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Abstract. Fluctuations in the initial state of heavy-ion collisions are
larger at RHIC energy than at LHC energy. This fact can be inferred
from recent measurements of the fluctuations of the particle multiplici-
ties and of elliptic flow performed at the two different energies. We show
that an analytical description of the initial energy-density field and its
fluctuations motivated by the color glass condensate (CGC) effective the-
ory predicts and quantitatively captures the measured energy evolution
of these observables. The crucial feature is that fluctuations in the CGC
scale like the inverse of the saturation scale of the nuclei.

Data collected at the CERN Large Hadron Collider (LHC) and at the BNL
Relativistic Heavy Ion Collider (RHIC) indicates that initial-state fluctuations in
relativistic heavy-ion collisions are larger at RHIC. Two observables support this
statement: The relative fluctuations of the charged-particle multiplicity, Nch, in
central collisions, and the relative fluctuations of elliptic flow, v2.

Fluctuations of Nch in nucleus-nucleus collisions probe the fluctuations of
the initial state because they are to a good approximation equal to the relative
fluctuations of initial total entropy of the system. The left panel of Fig. 1 shows
the distribution of charged multiplicity measured by the STAR Collaboration
in Au+Au collisions at

√
s = 200 Gev [1], and by the ATLAS Collaboration in

Pb+Pb collisions at
√
s = 5.02 TeV [2]. The histograms are here rescaled by

their value at the knee, i.e., the mean value of Nch at zero impact parameter,
inferred with the Bayesian procedure of Ref. [3]. The fluctuations of Nch around
the knee quantify the width of the large-multiplicity tail, and this is 1.5 times
larger in STAR data:

σ[Nch](b = 0)

〈Nch〉(b = 0)

∣∣∣∣
RHIC

= 0.065,
σ[Nch](b = 0)

〈Nch〉(b = 0)

∣∣∣∣
LHC

= 0.044. (1)

This implies that initial-state fluctuations are larger at RHIC.
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Fig. 1. Left: Rescaled histograms of the charged-particle multiplicity measured by the
STAR Collaboration [1] and by the ATLAS Collaboration [2]. Right: Rescaled his-
togram of the total energy in the initial state of Pb+Pb and Au+Au collisions obtained
in the CGC model (using the Monte Carlo implementation of Ref. [10]).

Moving on to the relative fluctuations of v2, they also serve as a probe of
the initial state since elliptic flow is a measure of the initial eccentricity, ε2 [4],
of the system, a quantity which originates from the fluctuating geometry of the
initial energy-density field. In general, at a given centrality we have v2 = κε2,
where κ is a response coefficient. The relative fluctuation of v2 can be quantified
by the ratio of the first two cumulant of its distribution, v2{4}/v2{2}, which is
simply equal to ε2{4}/ε2{2} because the coefficient κ cancels in the ratio [5].
This allows us in particular to compare the relative v2 fluctuations between
RHIC and LHC without knowing how the coefficient κ evolves with energy. In
absence of fluctuations, the ratio is equal to unity, while ε2{4}/ε2{2} < 1 for
a fluctuating initial state. The deviation of this quantity from unity quantifies
the amount of fluctuations in the system. I show in Fig. 2 the ratio v2{4}/v2{2}
measured at both RHIC and LHC. STAR data are lower than ATLAS data. The
initial state fluctuates more at RHIC.

Armed with this knowledge, we argue now that the energy evolution of the
previous observables is captured by the model we introduced in Ref. [6], which
treats the initial condition of heavy-ion collisions as the energy density field
produced immediately after (τ = 0+) two sheets of Color Glass Condensate [7]
cross each other. The statistics of energy-density fluctuations in this model was
derived in Ref. [8]. The local average (1-point function) of energy density reads:

〈ρ(s)〉 =
4

3g2
Q2

A(s)Q2
B(s), (2)

where s is a transverse coordinate, and Q2
A/B is the saturation scale (squared)

of nucleus A/B, which we take proportional to the nuclear density integrated
along the collision axis (thickness function), usually denoted by TA/B , with a
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Fig. 2. Ratio of the first two cumulants of elliptic flow, v2{4}/v2{2}. Symbols are STAR
data (diamonds) [1] and ATLAS data (circles) [2]. Lines are the results of the CGC
model. Figure from [6].

coefficient in front, Q2
s0, which gives the value of the saturation scale at the

center of the nucleus. Fluctuations of energy density are, at leading logarithmic
accuracy, given instead by the following short-range connected 2-point function:

〈ρ(s1)ρ(s2)〉 − 〈ρ(s1)〉〈ρ(s2)〉 = δ(r)ξ(s),

with s = (s1 + s2)/2 and r = s1 − s2, and

ξ(s) =
16π

9g4
Q2

A(s)Q2
B(s)

[
Q2

A(s) ln

(
Q2

B(s)

m2

)
+Q2

B(s) ln

(
Q2

A(s)

m2

)]
, (3)

where m is an infrared scale which cuts off the correlation of two color sources
in the transverse plane. We shall use m = 0.14 GeV, i.e., the pion mass. Let us
study, then, the previous observables within this model.

The relative fluctuations of the total energy per unit longitudinal length, E,
are equal to:

σ[E]

〈E〉 =

√∫
s
ξ(s)∫

s
〈ρ(s)〉 ∝

1

Qs0
, (4)

neglecting slowly-varying logarithms. Now, fits of the Bjorken-x evolution of
structure functions measured at HERA indicate that the saturation scale evolves
with collision energy as follows [9]:

Qs[LHC]

Qs[RHIC]
=

( √
sLHC√
sRHIC

)0.14

≈ 1.5. (5)

This yields the same factor 1.5 obtained in the comparison between the relative
fluctuations of multiplicity at RHIC and LHC in Eq. (1). Multiplicity fluctu-
ations, hence, are quantitatively consistent with an 1/Qs scaling, precisely as
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predicted by our model [Eq. (4)]. To visualize how the fluctuations of E look like,
we compute its distribution using the magma model [10], a Monte Carlo imple-
mentation of event-by-event profiles that fluctuate according to Eqs. (2) and (3).
The distributions of E for RHIC and LHC are shown in Fig. 1, on the right.
Note that the different values of Qs0 used in the calculations were fitted from
anisotropic flow data [6], and are consistent with the HERA scaling, Eq. (5).
Computing Eq. (4), in central collisions we obtain:

σ[E](b = 0)

〈E〉(b = 0)

∣∣∣∣
RHIC

= 0.134,
σ[E](b = 0)

〈E〉(b = 0)

∣∣∣∣
LHC

= 0.088. (6)

These numbers are essentially larger by a factor 2 than those given in Eq. (1),
as also suggested by the width of the tails of the histograms in Fig. 1. This
is consistent with the fact that the distribution of E will receive an important
correction from the pre-equilibrium dynamics of the system during the first fm/c
of its evolution [11]. The relative fluctuations of entropy at equilibrium are in
fact expected to be significantly smaller than those of the initial energy [12].

Finally, let us compute the fluctuations of elliptic flow. As anticipated, these
originate from the fluctuations of the initial ε2. Following Blaizot et al. [13], and
neglecting slowly-varying logarithms, the rms eccentricity due to fluctuations
can be written as: √∫

s
|s|4ξ(s)∫

s
|s|2〈ρ(s)〉 ∝

1

Qs0
. (7)

The saturation scale appears in the denominator. Interestingly, this implies that
ε2 is larger at RHIC than at LHC. Nevertheless, the measured v2 is smaller
at RHIC, because the response κ is strongly suppressed by the lower collision
energy. Relative fluctuations, though, do not depend on κ and can be gen-
uinely compared. The CGC, thus, naturally predicts that they are larger at
RHIC, in agreement with the experimental data shown in Fig. 2. Results on
v2{4}/v2{2} = ε2{4}/ε2{2} in the CGC are reported as lines in Fig. 2, and
describe quantitatively the data.

In summary, the energy evolution of fluctuations provides a powerful probe of
the initial state of nucleus-nucleus collisions. Experiments indicate that initial-
state fluctuations in heavy-ion collisions are larger at RHIC than at LHC. This
feature is both qualitatively and quantitatively captured by the CGC-inspired
model of Ref. [6], where fluctuations are inversely proportional to the saturation
scale of the colliding nuclei.
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