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Abstract. We study continuous time quantum random walk on a comb with infinite

teeth and show that the return probability to the starting point decays with time t

as t−1. We analyse the diffusion along the spine and into the teeth and show that the

walk can escape into the teeth with a finite probability and goes to infinity along the

spine with a finite probability. The walk along the spine and into the teeth behaves

qualitatively as a quantum random walk on a line. This behaviour is quite different

from that of classical random walk on the comb.
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1 Introduction

Quantum random walks have been extensively studied since late last century, the

main motivation coming from quantum computation and the search for efficient

algorithms. A pedagogical intoduction to the subject can be found in [1] and a

comprehensive overview is given in [2]. One of the characteristic features of quantum

random walks is that they tend to move around faster and sometime very much faster

than classical random walks.

In the past the relation between classical random walks and the geometry of

the underlying space (which often is a graph) have been studied intensively, see e.g.

[4, 5]. In particular, geometric properties are often reflected in the heat kernel. The

purpose of this paper is to investigate a simple graph and compare the behaviour

of quantum random walk to that of classical random walk. There are already many

results in this direction, in particular on Zd and various finite graphs, see [2] and [6].

There are two classes of quantum random walks. The first is the so-called coined

quantum random walks which are analogous to discrete time classical random walk

where the walker flips a coin at each timestep to decide which vertex to go to next.

In the quantum case the coin is an extra quantum degree of freedom which can

complicate the analysis. The other class is continuous time quantum random walk

where no coin is needed and the time development is given (in continuous time)

by the one parameter unitary group generated by the Laplacian of the underlying

graph. In many cases the behaviour of coined walks and the continuous time walk

are qualitatively similar but the relation between the two is not trivial, see [7]. In

this paper we are exclusively concerned with continuous time random walks.

In the next section we define continous time quantum random walk on a graph

following [8, 9]. We study such a walk on a comb which is the integer line (the

spine) with an integer half line (a tooth) attached at each vertex of the spine.

The comb is an interesting example of a nonhomogeneous graph where one can

make detailed calculations and classical random walk on a comb is well understood
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[11, 12, 13, 14, 17].

In Section 3 we find the spectrum of the Laplacian on the comb and the corre-

sponding eigenfunctions. We find that there are two classes of eigenfunction. The

first class are nonlocalized functions which oscillate along the spine and in the teeth.

Then there are eigenfunctions which are localized on the spine and decay exponen-

tially in the teeth.

Knowing the spectrum of the Hamiltonian and its eigenfunctions allows us to

express the propagator as a contour integral in the complex plane and the large

time behaviour can be analysed by steepest descent methods. This is the content

of Section 4. The probability that the walk is back at the starting point situated

on the spine after time t has a powerlaw decay with an exponent −1, while the

corresponding exponent for classical random walk is −3/4. The motion of the quan-

tum walker is ballistic in the sense that if the wave function is concentrated at one

vertex at time 0, then the wave front moves with a velocity of order 1 into the teeth,

and moves with a different velocity of order 1 along the spine. We calculate these

velocities and the respective probabilities that the walk disappears into the teeth or

along the spine as time goes to infinity.

A few technical details are relegated to the Appendices. There we also discuss

some numerical results on the behaviour of the wave function for large time.

2 Continuous time quantum random walk

Let G be a graph with vertex set V and edge set E. The graph may be finite or

infinite but we are mainly interested in the infinite case. If a ∈ V we let σa denote

the number of nearest neighbours of a. LetM be a matrix indexed by V with matrix

elements

Mab =


σa if a = b
−1 if (a, b) ∈ E

0 otherwise
(1)
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If we consider classical continuous time random walk onG and pa(t) is the probability

to be at the vertex a at time t then

dpa(t)

dt
= −

∑
b∈V

Mab pb(t). (2)

The quantum random walk on G is defined by introducing the Hilbert space

H = L2(V ), i.e. square summable complex valued functions defined on the vertex

set of G with the usual inner product. We use Dirac notation and for a ∈ V let |a〉
denote the function which takes the value 1 at a and is 0 elsewhere. These functions

make up an orthonormal basis for H and we define a Hamiltonian operator H by

〈a|H|b〉 = Mab. (3)

The state of the quantum walk at a given time is given by an element of H which

changes with time according to the Schrödinger equation with Hamiltonian H. If

the state of the quantum walk at time t = 0 is |ψ0〉, assumed to be normalized, then

its state at time t is

|ψt〉 = e−itH |ψ0〉. (4)

If the walk starts out at vertex a at time t = 0 (i.e. |ψ0〉 = |a〉) then the probability

amplitude to find the walk at b at time t is

At(a, b) = 〈b|e−itH |a〉 (5)

and the probability to find the walk at b at time t is

Pt(a, b) = |At(a, b)|2. (6)

It is easy to see from (2) that the corresponding probability for classical random

walk is

P class
t (a, b) = 〈b|e−tH |a〉. (7)

The classical spectral dimension ds of the graph is defined by the decay with t of

the return probability to the starting point,

P class
t (a, a) ∼ t−ds/2, t→∞, (8)
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and it is not hard to see that if ds exists it is independent of a. Analogously we

define the quantum spectral dimension dqs (if it exists) by

Pt(a, a) ∼ t−dqs/2, t→∞. (9)

The spectrum of H lies on the nonnegative real axis so the classical spectral di-

mension is determined by the density of states of H close to 0. More precisely, let

{|E, λ〉}E,λ be the normalized eigenkets of H with eigenvalue E where the index λ

takes care of multiplicity. Then we have

P class
t (a, a) =

∫ ∞
0

dE

∫
dλ |〈a|E, λ〉|2e−tE. (10)

Assuming that ∫
dλ |〈a|E, λ〉|2 ∼ Eγ (11)

for E close to zero we find easily that

P class
t (a, a) ∼ t−1−γ (12)

for t → ∞ so ds = 2(1 + γ). By an analogous argument the absolute value of the

amplitude At(a, a) decays no faster than t−1−γ for large t and we conclude that

dqs ≤ 2 ds. (13)

We get an equality in (13) if the decay of At(a, a) is determined by the edge of the

spectrum of H and this is the case for regular graphs like Zd [3, 6] . For the comb

we find that localized states with high energy dominate the return probability to

the starting point and we conjecture that this will hold quite generally for graphs

with localized eigenstates for the Hamiltonian.

We consider continuous time quantum random walk on an infinite comb. The

infinite comb is a graph C with vertex set V = {(n, j) : n ∈ Z, j ∈ Z+
0 }, where

Z+
0 denotes the nonnegative integers. The edge set E is defined by stating which

vertices are nearest neighbours, i.e. connected by an edge. If j > 0 the neighbours
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of (n, j) are (n, j + 1) and (n, j − 1). The neighbours of (n, 0) are (n, 1), (n− 1, 0)

and (n + 1, 0). This is an infinite linear graph with a discrete half line attached at

each vertex. The infinite linear graph is often referred to as the spine and the half

lines we call teeth.

Classical random walk on C has been studied in great detail, see e.g. [11, 13, 14,

17]. The main results are that the spectral dimension is 3/2 and the diffusion along

the spine is anomalous in the sense that the average distance squared 〈x2〉t travelled
along the spine after time t scales as t

1
2 .

We use the Hilbert space H = L2(V ) and let |n, j〉 denote the function which is

equal to 1 on the vertex (n, j) and 0 elsewhere. The time development of a quantum

random walk on C is given by the unitary operator

U(t) = e−itH (14)

where the Hamiltonian H is minus the Laplacian on C (in agreement with (3)),

given in Dirac notation by

H = −
∞∑

n=−∞

∞∑
j=0

[δj,0(|n+ 1, 0〉〈n, 0|+ |n− 1, 0〉〈n, 0|+ |n, 1〉〈n, 0| − 3|n, 0〉〈n, 0|)+

(1− δj,0)(|n, j + 1〉〈n, j|+ |n, j − 1〉〈n, j| − 2|n, j〉〈n, j|)].

If a quantum random walker is at the vertex (n1, j1) at time t = 0 then the proba-

bility amplitude that the walker is located at (n2, j2) at time t is given by

At(n1, j1;n2, j2) = 〈n2, j2|e−itH |n1, j1〉. (15)

The probability that the walker is at (n2, j2) at time t, given that he is at (n1, j1)

at time t = 0, is

Pt(n1, j1;n2, j2) = |At(n1, j1;n2, j2)|2. (16)

In order to estimate this probability we begin by finding the eigenvalues and eigen-

functions of the Hamiltonian.
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3 Diagonalising H

The eigenfunctions of H can be taken to be Bloch waves in the n variable since the

Hamiltonian is invariant under translations along the spine. We therefore begin by

making the Ansatz

φα,θ(n, j) = 〈n, j|θ, α〉 = Aeiαn+iθj +Beiαn−iθj (17)

for the eigenfunctions

φα,θ(n, j) = 〈n, j|α, θ〉, (18)

where H|α, θ〉 = E|α, θ〉, α ∈ [0, 2π), θ ∈ [0, π) and A,B are constants. For j > 0

the function φα,θ(n, j) satisfies the equation

2φα,θ(n, j)− φα,θ(n, j + 1)− φα,θ(n, j − 1) = Eφα,θ(n, j) (19)

which shows that

E = 2− 2 cos θ. (20)

On the spine, i.e. when j = 0, the equation takes the form

3φα,θ(n, 0)− φα,θ(n− 1, 0)− φα,θ(n+ 1, 0)− φα,θ(n, 1) = Eφα,θ(n, 0). (21)

Using (20) it is straightforward to check that the ratio between the coefficients A

and B is given by
A

B
= − 1− 2 cosα + eiθ

1− 2 cosα + e−iθ
. (22)

The eigenvalues of H we have found are the same as on the discrete line Z but the

eigenvalues are infinitely degenerate, α being the degeneracy index.

In order to use the eigenfunctions to compute the probability amplitudes (15)

we need to normalize the eigenfunctions correctly. Let us take

A = y + eiθ, B = −(y + e−iθ) (23)

where y = 1− 2 cosα. We will show in Appendix A that in this case

〈θ′, α′|θ, α〉 = N(α, θ)δ(α− α′)δ(θ − θ′), (24)
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where N(α, θ) = 4π2(y2 + 2y cos θ + 1).

There is a second class of solutions {|γ, α〉} to the eigenvalue problem for H.

They are of the form

〈n, j|γ, α〉 = c eiαn(−1)je−γj, (25)

where α ∈ [0, 2π), γ > 0 and c is a normalization factor. We will see that γ is in fact

uniquely determined by α. The equation for ψα(n, j) = 〈n, j|γ, α〉 at j > 0 implies

that

E = 2 + 2 cosh γ. (26)

The equation at j = 0 and arbitrary n gives

3− 2 cosα + e−γ = E. (27)

It follows that

1− 2 cosα = eγ (28)

and α lies in the interval (π/2, 3π/2). We see also that for these solutions 4 < E <

16/3.

If we choose c such that∑
n,j

ψα(n, j)ψα′(n, j) = δ(α− α′), (29)

then a simple calculation shows that

|c|2 =
1

2π
(1− e−2γ). (30)

We will prove in Appendix B that the set of functions {φα,θ} ∪ {ψα} is complete.

4 The probability amplitudes

In this section we study the probability amplitudes (15) and the corresponding

probabilities (16). We first calculate the probability amplitude to be back at the
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starting point after time t in the limit t→∞. We then study the scaling properties

of the amplitudes as t and n and/or j become large. The main result is that the

motion is ballistic along the teeth and the spine. This means, looking at the spine,

that the amplitude oscillates with n up to a value n = vct with an amplitude of

order t−
1
2 . For n > vct it decays exponentially. Similarly, looking in tooth n, the

amplitude oscillates in j with an amplitude of order t−
1
2 up to a critical value j = uct

after which it decays exponentially. We show that the probability that the walk is

in the nth tooth in the limit t→∞ is nonzero and of order n−1/4.

The probability that the walk is at a finite distance from the spine as t → ∞
is also nonzero. The probabilities that the walk escapes to infinity along the spine

and into the teeth sum to 1 as they should. This is different from the classical case

where the walk cannot escape into the teeth. But this is expected in the quantum

case since the quantum walk on the discrete half-line is not recurrent.

If we scale both j and n with t we always find that the amplitude decays expo-

nentially This is discussed in subsection 4.5 and Appendix C.

4.1 An integral representation for the amplitude

Here we aim to derive a formula for the amplitude At(0, 0;n, j) which allows us to

analyse the large t behaviour and the scaling behaviour when n and/or j become

large.

4.1.1 Representation in the z = e−iθ complex plane

The starting point is

At(0, 0;n, j) =

∫ 2π

0

dα

∫ π

0

dθ
〈n, j|θ, α〉〈θ, α|0, 0〉

N(α, θ)
e−itE(θ)

+

∫ 3π/2

π/2

dα 〈n, j|γ, α〉〈γ, α|0, 0〉 e−itE(γ), (31)

using the completeness of the eigenfunctions of the Hamiltonian. The normalization

constant N(α, θ) = 4π2(1−2 cosα+eiθ)(1−2 cosα+e−iθ) so the first integral above
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can be written

− i

2π2

∫ 2π

0

dα

∫ π

0

dθ sin θ

[
eiθj

1− 2 cosα + e−iθ
− e−iθj

1− 2 cosα + eiθ

]
eiαne−itE(θ)

= − i

2π2

∫ 2π

0

dα

∫ 2π

0

dθ sin θ
eiαn+iθj

1− 2 cosα + e−iθ
e−itE(θ). (32)

Putting w = eiα and z = e−iθ we have∫ 2π

0

dα
eiαn

1− 2 cosα + e−iθ
= i

∮
|w|=1

wn

w2 − (1 + z)w + 1
dw. (33)

The denominator in the w-integral has simple zeroes at w = w− and w = w+ with

w±(z) =
1 + z

2
± 1

2

√
(z + 3)(z − 1). (34)

We define the square root

S(z) =
√

(z + 3)(z − 1) (35)

such that it is positive for z > 1 and analytic in the complex plane except for a

cut along the real axis from −3 to 1. Then w− is inside the unit circle (and w+ is

outside) except for z = ±1. Evaluating the w-integral (33) we find

2π wn−√
(z + 3)(z − 1)

if n ≥ 0 ,
2π wn+√

(z + 3)(z − 1)
if n < 0. (36)

It follows that (32) equals an integral over z along the unit circle, going from arg(z) =

−π to arg(z) = +π:

1

2πi

∮
|z|=1

1− z−2√
(z + 3)(z − 1)

w
|n|
− z−j e−itE dz. (37)

Now consider the 2nd integral on the right hand side of (31). Explicitly it is

1

2π

∫ 3π/2

π/2

dα (1− e−2γ) eiαn(−1)je−γje−itE, (38)

where 1 − 2 cosα = eγ and E = 2 + 2 cosh γ. Now put z = −eγ and change the

variable of integration in (38) to z. When α goes from π/2 to π, then z decreases

from −1 to −3 and increases back to −1 as α goes from π to 3π/2. We have

2 sinα dα = −dz (39)
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and

sinα = η
1

2

√
3− 2z − z2 (40)

with η = +1 for α ∈ (π/2, π) and η = −1 for α ∈ (π, 3π/2). Furthermore,

eiα =
z + 1

2
+ ηi

1

2

√
(z + 3)(1− z). (41)

It follows that (38) equals

−1

2π

∫ −3

−1

dz (1− z−2)√
(z + 3)(1− z)

(
z + 1

2
+

1

2
i
√

(z + 3)(1− z)

)n
z−je−itE

+
1

2π

∫ −1

−3

dz (1− z−2)√
(z + 3)(1− z)

(
z + 1

2
− 1

2
i
√

(z + 3)(1− z)

)n
z−je−itE. (42)

These integrals can be viewed as a closed contour integral from -1 to -3 and back

to -1 where the first half is along the upper edge of the cut of the square root and

the second half is along the lower edge of the cut. When n > 0 this is enough, but

we can use the symmetry α→ π − α in the integral (38) to replace n by −n in the

calculation when n < 0. Combining (42) with the integral (37) we see that the total

amplitude can be written as a closed contour integral

At(0, 0;n, j) =
1

2πi

∮
Γ

1− z−2√
(z + 3)(z − 1)

w
|n|
− z−j e−it(2−z−1/z) dz, (43)

where Γ is the contour in the complex plane depicted on Fig 1. Using the fact that

the integrand is analytic in z we see that Γ can be replaced by any c.c.w. contour

in the complex plane around the cut [−3, 1] for the square root, and staying away

from the pole at z = 0 of the “potential”

V0(z) = −iE = i (z + 1/z − 2) (44)

which gives an essential singularity in the exponential e−itE = etV0(z) in (43). The

other essential singularity is of course at z =∞. The large time behaviour (t→∞)

of the amplitude will be studied through the representation (43) by the complex

saddle point method.
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Figure 1: The original integration contour of the representation (43) for At(0, 0;n, j).

4.1.2 Representation in the w+ complex plane

Changing variable in the z-integral to w = w+(z) gives us an alternative represen-

tation of the amplitude. This removes the square root and will be used in Section

4.4.2 where we give details.

4.2 Return probability and quantum spectral dimension

4.2.1 Large t steepest descent analysis

We begin by considering the case n = j = 0 which gives the amplitude At(0, 0; 0, 0)

that a quantum walk returns to the starting point after time t and therefore yields

the return probability and the quantum spectral dimension.

We note that the function V0(z) has a negative real part in the region R1 where

Im z > 0 and |z| > 1 and also in the region R2 where Im z < 0 and |z| < 1. As an
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integration contour in (43) we choose a path C that starts at z = 1 and moves to

z = −3 in the region R1. From −3 we enter the region R1 in the 2nd sheet of the

Riemann surface of S and proceed to the point z = −1. From -1 we move into the

region R2 in the first sheet and close the contour by going to z = 1 inside R2, see

Fig. 2
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Im z

Figure 2: The deformed integration contour C for picking the saddle points at z = 1,
z = −1 and the branch point at z = −3. The dashed part of the path is in the 2nd
sheet.

With the choice of integration contour described above the integrand in (43)

goes exponentially to 0 as t → ∞ except at the saddle points z = ±1 and at the

endpoint of the cut z = −3. In order to see how the amplitude decays as t → ∞
it therefore suffices to consider the contribution to the integral from small regions

around these 3 points, using steepest descent analysis. Near the saddle point z = 1

we can write z = 1 + u (with contour u = eiπ/4v, v real) so that V0(z) = iu2 + O(u3)
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and its dominant contribution in (43) gives a term of order O(t−3/4):∫ +e−iπ4∞

−e−iπ4∞

du

2iπ

2u√
4u
eitu2 = e

−3iπ
8

√
2

4π
Γ(3/4) t−3/4. (45)

Near the saddle point z = −1 we write z = 1 + u (with contour u = e−iπ/4v, v

real) so that V0(z) = −4i− iu2 − iu3 + O(u4). We shall need to expand to the next

order as compared to the first saddle point. The dominant and first subdominant

contributions give an integral, where the dominant contribution, expected to be

O(t−1) is odd and integrates to zero. The subleading contributes at order O(t−3/2):∫ +ei
π
4∞

−ei
π
4∞

du

2iπ
i(−u− 3/2u2 + itu4)eitu2 e−4it =

3

4
√
π
eiπ/4e−4it t−3/2. (46)

At the branch point at z = −3 we write z = −3 + u so that V0(z) = −i 16/3 +

i 8/9u+ O(u2). The dominant term in the integral is found to be of order O(t−1/2),

and given by ∮
du

2iπ

8
9√
−4u

e−
16
3

itei 8
9
tu =

√
9

8π
e−i 3π

4 e−
16
3

it t−1/2 (47)

with the integral contour over u going from i∞ to zero in the first sheet, and back

from zero to i∞ in the second sheet.

Comparing the contributions (45), (46) and (47), one sees that the contribution

(47) of the branch point at z = −3 dominates the large time asymptotics of the the

probability amplitude for returning to (0, 0). The probability of return after a time

t is therefore

Pt(0, 0; 0, 0) = |At(0, 0; 0, 0)|2 ∼ 9

8π
t−1. (48)

4.2.2 Discussion

The large time decay of the return probability (48) as t−1 means that the quantum

spectral dimension of the comb is dqs = 2. Therefore this is an example where the

quantum spectral dimension is not twice the classical spectrum dimension dqs 6= 2ds

since for the comb ds = 3/2 [17]. It satisfies however the inequality dqs ≤ 2ds.
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We expect that a similar large time scaling as t−1 holds for the return probability

starting from any vertex on the comb.

The quantum spectral dimension for the comb is the same as for the quantum

walk on the discrete line Z. This is perhaps not completely unexpected since at

z = −3 the states with energy E > 4 are dominating and these states are essentially

supported on the spine of the comb which is classically a one-dimensional object for

which dqs is also 2 [3].

4.3 Propagation into the teeth

4.3.1 Principle: propagation into the first tooth

We study the behaviour of the wave function which propagates at a given velocity

u along a tooth by performing the following rescaling. We consider the tooth at the

origin by setting n = 0 and writing j = ut+ ̃ where ̃ ∈ Z and u > 0 are fixed and

we let t increase along a sequence such that tu ∈ Z+. We let

Vu(z) = i(z + z−1 − 2)− u log z. (49)

The amplitude reads

At(0, 0; 0, j) =
1

2πi

∮
Γ

1− z−2√
(z + 3)(z − 1)

z−̃ etVu(z) dz. (50)

The saddle points which give the dominant contribution to (50) in the large t limit,

u and ̃ being fixed and of order O(1), are given by

V ′u(z) = i(1− z−2)− uz−1 = 0 (51)

which has the solutions

z = z± ≡ −
iu

2
± 1

2

√
4− u2. (52)

There is a critical value for the velocity

uc = 2. (53)

The behaviour of the amplitude is different depending on whether 0 < u < 2, u = 2

or u > 2.
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4.3.2 Velocity u < 2

We begin by considering the case u < 2 in which case the saddle points lie on the

lower half of the unit circle and can be parametrized by an angle ϕ

z± = ±e∓iϕ, ϕ = arcsin
u

2
. (54)

Now we can deform the integration contour without entering the 2nd sheet, see Fig.

3, and the integrand decays exponentially with t except at the saddle points, where

<latexit sha1_base64="31OEzWrK4O90XY6Rv/NBgnFmvOY="></latexit>R1

<latexit sha1_base64="99ENtwSDbIC1TqnRygDB6S8dfDY="></latexit>R2

<latexit sha1_base64="7xW1wU5U/R3listH/bg98x+rB6Q="></latexit>
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<latexit sha1_base64="oLQiYbRasBdvyNth4yA2O7G16/o="></latexit>�3

<latexit sha1_base64="0UVjBAHTntMdWI2D2g5IR3yZmX4="></latexit>

Re z
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Im z

Figure 3: The integration contour for 0 < u < 2.

the potential is purely imaginary:

V (z+) = i(2 cosϕ+ uϕ) (55)

and

V (z−) = −i(2 cosϕ+ u(ϕ− π)) = V (z+) + iuπ. (56)
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In particular, the contribution of the branch cut at z = −3 is now exponentially

small at targe t, since Re(Vu(−3)) = −u log(3) < 0, and it can be neglected. Let

I(z) =
1

2πi

1− z−2√
(z + 3)(z − 1)

. (57)

Then the dominant contribution to the contour integral coming from the two saddle

points is √
2π√
t
e−2it

[
I(z+)z−̃+ etV (z+)√
−V ′′(z+)

+ (z+ 7→ z−)

]
. (58)

Going through the saddle point along the path of steepest descent fixes the sign of

the square root of −V ′′(z±).

We can write

z−̃+ etV (z+) = eiϕje2it cosϕ (59)

and

z−̃− e
tV (z−) = (−1)je−iϕje−2it cosϕ. (60)

Furthermore,

V ′′(z+) = 2ie3iϕ + ue2iϕ (61)

and V ′′(z−) = V ′′(z+). Our final expression for the amplitude is therefore

At(0, 0; 0, j) =

√
2π√
t
e−2it

[
I(z+)eiϕje2it cosϕ√
−V ′′(z+)

+
I(z−)(−1)je−iϕje−2it cosϕ√

−V ′′(z−)

]
+O(t−3/2).

(62)

The amplitude is a superposition of two periodic function in j, with respective wave

numbers ϕ and ϕ + π, and amplitude oscillating with t. The probability for being

at j = ut+ ̃ at time t is

Pt(0, 0; 0, ut+ ̃; t) = |At(0, 0; 0, ut+ ̃)|2 (63)

which oscillates with t and decreases as t−1. For large t, averaging the probability

(63) with respect to ̃ on an interval ̃ ∈ [−`/2, `/2], with 1 � ` � t (for instance

` =
√
t) we get a coarse grained asymptotic probability profile for j = ut

Pcg(0, ut; t) = 2π

(
I(z+)|2
|V ′′(z+)| +

|I(z−)|2
|V ′′(z−)|

)
1

t
=
c(u)

t
, (64)
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since the cross terms vanish when we average, and

c(u) =
1

2π

u2

√
4− u2

(
1√

26 + 6u2 + 5
√

4− u2
+

1√
26 + 6u2 − 5

√
4− u2

)
. (65)

Furthermore, we have absolute bounds on the asymptotics for the local probability

for 0 < u < 2
d−(u)

t
≤ Pt(0, 0; 0, ut+ ̃) ≤ d+(u)

t
. (66)

with

d±(u) =
1

2π

u2

√
4− u2

(
1

(26 + 6u2 − 5
√

4− u2)1/4
± 1

(26 + 6u2 + 5
√

4− u2)1/4

)2

.

(67)

4.3.3 Velocity u=2

At u = 2 the two saddle points merge since z ≡ z+ = z− = −i, ϕ = π/2 and

V (z+) = iπ. In this case V ′′(z+) = 0 and we must expand the potential to third

order at z = −i to get the large time behaviour of the amplitude. The natural

scaling for j and the integration variable z are

j = 2t+ ̂ t1/3 , z = −i + ẑ t−1/3 (68)

so the leading oscillating part in (43) near the saddle point is

z−jeit(z+1/z−2) = e−2iteiπ
2
je−

i
3

(ẑ3+3̂ẑ)(1 + O(t−1/3)). (69)

Integrating (43) over z, in the large t limit, by the steepest descent method, the

integration contour picks the z = −i saddle point as the dominant contribution, and

the integration gives an Airy function for the amplitude

At(0, 0; 0, j) = c2 e−2iteiπ
2
j t−1/3 Ai(̂)(1 + O(t−1/3)) (70)

with a constant c2 = −
√

i− 1/2. The probability to be at j = 2t + t1/3̂ at time t

is therefore to leading order

Pt(0, 0; 0, 2t+ t1/3̂) =
1

2

√
5 t−2/3 Ai(̂)2. (71)
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4.3.4 Velocity u>2

For u > 2 the saddle points move away from the unit circle and are pure imaginary:

z± = −i

(
u

2
± 1

2

√
u2 − 4

)
. (72)

They can be parametrized by ψ > 0 as

z+ = −ieψ , z+ = −ie−ψ , ψ = acosh(u/2) (73)

so that

V (z±) = ∓ 2(ψ cosh(ψ)− sinh(ψ)) + i(π cosh(ψ)− 2). (74)

The potential V has a real part at the saddle points. The real part of V (z+) is

negative and the real part of V (z−) is positive. The steepest descent path goes

through z+, not through z−, so we pick a single contribution, giving an amplitude

which decays exponentially with t for u > 2. The steepest descent calculation gives

the large t scaling form for the amplitude at j = ut+ ̃ with ̃ = O(1)

At(0, 0; 0, ut+ ̃) = e(u) e−2i teiπ
2

(ut+̃) t−1/2 e−t$(u) e−̃ χ(u) (1 + O(t−1/2)) (75)

where

$(u) = −
√
u2 − 4 + u log

(
u+
√
u2 − 4

2

)
, χ(u) = log

(
u+
√
u2 − 4

2

)
(76)

and for completeness

e(u) =
1

i
√

2π

4u

(u2 − 4)
1
4

√
−(u+

√
u2 − 4− 2i)(u+

√
u2 − 4 + 6i)

. (77)

4.3.5 Propagation into the n-th tooth

The large time propagation along the n-th tooth, with n of order O(1), can of

course be studied by the same steepest descent method as we used for the tooth

at n = 0. One must take into account the additional w−(z)|n| term in the integral
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representation (43), with w−(z) given by (34). The asymptotics for the amplitude

(43) become (for u < 2)

At(0, 0;n, j) =

√
2π√
t
e−2it

[
I(z+)w−(z+)|n|eiϕje2it cosϕ√

−V ′′(z+)
+
I(z−)(−1)jw−(z−)|n|e−iϕje−2it cosϕ√

−V ′′(z−)

]
(78)

and the asymptotics for the coarse grained probability at j = ut is, by the same

argument as before,

Pcg(n, ut; t) = 2π

(
|I(z+)|2|w−(z+)|2|n|

|V ′′(z+)| +
|I(z−)|2|w−(z−)|2|n|

|V ′′(z−)|

)
1

t
=
c(u, n)

t
(79)

where

c(u, n) =
1

2π

u2

√
4− u2

(
|w−(z−(u))|2|n|√

26 + 6u2 + 5
√

4− u2
+

|w−(z+(u))|2|n|√
26 + 6u2 − 5

√
4− u2

)
. (80)

4.3.6 Discussion

The above results are qualitatively similar to the behaviour of the amplitude for a

quantum walk on the discrete line [3]. The wave function expands linearily with time,

with a front moving with constant velocity. Here the front velocity is utooth = 2, to

be compared with the front velocity in both directions on the discrete line, which is

uline = ±1. The shape of the front is an Airy function given by (70) and (71), as for

the line. Ahead of the front is an exponentially decaying evanescent wave. Behind

the front, the bulk of the wave function is a biperiodic function with some more

complicated structure given by the interplay between the two saddle points. The

coarse grained probability density function has an explicit form, self similar with

the time t as it expands, given by (64), (65). One can check that the spatial extent

of the transition region at the front is of order t1/3.

The propagation into the n-th tooth, is very similar, but with a density function

depending on n (see (80)), and decreasing exponentially with |n|, since w−(z±)| < 1.

This is what we expect intuitively since the wave function has to move n steps along

the spine before starting to propagate into the nth tooth.
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4.3.7 Probability to be in the teeth at large t

We first calculate

PT (n) ≡ lim
t→∞

∞∑
j=0

Pt(0, 0;n, j), (81)

the probability that the walk ends up in the nth tooth. In the large t limit we can

replace Pt(0, 0;n, j) by the coarse grained probability (79) and the sum over j is

replaced by an integral over u from 0 to 2. The values of u > 2 give a vanishing

contribution in the limit t→∞. Using (79) we find

PT (n) =

∫ 2

0

c(u, n) du. (82)

We change the integration variable to ϕ, where u = 2 sinϕ, cf. (54). After some

calculations we find

PT (n) =
1

π

∫ π

0

dϕ
(1− cos2 ϕ)|w−(e−iϕ)|2|n|√

(5 + 3 cosϕ)(1− cosϕ)
. (83)

For large |n| the above ingegral is dominated by the region around ϕ = 0 where w−

equals 1. It is not hard to check that |w−(e−iϕ)|2 = 1−√2ϕ+O(ϕ) for small ϕ so

PT (n) ∼ n−4 as n→∞. The total probabilty of ending up in a tooth is given by

PTeeth =
∞∑

n=−∞

PT (n)

=
1

π

∫ π

0

dϕ
(1− cos2 ϕ)√

(5 + 3 cosϕ)(1− cosϕ)

1 + |w−(e−iϕ)|2
1− |w−(e−iϕ)|2 . (84)

The function w− depends on ϕ in a complicated way so the integral is hard to

evaluate analytically but numerically we find PTeeth = 0.63159137 . . .

There is an alternative way to calculate PT (n) which we now explain and does

not rely on using the coarse grained probability density. The probability of being in

tooth n at time t is

pn(t) =
∞∑
j=0

|At(0, 0;n, j)|2 (85)
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where At(0, 0;n, j) is given by (43). We can carry out the sum over j in (85) and

find (for n ≥ 0)

pn(t) =

∮
dz1

∮
dz̄2 I(z1)I(z̄2)

w−(z1)nw−(z̄2)n

1− z1z̄2

e−itE(z1)+iE(z̄2), (86)

where the integration contours in the z1- and z2-planes are as is explained in sub-

section 4.1.1. We fix z̄2 in the minimal contour Γ0 depicted in Fig. 1. We then

integrate z1 along a contour Γ1 enclosing the minimal contour. Next we deform

Γ1 to the contour Γ2 depicted in Fig. 2. In the deformation process we may pick

up a contribution from the pole at z1 = (z̄2)−1. The integral over Γ2 goes to 0 as

t → ∞ since the integrand decays exponentially in t except at 3 points which give

contributions which have a power law decay in t as t→∞ by the same arguments

as in subsection 4.2.1. We only pick up a contribution from the pole when z̄2 is on

the unit circle in the upper half plane. Using that E(z) = E(z−1) we see that the

pole contribution is independent of t and

lim
t→∞

pn(t) = PT (n) = 2πi

∫
dz I(z)I(z−1)wn−(z)wn−(z−1), (87)

where the integration is along the unit circle in the upper half plane and we have

renamed the integration variable. Changing the integration variable to ϕ, where

z = eiϕ, we recover the result (83) after some calculations.

4.4 Propagation along the spine

4.4.1 Principle

We now study the propagation along the spine. We first consider the case j = 0 and

scale n = vt + ñ where v is fixed (and chosen to be positive) and ñ ∈ Z is O(1) as

t→∞. The amplitude reads

At(0, 0;n, 0) =
1

2πi

∮
Γ

1− z−2√
(z + 3)(z − 1)

w−ñ+ etWv(z) dz (88)

with w+(z) = w−(z)−1 given by (34), and the potential is

Wv(z) = i(z + z−1 − 2)− v log(w+(z)). (89)
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The large t limit can be studied by the steepest descent method. The saddle point

equation is

i(1− z−2)− v√
(z + 3)(z − 1)

= 0. (90)

One can check that there is a critical velocity

vc =
3
√

3

4
(91)

such that when 0 < v < vc the saddle point equation (90) has four real solutions,

and two complex. Two of them lie in the interval (−3,−1) and two in (−1, 1). At

v = vc the two saddle points in (−3,−1) merge and they become complex for v > vc

while the solutions in (−1, 1) stay real.

4.4.2 Another integral representation (w - plane)

In the case u = 0, v > 0, as well as in the general case u > 0, v > 0 that we

shall discuss later, it is convenient to make a change of variable and replace z by

w = w+(z). The mapping z ↔ w reads explicitly

w(z) =
1

2

(
z + 1 +

√
(z + 3)(z − 1)

)
, z(w) = w + 1/w − 1 (92)

and is such that
w′(z)

w(z)
=

1√
(z + 3)(z − 1)

. (93)

It is represented on Fig. 4. This mapping sends the double sheeted z complex

plane, with a cut along [−3, 1], onto the complex w plane, with the first sheet

mapped onto the exterior of the unit circle |w| > 1 by w(z) = w+(z), the cut onto

the unit circle |w| = 1, and the second sheet mapped onto the interior of the unit

circle |w| < 1 by w(z) = w−(z). The branch points of the cut are mapped onto

w(1) = 1, w(−3) = −1. The other interesting points in the first and second sheets

are mapped respectively onto w(−1) = i, w(0) = eπ/3, w(∞) =∞ (first sheet) and

onto w(−1) = −i, w(0) = e−π/3, w(∞) = 0 (second sheet).
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1−3

1−3

1st sheet

2nd sheet

Re(z)

Im(z)

y

Re(w)

Im(w)

1 = w(1)
−1 = w(−3)

1st sheet

i = w(−1 + i 0+)

−i = w(−1 + i 0−)

2nd sheet

Figure 4: The mapping z → w

The integral representation of the amplitude becomes, for n = v t+ ñ and j = 0,

At(0, 0;n, 0) =
1

2πi

∮
Γ

dw
(w + w−1)(w + w−1 − 2)

(w + w−1 − 1)3 w−ñ etW(w;0,v) (94)

with W the potential in the w variable (defined in the general case u 6= 0 and v 6= 0,

which will be studied later)

W(w;u, v) = i(z(w) + z(w)−1 − 2)− u log(z(w))− v log(w) (95)

and Γ is a c.c.w contour encircling the unit circle |w| = 1 once.
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Using this representation, it is much easier to discuss how the contour Γ must

be deformed in the w complex plane when using the steepest descent method, and

which saddle points are relevant for the large t asymptotics of the amplitudes. The

saddle point equation W′(w; 0, v) = 0 is now an algebraic equation of degree six:

i(w − 1)3(w + 1)(w2 + 1)

w(w2 − w + 1)2
− v = 0. (96)

We study this equation and the potential W(w) by a combination of analytic and

numerical methods and summarize the results in the next sections.

4.4.3 Velocity v = 0

Fig. 5 shows the saddle points and the steepest descent integration path in the case

u = v = 0 already studied for the return probability in Section 4.2, using the z-

plane representation. In the w-plane, there are four saddle points: w = 1 which is a

triple point (W′ = W′′ = W′′′ = 0), and w = i, −1 and −i which are simple points

(W′ = 0.W′′ 6= 0). The red points are the poles of W, at w = 0, eiπ/3, e−iπ/3 (there

is a fourth pole at infinity w = ∞). The white regions are the domains where the

real part of the potential is negative (Re(W) < 0), while the gray regions are the

domains where the real part of the potential is positive (Re(W) > 0). The brown

curve is the original integration curve considered in the z-plane, the two rightmost

lobes correspond to the integration over the unit circle, the leftmost half circle to the

integration around the cut from z = −1 to z = −3 and back. The steepest descent

method consists in deforming the integration contour in the region where the real

part of the potential W is maximally negative, until one reaches a steepest descent

contour where the variation of the integrand is real, i.e. such that the differential

dW is real (Im(dzW′(z)) = 0). The steepest descent path goes through some saddle

points, starting and ending in valleys, i.e. along directions where Re(W) goes to

−∞.

It is clear from Fig. 5 that when u = v = 0, the original contour must be deformed

in the white regions only. The steepest descent path is depicted in blue. It goes
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Figure 5: The steepest descent path in the w plane for v = 0, u = 0.

through the three saddles points at w = −1, w = −i and w = 1 (depicted in green),

and does not go through the saddle point at w = i. One notes that Re(W) = 0

at these three saddle points. Therefore the three saddle points contribute by some

power of t times an oscillatory term in the large t limit. These are the three terms

discussed in the z-plane representation in sect. 4.2.1. The analysis of this section

can of course be repeated here. The dominant (least decreasing power) term comes

from the w = −1 saddle point.

4.4.4 Velocity v < vc

Fig. 6 shows how the saddle points and the steepest descent integration path evolve

when v increases, but stays below vc. The two leftmost saddle points (in green)

move along the unit circle and come closer as v increases. The fact that they are

on the unit circle means that the potential W given by (95) is purely imaginary

at these two saddle points. The rightmost triple saddle points splits into three

separate simple saddle points. Only one of them (in green) is picked by the steepest

descent path, and it is the one with Re(W) < 0. Therefore is will give a subdominant

(exponentially decaying with t) term. The two other ones have respectively Re(W) =
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0 and Re(W) > 0 but are not relevant, since they do not lie on the steepest descent

contour.
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Figure 6: Three steepest descent paths in w for 0 < v < vc, u = 0.

Through the steepest descent method, the two relevant saddle points w1 and w2

give for the amplitude to move along the spine, with n = v t+ ñ, large t asymptotics

of the form given in (99). It is a universal decaying power t−1/2, multiplied by a

sum of two oscillatory terms, whose amplitudes ak and wave numbers Φk, k = 1, 2,

depend on the velocity v. The Φ’s are nothing but the imaginary part of the potential

W at the saddle points w1 and w2. The amplitudes are obtained from the second
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derivatives W′′ and the integrand in (88) at the two saddle points:

At(0, 0;n, 0) =
1√
t

(
a1(v)w1(v)−ñ eitΦ1(v) + a2(v)w2(v)−ñ eitΦ2(v)

)
+ O(t−1). (97)

The two relevant saddle points are on the left half of the unit circle, i.e. Re(w) <

0, |w| = 1, and thus correspond in the z plane to points on the real interval −3 <

z < −1. They are associated to eigenmodes of the original Hamiltonian of the form

(25), which are localized on the spine (n direction) and decay exponentially along

the teeth (j direction). Therefore, the part of the wavefuntion which propagates

along the spine in the n→ ±∞ direction stays localized close to the spine and one

does not find a probability flux along the teeth in the j →∞ direction for large n.

4.4.5 Velocity v = vc

At the critical velocity vc (91) the two relevant saddle points merge at wc = e−2iπ/3

which is now a double saddle point. This is depicted on Fig. 7 and wc is now the single

relevant saddle point. Note that the steepest descent path changes discontinously,

and does not go to the valley at w = 0. The subdominant rightmost saddle point

stays subdominant since for this one Re(W) < 0.
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Figure 7: The steepest descent path in the w plane at the critical velocity v = vc,
u = 0.
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A steepest descent analysis, similar to the one performed in subsection 4.3.3 for

the critical tooth velocity uc = 2 and v = 0, shows that the correct scaling to study

the asymptotics of the amplitude at the critical spine velocity is

n = vc t+ n̂ t1/3 (98)

and that the amplitude has an Airy profile in the n̂ variable similar to the one

obtained in (70) for the propagation along a tooth at the critical velocity.

4.4.6 Velocity v > vc

When v is greater than vc, the double saddle point splits into two simple saddle

points. One (w1′ in black) is such that Re(W) > 0. The other one (w2′ in green)

is such that Re(W) < 0. It is this last one which is picked by the steepest descent

path. The second rightmost saddle point (w3 in green) which was subdominant at

v = vc stays subdominant. This is depicted on Fig. 8.
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Figure 8: Two steppest descent paths in the w plane for v > vc, u = 0.

Steepest descent analysis now shows that the amplitude decays exponentially:

At(0, 0;n, 0) =
1√
t
a(v)w2′(v)−ñ e−t χ(v) ei t φ(v) (99)

with W(w2′) = −χ+ iφ and χ(v) increases with v.
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4.4.7 Discussion

We have considered the case v > 0 but the case v < 0 is similar and symmetric.

The global picture which emerges from this analysis is the following: A part of the

wave packet moves along the spine and goes to infinity in the n → ±∞ directions.

The evolution of the amplitude along the spine is qualitatively similar to that for

the quantum walk on the discrete line Z, or along a tooth. A front with an Airy

profile moves at a constant velocity vc =
√

27/16, which is different from the case

of the line, where vc = 1, and of the tooth (half-line) where vc = 2. It is followed

by a wave function (with a biperiodic fine structure) which contains the bulk of the

quantum probability amplitude.

4.4.8 Probability to be close to the spine at large t

Here we calculate the probability to be at a finite distance from the spine in the

t → ∞ limit. We need to calculate the amplitude At(0, 0;n, j) with n = vt + ñ,

where ñ and j are O(1) as t→∞ and we assume n > 0 without loss of generality.

Since now we have a factor z−j in the integral representation for the amplitude it

is easier to go back to the z-representation. We can assume that v < vc since the

v > vc gives an exponentially decaying contribution. The saddle point equation in

the z variable reads

i(1− z−2)− vw
′
+(z)

w+(z)
= 0. (100)

There are two solutions z1 and z2, z1 < z2, which lie in the interval (−3,−1) along

the cut in the lower half plane corresponding to the two saddle points w1 and w2 in

the w-plane discussed in subsection 4.4.4. The saddle point approximation gives

At(0, 0;n, j) =

√
2π√
t

[
I(z1)etW(z1)

w+(z1)nzj1
√

W′′(z1)
+ (z1 7→ z2)

]
, (101)

cf. (58). We note that the potential W is pure imaginary at the saddle points and

|w+(zk)| = 1, k = 1, 2. The absolute value squared of the amplitude gives the

probability to be at the vertex (n, j) at time t. Averaging this probability over
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ñ, the cross terms in the probability average to 0, and we get the coarse grained

probability to be at n = vt in the same way as in subsection 4.3.5:

Q(vt, j; t) =
2π

t

[ |I(z1)|2
|W′′(z1)||z1|2j

+ (z1 7→ z2)

]
. (102)

Here w+ and etW have vanished since they have absolute value 1 at the saddle points.

Converting a sum over n to an integral over v we find that the probability to be at

a distance j from the spine in the large t limit is given by

PS(j) = 2π

∫ vc

0

dv

[ |I(z1)|2
|W′′(z1)||z1|2j

+ (z1 7→ z2)

]
. (103)

We split the integral in two parts and make a change of variable v → z1 = z for

−3 < z < −2 and v → z2 = z for −2 < z < −1. Then we find

PS(j) = 2π

∫ −1

−3

dz

∣∣∣∣dvdz
∣∣∣∣ |I(z)|2
|W′′(z)||z|2j . (104)

By a simple calculation we find that

dv

dz
= w+

dz

dw+

. (105)

Furthermore, |w+(z)| = 1 for −3 < z < −1 and∣∣∣∣dw+

dz

∣∣∣∣ =
1√

(z + 3)(1− z)
(106)

so

PS(j) =
1

2π

∫ −1

−3

dz
(1− z−2)2

z2j
√

(z + 3)(1− z)
, (107)

where we have used that I(z) = (2iπ)−1(1 − z−2)((z + 3)(1 − z))−1/2. The total

probabiity of being a finite distance away from the spine in the t→∞ limit is then

PSpine =
∞∑
j=0

PS(j) =
1

2π

∫ −1

−3

dz
1− z−2√

(z + 3)(1− z)
. (108)

This integral can be evaluated analytically and the numerical value is 0.368469 . . .

so PSpine + PTeeth = 1 as expected from the unitarity of the time development.
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As in subsection 4.3.7, the probability PS(j) can be caculated directly with-

out making use of the coarse grained probability. We outline the argument. The

probability to be at a distance j from the spine at time t is given by

qt(j) =
∞∑

n=−∞

|At(0, 0;n, j)|2. (109)

Noting that |At(0, 0;n, j)| = |At(0, 0;−n, j)| we can do the sum over n and find

qt(j) = − 1

(2π)2

∮
dz1

∮
dz̄2 I(z1)I(z̄2)(z1z̄2)−je−itE(z1)+itE(z̄2) 1 + w(z1)w(z̄2)

1− w(z1)w(z̄2)
,

(110)

where w(z) ≡ w+(z) and the integration contours are as before. We now make a

change of variables zi → w1 = w(z1) and z2 → w2 = w(z2). We have

dw

w
=

dz√
(z + 3)(z − 1)

(111)

so

qt(j) = − 1

(2π)2

∮
dw1

w1

∮
dw̄2

w̄2

(1− z−2
1 )(1− z̄2

−2)

(z1z̄2)j
e−itE(z1)+itE(z̄2) 1 + w1w̄2

1− w1w̄2

, (112)

where the integration contours for w1 and w̄2 are the ones corresponding to the ones

in the z1 and z2 planes as explained in subsection 4.4.2. We fix w̄2 on the original

contour and deform the w1 integration contour to the speepest descent path. Then

we pick up poles when we deform through the poles which occur at w1 = w̄2
−1.

The steepest descent integral tends to 0 as t→∞ by the same argument as before.

Viewing E as a function of w we see that E(w) = E(w−1) since z does not change as

w 7→ w−1. We conclude that the pole contribution is t independent. By inspection

we see that w̄2 must be located on the unit circle in the upper half plane between

−1 and i in order for the deformation to hit the poles. Hence,

PS(j) = lim
t→∞

qt(j) =
i

π

∫
γ

dw

w
(1− z−2)2z−2j, (113)

where γ is the part of the unit circle between −1 and i and we have renamed the

integration variable. Changing the integration variable back from w to z we find the

integral (107).
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4.5 Propagation in the bulk: u > 0, v > 0

The saddle point equation W′(w) = 0 reduces to an algebraic equation of degree six:

i(w − 1)3(w + 1)(w2 + 1)

w(w2 − w + 1)2
− u (w + 1)(w − 1)

(w2 − w + 1)
− v = 0. (114)

The equation can be studied numerically, and this gives the general features of the

six saddle points and the steepest descent path for the amplitude in the complex w

plane. An example in given on Fig. 9 for the values u = .5, v = .5, but the features

are generic.
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Figure 9: Example of steepest descent path in w for v > 0, u > 0

The main result is that as soon as u and v are nonzero (and positive), there

are generically six distinct saddle points. Three of them are in the “dangerous”

Re(W) > 0 region (in gray) and three of them in the “allowed” Re(W) < 0 region

(in white). The original integration path (in brown) must be deformed in the white

region only. In the example depicted in Fig. 9, it picks the tree allowed saddle points

(in green), which have a strictly negative Re(W). At large times the asymptotics of

the amplitude in the bulk of the comb for the (j, n) variables,

j = ut n = vt with u > 0 , v > 0, (115)
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has an exponential decay of a generic form similar to (75) (u > uc, v = 0) or (99)

(u = 0, v > vc) :

At(0, 0;n, j) =
1√
t
a(u, v) e−t χ(u,v) ei t φ(u,v), (116)

with χ = −Re(W(w?)) and φ = Im(W(w?)), where w? is the dominant saddle point,

i.e. the one with the least negative Re(W). In the case of Fig. 9, it turns out that

w? is the second saddle point (in c.c.w. order) with the largest Im(w), i.e. the

saddle point which is the continuous deformation of the saddle poit at w = −i when

u = v = 0.

This is general, and means that there is no propagation in the bulk of the comb.

The quantum random walks propagates only along the teeth which are close to the

initial point (in our case n = j = 0), and along the spine in both directions.

The behaviour of the saddle points and the steepest descent path as a function

of u and v is somewhat involved and it is an interesting mathematical problem

to study it. Depending on the values of u and v, the steepest descent path may

pick one, two or the three of the allowed saddle points. This is however not very

relevant for the physics, where it is enough to know that there is an exponential

decay of the amplitude at large t. We shall discuss and illustrate the different cases

in Appendix C

5 Discussion

We have studied in some detail the behaviour of quantum random walk on an infinite

comb. The analysis is of course much simplified due to the translational invariance

along the spine so in particular the eigenfunctions of the Hamiltonian are Bloch

waves. The time matrix elements of the development operator have an explicit

representation as a contour integral which can be studied by the steepest descent

method. The main result is that the quantum walk is ballistic both along the spine

and into the teeth, but the wave function decays exponentially into the bulk of
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the combs. Starting from a vertex on the spine, in the teeth and along the spine

close to starting point, the quantum walk behaves qualitatively as quantum random

walk on the discrete line. The quantum spectral dimension is dqs = 2, and differs

from the classical spectral dimension ds = 3/2 of the infinite comb. We recall that

the classical Hausdorff dimension of the infinite comb is dH = 2. These different

behaviours correspond to the different large time geometrical scaling of the region

where the walker is most likely to be located.
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Figure 10: The shaded region indicates where the quantum walker is most likely to
be located as t→∞.

The quantum walker moves with a maximal speed vc along the spine (n direction)

and a maximal speed uc along the tooth (j direction, as depicted in Fig. 10. The

classical random walker (classical diffusion) is located in a region which scales as

t1/2 in the j direction, and only as t1/4 in the n direction, as depicted in Fig. 11. A

classical ballistic walker (geodesic flow) is located in in a region which scales as t

both in the j direction and in the n direction, as depicted in Fig. 12.

One can easily replace the spine by the higher dimensional lattice Zd and find

the spectrum and eigenfunctions of the Hamiltonian as done in this paper. There

are eigenfunctions which decay exponentially in the teeth and we expect that the

steepest descent analysis can be used to study the probability amplitudes in this

case as well.
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Figure 12: Geodesic straight walker

When the teeth are finite rather than infinite we have a different problem: The

walk cannot disappear into the teeth so the quantum walk is expected to be quali-

tatively as on the discrete line..

What we find interesting about the infinite comb studied in this paper is the fact

that there are eigenfunctions of the Hamiltonian which are exponentially decaying in

the teeth and concentrated on the spine. It would be of interest to find out whether

it is a generic feature of infinite inhomogeneous graphs that some eigenfunctions are

concentrated on some infinite subgraphs.

The ultimate goal is to study quantum random walk on infinite random graphs.
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One could for example consider combs with random teeth as has been done for

classical random walk [17]. In this case one might encounter the phenomenon of

localization, which is found for quantum random walk on the line with a random

potential [3, 15, 16], since it is natural to conjecture that random teeth could mimick

the effects of a random potential.

Another direction is to address this problem on the so called quantum graphs,

see e.g. [18], which are composed of continuous segments characterized by their

individual length, instead of the discrete structures where the quantum walker hops

from site to site. One more interesting problem is the case of random planar graphs,

and their d > 2 extensions, which appear in the context of quantum gravity, see e.g.

[19].
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Appendices

A Calculation of N(α, θ)

Using the definition (17) we calculate

〈θ′, α′|θ, α〉 =
∞∑

n=−∞

∞∑
j=0

[
Ā′e−iα

′n−iθ′j + B̄′e−iα
′n+iθ′j

] [
Aeiαn+iθj +Beiαn−iθj

]
where A′ and B′ are the coefficients defined in (22) with α and θ replaced by their

primed counterparts. The sum over n is trivial and we find

〈θ′, α′|θ, α〉 = 2πδ(α−α′)
∞∑
j=0

[
(y+e−iθ

′
)(y+eiθ)ei(θ−θ

′)j−(θ → −θ)−(θ′ → −θ′)+(θ ↔ θ′)
]

We view the sum over j as a distribution in θ and θ′ and use the regularization
∞∑
j=0

eiφj = lim
ε↓0

∞∑
j=0

eiφj−εj = lim
ε↓0

1

1− eiφ−ε .

Then the sum over j becomes

S(θ, θ′) =
(y + e−iθ

′
)(y + eiθ)

1− ei(θ−θ′)−ε − (θ → −θ)− (θ′ → −θ′) + (θ ↔ θ′) (117)

and we drop writing limε↓0. Putting the four terms above on a common denominator

we obtain
f(θ, θ′)− f(θ,−θ′)

[1 + ζ2 − 2ζ cos(θ + θ′)] [1 + ζ2 − 2ζ cos(θ − θ′)] (118)

where ζ = e−ε and

f(θ, θ′) = 2
[
y2(1− ζ cos(θ − θ′)) + y(1− ζ)(cos θ + cos θ′) + cos(θ − θ′)− ζ

][
1 + ζ2 − 2ζ cos(θ + θ′)

]
If θ 6= θ′ then the denominator in (118) is bounded away from zero for all values

of ε and we can let ε go to 0. In that limit the two terms in the numerator cancel

exactly. It follows that the distribution S defined in (117) has support at θ = θ′.

For θ ≈ θ′ we can write the denominator in (118) as

[2− 2 cos(θ − θ′) +O(ε)]
[
ε2 + (1 +O(ε))(θ − θ′)2 +O((θ − θ′)3)

]
.
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In order to identify the distribution (118) we need to expand the numerator in ε. If

the first order term in ε is nonzero at θ = θ′ we obtain a δ-function at θ = θ′ and

this turns out to be the case. A straightforward calculation shows that in the sense

of distributions

S(θ, θ′) = 2π(1 + 2y cos θ + y2)δ(θ − θ′)

which establishes (24).

B Completeness of the eigenfunctions

We need to show that∫ 2π

0

dα

∫ π

0

dθ N−1(α, θ)φ̄α,θ(n, j)φα,θ(n
′, j′) +

∫ 3π/2

π/2

dα ψ̄α(n, j)ψα(n′, j′) = δnn′δjj′ .

(119)

Using (17), (23) and

N(α, θ) = 4π2(y + eiθ)(y + e−iθ) (120)

the first integral can be written

1

4π2

∫ 2π

0

dα

∫ π

0

dθ eiα(n′−n)

(
eiθ(j

′−j) + eiθ(j−j
′) − y + e−iθ

y + eiθ
e−iθ(j+j

′) − eiθ

y + e−iθ
eiθ(j+j

′)

)
.

The sum of the first two terms in the above integral is δnn′δjj′ . Making the change

of variable z = e−iθ in the third term and z = eiθ in the fourth term they combine

into an integral around the unit circle which is easily evaluated. The sum of the last

two terms then becomes

− 1

2π

∫ 3π/2

π/2

dα eiα(n′−n)(1− y−2)(−y)−(j+j′). (121)

It is not hard to check that the second integral in (119) equals (121) with opposite

sign.
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C General analysis of the saddle points in the w

complex plane as a function of the velocity pa-
rameters u and v.

In this appendix we summarize and illustrate the general features of the saddle

points and of the steepest descent path in the w complex place for general values

of the two velocities u and v in the upper-right quadrant u ≥ 0, v ≥ 0. This might

be interesting for readers interested in the full precise mathematical structure of the

large t asymptotics from the point of view of WKB theory and of resurgence theory.

We already discussed these features in the w plane in the original integral rep-

resentation of the wave function u = 0, v = 0 (see Fig. 5) and in the analysis of the

large time behavior of the wave-function along the spine corresponding to the cases

u = 0 and v > 0 (see Fig. 6, Fig. 7 and Fig. 8). A similar analysis can be extended

in the general u ≥ 0 v ≥ 0 case, but we have not attempted a full rigorous analyt-

ical study. We present here pictures obtained by solving numerically the algebraic

saddle point equation and the algebraic equations for the steepest descent curves,

and discuss the corresponding asymptotics.

Firstly, the analysis for v = 0 and u > 0 that we did in the z-plane to study the

large time behaviour of the wave function along the teeth at a finite distance from

the origin can be repeated in the w-plane. On Fig. 13 we illustrate the features for

u ≥ 0. As before, the white regions are the “allowed” regions where the real part

of the potential Re(W(w)) < 0, while the grey regions are the “forbiden” regions

where Re(W(w)) > 0. The first picture is the u = 0 case already discussed. The

steppest descent path goes through the three relevant saddle points at w1 = −1,

w2 = −i and w3 = 1. The second picture illustrates the 0 < u < uc = 2 case. The

path still goes through the three saddle points, but only w2 and w3 are relevant with

Re(W(w2)) = Re(W(w3)) = 0 (oscillatory behaviour of the wave function) while w1

becomes less relevant since Re(W(w1)) < 0 (exponential decay). The third picture is

the critical case u = uc = 2. The w2 and w3 saddle points merge. This corresponds
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Figure 13: The steepest descent path and the saddle points in the w plane along
the v = 0 axis (governs the large t asymptotics along the teeth at a finite distance
from the origin).
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to the Airy-like front behaviour. The forth picture describes the case when u is

slightly larger that uc. The w2 and w3 saddle points split again. One of them w2

is in the allowed region, the other one w3 is in the forbidden region. The steepest

descent path goes through w1 and w2 which are both in the allowed region. This

corresponds to the exponential decay of the wave function. It turns out that the

most relevant (less decaying) saddle point is w2 since Re(W(w1)) < Re(W(w2)) < 0.

The fifth and sixth pictures show an interesting phenomenon. There is a second

critical point at u′c = 2.12207 . . . (numerical estimate) beyond which the steepest

descent path goes only through w2. The saddle point w1 is not relevant anymore.

This is a Stokes phenomenon, and u′c can be viewed as a Stokes point. The segment

Lu = {(u, v) : 0 < u < uc = 2, v = 0} can be viewed as an anti-Stokes line.

We now discuss the general quadrant u ≥ 0, v ≥ 0. Fig. 14 schematically

depicts the structure of the quadrant. Away from the anti-Stokes lines Lu and

Lv = {(u, v) : u = 0, 0 < v < vc} where the large t behaviour is oscillatory, the rest

of the quadrant corresponds to large t exponential decay, controlled by the saddle

points inside the allowed regions of the complex w plane. However, this region is

partitionned into four subregions, labelled A, B, C and C, separated by Stokes lines

LAB, LAC, LCD, LBD, and meeting at a single point P .
In the region A, the steepest descent path goes through the three saddle points

w1, w2 and w3, and the dominant saddle point is w2. An example is shown in Fig. 15.

In the region B, the steepest descent path goes through saddle points w2 and w3,

and the dominant saddle point is still w2, w1 is not relevant anymore. An example

is shown in Fig. 16. In the region C, the steepest descent path goes through saddle

points w1 and w2, and the dominant saddle point is still w2, w3 is not relevant

anymore. An example is shown in Fig. 17. In the region D, the steepest descent

path goes only through the saddle point w2 which is of course the dominant one, w1

and w3 are not relevant anymore. An example is shown in Fig. 18. An example of

configuration on the Stokes line LAB is given on Fig. 19.
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Figure 14: The structure of the (u, v) first quadrant, with the regions A, B, C and
D discussed in the text, the critical points uc and vc, and the Stokes lines separating
the regions.
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Figure 15: Steepest descent path and saddle points in region A
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Figure 16: Steepest descent path and saddle points in region B

46



-4 -2 0 2 4
-4

-2

0

2

4
curve , u = 1.97 , v = 0.1

- 4 - 2 0 2 4
- 4

- 2

0

2

4

- 4 - 2 0 2 4
- 4

- 2

0

2

4

Figure 17: Steepest descent path and saddle points in region C
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Figure 18: Steepest descent path and saddle points in region D
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Figure 19: Steepest descent path and saddle points on line LAB

An example of configuration on the Stokes line LAC is given on Fig. 20. An

example of configuration on the Stokes line LBD is given on Fig. 21. An example of

configuration on the Stokes line LCD is given on Fig. 22. Finally, the configuration

on the special point P where the four Stokes lines meet is given on Fig. 23.

We stress that the dominant sadlle point, which gives the dominant exponential

decay term at large t when u > 0 and v > 0 is always w2, i.e. the deformation

of the saddle point e−iπ/3 when u = v = 0, which is defined unambiguously in

the first quadrant, as long as one does not meet or turn around the critical points

Pu = (uc, 0) = (2, 0) or Pv = (0, vc) = (0,
√

27/16).

To complete the discussion, it is possible to extend the study to the anti-Stokes

lines, where two saddle points w and w′ contribute at the same level to the large

t asymtotics. This happens if the modulus of the exponentially decreasing terms

coming from the two saddle points have the same behaviour, but the terms have

different oscillatory phases. This therefore occurs when Re(W(w)) = Re(W(w′))
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Figure 20: Steepest descent path and saddle points on line LAC
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Figure 21: Steepest descent path and saddle points on line LBD
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Figure 22: Steepest descent path and saddle points on line LCD
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Figure 23: Steepest descent path and saddle points at point P

but Im(W(w)) 6= Im(W(w′)). Let us denote this schematically by

w ≈ w′ ⇐⇒ Re(W(w)) = Re(W(w′)) (anti-Stokes) (122)

and the condition that the contribution of w is dominant w.r.t. that of w′ (if both

are relevant) by

w � w′ iff Re(W(w)) > Re(W(w′)). (123)

We note that the Stokes lines for a pair of saddle points is defined by the Stokes

condition

w ≡ w′ ⇐⇒ Im(W(w)) = Im(W(w′)) (Stokes). (124)

On Fig. 24 we depict for completeness the u − v plane with its anti-Stokes lines in

addition to the Stokes lines discussed above. The anti-Stokes line are the dot-dashed

lines. Note that they meet at an anti-Stokes point where w1 ≈ w2 ≈ w3. The domain
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Figure 24: The full structure of the (u, v) first quadrant, with the Stokes lines
(dashed) and the anti-Stokes lines (dot-dashed). The rightmost picture is an en-
larged view of the grey region near the critical uc point.

A is separated into two subregions A1 (w2 � w1 � w3), A2 (w2 � w3 � w1); the

domain B into three subregions B1 (w1 � w2 � w3), B2 (w2 � w1 � w3), B3

(w2 � w3 � w1); the domain C into two subregions C1 (w2 � w3 � w1), C2

(w3 � w2 � w1); and the domain D into six subregions D1 (w1 � w2 � w3), D2

(w2 � w1 � w3), D3 (w2 � w3 � w1), D4 (w3 � w2 � w1), D5 (w3 � w1 � w2), D6

(w1 � w3 � w2). The relevant saddle points (those picked by the steepest descent

path) are denoted by bold letters.
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