a very simple
form: it results in a modification of the integration path without any change in the
integrand [23]. It is not difficult to extend the CM representation to our problem.
Starting from the representation (3.4) we get for some convergent graph G:

N |V N,
IG-LWG oy S ISEr ey e “Latea) (C.1)

where the variables x; and y, are attached respectively to each one-tree j or two-trees
k of G. S; is the cut invariant corresponding to the two-trees k (and is quadratic
in external momenta). The linear function ¢, (x, y) associated to the line a is

Pa = Z UqaiX, +§ UakYk —§a ’ (C2)
1

where u,, (u.)=0 or 1 following the line a belongs or not to the one-tree j
(two-trees k). The terms I',(¢) are given by

)= {15(—<p>/r(—<p-§a>=r<<p>, ifaeD@G),  (C3a)
TG ()T (0 -84, ifae9G). (C.3b)
The integration symbol means
[ S Ds(5x+Sy+id), (C.4)
—00 20T 20w \§ 3
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and that (x, y) belongs to the intersection of the cell Cy:
Co={x,y|Rex >0,Rey >0}, (C.5)
and of the UV convergence domain 4c:
Ag={x,y|Re ¢, >0,Ya e G}. (C.6)

The only change with [23] is the ¢,’s and the functions I, which have now a more
complex analytic structure (with cuts at negative ¢ = —r). Similarly, a renormalized
amplitude according to the Zimmermann scheme (subtractions at zero momenta)
I is

18=Su[  Tolw,y, ST, )
c cnNAG

where the sum runs over cells ¢ delimited by the singularities of the function

IL I (=x,) [1« L (=y&) in (C.1). The multiplicity factor w. is an integer #0 only for

a finite number of cells ¢ such that c ~ 4 # & and does not depend on the functions

I,. J; is the same integrand as in (C.1). The Borel transform [ & is for Re s <O0:

18(5) =L uc LMG 5(5+ 5 @a) Tolxs 1, S0), (C.8)

and its analytic structure is obtained by translating s into the domain Res >0
(Re ¢ <0). Without getting into a general study, one may deduce that the sin-
gularities are branch points at the same positions as in the case of usual propagators,
and are the right limit of the series of poles occurring at d =2—¢, as claimed in
subsect. 3.3.

In order to recover the MS subtracted amplitude, one has to introduce finite
counterterms. One has in fact

IE‘S(p)={ZS}I§/us(p)l;l(I§‘S , (C.9)

where the sum runs over family of disjoint CIPI divergent subgraphs S. The vertex
corresponding to S in (G/US) has to be oversubtracted according to the superficial
degree of S (@(S)=0). The counterterms 7Y are renormalized amplitudes taken
at zero external momenta. They can depend on g only as

I (g)=a?"® x (seriesin g),

and so correspond only to a discontinuity at s = @ (S) in the Borel plane.

Appendix D

Let us apply the CM representation to study the Borel transform of the 1/N
order of the two-point function I,. It is expressible in terms of the two graphs of
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fig. 6. The second one does not depend on the external momenta and by
homogeneity it gives a single cut at s =1. So we are interested in the one-loop
graph S;.

Using the CM representation for its amplitude subtracted at zero momenta, one
gets for its Borel transform the representation

PR, N +’°°d_u]"(u—s)F(2—u)F(s—l) 2\1—5 _ .
Fo=| e T o) el =), (D)

where the functions I's and I'g are given respectively by (C.3a) and (C.3b). (D.1)
holds for —1 <Re s <Re u <0. The integrand has then double poles at u =s —k
(k € N) and branch points at u = k € N. Going into the domain Re s <0, I® has a
singularity if the integration contour is pinched between two of those singularities
{fig. 10). So one gets immediately the branch points at s =n € N.

To get the MS subtracted amplitude, according to (C.3), one needs two counter-
terms which modify the discontinuities of [ at s=0 and s =1, but not the next
ones. So we start from (D.1) to study the singularities at s = n =2 in the different
sheets.

Moving the integration contour around the poles (v = s —n) we get for I®(s) the
(formal) sum

IRs)= Eo (pz)l‘sg%_—;; ((_’11’_) d, £+bn)FG(n —s)[2—s+n), (D.2)
where d, =(—1)"/n! is the residue of I'p at n and b, is irrelevant in the following.

The discontinuities of [(s) in the first sheet are given by theorem A. The existence
of an IR renormalon at s =2 comes from the difference between that discontinuity
at s =2 and the discontinuity in the sheet reached by passing under s =1 (fig. 7).

Fig 10. Analytic structure and integration contour for the integral {D 1)
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The difference of [ R(s) between those two sheets comes from the discontinuity
of I' at s = 1; one gets for that difference

IRs)—1™s)=(pH'™ %%:—3 (do %+b0>2i7r4 To)M2-s)

1
= —2iwd—241rg(2)r(1) —2+regu1ar functionats =2, (D.3)
p s—

where 4, g(s)= Alé(s) /I (s — 1) is the discontinuity of I'g at s = 1 and is analytic
for Res > 1.

From (D.3), the first renormalon at s =2 (that is the first singularity of the
discontinuity of I®(s) at s = 0) is a single pole and is proportional to do/p>, which
corresponds graphically to the term dual to the operator « - a.

The same arguments hold for the next discontinuities at » >2. At that order of
1/N expansion, one may check that the various renormalons are always single
poles and are proportional to terms dual to composite operators involving only the
a field. For instance, we get renormalons at s =3 in terms of the duals of the
operators « * « * @ and 3, - d,a. A closer look at (D.3) suggests that those sin-
gularities may be classified in terms of nests of essentials but we need to study
diagrams with many loops in order to make this idea more precise and such a study
becomes very complicated.
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