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disorder strength of w = 0.5, when the Dresselhaus SOC
β is absent, the Majorana polarization PMx still behaves
qualitatively similar to the x-axis spin polarization, as
described in Fig. (4) (y-polarizations remain zero). Note
that, for this disorder strength, Majorana states can still
be observed on the edges. Moreover the bulk states near
the gap become slightly Majorana- and spin-polarized
(however they are not full Majorana states).
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FIG. 4: The dependence of the Majorana polarization and
x-spin-density on energy and position for a weak-disorder
w = 0.5. ∆ = 0.3, Vz = 0.4, µ = 0, α = 0.2, and β = 0

Finally, we consider the presence of a Dresselhaus
SOC, when the Rashba SOC is absent. We find that
Majorana fermions are present, as illustrated in Fig. (5).
The local density of states reveals zero energy edge
states, and a plot of the PMy identifies them as Majo-
rana states. Here the transverse spin polarization has
only a non-zero component along the y-axis, that, as
expected, is proportional to PMy .
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FIG. 5: Density of states and Majorana polarization PMy at
∆ = 0.3, Vz = 0.4, µ = 0, α = 0, and β = 0.2.
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FIG. 1: The spin polarization along the z and x directions,
and the Majorana polarization PMx , as a function of energy
and position, ∆ = 0.3, Vz = 0.4, α = 0.2, β = 0 and µ = 0.

exhibit a spatial precession in Majorana space; we have
verified numerically that this is indeed the case.

We examine if Majorana polarization is a good or-
der parameter to characterize the topological transition.
This is done by varying one of the parameters (∆, Vz , µ)
to drive the system in a trivial phase. In Fig. (2), we vary
Vz , and indeed we see that the system becomes trivially
gapped (no Majorana bound states) for Vz ≤ ∆. The
inset describes the dependence of the half-wire integral
of the Majorana polarization for one of the lowest-energy
states as a function of Vz (an integral of 0.5 is equivalent
to a “full” Majorana state). The Majorana polarization
decreases smoothly to zero below the critical value of Vz.
The same phenomenon can be observed in the second
panel, where we plot the spatial distribution of the Ma-
jorana polarization as a function of Vz. We have noted
that the transition becomes sharper when increasing the
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FIG. 2: First panel: lowest-energy eigenvalues and the
half-wire integral of the Majorana polarization (inset) as a
function of Vz. Second panel: Majorana polarization of the

lowest-energy state as a function of position and Vz.
Parameters: ∆ = 0.3, µ = 0, β = 0, and α = 0.2

size of the system. The same qualitative features are
obtained when ∆ and µ are varied across the topological
transition (the dependence on µ is presented in SM). This
shows that the Majorana polarization (and density) is a
good local order parameter for the topological transition
at V 2

z = ∆2 + µ2. This suggests that the Majorana po-
larization can be used to investigate disordered wires22,
and indeed, as shown in SM, in the presence of disorder it
exhibits interesting features such as a weak polarization
of the low energy bulk states23. Moreover, the spin and
Majorana polarization exhibit similar spatial structure,
even in the presence of disorder.

Conclusion–To summarize, we have found that the Ma-
jorana end states are oppositely spin-polarized in the
transverse spin-plane, and the direction of polarization
depends on the relative weight of the Rashba and Dressel-
haus SOC in the wire. Moreover, we have proposed a new
wave-function-based measure of the Majorana character
of a system, which we denote Majorana polarization. We
have seen that this quantity is related to the electronic
spin polarization and we have proposed to test the Majo-
rana character of a 1D system using spin-polarized STM
measurements. While the density of states measurements
can only give information about the existence of a lo-
calized state at a given energy, without telling anything
about its Majorana character, such a spin-polarized mea-
surement can make the difference between a Majorana

Tight binding numerical solution - Majorana chain
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where ⇠p ⌘ p2

2m0
� p

2
F

2m0
with p

F

denoting the Fermi mo-
mentum, m0 the quasiparticle mass and { the p-wave
pairing parameter. Such a low-energy description enables
us to obtain in the limit of U ! 1 an exact analytical
solution of the Eq. (16) for the poles of the T-matrix, and
the result is relatively simple

E± = ±{p
y

(18)

We note that when p

y

! 0, E ! 0, which is consistent
with previous findings. These two solutions correspond
to counterpropagating chiral Majorana modes.

To obtain information about the higher energy bound
states we plot the the average perturbed spectral function
A(p, E) = � 1

⇡

Im{Tr[G(p,p, E)]}. The poles of the spec-
tral function contain both the unperturbed band struc-
ture, as well as the impurity-induced bands. In order to
obtain the energy dispersion of the bound states along
the impurity direction we will take p

x

= 0 and plot
A(0, p

y

, E) as a function of p
y

and E. In Fig. 4 we con-
sider two values of the impurity strength U/t = 1 and
U/t = 100. For a small impurity we note the formation
of a finite-energy dispersive Shiba band (see Fig. 4a),
while for the very large impurity this band touches zero
at p

y

= 0 (see Fig. 4b), marking the separation of the
system in two independent ones and the formation of
chiral Majorana states. Note here that the bands above
the gap correspond to the bulk unperturbed states of the
system, while the subgap band is the impurity-induced
band. Note also the agreement with the low-energy ap-
proximation, close to p

y

= 0 the energy dispersion of the
bound states is indeed described by E± = ±{p

y

with
{/t = 0.4.

We compare this with a fully-numerical analysis of the
spectrum of a ribbon, obtained using a full tight-binding
exact diagonalization via the MatQ code, and plotted in
Fig. 5. We note the bulk ribbon bands (denoted in blue),
quantized due to the finite-size of the ribbon in the x di-
rection. For comparison we also give the infinite-system
band structure superposed as dashed yellow lines. We
also note the formation of the Majorana edge states cross-
ing at p

y

= 0 (cf. E± = ±{p
y

obtained above, denoted in
red). We note the remarkable agreement between the an-
alytical and the numerical techniques, both for the bulk,
and especially for the subgap impurity states.

Conclusions. We have developed an exact formalism,
which provides us with a direct manner to describe the
formation of boundary modes. The technique is based
on calculating the energies and the wavefunctions of the
impurity-induced states in the presence of a point-like
impurity (1D), line-like impurity (2D) or a plane-like im-
purity (3D) using the T-matrix formalism. We should
point out that this formalism does not require making
neither a low-energy approximation, nor any supplemen-
tary assumptions, and for the systems for which the form
of the real-space Green’s function can be derived analyt-
ically it does not even require a numerical integration.

Figure 4. On the left (right) panel we present the average
spectral function of a 2D infinite system in the presence of a
weak (strong) line-like impurity, plotted as a function of the
momentum along the impurity py. For a weak impurity we
take U/t = 1 and we see clearly the formation of a subgap
Shiba band, which for the strong impurity with U/t = 100
morphs into chiral dispersive Majorana modes with energies
E± = ±{py. We have set µ/t = 0.5, {/t = 0.4, and the
quasiparticle broadening �/t = 0.03.

Figure 5. The band structure of a 2D infinite ribbon obtained
via numerical diagonalization of the tight-binding Hamilto-
nian. We note the formation of chiral dispersive Majorana
modes with energies E± = ±{py, as expected theoretically
for a 2D Kitaev model. Parameters are the same as in Fig. 4,
and the width of the ribbon is 101 sites. The infinite system
(bulk) spectrum is denoted by the dashed yellow lines.

We have checked that our formalism is fully consis-
tent with a full tight-binding numerical approach, which
together with solving directly the Schrödinger equation
with specific boundary conditions were till present the
choice tools to recover the dispersion of boundary modes.
We have applied our method to 1D and 2D Kitaev mod-
els to describe the formation of Majorana states, but we
note that this formalism can be generalized very easily

Majorana  
1D edge states
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FIG. 1. The phase diagram of a 1D superconducting nanowire
obtained with topological invariant calculation as a function
of the chemical potential µ and the magnetic field along the
wire B = B

x

(the phase diagram remains the same in the case
of a magnetic field perpendicular to the wire B = B

z

). We
set � = 0.2t,�

x

= 0.5t.

becomes cumbersome to isolate two sets of N continuous
solutions k

i

(with opposite imaginary parts) and plug
them into the counting formula to get the total number
of MBS. Thus we will use the singular points method
only to find the phase-transition lines. In order to find
the number of MBS pairs in a given phase we will rely
on the numerical tight-binding calculations.

III. 1D WIRES AND 2D RIBBONS

A. 1D wire

We start by describing the well-known phase diagram
of a 1D SC wire which we take to be lying along the x-
axis (N

y

= 1 and N
x

� 1). In the presence of a magnetic
field the time-reversal symmetry (TRS) is broken, and
only the particle-hole symmetry (PHS) holds, therefore
the system is in the topological class D described by a Z2

invariant.45 If the applied magnetic field is perpendicu-
lar to the spin-orbit direction, i.e. either B = (0, 0, B

z

)
or B = (B

x

, 0, 0), the SC wire enters a gapful topo-
logical phase as soon as B

x

or B
z

become larger than
p

(µ� 2t
x

)2 +�2. The corresponding phase diagram is
shown in Fig. 1. Further details of the Z2 invariant cal-
culation can be found in the first subsection of Appendix
A.

B. 2D ribbon

In this subsection we study a 2D ribbon with a finite
but large number of sites in the y-direction (N

y

� 1),
and infinite in the x-direction N

x

! 1 (see Fig. 2). We
set �

x

= �
y

= � and t
x

= t
y

= 1. We are interested in the
zero-energy solutions localized at the edges of the ribbon.
In Fig. 3 we plot the band structure of this system for an
in-plane magnetic field B

y

parallel to the y-axis (perpen-
dicular to the ribbon edges), as well as the topological
phase diagram of such a ribbon obtained using the tight-
binding numerical diagonalization and the evaluation of
the MP as described in section II. First of all, we note
that the spectrum is PHS even though the band structure
is not. Second, as we can see from the band structure,
the system may become gapless, i.e. there are region in
the momentum space in which the gap in the spectrum is
closing. However, despite the fact that there is no overall
gap, chiral MBS do form, and they correspond to values
of momenta in which the bulk spectrum remains gapped
(e.g. k

x

a = 0 and k
x

a = ⇡). Such states are localized
and propagate along the edges of the ribbon. We should
note that similar situations in which the closing the gap
can occur for certain regions in the parameter space have
been previously studied, and it has been shown that, de-
spite the absence of an overall gap, the system can still be
topological, and support MBS.47–51 The number of MBS
pairs varies from 0 to 2, depending on the parameters of
the system (see Fig. 3). However, the case of two Majo-
rana fermions propagating at the same boundary is not
stable, and in the absence of protection by TRS, for ex-
ample in the presence of small disorder, such states would
combine to form a conventional fermionic state. Thus the
system is topologically non-trivial only when the number
of MBS pairs is equal to 1. It is also worth mentioning
that the number of sites in the y direction must be large
enough so that the overlap of the wave functions of the
two Majorana states localized on the two opposite edges
of the ribbon is exponentially small, and that these states
cannot hybridize and acquire a finite energy.

FIG. 2. A sketch of a 2D ribbon along x-axis with a magnetic
field B = B

y

perpendicular to its edges. The black sites
denote the edges of the ribbon where the chiral Majorana
modes are localised.

Note that if the magnetic field is applied along the x-
axis the system is also gapless, however, in this case no
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obtain the energy dispersion of the bound states along
the impurity direction we will take p

x

= 0 and plot
A(0, p

y

, E) as a function of p
y

and E. In Fig. 4 we con-
sider two values of the impurity strength U/t = 1 and
U/t = 100. For a small impurity we note the formation
of a finite-energy dispersive Shiba band (see Fig. 4a),
while for the very large impurity this band touches zero
at p

y

= 0 (see Fig. 4b), marking the separation of the
system in two independent ones and the formation of
chiral Majorana states. Note here that the bands above
the gap correspond to the bulk unperturbed states of the
system, while the subgap band is the impurity-induced
band. Note also the agreement with the low-energy ap-
proximation, close to p

y

= 0 the energy dispersion of the
bound states is indeed described by E± = ±{p

y

with
{/t = 0.4.

We compare this with a fully-numerical analysis of the
spectrum of a ribbon, obtained using a full tight-binding
exact diagonalization via the MatQ code, and plotted in
Fig. 5. We note the bulk ribbon bands (denoted in blue),
quantized due to the finite-size of the ribbon in the x di-
rection. For comparison we also give the infinite-system
band structure superposed as dashed yellow lines. We
also note the formation of the Majorana edge states cross-
ing at p

y

= 0 (cf. E± = ±{p
y

obtained above, denoted in
red). We note the remarkable agreement between the an-
alytical and the numerical techniques, both for the bulk,
and especially for the subgap impurity states.

Conclusions. We have developed an exact formalism,
which provides us with a direct manner to describe the
formation of boundary modes. The technique is based
on calculating the energies and the wavefunctions of the
impurity-induced states in the presence of a point-like
impurity (1D), line-like impurity (2D) or a plane-like im-
purity (3D) using the T-matrix formalism. We should
point out that this formalism does not require making
neither a low-energy approximation, nor any supplemen-
tary assumptions, and for the systems for which the form
of the real-space Green’s function can be derived analyt-
ically it does not even require a numerical integration.

Figure 4. On the left (right) panel we present the average
spectral function of a 2D infinite system in the presence of a
weak (strong) line-like impurity, plotted as a function of the
momentum along the impurity py. For a weak impurity we
take U/t = 1 and we see clearly the formation of a subgap
Shiba band, which for the strong impurity with U/t = 100
morphs into chiral dispersive Majorana modes with energies
E± = ±{py. We have set µ/t = 0.5, {/t = 0.4, and the
quasiparticle broadening �/t = 0.03.

Figure 5. The band structure of a 2D infinite ribbon obtained
via numerical diagonalization of the tight-binding Hamilto-
nian. We note the formation of chiral dispersive Majorana
modes with energies E± = ±{py, as expected theoretically
for a 2D Kitaev model. Parameters are the same as in Fig. 4,
and the width of the ribbon is 101 sites. The infinite system
(bulk) spectrum is denoted by the dashed yellow lines.

We have checked that our formalism is fully consis-
tent with a full tight-binding numerical approach, which
together with solving directly the Schrödinger equation
with specific boundary conditions were till present the
choice tools to recover the dispersion of boundary modes.
We have applied our method to 1D and 2D Kitaev mod-
els to describe the formation of Majorana states, but we
note that this formalism can be generalized very easily

Tight binding numerical solution - Majorana ribbon 
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We provide here a new and exact formalism to describe the formation of end, edge or surface states
through the evolution of impurity-induced states. We propose a general algorithm that consists of
finding the impurity states via the T-matrix formalism and showing that they evolve into boundary
modes when the impurity potential goes to infinity. We apply this technique to obtain Majorana
states in 1D and 2D systems described by the Kitaev model with point-like and respectively line-like
impurities. We confirm our exact analytical results by a numerical tight-binding approach. We argue
that our formalism can be applied to other topological models, as well as to any model exhibiting
edge states.

The discovery of quantum physics in the beginning
of the twentieth century significantly accelerated the
progress in solid state physics. One of the oldest and
challenging problems in this field is taking into account
the presence of boundaries. As Pauli once said, ”God
made the bulk; surfaces were invented by the devil” [1].

Various methods were developed to treat boundaries.
One of the most common techniques is the numerical di-
agonalization of a tight-binding Hamiltonian with open
boundary conditions [2, 3]. Analytically, however, the
formation of boundary modes is usually studied by solv-
ing the Schrödinger equation with specific boundary con-
ditions [4]. The latter is sometimes cumbersome and of-
tentimes requires making specific approximations which
decrease the generality of the obtained wavefunctions of
the boundary modes. Less common techniques rely on
the use of boundary Green’s function [5–7] and the bulk-
boundary correspondence [8].

Here we propose a completely novel, general and exact
technique to obtain the energies and the wavefunctions of
boundary modes in systems of arbitrary dimensions. In-
stead of solving the problem of a finite-size system with a
desired boundary, we suggest to consider an infinite sys-
tem with a localized impurity which follows the shape of
the boundary. We subsequently obtain the correspond-
ing impurity-induced states using the T-matrix formal-
ism [9]. As intuitively expected, we show that by taking
the impurity potential to infinity we recover the forma-
tion of end, edge or surface states, depending on the di-
mension of the system.

For the sake of clarity, we exemplify our proposal by
focusing on the formation of Majorana end modes in a Ki-
taev chain [10] and of Majorana chiral edge states in a 2D
system described by the spinless Kitaev model [11–13];
we show that the analytical T-matrix formalism is en-
tirely consistent with a numerical tight-binding calcula-
tion. However, our technique can as well be applied other
systems supporting both topological and trivial bound-
ary modes, such as models combining s-wave supercon-

1D - small impurity: bound state

1D - large impurity: two disconnected systems with end states

2D - large impurity: two disconnected systems  
with edge states

Figure 1. A simple exemplification of a 1D system with a lo-
calized impurity: when the impurity potential goes to infinity
this is equivalent to two disconnected semi-infinite wires. Sim-
ilarly, a 2D infinite system with a line-like infinite-potential
impurity is equivalent to two disconnected half-planes.

ductivity, spin-orbit coupling and a Zeeman field [14, 15],
topological insulators [16, 17], graphene [18] and Weyl
and Dirac materials [19, 20]; we have also checked the
validity of our formalism for these systems [21]. Our re-
sults are in agreement with previous work [22] proposing
impurities as local probes of topology in band insulators.

We thus suggest the following four-step algorithm for
finding end (edge, surface) states:

1. Take an infinite 1D (2D, 3D) system

2. Introduce a point-like (line-like, plane-like) scalar
impurity described by a delta-function potential

3. Use the T-matrix formalism to find the energies
and wavefunctions of the impurity-bound states

4. Formally set the impurity potential to infinity to
recover the formation of boundary modes.
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through the evolution of impurity-induced states. We propose a general algorithm that consists of
finding the impurity states via the T-matrix formalism and showing that they evolve into boundary
modes when the impurity potential goes to infinity. We apply this technique to obtain Majorana
states in 1D and 2D systems described by the Kitaev model with point-like and respectively line-like
impurities. We confirm our exact analytical results by a numerical tight-binding approach. We argue
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The discovery of quantum physics in the beginning
of the twentieth century significantly accelerated the
progress in solid state physics. One of the oldest and
challenging problems in this field is taking into account
the presence of boundaries. As Pauli once said, ”God
made the bulk; surfaces were invented by the devil” [1].

Various methods were developed to treat boundaries.
One of the most common techniques is the numerical di-
agonalization of a tight-binding Hamiltonian with open
boundary conditions [2, 3]. Analytically, however, the
formation of boundary modes is usually studied by solv-
ing the Schrödinger equation with specific boundary con-
ditions [4]. The latter is sometimes cumbersome and of-
tentimes requires making specific approximations which
decrease the generality of the obtained wavefunctions of
the boundary modes. Less common techniques rely on
the use of boundary Green’s function [5–7] and the bulk-
boundary correspondence [8].

Here we propose a completely novel, general and exact
technique to obtain the energies and the wavefunctions of
boundary modes in systems of arbitrary dimensions. In-
stead of solving the problem of a finite-size system with a
desired boundary, we suggest to consider an infinite sys-
tem with a localized impurity which follows the shape of
the boundary. We subsequently obtain the correspond-
ing impurity-induced states using the T-matrix formal-
ism [9]. As intuitively expected, we show that by taking
the impurity potential to infinity we recover the forma-
tion of end, edge or surface states, depending on the di-
mension of the system.

For the sake of clarity, we exemplify our proposal by
focusing on the formation of Majorana end modes in a Ki-
taev chain [10] and of Majorana chiral edge states in a 2D
system described by the spinless Kitaev model [11–13];
we show that the analytical T-matrix formalism is en-
tirely consistent with a numerical tight-binding calcula-
tion. However, our technique can as well be applied other
systems supporting both topological and trivial bound-
ary modes, such as models combining s-wave supercon-

1D - small impurity: bound state

1D - large impurity: two disconnected systems with end states

2D - large impurity: two disconnected systems  
with edge states

Figure 1. A simple exemplification of a 1D system with a lo-
calized impurity: when the impurity potential goes to infinity
this is equivalent to two disconnected semi-infinite wires. Sim-
ilarly, a 2D infinite system with a line-like infinite-potential
impurity is equivalent to two disconnected half-planes.

ductivity, spin-orbit coupling and a Zeeman field [14, 15],
topological insulators [16, 17], graphene [18] and Weyl
and Dirac materials [19, 20]; we have also checked the
validity of our formalism for these systems [21]. Our re-
sults are in agreement with previous work [22] proposing
impurities as local probes of topology in band insulators.

We thus suggest the following four-step algorithm for
finding end (edge, surface) states:

1. Take an infinite 1D (2D, 3D) system

2. Introduce a point-like (line-like, plane-like) scalar
impurity described by a delta-function potential

3. Use the T-matrix formalism to find the energies
and wavefunctions of the impurity-bound states

4. Formally set the impurity potential to infinity to
recover the formation of boundary modes.
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We provide here a new and exact formalism to describe the formation of end, edge or surface states
through the evolution of impurity-induced states. We propose a general algorithm that consists of
finding the impurity states via the T-matrix formalism and showing that they evolve into boundary
modes when the impurity potential goes to infinity. We apply this technique to obtain Majorana
states in 1D and 2D systems described by the Kitaev model with point-like and respectively line-like
impurities. We confirm our exact analytical results by a numerical tight-binding approach. We argue
that our formalism can be applied to other topological models, as well as to any model exhibiting
edge states.

The discovery of quantum physics in the beginning
of the twentieth century significantly accelerated the
progress in solid state physics. One of the oldest and
challenging problems in this field is taking into account
the presence of boundaries. As Pauli once said, ”God
made the bulk; surfaces were invented by the devil” [1].

Various methods were developed to treat boundaries.
One of the most common techniques is the numerical di-
agonalization of a tight-binding Hamiltonian with open
boundary conditions [2, 3]. Analytically, however, the
formation of boundary modes is usually studied by solv-
ing the Schrödinger equation with specific boundary con-
ditions [4]. The latter is sometimes cumbersome and of-
tentimes requires making specific approximations which
decrease the generality of the obtained wavefunctions of
the boundary modes. Less common techniques rely on
the use of boundary Green’s function [5–7] and the bulk-
boundary correspondence [8].

Here we propose a completely novel, general and exact
technique to obtain the energies and the wavefunctions of
boundary modes in systems of arbitrary dimensions. In-
stead of solving the problem of a finite-size system with a
desired boundary, we suggest to consider an infinite sys-
tem with a localized impurity which follows the shape of
the boundary. We subsequently obtain the correspond-
ing impurity-induced states using the T-matrix formal-
ism [9]. As intuitively expected, we show that by taking
the impurity potential to infinity we recover the forma-
tion of end, edge or surface states, depending on the di-
mension of the system.

For the sake of clarity, we exemplify our proposal by
focusing on the formation of Majorana end modes in a Ki-
taev chain [10] and of Majorana chiral edge states in a 2D
system described by the spinless Kitaev model [11–13];
we show that the analytical T-matrix formalism is en-
tirely consistent with a numerical tight-binding calcula-
tion. However, our technique can as well be applied other
systems supporting both topological and trivial bound-
ary modes, such as models combining s-wave supercon-

1D - small impurity: bound state

1D - large impurity: two disconnected systems with end states

2D - large impurity: two disconnected systems  
with edge states

Figure 1. A simple exemplification of a 1D system with a lo-
calized impurity: when the impurity potential goes to infinity
this is equivalent to two disconnected semi-infinite wires. Sim-
ilarly, a 2D infinite system with a line-like infinite-potential
impurity is equivalent to two disconnected half-planes.

ductivity, spin-orbit coupling and a Zeeman field [14, 15],
topological insulators [16, 17], graphene [18] and Weyl
and Dirac materials [19, 20]; we have also checked the
validity of our formalism for these systems [21]. Our re-
sults are in agreement with previous work [22] proposing
impurities as local probes of topology in band insulators.

We thus suggest the following four-step algorithm for
finding end (edge, surface) states:

1. Take an infinite 1D (2D, 3D) system

2. Introduce a point-like (line-like, plane-like) scalar
impurity described by a delta-function potential

3. Use the T-matrix formalism to find the energies
and wavefunctions of the impurity-bound states

4. Formally set the impurity potential to infinity to
recover the formation of boundary modes.
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We provide here a new and exact formalism to describe the formation of end, edge or surface states
through the evolution of impurity-induced states. We propose a general algorithm that consists of
finding the impurity states via the T-matrix formalism and showing that they evolve into boundary
modes when the impurity potential goes to infinity. We apply this technique to obtain Majorana
states in 1D and 2D systems described by the Kitaev model with point-like and respectively line-like
impurities. We confirm our exact analytical results by a numerical tight-binding approach. We argue
that our formalism can be applied to other topological models, as well as to any model exhibiting
edge states.

The discovery of quantum physics in the beginning
of the twentieth century significantly accelerated the
progress in solid state physics. One of the oldest and
challenging problems in this field is taking into account
the presence of boundaries. As Pauli once said, ”God
made the bulk; surfaces were invented by the devil” [1].

Various methods were developed to treat boundaries.
One of the most common techniques is the numerical di-
agonalization of a tight-binding Hamiltonian with open
boundary conditions [2, 3]. Analytically, however, the
formation of boundary modes is usually studied by solv-
ing the Schrödinger equation with specific boundary con-
ditions [4]. The latter is sometimes cumbersome and of-
tentimes requires making specific approximations which
decrease the generality of the obtained wavefunctions of
the boundary modes. Less common techniques rely on
the use of boundary Green’s function [5–7] and the bulk-
boundary correspondence [8].

Here we propose a completely novel, general and exact
technique to obtain the energies and the wavefunctions of
boundary modes in systems of arbitrary dimensions. In-
stead of solving the problem of a finite-size system with a
desired boundary, we suggest to consider an infinite sys-
tem with a localized impurity which follows the shape of
the boundary. We subsequently obtain the correspond-
ing impurity-induced states using the T-matrix formal-
ism [9]. As intuitively expected, we show that by taking
the impurity potential to infinity we recover the forma-
tion of end, edge or surface states, depending on the di-
mension of the system.

For the sake of clarity, we exemplify our proposal by
focusing on the formation of Majorana end modes in a Ki-
taev chain [10] and of Majorana chiral edge states in a 2D
system described by the spinless Kitaev model [11–13];
we show that the analytical T-matrix formalism is en-
tirely consistent with a numerical tight-binding calcula-
tion. However, our technique can as well be applied other
systems supporting both topological and trivial bound-
ary modes, such as models combining s-wave supercon-

1D - small impurity: bound state

1D - large impurity: two disconnected systems with end states

2D - large impurity: two disconnected systems  
with edge states

Figure 1. A simple exemplification of a 1D system with a lo-
calized impurity: when the impurity potential goes to infinity
this is equivalent to two disconnected semi-infinite wires. Sim-
ilarly, a 2D infinite system with a line-like infinite-potential
impurity is equivalent to two disconnected half-planes.

ductivity, spin-orbit coupling and a Zeeman field [14, 15],
topological insulators [16, 17], graphene [18] and Weyl
and Dirac materials [19, 20]; we have also checked the
validity of our formalism for these systems [21]. Our re-
sults are in agreement with previous work [22] proposing
impurities as local probes of topology in band insulators.

We thus suggest the following four-step algorithm for
finding end (edge, surface) states:

1. Take an infinite 1D (2D, 3D) system

2. Introduce a point-like (line-like, plane-like) scalar
impurity described by a delta-function potential

3. Use the T-matrix formalism to find the energies
and wavefunctions of the impurity-bound states

4. Formally set the impurity potential to infinity to
recover the formation of boundary modes.
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We provide here a new and exact formalism to describe the formation of end, edge or surface states
through the evolution of impurity-induced states. We propose a general algorithm that consists of
finding the impurity states via the T-matrix formalism and showing that they evolve into boundary
modes when the impurity potential goes to infinity. We apply this technique to obtain Majorana
states in 1D and 2D systems described by the Kitaev model with point-like and respectively line-like
impurities. We confirm our exact analytical results by a numerical tight-binding approach. We argue
that our formalism can be applied to other topological models, as well as to any model exhibiting
edge states.

The discovery of quantum physics in the beginning
of the twentieth century significantly accelerated the
progress in solid state physics. One of the oldest and
challenging problems in this field is taking into account
the presence of boundaries. As Pauli once said, ”God
made the bulk; surfaces were invented by the devil” [1].

Various methods were developed to treat boundaries.
One of the most common techniques is the numerical di-
agonalization of a tight-binding Hamiltonian with open
boundary conditions [2, 3]. Analytically, however, the
formation of boundary modes is usually studied by solv-
ing the Schrödinger equation with specific boundary con-
ditions [4]. The latter is sometimes cumbersome and of-
tentimes requires making specific approximations which
decrease the generality of the obtained wavefunctions of
the boundary modes. Less common techniques rely on
the use of boundary Green’s function [5–7] and the bulk-
boundary correspondence [8].

Here we propose a completely novel, general and exact
technique to obtain the energies and the wavefunctions of
boundary modes in systems of arbitrary dimensions. In-
stead of solving the problem of a finite-size system with a
desired boundary, we suggest to consider an infinite sys-
tem with a localized impurity which follows the shape of
the boundary. We subsequently obtain the correspond-
ing impurity-induced states using the T-matrix formal-
ism [9]. As intuitively expected, we show that by taking
the impurity potential to infinity we recover the forma-
tion of end, edge or surface states, depending on the di-
mension of the system.

For the sake of clarity, we exemplify our proposal by
focusing on the formation of Majorana end modes in a Ki-
taev chain [10] and of Majorana chiral edge states in a 2D
system described by the spinless Kitaev model [11–13];
we show that the analytical T-matrix formalism is en-
tirely consistent with a numerical tight-binding calcula-
tion. However, our technique can as well be applied other
systems supporting both topological and trivial bound-
ary modes, such as models combining s-wave supercon-

1D - small impurity: bound state

1D - large impurity: two disconnected systems with end states

2D - large impurity: two disconnected systems  
with edge states

Figure 1. A simple exemplification of a 1D system with a lo-
calized impurity: when the impurity potential goes to infinity
this is equivalent to two disconnected semi-infinite wires. Sim-
ilarly, a 2D infinite system with a line-like infinite-potential
impurity is equivalent to two disconnected half-planes.

ductivity, spin-orbit coupling and a Zeeman field [14, 15],
topological insulators [16, 17], graphene [18] and Weyl
and Dirac materials [19, 20]; we have also checked the
validity of our formalism for these systems [21]. Our re-
sults are in agreement with previous work [22] proposing
impurities as local probes of topology in band insulators.

We thus suggest the following four-step algorithm for
finding end (edge, surface) states:

1. Take an infinite 1D (2D, 3D) system

2. Introduce a point-like (line-like, plane-like) scalar
impurity described by a delta-function potential

3. Use the T-matrix formalism to find the energies
and wavefunctions of the impurity-bound states

4. Formally set the impurity potential to infinity to
recover the formation of boundary modes.
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T-matrix formalism. We start by presenting briefly
the theoretical framework required to implement this al-
gorithm. We denote the momentum-space Hamiltonian
of a given system Hp, and we define the unperturbed
Matsubara Green’s function as follows: G0(p, i!n

) ⌘
(i!

n

�Hp)
�1, where !

n

denote Matsubara frequencies.
In the presence of an impurity V

imp

(r) the latter is mod-
ified to

G(p1,p2, i!n

) = G0(p1, i!n

)�(p1 � p2) (1)

+ G0(p1, i!n

)T (p1,p2, i!n

)G0(p2, i!n

),

where the T-matrix T (p1,p2, i!n

) describes the cumu-
lated e↵ect of all-order impurity-scattering processes
[9, 23]. For the particular case of a delta-function im-
purity V

imp

(r) = V �(x), the form of the T-matrix in 1D
is momentum independent and can be written as [9, 24–
27]:

T (p1, p2, i!n

) = [I� V ·
Z

dp

2⇡
G0(p, i!n

)]�1 · V (2)

while in 2D we have

T (p1x, p1y, p2x, p2y, i!n

) = (3)

= �(p1y � p2y)[I� V ·
Z

dp

x

2⇡
G0(px, p1y, i!n

)]�1 · V

Note that this is independent of p1x and p2x (due to the
fact the impurity is a delta potential in the x direction,
and reversely, that it is a delta function in p1y�p2y since
the impurity is independent of position in the y direction.

In what follows we will use this formalism at zero
temperature to calculate the retarded Green’s function
G(p1,p2, E) obtained by the analytical continuation of
the Matsubara Green’s function G(p1,p2, i!n

) (i.e. by
setting i!

n

! E + i�, with � ! +0).

1D Kitaev chain. We start by considering an infinite
spinless Kitaev chain described by the following tight-
binding Hamiltonian

H
TB

=
X

i

�µc

†
i

c

i

�
⇣
tc

†
i

c

i+1 ��c

i

c

i+1 +H.c.
⌘

(4)

where c

†
i

(c
i

) are creating (annihilating) operators on the
i-th site, t is the hopping amplitude, µ denotes the chem-
ical potential and � > 0 is the superconducting pairing
amplitude. We set the lattice constant a as well as ~ to
unity. In momentum space the Hamiltonian in Eq. (4)
becomes

H1D
p

=

✓�µ/2� t cos p i� sin p
�i� sin p µ/2 + t cos p

◆
. (5)

We introduce a delta-like potential impurity into the
chain, localized at x = 0:

V

imp

(x) = U�(x)

✓
1 0
0 �1

◆
⌘ U�(x)⌧

z

. (6)

We solve the problem of the impurity Yu-Shiba-Rusinov
(YSR) states [28–30] exactly using the T-matrix formal-
ism described above (see also Refs. [31–33]). In momen-
tum space the unperturbed retarded Green’s function is

given by G0(p,E) =
⇥
E + i0�H1D

p

⇤�1
, and the corre-

sponding real-space Green’s function

G0(x,E) =

Z
dp

2⇡
G0(p,E)eipx

We take µ = 0 and we compute analytically the real-
space Green’s function at x = 0 which allows us to de-
termine the energy of the YSR states as a function of the
impurity potential:

G0(0, E) =

✓
EX0(0) 0

0 EX0(0)

◆
(7)

with

X0(0) = � 1p
t

2 � E

2

1p
�2 � E

2
. (8)

The energies of the impurity bound states can be ob-
tained by calculating the poles of the T-matrix:

1± U

1p
t

2 � E

2

Ep
�2 � E

2
= 0 (9)

This equation yields a pair of spurious solutions outside
the gap, and a pair of YSR-like solutions inside the gap:

E± =

±
s

1

2


t

2 +�2 + U

2 �
q
(t2 +�2 + U

2)2 � 4t2�2

�

(10)

When U ! 0 these solutions approach the edges of the
gap, i.e. E± ! ±� (see Fig. 2), whereas when U ! 1
these solutions decay as

E± = ± �

U/t

. (11)

We can also obtain the wavefunctions for the YSR
states associated with the impurity using Refs. [31–33]:

 (x) / G0(x,E) · ⌧
z

· (0),

where  (0) = (1 0)T (for E = E+) and  (0) = (0 1)T

(for E = E�) are the null-space vectors of the matrix
I2 � U⌧

z

· G0(0, E).
In the case of an infinite potential the energies of the

bound states E± ! ±0. In what follows we consider that
x can only be an integer multiple of the lattice constant a,
i.e. x = na, with n 2 Z. This is a fair restriction taking
into account that we work within a lattice model. This

Kitaev model

3

Figure 2. The energies of YSR states given by Eq. (10) plotted
as a function of the impurity strength U (in the units of t, the
hopping parameter). The black dashed line corresponds to
U/t = 1, for which E/t ⇡ 0.28. The energies asymptotically
approach zero when U ! 1 marking the metamorphosis of
YSR states into Majorana end states. We have set µ/t = 0,
�/t = 0.4.

allows us to obtain an exact form for the two zero-energy
wavefunctions:

 1(x) /
✓

1
� sgnx

◆
e

� 1
2 ln( 1+�/t

1��/t )|x| sin(
⇡|x|
2

) (12)

 2(x) /
✓� sgnx

1

◆
e

� 1
2 ln( 1+�/t

1��/t )|x| sin(
⇡|x|
2

). (13)

We note that by combining states 1 and 2 we get left and
right Majorana bound states, since the factors 1±sgn x

2 en-
sure that the WF ’lives’ either only on the left side or on
the right side of the impurity. The Majorana coherence

length is given by ⇠ =
h
1
2 ln

⇣
1+�/t

1��/t

⌘i�1
, and diverges

as t/� when � ! 0. Such behavior is expected since
the Majorana bound states become more and more delo-
calized when reducing the value of the superconducting
order parameter.

We confirm these findings numerically by diagonaliz-
ing a 1D Kitaev chain with an impurity using the MatQ
code [34], and by plotting the Majorana polarization
(red line) and the local DOS (black dashed line) for the
impurity-bound states (see Fig. 3). The energy of the
impurity-bound states goes to zero with increasing the
impurity strength, for instance we get E ⇡ 0.28 and
E ⇡ 0 when setting U/t = 1 and U/t = 100 respectively
(the other parameters are µ/t = 0 and �/t = 0.4). The
Majorana polarization [35, 36] di↵ers from the density of
states (DOS) for small impurities (see Fig. 3a) but they
become equal (up to a sign) when the impurity potential
goes to infinity (Fig. 3b). This indicates [35, 36] the
formation of Majorana states at the ends of the two
new systems obtained by cutting the original system in
two disconnected halves. Note the perfect agreement
between the numerical and the analytical techniques:
the one-to-one correspondence for the energies of the

40 60
x

a)U/t=1, E=0.28

40 60
x

b)U/t=100, E=0

Figure 3. The local DOS (black dashed lines) and the Ma-
jorana polarization (red solid lines) plotted as a function of
position for U/t = 1, E/t ⇡ 0.28 (left panel), and U/t = 100,
E/t ⇡ 0 (right panel). YSR states form for an impurity
strength U/t = 1, whereas for U/t = 100 they morph into
Majorana end states localized on the two sides of the poten-
tial barrier at x = 51. We have considered a chain of 101 sites
and we have set µ/t = 0, �/t = 0.4.

bound states between Figs. 2, 3 and Eq. (10), as well as
for the form of the wavefunctions in Eqs. (12) and (13)
versus Fig. 3.

2D Kitaev model. Below we turn to the case of an
infinite 2D system with a delta-like line impurity at x =
0. We start by writing down the real-space tight-binding
Hamiltonian

H2D
TB

=
X

m,n

�µc

†
m,n

c

m,n

�
h
t

⇣
c

†
m+1,ncm,n

+c†
m,n+1cm,n

⌘
�

� (c
m,n

c

m+1,n � i c

m,n

c

m,n+1) + H.c.
i

(14)

where µ denotes the chemical potential, t is the hopping
parameter, and � > 0 is the pairing amplitude. Op-
erators c

†
m,n

(c
m,n

) create (annihilate) spinless fermions
on the site (m,n). The corresponding momentum-space
lattice Hamiltonian is given by

H2D
p =

✓
✏p �p

�⇤
p �✏p

◆
, (15)

with ✏p ⌘ �µ/2 � t (cos p
x

+ cos p
y

), �p = i�(sin p
x

+
i sin p

y

).
The line impurity can be described by Eq. (6). From

Eq. (3) we see that the poles of the T-matrix, which cor-
respond to the impurity energy levels, are p

y

-dependent
and can be obtained by solving

det


I2 � U⌧

z

·
Z

dp

x

2⇡
G0(px, p1y, E)

�
= 0, (16)

with G0(px, p1y, E) being the unperturbed retarded
Green’s function.
At low energies we can use an approximation of the

Hamiltonian in Eq. (15):

H2D
p ⇡

✓
⇠

p

i{(p
x

+ ip

y

)
�i{(p

x

� ip

y

) �⇠

p

◆
, (17)
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We provide here a new and exact formalism to describe the formation of end, edge or surface states
through the evolution of impurity-induced states. We propose a general algorithm that consists of
finding the impurity states via the T-matrix formalism and showing that they evolve into boundary
modes when the impurity potential goes to infinity. We apply this technique to obtain Majorana
states in 1D and 2D systems described by the Kitaev model with point-like and respectively line-like
impurities. We confirm our exact analytical results by a numerical tight-binding approach. We argue
that our formalism can be applied to other topological models, as well as to any model exhibiting
edge states.

The discovery of quantum physics in the beginning
of the twentieth century significantly accelerated the
progress in solid state physics. One of the oldest and
challenging problems in this field is taking into account
the presence of boundaries. As Pauli once said, ”God
made the bulk; surfaces were invented by the devil” [1].

Various methods were developed to treat boundaries.
One of the most common techniques is the numerical di-
agonalization of a tight-binding Hamiltonian with open
boundary conditions [2, 3]. Analytically, however, the
formation of boundary modes is usually studied by solv-
ing the Schrödinger equation with specific boundary con-
ditions [4]. The latter is sometimes cumbersome and of-
tentimes requires making specific approximations which
decrease the generality of the obtained wavefunctions of
the boundary modes. Less common techniques rely on
the use of boundary Green’s function [5–7] and the bulk-
boundary correspondence [8].

Here we propose a completely novel, general and exact
technique to obtain the energies and the wavefunctions of
boundary modes in systems of arbitrary dimensions. In-
stead of solving the problem of a finite-size system with a
desired boundary, we suggest to consider an infinite sys-
tem with a localized impurity which follows the shape of
the boundary. We subsequently obtain the correspond-
ing impurity-induced states using the T-matrix formal-
ism [9]. As intuitively expected, we show that by taking
the impurity potential to infinity we recover the forma-
tion of end, edge or surface states, depending on the di-
mension of the system.

For the sake of clarity, we exemplify our proposal by
focusing on the formation of Majorana end modes in a Ki-
taev chain [10] and of Majorana chiral edge states in a 2D
system described by the spinless Kitaev model [11–13];
we show that the analytical T-matrix formalism is en-
tirely consistent with a numerical tight-binding calcula-
tion. However, our technique can as well be applied other
systems supporting both topological and trivial bound-
ary modes, such as models combining s-wave supercon-

1D - small impurity: bound state

1D - large impurity: two disconnected systems with end states

2D - large impurity: two disconnected systems  
with edge states

Figure 1. A simple exemplification of a 1D system with a lo-
calized impurity: when the impurity potential goes to infinity
this is equivalent to two disconnected semi-infinite wires. Sim-
ilarly, a 2D infinite system with a line-like infinite-potential
impurity is equivalent to two disconnected half-planes.

ductivity, spin-orbit coupling and a Zeeman field [14, 15],
topological insulators [16, 17], graphene [18] and Weyl
and Dirac materials [19, 20]; we have also checked the
validity of our formalism for these systems [21]. Our re-
sults are in agreement with previous work [22] proposing
impurities as local probes of topology in band insulators.

We thus suggest the following four-step algorithm for
finding end (edge, surface) states:

1. Take an infinite 1D (2D, 3D) system

2. Introduce a point-like (line-like, plane-like) scalar
impurity described by a delta-function potential

3. Use the T-matrix formalism to find the energies
and wavefunctions of the impurity-bound states

4. Formally set the impurity potential to infinity to
recover the formation of boundary modes.
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T-matrix formalism. We start by presenting briefly
the theoretical framework required to implement this al-
gorithm. We denote the momentum-space Hamiltonian
of a given system Hp, and we define the unperturbed
Matsubara Green’s function as follows: G0(p, i!n

) ⌘
(i!

n

�Hp)
�1, where !

n

denote Matsubara frequencies.
In the presence of an impurity V

imp

(r) the latter is mod-
ified to

G(p1,p2, i!n

) = G0(p1, i!n

)�(p1 � p2) (1)

+ G0(p1, i!n

)T (p1,p2, i!n

)G0(p2, i!n

),

where the T-matrix T (p1,p2, i!n

) describes the cumu-
lated e↵ect of all-order impurity-scattering processes
[9, 23]. For the particular case of a delta-function im-
purity V

imp

(r) = V �(x), the form of the T-matrix in 1D
is momentum independent and can be written as [9, 24–
27]:

T (p1, p2, i!n

) = [I� V ·
Z

dp

2⇡
G0(p, i!n

)]�1 · V (2)

while in 2D we have

T (p1x, p1y, p2x, p2y, i!n

) = (3)

= �(p1y � p2y)[I� V ·
Z

dp

x

2⇡
G0(px, p1y, i!n

)]�1 · V

Note that this is independent of p1x and p2x (due to the
fact the impurity is a delta potential in the x direction,
and reversely, that it is a delta function in p1y�p2y since
the impurity is independent of position in the y direction.

In what follows we will use this formalism at zero
temperature to calculate the retarded Green’s function
G(p1,p2, E) obtained by the analytical continuation of
the Matsubara Green’s function G(p1,p2, i!n

) (i.e. by
setting i!

n

! E + i�, with � ! +0).

1D Kitaev chain. We start by considering an infinite
spinless Kitaev chain described by the following tight-
binding Hamiltonian

H
TB

=
X

i

�µc

†
i

c

i

�
⇣
tc

†
i

c

i+1 ��c

i

c

i+1 +H.c.
⌘

(4)

where c

†
i

(c
i

) are creating (annihilating) operators on the
i-th site, t is the hopping amplitude, µ denotes the chem-
ical potential and � > 0 is the superconducting pairing
amplitude. We set the lattice constant a as well as ~ to
unity. In momentum space the Hamiltonian in Eq. (4)
becomes

H1D
p

=

✓�µ/2� t cos p i� sin p
�i� sin p µ/2 + t cos p

◆
. (5)

We introduce a delta-like potential impurity into the
chain, localized at x = 0:

V

imp

(x) = U�(x)

✓
1 0
0 �1

◆
⌘ U�(x)⌧

z

. (6)

We solve the problem of the impurity Yu-Shiba-Rusinov
(YSR) states [28–30] exactly using the T-matrix formal-
ism described above (see also Refs. [31–33]). In momen-
tum space the unperturbed retarded Green’s function is

given by G0(p,E) =
⇥
E + i0�H1D

p

⇤�1
, and the corre-

sponding real-space Green’s function

G0(x,E) =

Z
dp

2⇡
G0(p,E)eipx

We take µ = 0 and we compute analytically the real-
space Green’s function at x = 0 which allows us to de-
termine the energy of the YSR states as a function of the
impurity potential:

G0(0, E) =

✓
EX0(0) 0

0 EX0(0)

◆
(7)

with

X0(0) = � 1p
t

2 � E

2

1p
�2 � E

2
. (8)

The energies of the impurity bound states can be ob-
tained by calculating the poles of the T-matrix:

1± U

1p
t

2 � E

2

Ep
�2 � E

2
= 0 (9)

This equation yields a pair of spurious solutions outside
the gap, and a pair of YSR-like solutions inside the gap:

E± =

±
s

1

2


t

2 +�2 + U

2 �
q
(t2 +�2 + U

2)2 � 4t2�2

�

(10)

When U ! 0 these solutions approach the edges of the
gap, i.e. E± ! ±� (see Fig. 2), whereas when U ! 1
these solutions decay as

E± = ± �

U/t

. (11)

We can also obtain the wavefunctions for the YSR
states associated with the impurity using Refs. [31–33]:

 (x) / G0(x,E) · ⌧
z

· (0),

where  (0) = (1 0)T (for E = E+) and  (0) = (0 1)T

(for E = E�) are the null-space vectors of the matrix
I2 � U⌧

z

· G0(0, E).
In the case of an infinite potential the energies of the

bound states E± ! ±0. In what follows we consider that
x can only be an integer multiple of the lattice constant a,
i.e. x = na, with n 2 Z. This is a fair restriction taking
into account that we work within a lattice model. This

3

Figure 2. The energies of YSR states given by Eq. (10) plotted
as a function of the impurity strength U (in the units of t, the
hopping parameter). The black dashed line corresponds to
U/t = 1, for which E/t ⇡ 0.28. The energies asymptotically
approach zero when U ! 1 marking the metamorphosis of
YSR states into Majorana end states. We have set µ/t = 0,
�/t = 0.4.

allows us to obtain an exact form for the two zero-energy
wavefunctions:

 1(x) /
✓

1
� sgnx

◆
e

� 1
2 ln( 1+�/t

1��/t )|x| sin(
⇡|x|
2

) (12)

 2(x) /
✓� sgnx

1

◆
e

� 1
2 ln( 1+�/t

1��/t )|x| sin(
⇡|x|
2

). (13)

We note that by combining states 1 and 2 we get left and
right Majorana bound states, since the factors 1±sgn x

2 en-
sure that the WF ’lives’ either only on the left side or on
the right side of the impurity. The Majorana coherence

length is given by ⇠ =
h
1
2 ln

⇣
1+�/t

1��/t

⌘i�1
, and diverges

as t/� when � ! 0. Such behavior is expected since
the Majorana bound states become more and more delo-
calized when reducing the value of the superconducting
order parameter.

We confirm these findings numerically by diagonaliz-
ing a 1D Kitaev chain with an impurity using the MatQ
code [34], and by plotting the Majorana polarization
(red line) and the local DOS (black dashed line) for the
impurity-bound states (see Fig. 3). The energy of the
impurity-bound states goes to zero with increasing the
impurity strength, for instance we get E ⇡ 0.28 and
E ⇡ 0 when setting U/t = 1 and U/t = 100 respectively
(the other parameters are µ/t = 0 and �/t = 0.4). The
Majorana polarization [35, 36] di↵ers from the density of
states (DOS) for small impurities (see Fig. 3a) but they
become equal (up to a sign) when the impurity potential
goes to infinity (Fig. 3b). This indicates [35, 36] the
formation of Majorana states at the ends of the two
new systems obtained by cutting the original system in
two disconnected halves. Note the perfect agreement
between the numerical and the analytical techniques:
the one-to-one correspondence for the energies of the

40 60
x

a)U/t=1, E=0.28

40 60
x

b)U/t=100, E=0

Figure 3. The local DOS (black dashed lines) and the Ma-
jorana polarization (red solid lines) plotted as a function of
position for U/t = 1, E/t ⇡ 0.28 (left panel), and U/t = 100,
E/t ⇡ 0 (right panel). YSR states form for an impurity
strength U/t = 1, whereas for U/t = 100 they morph into
Majorana end states localized on the two sides of the poten-
tial barrier at x = 51. We have considered a chain of 101 sites
and we have set µ/t = 0, �/t = 0.4.

bound states between Figs. 2, 3 and Eq. (10), as well as
for the form of the wavefunctions in Eqs. (12) and (13)
versus Fig. 3.

2D Kitaev model. Below we turn to the case of an
infinite 2D system with a delta-like line impurity at x =
0. We start by writing down the real-space tight-binding
Hamiltonian

H2D
TB

=
X

m,n

�µc

†
m,n

c

m,n

�
h
t

⇣
c

†
m+1,ncm,n

+c†
m,n+1cm,n

⌘
�

� (c
m,n

c

m+1,n � i c

m,n

c

m,n+1) + H.c.
i

(14)

where µ denotes the chemical potential, t is the hopping
parameter, and � > 0 is the pairing amplitude. Op-
erators c

†
m,n

(c
m,n

) create (annihilate) spinless fermions
on the site (m,n). The corresponding momentum-space
lattice Hamiltonian is given by

H2D
p =

✓
✏p �p

�⇤
p �✏p

◆
, (15)

with ✏p ⌘ �µ/2 � t (cos p
x

+ cos p
y

), �p = i�(sin p
x

+
i sin p

y

).
The line impurity can be described by Eq. (6). From

Eq. (3) we see that the poles of the T-matrix, which cor-
respond to the impurity energy levels, are p

y

-dependent
and can be obtained by solving

det


I2 � U⌧

z

·
Z

dp

x

2⇡
G0(px, p1y, E)

�
= 0, (16)

with G0(px, p1y, E) being the unperturbed retarded
Green’s function.
At low energies we can use an approximation of the

Hamiltonian in Eq. (15):

H2D
p ⇡

✓
⇠

p

i{(p
x

+ ip

y

)
�i{(p

x

� ip

y
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p

◆
, (17)
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T-matrix formalism. We start by presenting briefly
the theoretical framework required to implement this al-
gorithm. We denote the momentum-space Hamiltonian
of a given system Hp, and we define the unperturbed
Matsubara Green’s function as follows: G0(p, i!n

) ⌘
(i!

n

�Hp)
�1, where !

n

denote Matsubara frequencies.
In the presence of an impurity V

imp

(r) the latter is mod-
ified to

G(p1,p2, i!n

) = G0(p1, i!n

)�(p1 � p2) (1)

+ G0(p1, i!n

)T (p1,p2, i!n

)G0(p2, i!n

),

where the T-matrix T (p1,p2, i!n

) describes the cumu-
lated e↵ect of all-order impurity-scattering processes
[9, 23]. For the particular case of a delta-function im-
purity V

imp

(r) = V �(x), the form of the T-matrix in 1D
is momentum independent and can be written as [9, 24–
27]:

T (p1, p2, i!n

) = [I� V ·
Z

dp

2⇡
G0(p, i!n

)]�1 · V (2)

while in 2D we have

T (p1x, p1y, p2x, p2y, i!n

) = (3)

= �(p1y � p2y)[I� V ·
Z

dp

x

2⇡
G0(px, p1y, i!n

)]�1 · V

Note that this is independent of p1x and p2x (due to the
fact the impurity is a delta potential in the x direction,
and reversely, that it is a delta function in p1y�p2y since
the impurity is independent of position in the y direction.

In what follows we will use this formalism at zero
temperature to calculate the retarded Green’s function
G(p1,p2, E) obtained by the analytical continuation of
the Matsubara Green’s function G(p1,p2, i!n

) (i.e. by
setting i!

n

! E + i�, with � ! +0).

1D Kitaev chain. We start by considering an infinite
spinless Kitaev chain described by the following tight-
binding Hamiltonian

H
TB

=
X

i

�µc

†
i

c

i

�
⇣
tc

†
i

c

i+1 ��c

i

c

i+1 +H.c.
⌘

(4)

where c

†
i

(c
i

) are creating (annihilating) operators on the
i-th site, t is the hopping amplitude, µ denotes the chem-
ical potential and � > 0 is the superconducting pairing
amplitude. We set the lattice constant a as well as ~ to
unity. In momentum space the Hamiltonian in Eq. (4)
becomes

H1D
p

=

✓�µ/2� t cos p i� sin p
�i� sin p µ/2 + t cos p

◆
. (5)

We introduce a delta-like potential impurity into the
chain, localized at x = 0:

V

imp

(x) = U�(x)

✓
1 0
0 �1

◆
⌘ U�(x)⌧

z

. (6)

We solve the problem of the impurity Yu-Shiba-Rusinov
(YSR) states [28–30] exactly using the T-matrix formal-
ism described above (see also Refs. [31–33]). In momen-
tum space the unperturbed retarded Green’s function is

given by G0(p,E) =
⇥
E + i0�H1D

p

⇤�1
, and the corre-

sponding real-space Green’s function

G0(x,E) =

Z
dp

2⇡
G0(p,E)eipx

We take µ = 0 and we compute analytically the real-
space Green’s function at x = 0 which allows us to de-
termine the energy of the YSR states as a function of the
impurity potential:

G0(0, E) =

✓
EX0(0) 0

0 EX0(0)

◆
(7)

with

X0(0) = � 1p
t

2 � E

2

1p
�2 � E

2
. (8)

The energies of the impurity bound states can be ob-
tained by calculating the poles of the T-matrix:

1± U

1p
t

2 � E

2

Ep
�2 � E

2
= 0 (9)

This equation yields a pair of spurious solutions outside
the gap, and a pair of YSR-like solutions inside the gap:

E± =

±
s

1

2


t

2 +�2 + U

2 �
q
(t2 +�2 + U

2)2 � 4t2�2

�

(10)

When U ! 0 these solutions approach the edges of the
gap, i.e. E± ! ±� (see Fig. 2), whereas when U ! 1
these solutions decay as

E± = ± �

U/t

. (11)

We can also obtain the wavefunctions for the YSR
states associated with the impurity using Refs. [31–33]:

 (x) / G0(x,E) · ⌧
z

· (0),

where  (0) = (1 0)T (for E = E+) and  (0) = (0 1)T

(for E = E�) are the null-space vectors of the matrix
I2 � U⌧

z

· G0(0, E).
In the case of an infinite potential the energies of the

bound states E± ! ±0. In what follows we consider that
x can only be an integer multiple of the lattice constant a,
i.e. x = na, with n 2 Z. This is a fair restriction taking
into account that we work within a lattice model. This
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T-matrix formalism. We start by presenting briefly
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gorithm. We denote the momentum-space Hamiltonian
of a given system Hp, and we define the unperturbed
Matsubara Green’s function as follows: G0(p, i!n

) ⌘
(i!
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�Hp)
�1, where !
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denote Matsubara frequencies.
In the presence of an impurity V
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(r) the latter is mod-
ified to
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where the T-matrix T (p1,p2, i!n

) describes the cumu-
lated e↵ect of all-order impurity-scattering processes
[9, 23]. For the particular case of a delta-function im-
purity V

imp

(r) = V �(x), the form of the T-matrix in 1D
is momentum independent and can be written as [9, 24–
27]:
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Note that this is independent of p1x and p2x (due to the
fact the impurity is a delta potential in the x direction,
and reversely, that it is a delta function in p1y�p2y since
the impurity is independent of position in the y direction.

In what follows we will use this formalism at zero
temperature to calculate the retarded Green’s function
G(p1,p2, E) obtained by the analytical continuation of
the Matsubara Green’s function G(p1,p2, i!n

) (i.e. by
setting i!

n

! E + i�, with � ! +0).

1D Kitaev chain. We start by considering an infinite
spinless Kitaev chain described by the following tight-
binding Hamiltonian
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where c

†
i

(c
i

) are creating (annihilating) operators on the
i-th site, t is the hopping amplitude, µ denotes the chem-
ical potential and � > 0 is the superconducting pairing
amplitude. We set the lattice constant a as well as ~ to
unity. In momentum space the Hamiltonian in Eq. (4)
becomes

H1D
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=

✓�µ/2� t cos p i� sin p
�i� sin p µ/2 + t cos p

◆
. (5)

We introduce a delta-like potential impurity into the
chain, localized at x = 0:
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. (6)

We solve the problem of the impurity Yu-Shiba-Rusinov
(YSR) states [28–30] exactly using the T-matrix formal-
ism described above (see also Refs. [31–33]). In momen-
tum space the unperturbed retarded Green’s function is

given by G0(p,E) =
⇥
E + i0�H1D

p

⇤�1
, and the corre-

sponding real-space Green’s function

G0(x,E) =

Z
dp

2⇡
G0(p,E)eipx

We take µ = 0 and we compute analytically the real-
space Green’s function at x = 0 which allows us to de-
termine the energy of the YSR states as a function of the
impurity potential:
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The energies of the impurity bound states can be ob-
tained by calculating the poles of the T-matrix:
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This equation yields a pair of spurious solutions outside
the gap, and a pair of YSR-like solutions inside the gap:
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When U ! 0 these solutions approach the edges of the
gap, i.e. E± ! ±� (see Fig. 2), whereas when U ! 1
these solutions decay as

E± = ± �

U/t

. (11)

We can also obtain the wavefunctions for the YSR
states associated with the impurity using Refs. [31–33]:

 (x) / G0(x,E) · ⌧
z

· (0),

where  (0) = (1 0)T (for E = E+) and  (0) = (0 1)T

(for E = E�) are the null-space vectors of the matrix
I2 � U⌧

z

· G0(0, E).
In the case of an infinite potential the energies of the

bound states E± ! ±0. In what follows we consider that
x can only be an integer multiple of the lattice constant a,
i.e. x = na, with n 2 Z. This is a fair restriction taking
into account that we work within a lattice model. This
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substrate) then a Rashba term[10] of the form (s×p) · ẑ
is allowed,

HR = λRψ
†(σxτzsy − σysx)ψ. (4)

For λR = 0, ∆so leads to an energy gap 2∆so with
E(q) = ±

!

(h̄vF q)2 + ∆2
so. For 0 < λR < ∆so the en-

ergy gap 2(∆so − λR) remains finite. For λR > ∆so the
gap closes, and the electronic structure is that of a zero
gap semiconductor with quadradically dispersing bands.
In the following we will assume that λR < ∆so and an-
alyze the properties of the resulting gapped phase. This
assumption is justified by numerical estimates given at
the end of the paper.

The gap generated by σzτzsz is different from the gap
that would be generated by the staggered sublattice po-
tentials, σz or σzsz. The ground states in the presence
of the latter terms are adiabatically connected to sim-
ple insulating phases at strong coupling where the two
sublattices are decoupled. In contrast, the gap param-
eter σzτzsz produces gaps with opposite signs at the K
and K ′ points. This has no simple strong coupling limit.
To connect smoothly between the states generated by σz

and σzτzsz one must pass through a critical point where
the gap vanishes, separating ground states with distinct
topological orders.

The interaction (3) is related to a model introduced
by Haldane[11] as a realization of the parity anomaly in
(2+1) dimensional relativistic field theory. Taken sepa-
rately, the Hamiltonians for the sz = ±1 spins violate
time reversal symmetry and are equivalent to Haldane’s
model for spinless electrons, which could be realized by
introducing a periodic magnetic field with no net flux.
As Haldane showed, this gives rise to a σzτz gap, which
has opposite signs at the K and K ′ points. At tempera-
tures well below the energy gap this leads to a quantized
Hall conductance σxy = ±e2/h. This Hall conductance
computed by the Kubo formula can be interpreted as the
topological Chern number induced by the Berry’s curva-
ture in momentum space[12, 13]. Since the signs of the
gaps in (3) are opposite for opposite spins, an electric
field will induce opposite currents for the opposite spins,
leading to a spin current Js = (h̄/2e)(J↑ − J↓) charac-
terized by a quantized spin Hall conductivity

σs
xy =

e

2π
. (5)

Since spin currents do not couple to experimental probes
it is difficult to directly measure (5). Moreover, the con-
servation of sz will be violated by the Rashba term (4) as
well as terms which couple the π and σ orbitals. Nonethe-
less, Murakami et al. [14] have defined a conserved spin
sz(c), allowing σs

xy to be computed via the Kubo formula.
We find that σs

xy computed in this way is not quantized
when λR ̸= 0, though the correction to (5) is small due
to carbon’s weak SO interaction.

In the quantum Hall effect the bulk topological order
requires the presence of gapless edge states. We now show
that gapless edge states are also present in graphene. We
will begin by establishing the edge states for λR = 0.
We will then argue that the gapless edge states persist
even when λR ̸= 0, and that they are robust against
weak electron electron interactions and disorder. Thus,
in spite of the violation of (5) the gapless edge states
characterize a state which is distinct from an ordinary
insulator. This QSH state is different from the insulators
discussed in Ref. 5, which do not have edge states. It
is also distinct from the spin Hall effect in doped GaAs,
which does not have an energy gap.

For λR = 0, the Hamiltonian (2,3) conserves sz,
and the gapless edge states follow from Laughlin’s
argument[15]. Consider a large cylinder (larger than
h̄vF /∆so) and adiabatically insert a quantum φ = h/e of
magnetic flux quantum down the cylinder (slower than
∆so/h̄). The resulting azimuthal Faraday electric field
induces a spin current such that spin h̄ is transported
from one end of the cylinder to the other. Since an adia-
batic change in the magnetic field cannot excite a particle
across the energy gap ∆so it follows that there must be
gapless states at each end to accommodate the extra spin.

An explicit description of the edge states requires a
model that gives the energy bands throughout the entire
Brillouin zone. Following Haldane[11], we introduce a
second neighbor tight binding model,

H =
"

⟨ij⟩α

tc†iαcjα +
"

⟨⟨ij⟩⟩αβ

it2νijs
z
αβc†iαcjβ . (6)

The first term is the usual nearest neighbor hopping term.
The second term connects second neighbors with a spin
dependent amplitude. νij = −νji = ±1, depending on
the orientation of the two nearest neighbor bonds d1 and
d2 the electron traverses in going from site j to i. νij =
±1 if the electron makes a left (right) turn to get to the
second bond. The spin dependent term can be written in
a coordinate independent representation as i(d1×d2) ·s.
At low energy (6) reduces to (2,3) with ∆so = 3

√
3t2.

The edge states can be seen by solving (7) in a strip ge-
ometry. Fig. 1 shows the one dimensional energy bands
for a strip where the edges are along the zig-zag direction
in the graphene plane. The bulk bandgaps at the one di-
mensional projections of the K and K ′ points are clearly
seen. In addition two bands traverse the gap, connecting
the K and K ′ points. These bands are localized at the
edges of the strip, and each band has degenerate copies
for each edge. The edge states are not chiral since each
edge has states which propagate in both directions. How-
ever, as illustrated in Fig. 2 the edge states are “spin fil-
tered” in the sense that electrons with opposite spin prop-
agate in opposite directions. Similar edge states occur for
armchair edges, though in that case the 1D projections
of K and K ′ are both at k = 0. It is interesting to note
that for zig-zag edges the edge states persist for ∆so → 0,
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FIG. 1: (a) One dimensional energy bands for a strip of
graphene (shown in inset) modeled by (7) with t2/t = .03.
The bands crossing the gap are spin filtered edge states.

where they become perfectly flat[16]. This leads to an en-
hanced density of states at the Fermi energy associated
with zig-zag edges. This has been recently seen in scan-
ning tunneling spectroscopy of graphite surfaces[17].

We have also considered a nearest neighbor Rashba
term, of the form iẑ · (sαβ × d)c†iαcjβ . This violates
the conservation of sz, so that the Laughlin argument
no longer applies. Nonetheless, we find that the gapless
edge states remain, provided λR < ∆so, so that the bulk
bandgap remains intact. The crossing of the edge states
at the Brillouin zone boundary kx = π/a in Fig. 1 (or at
k = 0 for the armchair edge) is protected by time reversal
symmetry. The two states at kx = π/a form a Kramers
doublet whose degeneracy cannot be lifted by any time
reversal symmetric perturbation. Moreover, the degen-
erate states at kx = π/a± q are a Kramers doublet. This
means that elastic backscattering from a random poten-
tial is forbidden. More generally, scattering from a region
of disorder can be characterized by a 2 × 2 unitary S-
matrix which relates the incoming and outgoing states:
Φout = SΦin, where Φ is a two component spinor con-
sisting of the left and right moving edge states φL↑, φR↓.
Under time reversal Φin,out → syΦ∗

out,in. Time reversal

symmetry therefore imposes the constraint S = syST sy,
which rules out any off diagonal elements.

Electron interactions can lead to backscattering. For
instance, the term uψ†

L↑∂xψ
†
L↑ψR↓∂xψR↓, does not vio-

late time reversal, and will be present in an interacting
Hamiltonian. For weak interactions this term is irrele-

vant under the renormalization group, since its scaling
dimension is ∆ = 4. It thus will not lead to an energy
gap or to localization. Nonetheless, it allows inelastic
backscattering. To leading order in u it gives a finite
conductivity of the edge states, which diverges at low
temperature as u−2T 3−2∆[18]. Since elastic backscatter-
ing is prevented by time reversal there are no relevant
backscattering processes for weak interactions. This sta-
bility against interactions and disorder distinguishes the
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FIG. 2: Schematic diagrams showing (a) two terminal and
(b) four terminal measurement geometries. In (a) a charge
current I = (2e2/h)V flows into the right lead. In (b) a spin
current Is = (e/4π)V flows into the right lead. The diagrams
to the right indicate the population of the edge states.

spin filtered edge states from ordinary one dimensional
wires, which are localized by weak disorder.

A parallel magnetic field H∥ breaks time reversal and
leads to an avoided crossing of the edge states. H∥ also
reduces the symmetry, allowing terms in the Hamiltonian
which provide a continuously gapped path connecting the
states generated by σzτzsz and σz. Thus in addition to
gapping the edge states H∥ eliminates the topological dis-
tinction between the QSH phase and a simple insulator.

The spin filtered edge states have important conse-
quences for both the transport of charge and spin. In
the limit of low temperature we may ignore the inelastic
backscattering processes, and describe the ballistic trans-
port in the edge states within a Landauer-Büttiker[19]
framework. For a two terminal geometry (Fig. 2a),
we predict a ballistic two terminal charge conductance
G = 2e2/h. For the spin filtered edge states the edge
current density is related to the spin density, since both
depend on nR↑ − nL↓. Thus the charge current is ac-
companied by spin accumulation at the edges. The in-
terplay between charge and spin can be probed in a mul-
titerminal device. Define the multiterminal spin conduc-
tance by Is

i =
!

j Gs
ijVj . Time reversal symmetry re-

quires Gs
ji = −Gs

ij , and from Fig. 2b it is clear that
Gs

ij = ±e/4π for adjacent contacts i and j. In the four
terminal geometry of Fig. 2b a spin current Is = eV/4π
flows into the right contact. This geometry can also be
used to measure a spin current. A spin current incident
from the left (injected, for instance with a ferromagnetic
contact) will be split, with the up (down) spins trans-

Band structure: bulk + edge states

Fig. 4. The Kane–Mele insulator belongs to the wider class of quantum-spin Hall insulators (Section 4.4), which are characterized by a Z2 topological
invariant in the bulk and a helical edge mode (represented schematically with the red and green arrows along the edge of the insulator). The tilted
(blue) arrows refer to the two spin directions. There is a complete spin-momentum locking: spin-up electrons circulate clockwise while their Kramer
partners circulate anticlockwise with spin-down. This helical mode is protected from backscattering (between clockwise and anticlockwise movers) as long
as time-reversal symmetry is obeyed and as long as the bulk gap remains open. Color online.

Helical edge mode. As a spin conserving model, we have seen that the Kane–Mele system consists in two copies of a Chern
insulator (or QAH state), each copy being associated with a spin orientation. Since the QAH has a single chiral edge state,
we can deduce that the QSH state will have two spin-filtered counter propagating states (Fig. 4).

Topological robustness in presence of spin mixing. The intrinsic spin–orbit coupling, Eq. (46), leads to the realization of
a new state of matter characterized by an insulating gap and a metallic edge. Nevertheless it is quite unlikely that the
spin–orbit coupling manifests itself only through this spin-conserving term. Other spin–orbit coupling terms, which mix
all spin components, should also be present. Since the previous analysis relies on the description of the system as two
decoupled Haldane insulators, it is a natural to ask whether the helical edge states will survive in presence of mixing
between the two copies of the Haldane model. Kane and Mele have shown that the counter propagating edge states are in
fact robust as long as the bulk is gapped and time-reversal is obeyed. A Rashba term (due to the presence of a substrate or by
a perpendicular electric field) mixes the two spin directions, and spoils the conservation of s3. The corresponding spectrum
becomes gapless when the Rashba coupling exceeds the intrinsic spin–orbit coupling [14]. When the Rashba coupling is
increased, the bulk gap decreases, but the helical edge states remain gapless (metallic), as long as the gap bulk gap is finite.

4.5. Experimental realizations

We conclude this section by enumerating some experimental realizations of the topological phases introduced above,
including the Quantum Spin Hall (QSH) insulator, the Quantum Anomalous insulator (also called Chern insulator).

The quantum spin Hall state. Unfortunately the QSH state is extremely difficult to observe in graphene due to the actual
weakness of the spin–orbit interaction [56,57]. In 2006, Bernevig, Hughes and Zhang (BHZ) predicted that CdTe/HgTe/CdTe
quantum wells should host such a QSH state in their inverted regime [58]. The transition between the trivial (non-inverted
regime) and the topological phase (inverted regime) is triggered by varying the thickness of the central HgTe layer of the
quantum well. The theoretical prediction was soon followed by the experimental observation of conducting edge states by
the group led by Laurens Molenkamp [59]. Using various multi terminal configurations [60], the same group established
that their transport measurements are in agreement with counter-propagating edge modes (using a Landauer–Buttiker for-
malism).

The QSH state has also been predicted in InAs/GaSb quantum wells [61] with the interesting possibility to tune the
transition between the topological and the trivial phases using a gate voltage. The QSH phase and the corresponding edge
conduction has been observed in InAs/GaSb quantum wells [62].

The quantum anomalous Hall state. It has been predicted that the time-reversal invariant QSH state (with its helical
edge mode) can be transformed into a QAH state (with its chiral edge mode) by adding magnetic atoms like Mn in
CdTe/HgTe/CdTe quantum wells [63]. The observation of such a QAH state in magnetic topological insulators has been
challenging until it was finally reported in thin films of chromium-doped (Bi,Sb)2Te3 [51], whose Fermi level can be tuned
by an electrostatic gate. At zero external magnetic field, the quantization of the Hall resistance was observed at h/e2 in a
wide range of gate voltage, with a simultaneous drop of the longitudinal resistance. Those samples are expected to be in the
QSH state in the absence of chromium, and chromium apparently develops the suitable spontaneous magnetic order to drive
the QSH state into the QHA state. The fact that the longitudinal resistance is not completely vanishing can be explained by
the coexistence of the helical and chiral edge modes [64].

Helical spin-polarised edge modes
spin down

spin up

right edge

left edge
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while in 2D and 3D we have:
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· V
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I� V ·
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respectively, with L
k

being a normalization factor. The
limits of integration are given by the boundaries of the
first Brillouin zone, i.e., for a square lattice we integrate
from �⇡ to ⇡ (with L

k

= 2⇡), and from �2⇡/3 to 2⇡/3
(with L

k

= 4⇡/3) for a honeycomb lattice with an im-
purity along y (for a full justification see Appendix A).
Note that Eqs. (3) and (4) are independent of k1x and
k2x due to the fact that the impurity potential is a delta-
function of x. Reversely, note that the T-matrix contains
the terms �(k1y � k2y) (2D) and �(k1y � k2y)�(k1z � k2z)
(3D), since the impurity is independent of y in 2D and
respectively independent of y and z in 3D.

In what follows we employ this formalism at zero tem-
perature to calculate the retarded GF G(k1,k2, E) ob-
tained by the analytical continuation of the Matsubara
GF G(k1,k2, i!n

) (i.e., by setting i!
n

! E + i�, with
� ! 0+). In addition, in order to visualize the impurity-
induced states we compute the correction to the spectral
function

�A(k, E) = � 1

⇡
Im{tr[G0 (k)T (k,k)G0 (k)]}. (5)

Above G0 (k) stands for G0 (k, E) and T (k,k) for
T (k,k, E). More precisely, as described in Appendix
B, we will focus on the average correction to the spectral
function:

�N(k
y

, E) =

Z
dk

x

L
k

�A(k
x

, k
y

, E). (6)

The integral over k
x

is performed along the same interval
as the one defined in Eq. (3). This quantity corresponds
to the average number of available electronic states with
wavevector k

y

, where the average is performed along the
direction perpendicular to the impurity. A more detailed
description of the significance of this quantity is provided
in Appendix B.
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dard nearest-neighbor hopping term corresponding to
the tight-binding Hamiltonian of graphene, which yields
a spectrum with bands touching at the Dirac points
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= ±1, defined by
the orientation of the hopping direction (see Fig. 1). The
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First, we obtain the boundary modes numerically by
diagonalizing the tight-binding Hamiltonian in Eq. (7)
and considering periodic boundary conditions in the y
direction and open boundary conditions in the x direc-
tion. This corresponds to a ribbon with zigzag edges. For
convenience we set the lattice spacing a to unity. The
corresponding energy spectrum is shown in Fig. 2. Note
the formation of two subgap states (we have verified that
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Figure 2. Energy spectrum obtained by an exact diagonal-
ization of the Hamiltonian in Eq. (7) defined on a strip with
zigzag edges. We set t = 1 and t2 = 0.03. Note the formation
of dispersing topological edge states in the same interval in
which regular zero-energy nondispersing edge states form for
a regular zigzag edge graphene nanoribbon.

Figure 3. The average correction to the spectral function due
to the line impurity, for the same energy range and momen-
tum values as in Fig. 2. Hopping amplitudes are taken to be
t = 1, t2 = 0.03, and we consider U = 1 in the left panel and
U = 100 in the right panel. Note the formation of impurity
states becoming edges states at large values of the impurity
potential.
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being the nearest-neighbor and the next-nearest-neighbor
terms with amplitudes t and t2, respectively. Here

⇤ sim-
ply denotes the complex conjugation.

To reproduce the zigzag edge states, we choose an im-
purity potential localized on two adjacent rows of atoms
corresponding to two di↵erent sublattices.
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(see Appendix D for more details).

In order to visualize the impurity-induced states, in
Fig. 3 we plot the average correction to the spectral func-
tion due to the impurity, as defined in Eq. (6),
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for the same range of k
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as the one considered in Fig. 2.

For a weak impurity, i.e., U = t = 1, the impurity
states appear as a distinct band at energies concentrated
mostly outside of the gap. We expect that the impu-
rity bound states will evolve into edge states and acquire
the same properties (i.e., the same momentum disper-
sion) as the edge states derived previously using numeri-
cal methods, when the impurity strength U goes to infin-
ity. Indeed, for a stronger impurity potential U = 100,
the impurity-induced spectral function exhibits subgap
states with the same dispersion as the ones derived via
exact diagonalization and depicted in Fig. 2. The agree-
ment between the two methods is remarkable, confirming
the validity of our analytical approach towards finding
the edge states of a simple topological insulator system.

While here we consider only zigzag edges, in Appendix
D we have also considered the case of an impurity
localized only on one row of atoms, which splits the
systems into two subsystems with di↵erent edges, one
with a zigzag edge, and one with a bearded edge. We
expect that we will recover two distinct sets of edge
states, and in Appendix D we show that this is indeed
the case.

IV. CHERN INSULATOR

Below we consider the simplest lattice model defining
a Chern insulator
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where we set the lattice constant to unity and t = 1.
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) are the Pauli
matrices. The subspace in which they act may be very
general and depends on the given model, for example in
a lattice model with two orbitals per site, s and p, the �
matrices act in the orbital subspace. The above model
yields topologically nontrivial phases for M 2 (0, 2) [
(2, 4) (see Ref. [3]).

In what follows we introduce a line-like impurity at
x = 0 described by the potential Vimp(x) = V �(x)I, with
V ! 1 and I is the 2 ⇥ 2 identity matrix. In this limit
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ization of the Hamiltonian in Eq. (7) defined on a strip with
zigzag edges. We set t = 1 and t2 = 0.03. Note the formation
of dispersing topological edge states in the same interval in
which regular zero-energy nondispersing edge states form for
a regular zigzag edge graphene nanoribbon.
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to the line impurity, for the same energy range and momen-
tum values as in Fig. 2. Hopping amplitudes are taken to be
t = 1, t2 = 0.03, and we consider U = 1 in the left panel and
U = 100 in the right panel. Note the formation of impurity
states becoming edges states at large values of the impurity
potential.
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(see Appendix D for more details).
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ization of the Hamiltonian in Eq. (7) defined on a strip with
zigzag edges. We set t = 1 and t2 = 0.03. Note the formation
of dispersing topological edge states in the same interval in
which regular zero-energy nondispersing edge states form for
a regular zigzag edge graphene nanoribbon.

Figure 3. The average correction to the spectral function due
to the line impurity, for the same energy range and momen-
tum values as in Fig. 2. Hopping amplitudes are taken to be
t = 1, t2 = 0.03, and we consider U = 1 in the left panel and
U = 100 in the right panel. Note the formation of impurity
states becoming edges states at large values of the impurity
potential.
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the edge states of a simple topological insulator system.

While here we consider only zigzag edges, in Appendix
D we have also considered the case of an impurity
localized only on one row of atoms, which splits the
systems into two subsystems with di↵erent edges, one
with a zigzag edge, and one with a bearded edge. We
expect that we will recover two distinct sets of edge
states, and in Appendix D we show that this is indeed
the case.

IV. CHERN INSULATOR

Below we consider the simplest lattice model defining
a Chern insulator

Hk = t sin k
x

�
x

+ t sin k
y

�
y

+B(2�M � cos k
x

� cos k
y

)�
z

(11)

where we set the lattice constant to unity and t = 1.
Here k ⌘ (k

x

, k
y

) and � = (�
x

, �
y

, �
z

) are the Pauli
matrices. The subspace in which they act may be very
general and depends on the given model, for example in
a lattice model with two orbitals per site, s and p, the �
matrices act in the orbital subspace. The above model
yields topologically nontrivial phases for M 2 (0, 2) [
(2, 4) (see Ref. [3]).

In what follows we introduce a line-like impurity at
x = 0 described by the potential Vimp(x) = V �(x)I, with
V ! 1 and I is the 2 ⇥ 2 identity matrix. In this limit

3

0 ⇡p
3

2⇡p
3

k

y

�1

0

1

E

Figure 2. Energy spectrum obtained by an exact diagonal-
ization of the Hamiltonian in Eq. (7) defined on a strip with
zigzag edges. We set t = 1 and t2 = 0.03. Note the formation
of dispersing topological edge states in the same interval in
which regular zero-energy nondispersing edge states form for
a regular zigzag edge graphene nanoribbon.

Figure 3. The average correction to the spectral function due
to the line impurity, for the same energy range and momen-
tum values as in Fig. 2. Hopping amplitudes are taken to be
t = 1, t2 = 0.03, and we consider U = 1 in the left panel and
U = 100 in the right panel. Note the formation of impurity
states becoming edges states at large values of the impurity
potential.
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For a weak impurity, i.e., U = t = 1, the impurity
states appear as a distinct band at energies concentrated
mostly outside of the gap. We expect that the impu-
rity bound states will evolve into edge states and acquire
the same properties (i.e., the same momentum disper-
sion) as the edge states derived previously using numeri-
cal methods, when the impurity strength U goes to infin-
ity. Indeed, for a stronger impurity potential U = 100,
the impurity-induced spectral function exhibits subgap
states with the same dispersion as the ones derived via
exact diagonalization and depicted in Fig. 2. The agree-
ment between the two methods is remarkable, confirming
the validity of our analytical approach towards finding
the edge states of a simple topological insulator system.

While here we consider only zigzag edges, in Appendix
D we have also considered the case of an impurity
localized only on one row of atoms, which splits the
systems into two subsystems with di↵erent edges, one
with a zigzag edge, and one with a bearded edge. We
expect that we will recover two distinct sets of edge
states, and in Appendix D we show that this is indeed
the case.

IV. CHERN INSULATOR

Below we consider the simplest lattice model defining
a Chern insulator

Hk = t sin k
x

�
x

+ t sin k
y

�
y

+B(2�M � cos k
x

� cos k
y

)�
z

(11)

where we set the lattice constant to unity and t = 1.
Here k ⌘ (k

x

, k
y

) and � = (�
x

, �
y

, �
z

) are the Pauli
matrices. The subspace in which they act may be very
general and depends on the given model, for example in
a lattice model with two orbitals per site, s and p, the �
matrices act in the orbital subspace. The above model
yields topologically nontrivial phases for M 2 (0, 2) [
(2, 4) (see Ref. [3]).

In what follows we introduce a line-like impurity at
x = 0 described by the potential Vimp(x) = V �(x)I, with
V ! 1 and I is the 2 ⇥ 2 identity matrix. In this limit

Kane-Mele model - T-matrix technique
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Majorana “polarization’’ 

• Majorana polarization (MP) = equivalent to the local density of states 
(LDOS) for Majorana 

• LDOS measures the number of electronic states as a function of energy 
and position 

• MP measures the number of Majorana states as function of energy and 
position 

• Given that Majoranas are not uniquely defined: γ=(c ✝+ eiƔc)/√2, MP 
needs to store information about the total electron-hole overlap and relative 
electron/hole phase 

• MP is a vector in the complex plane, equivalent to a pseudo-spin-
polarized LDOS 

27



P = 0 si u,v=0 (états purement fermioniques: électrons ou 
trous) 

|P | est maximale pour états purement Majorana (|u|=|v|): 

Etats de Majorana = combinaisons égales d’électrons et trous  

Besoin d’une quantité pour mesurer la superposition électron-trou

− D.Sticlet, C. Bena, P. Simon, Phys. Rev. Lett. 108, 096802 (2012) 
− N.Sedlmayr, C. Bena, Phys. Rev. B 92, 115115 (2015)

MP = vecteur dans le plan complexe:  
(pseudo-spin)

Trouver la bonne quantité est subtil  
(première proposition: P =2uv*)

2828

Fonction d’onde générale:   
u      + v 

P = 2 u v

Polarisation de Majorana 

électron:
trou:



 General wavefunction

u c ✝ +v c

Spinless models

P =0 if u,v=0 (pure fermionic states): c, c ✝ 
P is maximal for u=eiƔv : eiƐ(c ✝ + eiƔc)/√2  
purely Majorana states: P = eiƐ-iƔ, |P|=1

Majorana “polarization’’ 

u↑ c↑ ✝ + v↑ c↑ + u↓ c↓ ✝ + v↓ c↓  

Spinful models

Majorana polarization: measures  
electron-hole overlap up to a phase

P = 2 u v

P = 2 u↑ v↑ + 2 u↓ v↓

Sticlet, Bena, Simon PRL 2012 
Sedlmayr, Bena, PRB 2015

Expectation of particle-hole operator 
- can also be related to the Green’s function 29



Majorana “polarization’’ vector

• MP - vector in the complex plane  
P=|P|eiƔ 

• Magnitude |P|=1 - full Majorana 

• |P|<1 - non-Majorana 

• phase - related to SC phase, as well as 
other factors 

|P|

Ɣ

Px

Py

Sticlet, Bena, Simon PRL 2012 
Sedlmayr, Bena, PRB 2015
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MP for a spatial distribution

• On each site define 
a MP vector Pr 

• Criterion to have a 
Majorana state

3

FIG. 1. The phase diagram of a 1D superconducting nanowire
obtained with topological invariant calculation as a function
of the chemical potential µ and the magnetic field along the
wire B = B

x

(the phase diagram remains the same in the case
of a magnetic field perpendicular to the wire B = B

z

). We
set � = 0.2t,�

x

= 0.5t.

becomes cumbersome to isolate two sets of N continuous
solutions k

i

(with opposite imaginary parts) and plug
them into the counting formula to get the total number
of MBS. Thus we will use the singular points method
only to find the phase-transition lines. In order to find
the number of MBS pairs in a given phase we will rely
on the numerical tight-binding calculations.

III. 1D WIRES AND 2D RIBBONS

A. 1D wire

We start by describing the well-known phase diagram
of a 1D SC wire which we take to be lying along the x-
axis (N

y

= 1 and N
x

� 1). In the presence of a magnetic
field the time-reversal symmetry (TRS) is broken, and
only the particle-hole symmetry (PHS) holds, therefore
the system is in the topological class D described by a Z2

invariant.45 If the applied magnetic field is perpendicu-
lar to the spin-orbit direction, i.e. either B = (0, 0, B

z

)
or B = (B

x

, 0, 0), the SC wire enters a gapful topo-
logical phase as soon as B

x

or B
z

become larger than
p

(µ� 2t
x

)2 +�2. The corresponding phase diagram is
shown in Fig. 1. Further details of the Z2 invariant cal-
culation can be found in the first subsection of Appendix
A.

B. 2D ribbon

In this subsection we study a 2D ribbon with a finite
but large number of sites in the y-direction (N

y

� 1),
and infinite in the x-direction N

x

! 1 (see Fig. 2). We
set �

x

= �
y

= � and t
x

= t
y

= 1. We are interested in the
zero-energy solutions localized at the edges of the ribbon.
In Fig. 3 we plot the band structure of this system for an
in-plane magnetic field B

y

parallel to the y-axis (perpen-
dicular to the ribbon edges), as well as the topological
phase diagram of such a ribbon obtained using the tight-
binding numerical diagonalization and the evaluation of
the MP as described in section II. First of all, we note
that the spectrum is PHS even though the band structure
is not. Second, as we can see from the band structure,
the system may become gapless, i.e. there are region in
the momentum space in which the gap in the spectrum is
closing. However, despite the fact that there is no overall
gap, chiral MBS do form, and they correspond to values
of momenta in which the bulk spectrum remains gapped
(e.g. k

x

a = 0 and k
x

a = ⇡). Such states are localized
and propagate along the edges of the ribbon. We should
note that similar situations in which the closing the gap
can occur for certain regions in the parameter space have
been previously studied, and it has been shown that, de-
spite the absence of an overall gap, the system can still be
topological, and support MBS.47–51 The number of MBS
pairs varies from 0 to 2, depending on the parameters of
the system (see Fig. 3). However, the case of two Majo-
rana fermions propagating at the same boundary is not
stable, and in the absence of protection by TRS, for ex-
ample in the presence of small disorder, such states would
combine to form a conventional fermionic state. Thus the
system is topologically non-trivial only when the number
of MBS pairs is equal to 1. It is also worth mentioning
that the number of sites in the y direction must be large
enough so that the overlap of the wave functions of the
two Majorana states localized on the two opposite edges
of the ribbon is exponentially small, and that these states
cannot hybridize and acquire a finite energy.

FIG. 2. A sketch of a 2D ribbon along x-axis with a magnetic
field B = B

y

perpendicular to its edges. The black sites
denote the edges of the ribbon where the chiral Majorana
modes are localised.

Note that if the magnetic field is applied along the x-
axis the system is also gapless, however, in this case no
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where t is the hopping amplitude, µ denotes the chemical
potential, x,y are unit vectors for the x and y directions
correspondingly, and the lattice spacing is set to unity.

A. Numerical tight-binding techniques and the
Majorana polarization

The eigenstates of the tight-binding Hamiltonian
described above can be obtained using a numeri-
cal diagonalization (here performed using the MatQ
code46). In the Nambu basis, an eigenstate j of the
tight binding Hamiltonian can be written as  j T

r

=
n

uj

r", u
j

r#, v
j

r#, �vj
r"

o

, where u and v denote the electron

and hole components respectively. The vector of the lo-
cal Majorana polarization41,43,44 on each site r = (x, y),
for the eigenstate j is given by:
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This quantity allows to discriminate locally pure electron
(hole) states from Majorana-like states. It is easy to see
that for pure electron (v

r" = v
r# = 0) and pure hole

states (u
r" = u

r# = 0) the local Majorana polarization
equals to zero. For our purposes it is more practical to
use the integral of the MP vector over a spatial region R
defined as:
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Note that in Eqs. (2,3) we assume that the wave function
is normalized.

To obtain the topological phase diagram we first find
the lowest energy states of the given system. If these
states have energies close to zero they may be MBS.
We divide our system into two halves (along the shorter
length), and we compute the integral of the MP vector
in each of these halves defined by r 2 R for each ’zero’-
energy state. The states that have C = 1 are MBS, and
those with C = 0 are regular electron or hole states. Note
that we may have only a pair of state with C = 1, or mul-
tiple degenerate zero-energy MBS states with C = 1. In
the results that we present here we sum the MP over all
the lowest energy states. Note however that the states
with even C (even number of MBS pairs) are not topolog-
ically protected, and thus any small disorder introduced
into the system destroys such Majorana states.

B. Singular points of the Hamiltonian

To find a MBS in a system described by a PHS Hamil-
tonian H(k), we seek for localized zero-energy solutions
of the Schrödinger equation: H(k)� = 0. In the most
general case these solutions are of the form eikr that can
be rewritten as eikkrk ·e�zr? , where kk denotes the “good”
quantum number and z is defined below. We analytically
continue k to the complex plane and we consider the so-
lutions of the following equation

detH(k) = 0, (4)

defining the so-called singular points k
i

⌘ kk + iz in the
complex plane at which the determinant of the Hamilto-
nian vanishes. By definition z is given by the imaginary
part of the singular point k

i

. The practical use of these
complex momentum values is the following: by contin-
uously changing the parameters of our Hamiltonian, we
continuously change the corresponding k

i

’s. If we are in
a topological phase, z must be positive (in other words
the solution is localized). As soon as z crosses zero and
becomes negative, the solution becomes delocalized, and
therefore we enter a non-topological phase. Further de-
tails can be found in Refs. [1–3].

We propose the following way of constructing a phase
diagram. The parameter space is given by the chemical
potential µ and the magnetic field B = |B|. Firstly, we
find all the k

i

’s as a function of the parameters in the
Hamiltonian, such that k

i

= k
i

(µ,B), i 2 1, 2N , where
2N is the total number of k

i

solutions. We then sort
them at each point in the parameter space with respect
to their imaginary parts as follows: Im k

i

< Im k
i+1, i 2

1, 2N � 1. Sorting is one way to construct continuous
functions Im k

i

(µ,B) in the parameter space. Although
it is possible to deal with discontinuities analytically,3

in numerical simulations the continuity of Im k
i

’s be-
comes crucial since it is hard to discriminate the ze-
ros of Im k

i

(µ,B) from its discontinuities. Subsequently
we look for the functions k

i

(µ,B) whose imaginary part
crosses zero. This can be done by plotting their imagi-
nary part as a function of the system parameters. Since
Eq. (4) yields pairs of solutions with opposite imaginary
parts, and since these pairs have been sorted according
to their imaginary parts, it is therefore su�cient to plot
the imaginary part of either the smallest positive root
(i = N + 1) or of the largest negative root (i = N). The
set of points (µ0, B0) where Im k

N

(µ0, B0) = 0 (or equiv-
alently Im k

N+1(µ0, B0) = 0) yield thus the phase tran-
sition lines between the topological and non-topological
regions in the phase diagram.

Note that this technique can in principle used also to
count the number of MBS present in a given phase. The
corresponding counting formula is extremely simplified
when ”Exceptional points” are present1,2 for a system
with unbroken chiral symmetry. In such a case, the
Hamiltonian can be brought to a block o↵-diagonal form,
however, when the chiral symmetry is broken, this block-
o↵ diagonal form cannot be achieved in any basis and it
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where t is the hopping amplitude, µ denotes the chemical
potential, x,y are unit vectors for the x and y directions
correspondingly, and the lattice spacing is set to unity.

A. Numerical tight-binding techniques and the
Majorana polarization

The eigenstates of the tight-binding Hamiltonian
described above can be obtained using a numeri-
cal diagonalization (here performed using the MatQ
code46). In the Nambu basis, an eigenstate j of the
tight binding Hamiltonian can be written as  j T
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, where u and v denote the electron

and hole components respectively. The vector of the lo-
cal Majorana polarization41,43,44 on each site r = (x, y),
for the eigenstate j is given by:
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This quantity allows to discriminate locally pure electron
(hole) states from Majorana-like states. It is easy to see
that for pure electron (v

r" = v
r# = 0) and pure hole

states (u
r" = u

r# = 0) the local Majorana polarization
equals to zero. For our purposes it is more practical to
use the integral of the MP vector over a spatial region R
defined as:
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Note that in Eqs. (2,3) we assume that the wave function
is normalized.

To obtain the topological phase diagram we first find
the lowest energy states of the given system. If these
states have energies close to zero they may be MBS.
We divide our system into two halves (along the shorter
length), and we compute the integral of the MP vector
in each of these halves defined by r 2 R for each ’zero’-
energy state. The states that have C = 1 are MBS, and
those with C = 0 are regular electron or hole states. Note
that we may have only a pair of state with C = 1, or mul-
tiple degenerate zero-energy MBS states with C = 1. In
the results that we present here we sum the MP over all
the lowest energy states. Note however that the states
with even C (even number of MBS pairs) are not topolog-
ically protected, and thus any small disorder introduced
into the system destroys such Majorana states.

B. Singular points of the Hamiltonian

To find a MBS in a system described by a PHS Hamil-
tonian H(k), we seek for localized zero-energy solutions
of the Schrödinger equation: H(k)� = 0. In the most
general case these solutions are of the form eikr that can
be rewritten as eikkrk ·e�zr? , where kk denotes the “good”
quantum number and z is defined below. We analytically
continue k to the complex plane and we consider the so-
lutions of the following equation

detH(k) = 0, (4)

defining the so-called singular points k
i

⌘ kk + iz in the
complex plane at which the determinant of the Hamilto-
nian vanishes. By definition z is given by the imaginary
part of the singular point k

i

. The practical use of these
complex momentum values is the following: by contin-
uously changing the parameters of our Hamiltonian, we
continuously change the corresponding k

i

’s. If we are in
a topological phase, z must be positive (in other words
the solution is localized). As soon as z crosses zero and
becomes negative, the solution becomes delocalized, and
therefore we enter a non-topological phase. Further de-
tails can be found in Refs. [1–3].

We propose the following way of constructing a phase
diagram. The parameter space is given by the chemical
potential µ and the magnetic field B = |B|. Firstly, we
find all the k
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’s as a function of the parameters in the
Hamiltonian, such that k
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= k
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(µ,B), i 2 1, 2N , where
2N is the total number of k
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solutions. We then sort
them at each point in the parameter space with respect
to their imaginary parts as follows: Im k
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< Im k
i+1, i 2

1, 2N � 1. Sorting is one way to construct continuous
functions Im k
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(µ,B) in the parameter space. Although
it is possible to deal with discontinuities analytically,3

in numerical simulations the continuity of Im k
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’s be-
comes crucial since it is hard to discriminate the ze-
ros of Im k
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(µ,B) from its discontinuities. Subsequently
we look for the functions k

i

(µ,B) whose imaginary part
crosses zero. This can be done by plotting their imagi-
nary part as a function of the system parameters. Since
Eq. (4) yields pairs of solutions with opposite imaginary
parts, and since these pairs have been sorted according
to their imaginary parts, it is therefore su�cient to plot
the imaginary part of either the smallest positive root
(i = N + 1) or of the largest negative root (i = N). The
set of points (µ0, B0) where Im k
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(µ0, B0) = 0 (or equiv-
alently Im k

N+1(µ0, B0) = 0) yield thus the phase tran-
sition lines between the topological and non-topological
regions in the phase diagram.

Note that this technique can in principle used also to
count the number of MBS present in a given phase. The
corresponding counting formula is extremely simplified
when ”Exceptional points” are present1,2 for a system
with unbroken chiral symmetry. In such a case, the
Hamiltonian can be brought to a block o↵-diagonal form,
however, when the chiral symmetry is broken, this block-
o↵ diagonal form cannot be achieved in any basis and it
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where t is the hopping amplitude, µ denotes the chemical
potential, x,y are unit vectors for the x and y directions
correspondingly, and the lattice spacing is set to unity.

A. Numerical tight-binding techniques and the
Majorana polarization

The eigenstates of the tight-binding Hamiltonian
described above can be obtained using a numeri-
cal diagonalization (here performed using the MatQ
code46). In the Nambu basis, an eigenstate j of the
tight binding Hamiltonian can be written as  j T
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, where u and v denote the electron

and hole components respectively. The vector of the lo-
cal Majorana polarization41,43,44 on each site r = (x, y),
for the eigenstate j is given by:
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This quantity allows to discriminate locally pure electron
(hole) states from Majorana-like states. It is easy to see
that for pure electron (v

r" = v
r# = 0) and pure hole

states (u
r" = u

r# = 0) the local Majorana polarization
equals to zero. For our purposes it is more practical to
use the integral of the MP vector over a spatial region R
defined as:
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Note that in Eqs. (2,3) we assume that the wave function
is normalized.

To obtain the topological phase diagram we first find
the lowest energy states of the given system. If these
states have energies close to zero they may be MBS.
We divide our system into two halves (along the shorter
length), and we compute the integral of the MP vector
in each of these halves defined by r 2 R for each ’zero’-
energy state. The states that have C = 1 are MBS, and
those with C = 0 are regular electron or hole states. Note
that we may have only a pair of state with C = 1, or mul-
tiple degenerate zero-energy MBS states with C = 1. In
the results that we present here we sum the MP over all
the lowest energy states. Note however that the states
with even C (even number of MBS pairs) are not topolog-
ically protected, and thus any small disorder introduced
into the system destroys such Majorana states.

B. Singular points of the Hamiltonian

To find a MBS in a system described by a PHS Hamil-
tonian H(k), we seek for localized zero-energy solutions
of the Schrödinger equation: H(k)� = 0. In the most
general case these solutions are of the form eikr that can
be rewritten as eikkrk ·e�zr? , where kk denotes the “good”
quantum number and z is defined below. We analytically
continue k to the complex plane and we consider the so-
lutions of the following equation

detH(k) = 0, (4)

defining the so-called singular points k
i

⌘ kk + iz in the
complex plane at which the determinant of the Hamilto-
nian vanishes. By definition z is given by the imaginary
part of the singular point k

i

. The practical use of these
complex momentum values is the following: by contin-
uously changing the parameters of our Hamiltonian, we
continuously change the corresponding k

i

’s. If we are in
a topological phase, z must be positive (in other words
the solution is localized). As soon as z crosses zero and
becomes negative, the solution becomes delocalized, and
therefore we enter a non-topological phase. Further de-
tails can be found in Refs. [1–3].

We propose the following way of constructing a phase
diagram. The parameter space is given by the chemical
potential µ and the magnetic field B = |B|. Firstly, we
find all the k

i

’s as a function of the parameters in the
Hamiltonian, such that k

i

= k
i

(µ,B), i 2 1, 2N , where
2N is the total number of k

i

solutions. We then sort
them at each point in the parameter space with respect
to their imaginary parts as follows: Im k
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< Im k
i+1, i 2

1, 2N � 1. Sorting is one way to construct continuous
functions Im k

i

(µ,B) in the parameter space. Although
it is possible to deal with discontinuities analytically,3

in numerical simulations the continuity of Im k
i

’s be-
comes crucial since it is hard to discriminate the ze-
ros of Im k

i

(µ,B) from its discontinuities. Subsequently
we look for the functions k

i

(µ,B) whose imaginary part
crosses zero. This can be done by plotting their imagi-
nary part as a function of the system parameters. Since
Eq. (4) yields pairs of solutions with opposite imaginary
parts, and since these pairs have been sorted according
to their imaginary parts, it is therefore su�cient to plot
the imaginary part of either the smallest positive root
(i = N + 1) or of the largest negative root (i = N). The
set of points (µ0, B0) where Im k

N

(µ0, B0) = 0 (or equiv-
alently Im k

N+1(µ0, B0) = 0) yield thus the phase tran-
sition lines between the topological and non-topological
regions in the phase diagram.

Note that this technique can in principle used also to
count the number of MBS present in a given phase. The
corresponding counting formula is extremely simplified
when ”Exceptional points” are present1,2 for a system
with unbroken chiral symmetry. In such a case, the
Hamiltonian can be brought to a block o↵-diagonal form,
however, when the chiral symmetry is broken, this block-
o↵ diagonal form cannot be achieved in any basis and it

ρ(r)

31



MP for a spatial distribution
• Majorana state

− |Pr|= LDOS: perfect  
local ‘Majorana character’ 

− All MP vectors are  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FIG. 1. The phase diagram of a 1D superconducting nanowire
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becomes cumbersome to isolate two sets of N continuous
solutions k

i

(with opposite imaginary parts) and plug
them into the counting formula to get the total number
of MBS. Thus we will use the singular points method
only to find the phase-transition lines. In order to find
the number of MBS pairs in a given phase we will rely
on the numerical tight-binding calculations.

III. 1D WIRES AND 2D RIBBONS
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We start by describing the well-known phase diagram
of a 1D SC wire which we take to be lying along the x-
axis (N
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= 1 and N
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� 1). In the presence of a magnetic
field the time-reversal symmetry (TRS) is broken, and
only the particle-hole symmetry (PHS) holds, therefore
the system is in the topological class D described by a Z2

invariant.45 If the applied magnetic field is perpendicu-
lar to the spin-orbit direction, i.e. either B = (0, 0, B

z

)
or B = (B

x

, 0, 0), the SC wire enters a gapful topo-
logical phase as soon as B

x

or B
z

become larger than
p

(µ� 2t
x

)2 +�2. The corresponding phase diagram is
shown in Fig. 1. Further details of the Z2 invariant cal-
culation can be found in the first subsection of Appendix
A.

B. 2D ribbon

In this subsection we study a 2D ribbon with a finite
but large number of sites in the y-direction (N
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and infinite in the x-direction N
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! 1 (see Fig. 2). We
set �
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= 1. We are interested in the
zero-energy solutions localized at the edges of the ribbon.
In Fig. 3 we plot the band structure of this system for an
in-plane magnetic field B

y

parallel to the y-axis (perpen-
dicular to the ribbon edges), as well as the topological
phase diagram of such a ribbon obtained using the tight-
binding numerical diagonalization and the evaluation of
the MP as described in section II. First of all, we note
that the spectrum is PHS even though the band structure
is not. Second, as we can see from the band structure,
the system may become gapless, i.e. there are region in
the momentum space in which the gap in the spectrum is
closing. However, despite the fact that there is no overall
gap, chiral MBS do form, and they correspond to values
of momenta in which the bulk spectrum remains gapped
(e.g. k

x

a = 0 and k
x

a = ⇡). Such states are localized
and propagate along the edges of the ribbon. We should
note that similar situations in which the closing the gap
can occur for certain regions in the parameter space have
been previously studied, and it has been shown that, de-
spite the absence of an overall gap, the system can still be
topological, and support MBS.47–51 The number of MBS
pairs varies from 0 to 2, depending on the parameters of
the system (see Fig. 3). However, the case of two Majo-
rana fermions propagating at the same boundary is not
stable, and in the absence of protection by TRS, for ex-
ample in the presence of small disorder, such states would
combine to form a conventional fermionic state. Thus the
system is topologically non-trivial only when the number
of MBS pairs is equal to 1. It is also worth mentioning
that the number of sites in the y direction must be large
enough so that the overlap of the wave functions of the
two Majorana states localized on the two opposite edges
of the ribbon is exponentially small, and that these states
cannot hybridize and acquire a finite energy.

FIG. 2. A sketch of a 2D ribbon along x-axis with a magnetic
field B = B
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perpendicular to its edges. The black sites
denote the edges of the ribbon where the chiral Majorana
modes are localised.

Note that if the magnetic field is applied along the x-
axis the system is also gapless, however, in this case no

3

FIG. 1. The phase diagram of a 1D superconducting nanowire
obtained with topological invariant calculation as a function
of the chemical potential µ and the magnetic field along the
wire B = B

x

(the phase diagram remains the same in the case
of a magnetic field perpendicular to the wire B = B

z

). We
set � = 0.2t,�

x

= 0.5t.

becomes cumbersome to isolate two sets of N continuous
solutions k

i

(with opposite imaginary parts) and plug
them into the counting formula to get the total number
of MBS. Thus we will use the singular points method
only to find the phase-transition lines. In order to find
the number of MBS pairs in a given phase we will rely
on the numerical tight-binding calculations.

III. 1D WIRES AND 2D RIBBONS

A. 1D wire

We start by describing the well-known phase diagram
of a 1D SC wire which we take to be lying along the x-
axis (N

y

= 1 and N
x

� 1). In the presence of a magnetic
field the time-reversal symmetry (TRS) is broken, and
only the particle-hole symmetry (PHS) holds, therefore
the system is in the topological class D described by a Z2

invariant.45 If the applied magnetic field is perpendicu-
lar to the spin-orbit direction, i.e. either B = (0, 0, B

z

)
or B = (B

x

, 0, 0), the SC wire enters a gapful topo-
logical phase as soon as B

x

or B
z

become larger than
p

(µ� 2t
x

)2 +�2. The corresponding phase diagram is
shown in Fig. 1. Further details of the Z2 invariant cal-
culation can be found in the first subsection of Appendix
A.

B. 2D ribbon

In this subsection we study a 2D ribbon with a finite
but large number of sites in the y-direction (N

y

� 1),
and infinite in the x-direction N

x

! 1 (see Fig. 2). We
set �

x

= �
y

= � and t
x

= t
y

= 1. We are interested in the
zero-energy solutions localized at the edges of the ribbon.
In Fig. 3 we plot the band structure of this system for an
in-plane magnetic field B

y

parallel to the y-axis (perpen-
dicular to the ribbon edges), as well as the topological
phase diagram of such a ribbon obtained using the tight-
binding numerical diagonalization and the evaluation of
the MP as described in section II. First of all, we note
that the spectrum is PHS even though the band structure
is not. Second, as we can see from the band structure,
the system may become gapless, i.e. there are region in
the momentum space in which the gap in the spectrum is
closing. However, despite the fact that there is no overall
gap, chiral MBS do form, and they correspond to values
of momenta in which the bulk spectrum remains gapped
(e.g. k

x

a = 0 and k
x

a = ⇡). Such states are localized
and propagate along the edges of the ribbon. We should
note that similar situations in which the closing the gap
can occur for certain regions in the parameter space have
been previously studied, and it has been shown that, de-
spite the absence of an overall gap, the system can still be
topological, and support MBS.47–51 The number of MBS
pairs varies from 0 to 2, depending on the parameters of
the system (see Fig. 3). However, the case of two Majo-
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stable, and in the absence of protection by TRS, for ex-
ample in the presence of small disorder, such states would
combine to form a conventional fermionic state. Thus the
system is topologically non-trivial only when the number
of MBS pairs is equal to 1. It is also worth mentioning
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modes are localised.

Note that if the magnetic field is applied along the x-
axis the system is also gapless, however, in this case no

4

Majorana modes form, for any region in the parameter
space, and the system is fully trivial.

FIG. 3. Band structure of a 2D ribbon with a magnetic field
B = B

y

perpendicular to the edges for µ = 4t, B
y

= 0.3t
(upper panel) and µ = 0t, B

y

= 0.3t (middle panel). Note
that the system may host either one or two pairs of chiral
Majorana modes. The corresponding topological phase dia-
gram (lower panel) depicts the number of Majorana modes
(as evaluated from the total MP) as a function of µ and B.
In all the examples we set � = 0.2t,�

x

= �

y

= 0.5t.

IV. QUASI-1D WIRES

In what follows we focus on quasi-1D systems, i.e. sys-
tems made-up of N

y

> 1 coupled wires each with a finite
but large number of sites N

x

� 1 and N
x

� N
y

. We con-
sider an in-plane magnetic field B

x

parallel to the long
edge of the system (see Fig. 4). Note that for a magnetic
field parallel to the y-axis, no Majorana states can form,

since the magnetic field would in this case be parallel to
the direction of the spin-orbit coupling in the wires. A
similar system was considered in Ref. [44], but only for
magnetic fields perpendicular to the plane of the system.

FIG. 4. A sketch of a quasi-1D wire with a magnetic field B =
B

x

along the x-axis. The black sites denote the short edges
of the system where the Majorana modes would be localized.
The quasi-1D system can be thought of as a set of 1D wires
coupled in y-direction.

As described in Section II, we will use two main tools to
obtain the phase diagram for these systems. The first is
to numerically diagonalize the tight-binding Hamiltonian
and employ the integrated MP by plotting its value as a
function of the chemical potential and the magnetic field.
The second is to assume that the momentum k

x

along x is
a ”good” quantum number, and exploit the SP technique.
In Fig. 5 we show numerically that the results of the first
two methods are fully consistent. Each phase transition
boundary defined as a change in the number of MBS pairs
obtained via the MP technique corresponds to a line of
zeroes in the SP plot. The only apparent exception is the
special case of the white lines in the N

y

= 4 close to µ = t
and µ = 2.2t and B = 0.5t. They seem to correspond
to the special case of a zero-size non-topological line-like
region between two topological regions with one pair of
MBS. Such situations, i.e. topological regions divided by
a line of non-topological points, can arise, and are well
captured here by the SP method. The numerical method
is a bit less precise in this case, and the non-topological
lines acquire a finite width, mostly because of the finite
length of the considered systems (in the infinite-length
limit the width of these regions should go to zero).
Note that the integrated MP allows not only to show

the phase transition boundaries, but also to give access to
the number of emerging MBS. Since the chiral symmetry
(a combination of the PHS and the TRS) is absent due
to the magnetic field which breaks the TRS, we cannot
easily use the counting formula introduced in Ref. [3] to
obtain the number of Majorana modes using this method.
The counting formula is in principle also applicable in the
absence of the chiral symmetry, but the broken TRS case
is very cumbersome and much harder to implement nu-
merically. Therefore, we use here the SP technique only
to obtain the phase transition lines; the actual number
of the MBS pairs and the topological character of a given
phase space region are obtained numerically via the cal-
culation of the total MP. We should point out that some
segments of the phase transition lines in the right col-
umn of Fig. 5 are almost non-visible. This is not due
to the failure of the method, but to the numerical grid:

• 1D wires 

• NS junctions 

• 2D ribbons 

• Quasi-1D systems 
(finite-size strips)  
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where t is the hopping amplitude, µ denotes the chemical
potential, x,y are unit vectors for the x and y directions
correspondingly, and the lattice spacing is set to unity.

A. Numerical tight-binding techniques and the
Majorana polarization

The eigenstates of the tight-binding Hamiltonian
described above can be obtained using a numeri-
cal diagonalization (here performed using the MatQ
code46). In the Nambu basis, an eigenstate j of the
tight binding Hamiltonian can be written as  j T
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, where u and v denote the electron

and hole components respectively. The vector of the lo-
cal Majorana polarization41,43,44 on each site r = (x, y),
for the eigenstate j is given by:
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This quantity allows to discriminate locally pure electron
(hole) states from Majorana-like states. It is easy to see
that for pure electron (v

r" = v
r# = 0) and pure hole

states (u
r" = u

r# = 0) the local Majorana polarization
equals to zero. For our purposes it is more practical to
use the integral of the MP vector over a spatial region R
defined as:
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Note that in Eqs. (2,3) we assume that the wave function
is normalized.

To obtain the topological phase diagram we first find
the lowest energy states of the given system. If these
states have energies close to zero they may be MBS.
We divide our system into two halves (along the shorter
length), and we compute the integral of the MP vector
in each of these halves defined by r 2 R for each ’zero’-
energy state. The states that have C = 1 are MBS, and
those with C = 0 are regular electron or hole states. Note
that we may have only a pair of state with C = 1, or mul-
tiple degenerate zero-energy MBS states with C = 1. In
the results that we present here we sum the MP over all
the lowest energy states. Note however that the states
with even C (even number of MBS pairs) are not topolog-
ically protected, and thus any small disorder introduced
into the system destroys such Majorana states.

B. Singular points of the Hamiltonian

To find a MBS in a system described by a PHS Hamil-
tonian H(k), we seek for localized zero-energy solutions
of the Schrödinger equation: H(k)� = 0. In the most
general case these solutions are of the form eikr that can
be rewritten as eikkrk ·e�zr? , where kk denotes the “good”
quantum number and z is defined below. We analytically
continue k to the complex plane and we consider the so-
lutions of the following equation

detH(k) = 0, (4)

defining the so-called singular points k
i

⌘ kk + iz in the
complex plane at which the determinant of the Hamilto-
nian vanishes. By definition z is given by the imaginary
part of the singular point k

i

. The practical use of these
complex momentum values is the following: by contin-
uously changing the parameters of our Hamiltonian, we
continuously change the corresponding k

i

’s. If we are in
a topological phase, z must be positive (in other words
the solution is localized). As soon as z crosses zero and
becomes negative, the solution becomes delocalized, and
therefore we enter a non-topological phase. Further de-
tails can be found in Refs. [1–3].

We propose the following way of constructing a phase
diagram. The parameter space is given by the chemical
potential µ and the magnetic field B = |B|. Firstly, we
find all the k

i

’s as a function of the parameters in the
Hamiltonian, such that k

i

= k
i

(µ,B), i 2 1, 2N , where
2N is the total number of k

i

solutions. We then sort
them at each point in the parameter space with respect
to their imaginary parts as follows: Im k

i

< Im k
i+1, i 2

1, 2N � 1. Sorting is one way to construct continuous
functions Im k

i

(µ,B) in the parameter space. Although
it is possible to deal with discontinuities analytically,3

in numerical simulations the continuity of Im k
i

’s be-
comes crucial since it is hard to discriminate the ze-
ros of Im k

i

(µ,B) from its discontinuities. Subsequently
we look for the functions k

i

(µ,B) whose imaginary part
crosses zero. This can be done by plotting their imagi-
nary part as a function of the system parameters. Since
Eq. (4) yields pairs of solutions with opposite imaginary
parts, and since these pairs have been sorted according
to their imaginary parts, it is therefore su�cient to plot
the imaginary part of either the smallest positive root
(i = N + 1) or of the largest negative root (i = N). The
set of points (µ0, B0) where Im k

N

(µ0, B0) = 0 (or equiv-
alently Im k

N+1(µ0, B0) = 0) yield thus the phase tran-
sition lines between the topological and non-topological
regions in the phase diagram.

Note that this technique can in principle used also to
count the number of MBS present in a given phase. The
corresponding counting formula is extremely simplified
when ”Exceptional points” are present1,2 for a system
with unbroken chiral symmetry. In such a case, the
Hamiltonian can be brought to a block o↵-diagonal form,
however, when the chiral symmetry is broken, this block-
o↵ diagonal form cannot be achieved in any basis and it

4

Majorana modes form, for any region in the parameter
space, and the system is fully trivial.

FIG. 3. Band structure of a 2D ribbon with a magnetic field
B = B

y

perpendicular to the edges for µ = 4t, B
y

= 0.3t
(upper panel) and µ = 0t, B

y

= 0.3t (middle panel). Note
that the system may host either one or two pairs of chiral
Majorana modes. The corresponding topological phase dia-
gram (lower panel) depicts the number of Majorana modes
(as evaluated from the total MP) as a function of µ and B.
In all the examples we set � = 0.2t,�
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y

= 0.5t.
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In what follows we focus on quasi-1D systems, i.e. sys-
tems made-up of N

y

> 1 coupled wires each with a finite
but large number of sites N
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� 1 and N
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� N
y

. We con-
sider an in-plane magnetic field B

x

parallel to the long
edge of the system (see Fig. 4). Note that for a magnetic
field parallel to the y-axis, no Majorana states can form,

since the magnetic field would in this case be parallel to
the direction of the spin-orbit coupling in the wires. A
similar system was considered in Ref. [44], but only for
magnetic fields perpendicular to the plane of the system.

FIG. 4. A sketch of a quasi-1D wire with a magnetic field B =
B

x

along the x-axis. The black sites denote the short edges
of the system where the Majorana modes would be localized.
The quasi-1D system can be thought of as a set of 1D wires
coupled in y-direction.

As described in Section II, we will use two main tools to
obtain the phase diagram for these systems. The first is
to numerically diagonalize the tight-binding Hamiltonian
and employ the integrated MP by plotting its value as a
function of the chemical potential and the magnetic field.
The second is to assume that the momentum k

x

along x is
a ”good” quantum number, and exploit the SP technique.
In Fig. 5 we show numerically that the results of the first
two methods are fully consistent. Each phase transition
boundary defined as a change in the number of MBS pairs
obtained via the MP technique corresponds to a line of
zeroes in the SP plot. The only apparent exception is the
special case of the white lines in the N

y

= 4 close to µ = t
and µ = 2.2t and B = 0.5t. They seem to correspond
to the special case of a zero-size non-topological line-like
region between two topological regions with one pair of
MBS. Such situations, i.e. topological regions divided by
a line of non-topological points, can arise, and are well
captured here by the SP method. The numerical method
is a bit less precise in this case, and the non-topological
lines acquire a finite width, mostly because of the finite
length of the considered systems (in the infinite-length
limit the width of these regions should go to zero).
Note that the integrated MP allows not only to show

the phase transition boundaries, but also to give access to
the number of emerging MBS. Since the chiral symmetry
(a combination of the PHS and the TRS) is absent due
to the magnetic field which breaks the TRS, we cannot
easily use the counting formula introduced in Ref. [3] to
obtain the number of Majorana modes using this method.
The counting formula is in principle also applicable in the
absence of the chiral symmetry, but the broken TRS case
is very cumbersome and much harder to implement nu-
merically. Therefore, we use here the SP technique only
to obtain the phase transition lines; the actual number
of the MBS pairs and the topological character of a given
phase space region are obtained numerically via the cal-
culation of the total MP. We should point out that some
segments of the phase transition lines in the right col-
umn of Fig. 5 are almost non-visible. This is not due
to the failure of the method, but to the numerical grid:
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the only considered SOC is Rashba. The symmetrical situation, with only the Dres-
selhaus component of the SOC present, is analyzed in the Supplementary Material
(SM). We can see that the zero-energy Majorana wavefunctions are extended over
a small number of edge sites, while exhibiting strongly damped spatial oscillations.
The transverse electronic spin polarization is opposite at the two ends of the wire;
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Figure 2.1: The spin polarization along the z and x directions, and the Majorana polar-
ization PM

x

, as a function of energy and position, � = 0.3, Vz = 0.4, ↵ = 0.2, � = 0 and
µ = 0.

when only the Rashba term is present only the x-component of the transverse spin is
non-zero. The z-spin polarization is the same at the two ends of the wire. While Eq.
(2.6) predicts that the z-polarization vanishes for µ

1

= 0, this is not the case in the
numerical calculation. This can be understood by the presence of an e↵ective µ due to
the neglected kinetic term, which to leading order, contributes to hp2i ⇡ O((��Vz)2),
which creates a negative e↵ective potential as in the numerical results. Moreover, this
e↵ective chemical potential is responsible for the spatial (quickly damped) oscilla-
tions of the spin polarization observed numerically. Allthough these oscillations are

6

Condition for topological  

 phase :

can be used as an order parameter !!!
- It allows to explore locally the structure of the wave function

- It allows to identify that two Majorana fermions are different in type.

sualize the Majorana fermionic states, and thus to test the topological character of a
one-dimensional system.

We consider a semiconducting wire oriented along the x-direction, and in prox-
imity to a s-wave superconductor. Due to bulk inversion asymmetry, semiconducting
wires can exhibit along with the Rashba SO interaction analyzed in Refs. [12, 18],
a Dresselhaus SO interaction of the same order of magnitude[19] (⇠ 0.1 eV ). The
Bogoliubov-de Gennes (BdG) Hamiltonian for the infinite wire with both types of
SOC can be written as

H =

Z

 †H dx,  † = ( †
", 

†
#, #,� "),

H =

✓

p2

2m
� µ+ ↵p�y + �p�x

◆

⌧z + Vz�z ��⌧x. (2.1)

�’s and ⌧ ’s are the usual Pauli matrices acting respectively in the spin and particle-
hole spaces. The chemical potential is denoted by µ, Vz is the Zeeman field, � is the
induced superconducting pairing and ↵ (�) characterize the strengths of the Rashba
(Dresselhaus) SOC components. The presence of the Dresselhaus term only trivially
modifies the spectrum for the translationally invariant system[12]

E2 = ⇠2 + (↵2 + �2)p2 + V 2

z +�2

± 2(⇠2(↵2 + �2)p2 + ⇠2V 2

z +�2V 2

z )
1/2, (2.2)

with ⇠ = p2/2m � µ. A careful analysis of this model shows that the conditions for
the existence of the topological phase supporting Majorana fermions are una↵ected
by the Dresselhaus SO interactions, V 2

z > �2 + µ2. It is interesting to note how-
ever that Majorana bound states can exist even in the absence of the Rashba term,
when Dresselhaus SO interactions are present. Most importantly, the spin texture
of the Majorana states is influenced by the presence of the Dresselhaus term. To
support this claim we present an analytical study of the wavefunctions corresponding
to the Majorana bound states, and we complement it by a numerical study of the
corresponding lattice model.

It has been shown that Majorana bound states can arise at the interface between
trivial and topological regions of a one dimensional wire, for example by considering a
position dependent chemical potential [12, 20]. Thus, by choosing a chemical potential
µ
1

for x 2 [0, L], such that µ2

1

< V 2

z ��2, and a µ2

0

> V 2

z ��2 outside this interval,
one obtains a finite-size topological region inside a topologically trivial phase. The
chemical potentials are chosen such that the p = 0 gap, ��p

V 2 � µ2, is much smaller
than the superconducting gap �, which allows one to obtain analytical solutions to
the problem by linearizing the Hamiltonian in p. We assume that L � 1, such that
the problem can be solved independently at the two ends. Thus, ignoring the finite-
size e↵ects, the condition to have zero-energy solutions bound at the two interfaces

yields the allowed values for the momenta,
p

↵2 + �2k±
j = �±

q

V 2

z � µ2

j , j 2 {0, 1}.

2

the only considered SOC is Rashba. The symmetrical situation, with only the Dres-
selhaus component of the SOC present, is analyzed in the Supplementary Material
(SM). We can see that the zero-energy Majorana wavefunctions are extended over
a small number of edge sites, while exhibiting strongly damped spatial oscillations.
The transverse electronic spin polarization is opposite at the two ends of the wire;
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µ = 0.

when only the Rashba term is present only the x-component of the transverse spin is
non-zero. The z-spin polarization is the same at the two ends of the wire. While Eq.
(2.6) predicts that the z-polarization vanishes for µ

1

= 0, this is not the case in the
numerical calculation. This can be understood by the presence of an e↵ective µ due to
the neglected kinetic term, which to leading order, contributes to hp2i ⇡ O((��Vz)2),
which creates a negative e↵ective potential as in the numerical results. Moreover, this
e↵ective chemical potential is responsible for the spatial (quickly damped) oscilla-
tions of the spin polarization observed numerically. Allthough these oscillations are
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non-zero. The z-spin polarization is the same at the two ends of the wire. While Eq.
(2.6) predicts that the z-polarization vanishes for µ
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= 0, this is not the case in the
numerical calculation. This can be understood by the presence of an e↵ective µ due to
the neglected kinetic term, which to leading order, contributes to hp2i ⇡ O((��Vz)2),
which creates a negative e↵ective potential as in the numerical results. Moreover, this
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FIG. 1. (Color online) Bulk topological phase diagram for (a)
a strictly 1D - single channel, wire and (b) a square lattice,
where � = 0.4t. White is the topologically trivial phase, light
red is the bulk topologically non-trivial phase where a pair of
Majorana edge states form at the boundaries. The black lines
show where the bulk gap closes.

e↵ects in this manuscript, but it is the focus of a separate
investigation.

Two limits are already well understood. If N
y

= 1 we
are back to a strictly 1D wire. If both the x and y direc-
tions are bulk, one has the standard 2D case.2,5,44,49,51

The topological phase diagram of both of these cases is
already known, see Fig. 1. The 2D array is in the topo-
logical class D described by a Chern number, a Z invari-
ant. The 1D case is in a higher symmetry class BDI52

due to the absence of ↵
y

and is also described by a Z
invariant, a winding number. The introduction of ↵

y

in
the quasi-1D breaks a so-called time-reversal symmetry
putting it into the D class which in 1D has a Z2 invariant,
calculated from the Pfa�an at high symmetry points.2,12

As we have only nearest neighbor terms, the invariant in
1D BDI, i.e. the winding number, only takes the values
⌫ = 0,±1. One can also define the parity of a Z invari-
ant, � = ei⇡⌫ = ±1. This is generally su�cient for our
purposes as the quasi 1D systems in the D class have a
Z2 invariant and in this case � and ⌫ have the same infor-
mation. For the Z invariant limited to ⌫ = 0,±1, the lost
information is small and not crucial to our arguments.

In 2D the Chern number can take several values,
though we limit ourselves to plotting only the parity of
the invariant in Fig. 1. For both the 1D and 2D sys-
tems the topological phase diagram is independent of the
strength of the Rashba coupling, except for the condition
that it must be non-zero. In practice, very small Rashba
couplings would require very large systems to see clearly
defined MBS. As we shall see in the following section,
the quasi-1D systems have a much richer phase diagram,
which also depends explicitly on the strength of ↵

y

. An-
other example where such dependence on the spin-orbit
strength is a hexagonal lattice with a similar Hamiltonian
to the one described in Eq. (1).28,43,53

Previous models were limited to either an approximate
low band theory34,35,38–41 or neglecting the role of spin-
orbit coupling all together.12 We go beyond these approx-
imations here by calculating the topological invariant of

the Hamiltonian given in Eq. (1) exactly. This allows a
much more accurate depiction of the phase diagram, in
particular for large magnetic fields and large spin-orbit
coupling where the approximate models do not apply.
The experiments on nanowires deposited on the top of
superconducting substrates29 are more accurately cap-
tured by this model, as it is not in general possible to
neglect the role of transverse spin-orbit coupling.

III. TOPOLOGICAL PHASE DIAGRAMS FOR
QUASI-1D WIRES

We will start by computing analytically the exact
phase diagram for quasi 1D systems (finite width and in-
finite length, with open boundary conditions in the trans-
verse direction). For a single wire N

y

= 1, the topologi-
cal phase diagram is presented in Fig. 1. When N

y

> 1
the topological phase diagram can be obtained from a
calculation of the topological invariant of the system, as
described in what follows.
It is often possible to find a Z2 invariant for a topologi-

cal superconductor with particle-hole symmetry by map-
ping the problem to the parity at the time reversal in-
variant momenta (�̂

i

).44 This is equivalent to calculating
the Pfa�an of the Hamiltonian2,12 but proves more con-
venient for the purposes here. Parity in this case refers
to an operation which commutes with the Hamiltonian
at these points, [P,H(�̂

i

)] = 0, and anti-commutes with
the particle-hole operator, {P, C} = 0. The eigenstates of
the Hamiltonian have parity eigenvalues ±1 at the TRI
momenta. It follows that there is a representation in
which the Hamiltonian is block diagonal at �̂

i

with two
blocks, one with parity 1 and the other with parity �1.
This is the most convenient basis for calculating the in-
variant, and for a 1D wire or 2D square lattice a trivial
re-ordering of the Nambu basis su�ces. In the system
that we will consider here the problem can be reduced to
finding this appropriate basis so that the Hamiltonian is
block diagonal at �̂

i

.
Firstly we note that if ↵

y

= 0 then the calculation
becomes straightforward and standard, see App. B or
Refs. 22–25, and 28. This is because the problem can
be decomposed into the transverse momentum channels
labelled by the quantum number k

y

. For each k
y

the
Hamiltonian at the time reversal invariant (TRI) mo-
menta, �1 = 0 and �2 = ⇡, is trivially block diagonaliz-
able, exactly as for a 1D wire, in such a way as to define
a parity operator which both commutes with the Hamil-
tonian at the TRI momenta and anti-commutes with the
particle-hole operator C. All that is required is a re-
ordering of the Nambu basis to {c†

~r", c~r#, c
†
~r#,�c

~r"}. In
this basis the parity operator is simply

P1 =

✓
I2 0
0 �I2

◆
. (2)

Here I
n

is the n⇥n identity matrix. This is su�cient for
calculating the topological invariant.44

One-dimensional systems

- direct tool to recover the topological phase diagram

C=1

C=0
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Majorana modes form, for any region in the parameter
space, and the system is fully trivial.

FIG. 3. Band structure of a 2D ribbon with a magnetic field
B = B

y

perpendicular to the edges for µ = 4t, B
y

= 0.3t
(upper panel) and µ = 0t, B

y

= 0.3t (middle panel). Note
that the system may host either one or two pairs of chiral
Majorana modes. The corresponding topological phase dia-
gram (lower panel) depicts the number of Majorana modes
(as evaluated from the total MP) as a function of µ and B.
In all the examples we set � = 0.2t,�

x

= �

y

= 0.5t.

IV. QUASI-1D WIRES

In what follows we focus on quasi-1D systems, i.e. sys-
tems made-up of N

y

> 1 coupled wires each with a finite
but large number of sites N

x

� 1 and N
x

� N
y

. We con-
sider an in-plane magnetic field B

x

parallel to the long
edge of the system (see Fig. 4). Note that for a magnetic
field parallel to the y-axis, no Majorana states can form,

since the magnetic field would in this case be parallel to
the direction of the spin-orbit coupling in the wires. A
similar system was considered in Ref. [44], but only for
magnetic fields perpendicular to the plane of the system.

FIG. 4. A sketch of a quasi-1D wire with a magnetic field B =
B

x

along the x-axis. The black sites denote the short edges
of the system where the Majorana modes would be localized.
The quasi-1D system can be thought of as a set of 1D wires
coupled in y-direction.

As described in Section II, we will use two main tools to
obtain the phase diagram for these systems. The first is
to numerically diagonalize the tight-binding Hamiltonian
and employ the integrated MP by plotting its value as a
function of the chemical potential and the magnetic field.
The second is to assume that the momentum k

x

along x is
a ”good” quantum number, and exploit the SP technique.
In Fig. 5 we show numerically that the results of the first
two methods are fully consistent. Each phase transition
boundary defined as a change in the number of MBS pairs
obtained via the MP technique corresponds to a line of
zeroes in the SP plot. The only apparent exception is the
special case of the white lines in the N

y

= 4 close to µ = t
and µ = 2.2t and B = 0.5t. They seem to correspond
to the special case of a zero-size non-topological line-like
region between two topological regions with one pair of
MBS. Such situations, i.e. topological regions divided by
a line of non-topological points, can arise, and are well
captured here by the SP method. The numerical method
is a bit less precise in this case, and the non-topological
lines acquire a finite width, mostly because of the finite
length of the considered systems (in the infinite-length
limit the width of these regions should go to zero).
Note that the integrated MP allows not only to show

the phase transition boundaries, but also to give access to
the number of emerging MBS. Since the chiral symmetry
(a combination of the PHS and the TRS) is absent due
to the magnetic field which breaks the TRS, we cannot
easily use the counting formula introduced in Ref. [3] to
obtain the number of Majorana modes using this method.
The counting formula is in principle also applicable in the
absence of the chiral symmetry, but the broken TRS case
is very cumbersome and much harder to implement nu-
merically. Therefore, we use here the SP technique only
to obtain the phase transition lines; the actual number
of the MBS pairs and the topological character of a given
phase space region are obtained numerically via the cal-
culation of the total MP. We should point out that some
segments of the phase transition lines in the right col-
umn of Fig. 5 are almost non-visible. This is not due
to the failure of the method, but to the numerical grid:
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the magnitude of the integral of the Majorana polariza-
tion vector over the spatial region R.

C =

��P
~r2Rh | C r̂| i��P
~r2Rh |r̂| i . (10)

r̂ is the projection onto site ~r, and the local MP is simply
the expectation value of the local particle-hole transfor-
mation:

h | C r̂| i = �2
X

�

�u
~r�

v
~r�

. (11)

We split our system in half such that R is half of the sys-
tem (divided usually along the longer length). The Ma-
jorana polarization also allows us to distinguish between
zero energy states which are Majorana bound states and
those which are not as C = 1 is both a necessary and
su�cient condition for a state being a Majorana state.
By numerically solving the tight-binding Hamiltonian,
Eq. (1), and plotting C as a function of the parameters we
can accurately recover the appropriate topological phase
diagram. The topological phases are characterized by
C = 1, while the non-topological ones by C = 0. This
is demonstrated in Fig. 3 for a few systems of di↵erent
sizes.

The MP thus allows an accurate characterization of the
topological phase even in cases where a direct calculation
of the topological index is not feasible. Moreover it does
not require very large system sizes to be highly accurate,
as for example a map of the lowest energy state would. In
addition, as we will shortly demonstrate, the MP gives
local information about the formation and behavior of
the Majorana bound states which can not be gained form
a consideration of the system’s bulk properties. Thus we
should note that, while if a Majorana state exists the
system is surely topological, the reverse is not necessary
true, as a bulk topological system may have no Majorana
solutions in certain finite-size configurations.

For a system in which the length is much larger than
the width N

y

⌧ N
x

such as the one depicted in Fig. 3(a)
we would expect to recover the phase diagram calculated
analytically in the previous section, and this is indeed the
case, the topological regions predicted by the MP crite-
rion (red in Fig. 3(a)) correspond exactly to the topolog-
ical regions (light red) in Fig. 2(b). For a wider system
such as the one depicted in Fig. 3(c) we can see that the
phase diagram calculated analytically (Fig. 2(d)) is re-
covered very well at large values of B, however, at small
values of B, the value of C is neither 0, nor 1, but it shows
an intermediate value (depicted in yellow). For fully
square systems (Fig. 3(b)) the entire topological phase
is characterized now by C ⇡ 0.7. We should note that all
the states corresponding to the regions with C < 1 have
non-zero but very small energies, thus making it harder
to interpret them as Majoranas or not based solely on
the energy criterion.

To understand these states we focus on the local struc-
ture of the MP defined in Eq. (11) as a vector in the com-
plex plane. A Majorana state must have an integral of
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FIG. 3. (Color online) The phase diagram as a function of
B and µ for open systems of (a) 3 ⇥ 201, (b) 101 ⇥ 101, and
(c) 51 ⇥ 201. This has been calculated using the PH expec-
tation value of the lowest energy state summed over half of
the system C (see main text). In all the examples � = 0.4t
and ↵ = 0.5t. The analytical topological phase boundaries for
quasi 1D (solid lines) and 2D (dashed lines) are also plotted.

the MP of 1 over a spatial region R, thus it must exhibit
an uniform phase inside this region, equivalently the MP
local vectors need to be aligned inside R (‘ferromagnetic’
MP structure). In Figs. 4-5 we plot the MP for a variety
of di↵erent low energy states. In Fig. 4 we plot the MP
vector for a 51⇥ 201 system with � = 0.3t and ↵ = 0.5t.
Fig. 4(a) corresponds to the red (topological) phase in
Fig. 3(c) (C = 1), with µ = 3.5t and B = 2.2t. We should
expect to have two MBS confined at the two narrow ends
of the ribbon, and we note that this is indeed the case,
we can see the formation of two ‘ferromagnetic’ states
localized at the two ends of the wire, with opposite MP.
Fig. 4(b) corresponds to a non-topological (blue phase
in Fig. 3(c)) phase, with C = 0. We take µ = 3.5t and
B = 2.3t, and the corresponding state, while being lo-
calized on the edges, is indeed non-Majorana, which can
be seen from the local fluctuations of the direction of the
MP vector from site to site, which makes its integral over
half of the wire zero. In Fig. 4(c) we focus on the more
puzzling C < 1 phase, denoted in yellow in Fig. 3(c). We

6

the magnitude of the integral of the Majorana polariza-
tion vector over the spatial region R.

C =

��P
~r2Rh | C r̂| i��P
~r2Rh |r̂| i . (10)

r̂ is the projection onto site ~r, and the local MP is simply
the expectation value of the local particle-hole transfor-
mation:

h | C r̂| i = �2
X

�

�u
~r�

v
~r�

. (11)

We split our system in half such that R is half of the sys-
tem (divided usually along the longer length). The Ma-
jorana polarization also allows us to distinguish between
zero energy states which are Majorana bound states and
those which are not as C = 1 is both a necessary and
su�cient condition for a state being a Majorana state.
By numerically solving the tight-binding Hamiltonian,
Eq. (1), and plotting C as a function of the parameters we
can accurately recover the appropriate topological phase
diagram. The topological phases are characterized by
C = 1, while the non-topological ones by C = 0. This
is demonstrated in Fig. 3 for a few systems of di↵erent
sizes.

The MP thus allows an accurate characterization of the
topological phase even in cases where a direct calculation
of the topological index is not feasible. Moreover it does
not require very large system sizes to be highly accurate,
as for example a map of the lowest energy state would. In
addition, as we will shortly demonstrate, the MP gives
local information about the formation and behavior of
the Majorana bound states which can not be gained form
a consideration of the system’s bulk properties. Thus we
should note that, while if a Majorana state exists the
system is surely topological, the reverse is not necessary
true, as a bulk topological system may have no Majorana
solutions in certain finite-size configurations.

For a system in which the length is much larger than
the width N

y

⌧ N
x

such as the one depicted in Fig. 3(a)
we would expect to recover the phase diagram calculated
analytically in the previous section, and this is indeed the
case, the topological regions predicted by the MP crite-
rion (red in Fig. 3(a)) correspond exactly to the topolog-
ical regions (light red) in Fig. 2(b). For a wider system
such as the one depicted in Fig. 3(c) we can see that the
phase diagram calculated analytically (Fig. 2(d)) is re-
covered very well at large values of B, however, at small
values of B, the value of C is neither 0, nor 1, but it shows
an intermediate value (depicted in yellow). For fully
square systems (Fig. 3(b)) the entire topological phase
is characterized now by C ⇡ 0.7. We should note that all
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B and µ for open systems of (a) 3 ⇥ 201, (b) 101 ⇥ 101, and
(c) 51 ⇥ 201. This has been calculated using the PH expec-
tation value of the lowest energy state summed over half of
the system C (see main text). In all the examples � = 0.4t
and ↵ = 0.5t. The analytical topological phase boundaries for
quasi 1D (solid lines) and 2D (dashed lines) are also plotted.

the MP of 1 over a spatial region R, thus it must exhibit
an uniform phase inside this region, equivalently the MP
local vectors need to be aligned inside R (‘ferromagnetic’
MP structure). In Figs. 4-5 we plot the MP for a variety
of di↵erent low energy states. In Fig. 4 we plot the MP
vector for a 51⇥ 201 system with � = 0.3t and ↵ = 0.5t.
Fig. 4(a) corresponds to the red (topological) phase in
Fig. 3(c) (C = 1), with µ = 3.5t and B = 2.2t. We should
expect to have two MBS confined at the two narrow ends
of the ribbon, and we note that this is indeed the case,
we can see the formation of two ‘ferromagnetic’ states
localized at the two ends of the wire, with opposite MP.
Fig. 4(b) corresponds to a non-topological (blue phase
in Fig. 3(c)) phase, with C = 0. We take µ = 3.5t and
B = 2.3t, and the corresponding state, while being lo-
calized on the edges, is indeed non-Majorana, which can
be seen from the local fluctuations of the direction of the
MP vector from site to site, which makes its integral over
half of the wire zero. In Fig. 4(c) we focus on the more
puzzling C < 1 phase, denoted in yellow in Fig. 3(c). We
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FIG. 1. (Color online) Bulk topological phase diagram for (a)
a strictly 1D - single channel, wire and (b) a square lattice,
where � = 0.4t. White is the topologically trivial phase, light
red is the bulk topologically non-trivial phase where a pair of
Majorana edge states form at the boundaries. The black lines
show where the bulk gap closes.

e↵ects in this manuscript, but it is the focus of a separate
investigation.

Two limits are already well understood. If N
y

= 1 we
are back to a strictly 1D wire. If both the x and y direc-
tions are bulk, one has the standard 2D case.2,5,44,49,51

The topological phase diagram of both of these cases is
already known, see Fig. 1. The 2D array is in the topo-
logical class D described by a Chern number, a Z invari-
ant. The 1D case is in a higher symmetry class BDI52

due to the absence of ↵
y

and is also described by a Z
invariant, a winding number. The introduction of ↵

y

in
the quasi-1D breaks a so-called time-reversal symmetry
putting it into the D class which in 1D has a Z2 invariant,
calculated from the Pfa�an at high symmetry points.2,12

As we have only nearest neighbor terms, the invariant in
1D BDI, i.e. the winding number, only takes the values
⌫ = 0,±1. One can also define the parity of a Z invari-
ant, � = ei⇡⌫ = ±1. This is generally su�cient for our
purposes as the quasi 1D systems in the D class have a
Z2 invariant and in this case � and ⌫ have the same infor-
mation. For the Z invariant limited to ⌫ = 0,±1, the lost
information is small and not crucial to our arguments.

In 2D the Chern number can take several values,
though we limit ourselves to plotting only the parity of
the invariant in Fig. 1. For both the 1D and 2D sys-
tems the topological phase diagram is independent of the
strength of the Rashba coupling, except for the condition
that it must be non-zero. In practice, very small Rashba
couplings would require very large systems to see clearly
defined MBS. As we shall see in the following section,
the quasi-1D systems have a much richer phase diagram,
which also depends explicitly on the strength of ↵

y

. An-
other example where such dependence on the spin-orbit
strength is a hexagonal lattice with a similar Hamiltonian
to the one described in Eq. (1).28,43,53

Previous models were limited to either an approximate
low band theory34,35,38–41 or neglecting the role of spin-
orbit coupling all together.12 We go beyond these approx-
imations here by calculating the topological invariant of

the Hamiltonian given in Eq. (1) exactly. This allows a
much more accurate depiction of the phase diagram, in
particular for large magnetic fields and large spin-orbit
coupling where the approximate models do not apply.
The experiments on nanowires deposited on the top of
superconducting substrates29 are more accurately cap-
tured by this model, as it is not in general possible to
neglect the role of transverse spin-orbit coupling.

III. TOPOLOGICAL PHASE DIAGRAMS FOR
QUASI-1D WIRES

We will start by computing analytically the exact
phase diagram for quasi 1D systems (finite width and in-
finite length, with open boundary conditions in the trans-
verse direction). For a single wire N

y

= 1, the topologi-
cal phase diagram is presented in Fig. 1. When N

y

> 1
the topological phase diagram can be obtained from a
calculation of the topological invariant of the system, as
described in what follows.
It is often possible to find a Z2 invariant for a topologi-

cal superconductor with particle-hole symmetry by map-
ping the problem to the parity at the time reversal in-
variant momenta (�̂

i

).44 This is equivalent to calculating
the Pfa�an of the Hamiltonian2,12 but proves more con-
venient for the purposes here. Parity in this case refers
to an operation which commutes with the Hamiltonian
at these points, [P,H(�̂

i

)] = 0, and anti-commutes with
the particle-hole operator, {P, C} = 0. The eigenstates of
the Hamiltonian have parity eigenvalues ±1 at the TRI
momenta. It follows that there is a representation in
which the Hamiltonian is block diagonal at �̂

i

with two
blocks, one with parity 1 and the other with parity �1.
This is the most convenient basis for calculating the in-
variant, and for a 1D wire or 2D square lattice a trivial
re-ordering of the Nambu basis su�ces. In the system
that we will consider here the problem can be reduced to
finding this appropriate basis so that the Hamiltonian is
block diagonal at �̂

i

.
Firstly we note that if ↵

y

= 0 then the calculation
becomes straightforward and standard, see App. B or
Refs. 22–25, and 28. This is because the problem can
be decomposed into the transverse momentum channels
labelled by the quantum number k

y

. For each k
y

the
Hamiltonian at the time reversal invariant (TRI) mo-
menta, �1 = 0 and �2 = ⇡, is trivially block diagonaliz-
able, exactly as for a 1D wire, in such a way as to define
a parity operator which both commutes with the Hamil-
tonian at the TRI momenta and anti-commutes with the
particle-hole operator C. All that is required is a re-
ordering of the Nambu basis to {c†

~r", c~r#, c
†
~r#,�c

~r"}. In
this basis the parity operator is simply

P1 =

✓
I2 0
0 �I2

◆
. (2)

Here I
n

is the n⇥n identity matrix. This is su�cient for
calculating the topological invariant.44

Topological
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FIG. 1. (Color online) Bulk topological phase diagram for (a)
a strictly 1D - single channel, wire and (b) a square lattice,
where � = 0.4t. White is the topologically trivial phase, light
red is the bulk topologically non-trivial phase where a pair of
Majorana edge states form at the boundaries. The black lines
show where the bulk gap closes.

e↵ects in this manuscript, but it is the focus of a separate
investigation.

Two limits are already well understood. If N
y

= 1 we
are back to a strictly 1D wire. If both the x and y direc-
tions are bulk, one has the standard 2D case.2,5,44,49,51

The topological phase diagram of both of these cases is
already known, see Fig. 1. The 2D array is in the topo-
logical class D described by a Chern number, a Z invari-
ant. The 1D case is in a higher symmetry class BDI52

due to the absence of ↵
y

and is also described by a Z
invariant, a winding number. The introduction of ↵
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in
the quasi-1D breaks a so-called time-reversal symmetry
putting it into the D class which in 1D has a Z2 invariant,
calculated from the Pfa�an at high symmetry points.2,12

As we have only nearest neighbor terms, the invariant in
1D BDI, i.e. the winding number, only takes the values
⌫ = 0,±1. One can also define the parity of a Z invari-
ant, � = ei⇡⌫ = ±1. This is generally su�cient for our
purposes as the quasi 1D systems in the D class have a
Z2 invariant and in this case � and ⌫ have the same infor-
mation. For the Z invariant limited to ⌫ = 0,±1, the lost
information is small and not crucial to our arguments.

In 2D the Chern number can take several values,
though we limit ourselves to plotting only the parity of
the invariant in Fig. 1. For both the 1D and 2D sys-
tems the topological phase diagram is independent of the
strength of the Rashba coupling, except for the condition
that it must be non-zero. In practice, very small Rashba
couplings would require very large systems to see clearly
defined MBS. As we shall see in the following section,
the quasi-1D systems have a much richer phase diagram,
which also depends explicitly on the strength of ↵
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. An-
other example where such dependence on the spin-orbit
strength is a hexagonal lattice with a similar Hamiltonian
to the one described in Eq. (1).28,43,53

Previous models were limited to either an approximate
low band theory34,35,38–41 or neglecting the role of spin-
orbit coupling all together.12 We go beyond these approx-
imations here by calculating the topological invariant of

the Hamiltonian given in Eq. (1) exactly. This allows a
much more accurate depiction of the phase diagram, in
particular for large magnetic fields and large spin-orbit
coupling where the approximate models do not apply.
The experiments on nanowires deposited on the top of
superconducting substrates29 are more accurately cap-
tured by this model, as it is not in general possible to
neglect the role of transverse spin-orbit coupling.
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variant, and for a 1D wire or 2D square lattice a trivial
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the
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able, exactly as for a 1D wire, in such a way as to define
a parity operator which both commutes with the Hamil-
tonian at the TRI momenta and anti-commutes with the
particle-hole operator C. All that is required is a re-
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is the n⇥n identity matrix. This is su�cient for
calculating the topological invariant.44
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For the quasi 1D system with transversal Rashba con-
sidered here the Hamiltonian is no longer block diagonal-
izable in any trivial way at the TRI momenta. Nonethe-
less it is possible to find a suitable parity operator, or
equivalently a suitable transformation on the Hamilto-
nian, by using the transverse spatial, spin and particle-
hole subspaces.

After a Fourier transform along the wire the Hamilto-
nian can be written as H =

P
k

 †
k

H(k) 
k

with

H(k) =

0

BB@

f
k

+B L
k

�� 0
L†
k

f
k

�B 0 ��
�� 0 B � f †

�k

LT

�k

0 �� L⇤
�k

�f †
�k

�B

1

CCA , (3)

where the entries are themselves matrices for the trans-
verse spatial direction y. The terms B and� are diagonal
in this space and

f(k) =

0

BBBB@

f(k) �t 0 0 . . .
�t f(k) �t 0 . . .
0 �t f(k) �t . . .
0 0 �t f(k) . . .
...

...
...

...
. . .

1

CCCCA
, (4)

with

L
k

=

0

BBBB@

L
k

�i↵ 0 0 . . .
i↵ L

k

�i↵ 0 . . .
0 i↵ L

k

�i↵ . . .
0 0 i↵ L

k

. . .
...

...
...

...
. . .

1

CCCCA
. (5)

Finally f(k) = �2t
x

cos[k]� µ and L
k

= �2i↵
x

sin[k].
The transformation that allows for the Hamiltonian to

be written in block diagonal form at the TRI momenta
is H̃(k) = U†H(k)U where

U =
1� �y⌧ y

2
I
N

y

+
�z⌧ z � �x⌧x

2
Ī
N

y

, (6)

where we introduced an N
y

⇥N
y

matrix whose elements
are given by

⇥
Ī
N

y

⇤
nn

0 = �
n,N

y

+1�n

0 . Then

H̃(�̂
i

) =

✓H̄(�̂
i

) 0
0 �H̄(�̂

i

)

◆
. (7)

In this basis the parity is

P
N

y

=

✓
I2N

y

0
0 �I2N

y
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and we have both [P
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, H̃(�̂
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)] = 0 and {P
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, C} = 0.
We note that also [C,U ] = 0.

The topological invariant is then calculated in the
usual way5

� = sgn det H̄(�̂1) det H̄(�̂2) . (9)

FIG. 2. (Color online) Topological phase diagram as a func-
tion of B and µ for a ladders with (a) N

y

= 2, (b) N
y

= 3,
(c) N

y

= 15, and (d) N
y

= 50 with � = 0.4. Light red is
the topologically non-trivial phase and white is topologically
trivial. For (a,c) ↵

x

= ↵
y

= 0.2 and for (b,d) ↵
x

= ↵
y

= 0.5.
For (a,b) gap closing lines belong to the two di↵erent TRI
momenta are shown as dashed and full lines . In (c) and (d)
the gap closing lines for the 2D bulk system are shown for
comparison.

When � = �1 there is band inversion, i.e. the parity
switches between the TRI momenta an odd number of
times and the system is topologically non-trivial. For
� = 1 the system is topologically trivial, see Fig. 2 for
some examples.
The full analytical expressions become quickly cumber-

some as N
y

is increased. Full expressions for N
y

= 2, 3
are give in App. A. One key point to note is that be-
cause of the transverse spin orbit coupling the expressions
det H̄(�̂1,2) do not factorize further into simple expres-
sions for each wire.
The two wire system (two-leg ladder) presented in

Fig. 2(a) has a peculiar property: close to the point
B = 2t and µ = 0 inside the topologically trivial phase,
two pairs of MBS can form. These states are not how-
ever topologically protected and can be destroyed by in-
troducing disorder.54 The zero overlap of these MBS is
sometimes referred to as a “hidden symmetry”.55

In contrast to a wire or square lattice, but similar to
a hexagonal lattice,28,43 the topological phase diagram
depends explicitly on all of the parameters including the
Rashba spin-orbit coupling. Thus we note that the num-
ber of the topological regions in the area close to µ = 2,
and B < 2 (between the 1D and 2D transition lines) de-
pends on both the width of the system, as well as on the
value of the Rashba coupling, and it strongly reduced
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Majorana modes form, for any region in the parameter
space, and the system is fully trivial.

FIG. 3. Band structure of a 2D ribbon with a magnetic field
B = B

y

perpendicular to the edges for µ = 4t, B
y

= 0.3t
(upper panel) and µ = 0t, B

y

= 0.3t (middle panel). Note
that the system may host either one or two pairs of chiral
Majorana modes. The corresponding topological phase dia-
gram (lower panel) depicts the number of Majorana modes
(as evaluated from the total MP) as a function of µ and B.
In all the examples we set � = 0.2t,�

x

= �

y

= 0.5t.

IV. QUASI-1D WIRES

In what follows we focus on quasi-1D systems, i.e. sys-
tems made-up of N

y

> 1 coupled wires each with a finite
but large number of sites N

x

� 1 and N
x

� N
y

. We con-
sider an in-plane magnetic field B

x

parallel to the long
edge of the system (see Fig. 4). Note that for a magnetic
field parallel to the y-axis, no Majorana states can form,

since the magnetic field would in this case be parallel to
the direction of the spin-orbit coupling in the wires. A
similar system was considered in Ref. [44], but only for
magnetic fields perpendicular to the plane of the system.

FIG. 4. A sketch of a quasi-1D wire with a magnetic field B =
B

x

along the x-axis. The black sites denote the short edges
of the system where the Majorana modes would be localized.
The quasi-1D system can be thought of as a set of 1D wires
coupled in y-direction.

As described in Section II, we will use two main tools to
obtain the phase diagram for these systems. The first is
to numerically diagonalize the tight-binding Hamiltonian
and employ the integrated MP by plotting its value as a
function of the chemical potential and the magnetic field.
The second is to assume that the momentum k

x

along x is
a ”good” quantum number, and exploit the SP technique.
In Fig. 5 we show numerically that the results of the first
two methods are fully consistent. Each phase transition
boundary defined as a change in the number of MBS pairs
obtained via the MP technique corresponds to a line of
zeroes in the SP plot. The only apparent exception is the
special case of the white lines in the N

y

= 4 close to µ = t
and µ = 2.2t and B = 0.5t. They seem to correspond
to the special case of a zero-size non-topological line-like
region between two topological regions with one pair of
MBS. Such situations, i.e. topological regions divided by
a line of non-topological points, can arise, and are well
captured here by the SP method. The numerical method
is a bit less precise in this case, and the non-topological
lines acquire a finite width, mostly because of the finite
length of the considered systems (in the infinite-length
limit the width of these regions should go to zero).
Note that the integrated MP allows not only to show

the phase transition boundaries, but also to give access to
the number of emerging MBS. Since the chiral symmetry
(a combination of the PHS and the TRS) is absent due
to the magnetic field which breaks the TRS, we cannot
easily use the counting formula introduced in Ref. [3] to
obtain the number of Majorana modes using this method.
The counting formula is in principle also applicable in the
absence of the chiral symmetry, but the broken TRS case
is very cumbersome and much harder to implement nu-
merically. Therefore, we use here the SP technique only
to obtain the phase transition lines; the actual number
of the MBS pairs and the topological character of a given
phase space region are obtained numerically via the cal-
culation of the total MP. We should point out that some
segments of the phase transition lines in the right col-
umn of Fig. 5 are almost non-visible. This is not due
to the failure of the method, but to the numerical grid:

6

the magnitude of the integral of the Majorana polariza-
tion vector over the spatial region R.

C =

��P
~r2Rh | C r̂| i��P
~r2Rh |r̂| i . (10)

r̂ is the projection onto site ~r, and the local MP is simply
the expectation value of the local particle-hole transfor-
mation:

h | C r̂| i = �2
X

�

�u
~r�

v
~r�

. (11)

We split our system in half such that R is half of the sys-
tem (divided usually along the longer length). The Ma-
jorana polarization also allows us to distinguish between
zero energy states which are Majorana bound states and
those which are not as C = 1 is both a necessary and
su�cient condition for a state being a Majorana state.
By numerically solving the tight-binding Hamiltonian,
Eq. (1), and plotting C as a function of the parameters we
can accurately recover the appropriate topological phase
diagram. The topological phases are characterized by
C = 1, while the non-topological ones by C = 0. This
is demonstrated in Fig. 3 for a few systems of di↵erent
sizes.

The MP thus allows an accurate characterization of the
topological phase even in cases where a direct calculation
of the topological index is not feasible. Moreover it does
not require very large system sizes to be highly accurate,
as for example a map of the lowest energy state would. In
addition, as we will shortly demonstrate, the MP gives
local information about the formation and behavior of
the Majorana bound states which can not be gained form
a consideration of the system’s bulk properties. Thus we
should note that, while if a Majorana state exists the
system is surely topological, the reverse is not necessary
true, as a bulk topological system may have no Majorana
solutions in certain finite-size configurations.

For a system in which the length is much larger than
the width N

y

⌧ N
x

such as the one depicted in Fig. 3(a)
we would expect to recover the phase diagram calculated
analytically in the previous section, and this is indeed the
case, the topological regions predicted by the MP crite-
rion (red in Fig. 3(a)) correspond exactly to the topolog-
ical regions (light red) in Fig. 2(b). For a wider system
such as the one depicted in Fig. 3(c) we can see that the
phase diagram calculated analytically (Fig. 2(d)) is re-
covered very well at large values of B, however, at small
values of B, the value of C is neither 0, nor 1, but it shows
an intermediate value (depicted in yellow). For fully
square systems (Fig. 3(b)) the entire topological phase
is characterized now by C ⇡ 0.7. We should note that all
the states corresponding to the regions with C < 1 have
non-zero but very small energies, thus making it harder
to interpret them as Majoranas or not based solely on
the energy criterion.

To understand these states we focus on the local struc-
ture of the MP defined in Eq. (11) as a vector in the com-
plex plane. A Majorana state must have an integral of
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FIG. 3. (Color online) The phase diagram as a function of
B and µ for open systems of (a) 3 ⇥ 201, (b) 101 ⇥ 101, and
(c) 51 ⇥ 201. This has been calculated using the PH expec-
tation value of the lowest energy state summed over half of
the system C (see main text). In all the examples � = 0.4t
and ↵ = 0.5t. The analytical topological phase boundaries for
quasi 1D (solid lines) and 2D (dashed lines) are also plotted.

the MP of 1 over a spatial region R, thus it must exhibit
an uniform phase inside this region, equivalently the MP
local vectors need to be aligned inside R (‘ferromagnetic’
MP structure). In Figs. 4-5 we plot the MP for a variety
of di↵erent low energy states. In Fig. 4 we plot the MP
vector for a 51⇥ 201 system with � = 0.3t and ↵ = 0.5t.
Fig. 4(a) corresponds to the red (topological) phase in
Fig. 3(c) (C = 1), with µ = 3.5t and B = 2.2t. We should
expect to have two MBS confined at the two narrow ends
of the ribbon, and we note that this is indeed the case,
we can see the formation of two ‘ferromagnetic’ states
localized at the two ends of the wire, with opposite MP.
Fig. 4(b) corresponds to a non-topological (blue phase
in Fig. 3(c)) phase, with C = 0. We take µ = 3.5t and
B = 2.3t, and the corresponding state, while being lo-
calized on the edges, is indeed non-Majorana, which can
be seen from the local fluctuations of the direction of the
MP vector from site to site, which makes its integral over
half of the wire zero. In Fig. 4(c) we focus on the more
puzzling C < 1 phase, denoted in yellow in Fig. 3(c). We
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Majorana modes form, for any region in the parameter
space, and the system is fully trivial.

FIG. 3. Band structure of a 2D ribbon with a magnetic field
B = B

y

perpendicular to the edges for µ = 4t, B
y

= 0.3t
(upper panel) and µ = 0t, B

y

= 0.3t (middle panel). Note
that the system may host either one or two pairs of chiral
Majorana modes. The corresponding topological phase dia-
gram (lower panel) depicts the number of Majorana modes
(as evaluated from the total MP) as a function of µ and B.
In all the examples we set � = 0.2t,�

x

= �

y

= 0.5t.

IV. QUASI-1D WIRES

In what follows we focus on quasi-1D systems, i.e. sys-
tems made-up of N

y

> 1 coupled wires each with a finite
but large number of sites N

x

� 1 and N
x

� N
y

. We con-
sider an in-plane magnetic field B

x

parallel to the long
edge of the system (see Fig. 4). Note that for a magnetic
field parallel to the y-axis, no Majorana states can form,

since the magnetic field would in this case be parallel to
the direction of the spin-orbit coupling in the wires. A
similar system was considered in Ref. [44], but only for
magnetic fields perpendicular to the plane of the system.

FIG. 4. A sketch of a quasi-1D wire with a magnetic field B =
B

x

along the x-axis. The black sites denote the short edges
of the system where the Majorana modes would be localized.
The quasi-1D system can be thought of as a set of 1D wires
coupled in y-direction.

As described in Section II, we will use two main tools to
obtain the phase diagram for these systems. The first is
to numerically diagonalize the tight-binding Hamiltonian
and employ the integrated MP by plotting its value as a
function of the chemical potential and the magnetic field.
The second is to assume that the momentum k

x

along x is
a ”good” quantum number, and exploit the SP technique.
In Fig. 5 we show numerically that the results of the first
two methods are fully consistent. Each phase transition
boundary defined as a change in the number of MBS pairs
obtained via the MP technique corresponds to a line of
zeroes in the SP plot. The only apparent exception is the
special case of the white lines in the N

y

= 4 close to µ = t
and µ = 2.2t and B = 0.5t. They seem to correspond
to the special case of a zero-size non-topological line-like
region between two topological regions with one pair of
MBS. Such situations, i.e. topological regions divided by
a line of non-topological points, can arise, and are well
captured here by the SP method. The numerical method
is a bit less precise in this case, and the non-topological
lines acquire a finite width, mostly because of the finite
length of the considered systems (in the infinite-length
limit the width of these regions should go to zero).
Note that the integrated MP allows not only to show

the phase transition boundaries, but also to give access to
the number of emerging MBS. Since the chiral symmetry
(a combination of the PHS and the TRS) is absent due
to the magnetic field which breaks the TRS, we cannot
easily use the counting formula introduced in Ref. [3] to
obtain the number of Majorana modes using this method.
The counting formula is in principle also applicable in the
absence of the chiral symmetry, but the broken TRS case
is very cumbersome and much harder to implement nu-
merically. Therefore, we use here the SP technique only
to obtain the phase transition lines; the actual number
of the MBS pairs and the topological character of a given
phase space region are obtained numerically via the cal-
culation of the total MP. We should point out that some
segments of the phase transition lines in the right col-
umn of Fig. 5 are almost non-visible. This is not due
to the failure of the method, but to the numerical grid:
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the magnitude of the integral of the Majorana polariza-
tion vector over the spatial region R.

C =
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r̂ is the projection onto site ~r, and the local MP is simply
the expectation value of the local particle-hole transfor-
mation:

h | C r̂| i = �2
X
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. (11)

We split our system in half such that R is half of the sys-
tem (divided usually along the longer length). The Ma-
jorana polarization also allows us to distinguish between
zero energy states which are Majorana bound states and
those which are not as C = 1 is both a necessary and
su�cient condition for a state being a Majorana state.
By numerically solving the tight-binding Hamiltonian,
Eq. (1), and plotting C as a function of the parameters we
can accurately recover the appropriate topological phase
diagram. The topological phases are characterized by
C = 1, while the non-topological ones by C = 0. This
is demonstrated in Fig. 3 for a few systems of di↵erent
sizes.

The MP thus allows an accurate characterization of the
topological phase even in cases where a direct calculation
of the topological index is not feasible. Moreover it does
not require very large system sizes to be highly accurate,
as for example a map of the lowest energy state would. In
addition, as we will shortly demonstrate, the MP gives
local information about the formation and behavior of
the Majorana bound states which can not be gained form
a consideration of the system’s bulk properties. Thus we
should note that, while if a Majorana state exists the
system is surely topological, the reverse is not necessary
true, as a bulk topological system may have no Majorana
solutions in certain finite-size configurations.

For a system in which the length is much larger than
the width N

y

⌧ N
x

such as the one depicted in Fig. 3(a)
we would expect to recover the phase diagram calculated
analytically in the previous section, and this is indeed the
case, the topological regions predicted by the MP crite-
rion (red in Fig. 3(a)) correspond exactly to the topolog-
ical regions (light red) in Fig. 2(b). For a wider system
such as the one depicted in Fig. 3(c) we can see that the
phase diagram calculated analytically (Fig. 2(d)) is re-
covered very well at large values of B, however, at small
values of B, the value of C is neither 0, nor 1, but it shows
an intermediate value (depicted in yellow). For fully
square systems (Fig. 3(b)) the entire topological phase
is characterized now by C ⇡ 0.7. We should note that all
the states corresponding to the regions with C < 1 have
non-zero but very small energies, thus making it harder
to interpret them as Majoranas or not based solely on
the energy criterion.

To understand these states we focus on the local struc-
ture of the MP defined in Eq. (11) as a vector in the com-
plex plane. A Majorana state must have an integral of
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FIG. 3. (Color online) The phase diagram as a function of
B and µ for open systems of (a) 3 ⇥ 201, (b) 101 ⇥ 101, and
(c) 51 ⇥ 201. This has been calculated using the PH expec-
tation value of the lowest energy state summed over half of
the system C (see main text). In all the examples � = 0.4t
and ↵ = 0.5t. The analytical topological phase boundaries for
quasi 1D (solid lines) and 2D (dashed lines) are also plotted.

the MP of 1 over a spatial region R, thus it must exhibit
an uniform phase inside this region, equivalently the MP
local vectors need to be aligned inside R (‘ferromagnetic’
MP structure). In Figs. 4-5 we plot the MP for a variety
of di↵erent low energy states. In Fig. 4 we plot the MP
vector for a 51⇥ 201 system with � = 0.3t and ↵ = 0.5t.
Fig. 4(a) corresponds to the red (topological) phase in
Fig. 3(c) (C = 1), with µ = 3.5t and B = 2.2t. We should
expect to have two MBS confined at the two narrow ends
of the ribbon, and we note that this is indeed the case,
we can see the formation of two ‘ferromagnetic’ states
localized at the two ends of the wire, with opposite MP.
Fig. 4(b) corresponds to a non-topological (blue phase
in Fig. 3(c)) phase, with C = 0. We take µ = 3.5t and
B = 2.3t, and the corresponding state, while being lo-
calized on the edges, is indeed non-Majorana, which can
be seen from the local fluctuations of the direction of the
MP vector from site to site, which makes its integral over
half of the wire zero. In Fig. 4(c) we focus on the more
puzzling C < 1 phase, denoted in yellow in Fig. 3(c). We
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For the quasi 1D system with transversal Rashba con-
sidered here the Hamiltonian is no longer block diagonal-
izable in any trivial way at the TRI momenta. Nonethe-
less it is possible to find a suitable parity operator, or
equivalently a suitable transformation on the Hamilto-
nian, by using the transverse spatial, spin and particle-
hole subspaces.

After a Fourier transform along the wire the Hamilto-
nian can be written as H =
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where the entries are themselves matrices for the trans-
verse spatial direction y. The terms B and� are diagonal
in this space and
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Finally f(k) = �2t
x

cos[k]� µ and L
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= �2i↵
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sin[k].
The transformation that allows for the Hamiltonian to

be written in block diagonal form at the TRI momenta
is H̃(k) = U†H(k)U where
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where we introduced an N
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matrix whose elements
are given by
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In this basis the parity is
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and we have both [P
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y

, H̃(�̂
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)] = 0 and {P
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y

, C} = 0.
We note that also [C,U ] = 0.

The topological invariant is then calculated in the
usual way5

� = sgn det H̄(�̂1) det H̄(�̂2) . (9)

FIG. 2. (Color online) Topological phase diagram as a func-
tion of B and µ for a ladders with (a) N

y

= 2, (b) N
y

= 3,
(c) N

y

= 15, and (d) N
y

= 50 with � = 0.4. Light red is
the topologically non-trivial phase and white is topologically
trivial. For (a,c) ↵

x

= ↵
y

= 0.2 and for (b,d) ↵
x

= ↵
y

= 0.5.
For (a,b) gap closing lines belong to the two di↵erent TRI
momenta are shown as dashed and full lines . In (c) and (d)
the gap closing lines for the 2D bulk system are shown for
comparison.

When � = �1 there is band inversion, i.e. the parity
switches between the TRI momenta an odd number of
times and the system is topologically non-trivial. For
� = 1 the system is topologically trivial, see Fig. 2 for
some examples.
The full analytical expressions become quickly cumber-

some as N
y

is increased. Full expressions for N
y

= 2, 3
are give in App. A. One key point to note is that be-
cause of the transverse spin orbit coupling the expressions
det H̄(�̂1,2) do not factorize further into simple expres-
sions for each wire.
The two wire system (two-leg ladder) presented in

Fig. 2(a) has a peculiar property: close to the point
B = 2t and µ = 0 inside the topologically trivial phase,
two pairs of MBS can form. These states are not how-
ever topologically protected and can be destroyed by in-
troducing disorder.54 The zero overlap of these MBS is
sometimes referred to as a “hidden symmetry”.55

In contrast to a wire or square lattice, but similar to
a hexagonal lattice,28,43 the topological phase diagram
depends explicitly on all of the parameters including the
Rashba spin-orbit coupling. Thus we note that the num-
ber of the topological regions in the area close to µ = 2,
and B < 2 (between the 1D and 2D transition lines) de-
pends on both the width of the system, as well as on the
value of the Rashba coupling, and it strongly reduced
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Majorana modes form, for any region in the parameter
space, and the system is fully trivial.
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FIG. 3. Band structure of a 2D ribbon with a magnetic field
B = B

y

perpendicular to the edges for µ = 4t, B
y

= 0.3t
(upper panel) and µ = 0t, B

y

= 0.3t (middle panel). Note
that the system may host either one or two pairs of chiral
Majorana modes. The corresponding topological phase dia-
gram (lower panel) depicts the number of Majorana modes
(as evaluated from the total MP) as a function of µ and B.
In all the examples we set � = 0.2t,�
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= 0.5t.

IV. QUASI-1D WIRES

In what follows we focus on quasi-1D systems, i.e. sys-
tems made-up of N

y

> 1 coupled wires each with a finite
but large number of sites N

x

� 1 and N
x

� N
y

. We con-
sider an in-plane magnetic field B

x

parallel to the long
edge of the system (see Fig. 4). Note that for a magnetic
field parallel to the y-axis, no Majorana states can form,

since the magnetic field would in this case be parallel to
the direction of the spin-orbit coupling in the wires. A
similar system was considered in Ref. [44], but only for
magnetic fields perpendicular to the plane of the system.

FIG. 4. A sketch of a quasi-1D wire with a magnetic field B =
B

x

along the x-axis. The black sites denote the short edges
of the system where the Majorana modes would be localized.
The quasi-1D system can be thought of as a set of 1D wires
coupled in y-direction.

As described in Section II, we will use two main tools to
obtain the phase diagram for these systems. The first is
to numerically diagonalize the tight-binding Hamiltonian
and employ the integrated MP by plotting its value as a
function of the chemical potential and the magnetic field.
The second is to assume that the momentum k

x

along x is
a ”good” quantum number, and exploit the SP technique.
In Fig. 5 we show numerically that the results of the first
two methods are fully consistent. Each phase transition
boundary defined as a change in the number of MBS pairs
obtained via the MP technique corresponds to a line of
zeroes in the SP plot. The only apparent exception is the
special case of the white lines in the N

y

= 4 close to µ = t
and µ = 2.2t and B = 0.5t. They seem to correspond
to the special case of a zero-size non-topological line-like
region between two topological regions with one pair of
MBS. Such situations, i.e. topological regions divided by
a line of non-topological points, can arise, and are well
captured here by the SP method. The numerical method
is a bit less precise in this case, and the non-topological
lines acquire a finite width, mostly because of the finite
length of the considered systems (in the infinite-length
limit the width of these regions should go to zero).
Note that the integrated MP allows not only to show

the phase transition boundaries, but also to give access to
the number of emerging MBS. Since the chiral symmetry
(a combination of the PHS and the TRS) is absent due
to the magnetic field which breaks the TRS, we cannot
easily use the counting formula introduced in Ref. [3] to
obtain the number of Majorana modes using this method.
The counting formula is in principle also applicable in the
absence of the chiral symmetry, but the broken TRS case
is very cumbersome and much harder to implement nu-
merically. Therefore, we use here the SP technique only
to obtain the phase transition lines; the actual number
of the MBS pairs and the topological character of a given
phase space region are obtained numerically via the cal-
culation of the total MP. We should point out that some
segments of the phase transition lines in the right col-
umn of Fig. 5 are almost non-visible. This is not due
to the failure of the method, but to the numerical grid:
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We split our system in half such that R is half of the sys-
tem (divided usually along the longer length). The Ma-
jorana polarization also allows us to distinguish between
zero energy states which are Majorana bound states and
those which are not as C = 1 is both a necessary and
su�cient condition for a state being a Majorana state.
By numerically solving the tight-binding Hamiltonian,
Eq. (1), and plotting C as a function of the parameters we
can accurately recover the appropriate topological phase
diagram. The topological phases are characterized by
C = 1, while the non-topological ones by C = 0. This
is demonstrated in Fig. 3 for a few systems of di↵erent
sizes.

The MP thus allows an accurate characterization of the
topological phase even in cases where a direct calculation
of the topological index is not feasible. Moreover it does
not require very large system sizes to be highly accurate,
as for example a map of the lowest energy state would. In
addition, as we will shortly demonstrate, the MP gives
local information about the formation and behavior of
the Majorana bound states which can not be gained form
a consideration of the system’s bulk properties. Thus we
should note that, while if a Majorana state exists the
system is surely topological, the reverse is not necessary
true, as a bulk topological system may have no Majorana
solutions in certain finite-size configurations.

For a system in which the length is much larger than
the width N

y

⌧ N
x

such as the one depicted in Fig. 3(a)
we would expect to recover the phase diagram calculated
analytically in the previous section, and this is indeed the
case, the topological regions predicted by the MP crite-
rion (red in Fig. 3(a)) correspond exactly to the topolog-
ical regions (light red) in Fig. 2(b). For a wider system
such as the one depicted in Fig. 3(c) we can see that the
phase diagram calculated analytically (Fig. 2(d)) is re-
covered very well at large values of B, however, at small
values of B, the value of C is neither 0, nor 1, but it shows
an intermediate value (depicted in yellow). For fully
square systems (Fig. 3(b)) the entire topological phase
is characterized now by C ⇡ 0.7. We should note that all
the states corresponding to the regions with C < 1 have
non-zero but very small energies, thus making it harder
to interpret them as Majoranas or not based solely on
the energy criterion.

To understand these states we focus on the local struc-
ture of the MP defined in Eq. (11) as a vector in the com-
plex plane. A Majorana state must have an integral of
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FIG. 3. (Color online) The phase diagram as a function of
B and µ for open systems of (a) 3 ⇥ 201, (b) 101 ⇥ 101, and
(c) 51 ⇥ 201. This has been calculated using the PH expec-
tation value of the lowest energy state summed over half of
the system C (see main text). In all the examples � = 0.4t
and ↵ = 0.5t. The analytical topological phase boundaries for
quasi 1D (solid lines) and 2D (dashed lines) are also plotted.

the MP of 1 over a spatial region R, thus it must exhibit
an uniform phase inside this region, equivalently the MP
local vectors need to be aligned inside R (‘ferromagnetic’
MP structure). In Figs. 4-5 we plot the MP for a variety
of di↵erent low energy states. In Fig. 4 we plot the MP
vector for a 51⇥ 201 system with � = 0.3t and ↵ = 0.5t.
Fig. 4(a) corresponds to the red (topological) phase in
Fig. 3(c) (C = 1), with µ = 3.5t and B = 2.2t. We should
expect to have two MBS confined at the two narrow ends
of the ribbon, and we note that this is indeed the case,
we can see the formation of two ‘ferromagnetic’ states
localized at the two ends of the wire, with opposite MP.
Fig. 4(b) corresponds to a non-topological (blue phase
in Fig. 3(c)) phase, with C = 0. We take µ = 3.5t and
B = 2.3t, and the corresponding state, while being lo-
calized on the edges, is indeed non-Majorana, which can
be seen from the local fluctuations of the direction of the
MP vector from site to site, which makes its integral over
half of the wire zero. In Fig. 4(c) we focus on the more
puzzling C < 1 phase, denoted in yellow in Fig. 3(c). We
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local vectors need to be aligned inside R (‘ferromagnetic’
MP structure). In Figs. 4-5 we plot the MP for a variety
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FIG. 4. (Color online) MP for the lowest energy states for
open system of 51⇥201 with � = 0.3t and ↵ = 0.5t. We plot
(a) a MBS µ = 3.5t and B = 2.2t (corresponding to a red
phase in Fig. 3(c)), (b) a 1D edge state µ = 3.5t and B = 2.3t
(blue phase in Fig. 3(c)), (c) a 2D edge state µ = 3.5t and
B = t (yellow phase in Fig. 3(c)), and (d) a bulk state µ = 0.5t
and B = 5t (blue phase in Fig. 3(c)).

take µ = 3.5t and B = t. We note that the corresponding
lowest energy state is also an edge state, extending over
the entire contour of the system. Moreover, while the
state is not ‘ferromagnetic’, a small uniform variation is
observed from site to site, making the total integral over
R finite, but not equal to 1. Finally in Fig. 4(d) we show
a state with C = 0 for µ = 0.5t and B = 5t, which corre-
sponds to the blue region outside the region delimited by
the bulk 2D topological lines, this actually correspond to
a bulk state for which the value of the MP is small even
locally.

It appears that the existence of the ‘yellow’ phase is
due to the shape of the system, i.e to the fact that the
length and the width become comparable. If the length is
increased the yellow phase is diminishing and the phase
diagram converges towards the phase diagram calculated
analytically in the previous section. This observation has
been made also for the Kitaev model.48 However, we want
to stress that in real experimental systems the existence
of the intermediate phase with C < 1 is possible, and it
would correspond to the formation of low-energy subgap
states which have locally a full Majorana character, but
that are non-Majoranas, due to their global lack of sym-
metry. It would be interesting to explore the connection
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FIG. 5. (Color online) MP for lowest energy state for open
system of 101 ⇥ 101 with � = 0.3t and ↵ = 0.5t. (a) µ = 4t
and B = t, and (b) µ = 2t and B = 3t, both in the 2D
topologically non-trivial phase.

between these states and the ’chiral’ Majorana states de-
scribed in Refs. 19 and 50. Another interesting question
would be if such quasi-Majorana states have any topo-
logical characteristics, such as non-Abelian statistics, or
atypical braiding properties, and if such states can be
useful for example for quantum computation in a simi-
lar manner as the Majorana states. Note that a state
with a C = 1 is a Majorana, and certainly has non-
Abelian statistics. It is not at all clear that the statistics
of the quasi-Majorana states would be Abelian. These
are peculiar states in-between fermionic and Majorana-
like, and there exist to this point no work to investigate
their statistics. Moreover there seems to be a fundamen-
tal di↵erence between the properly fermionic states which
have a uniform local zero MP. The quasi-Majoranas have
their weight divided into a few di↵erent regions, roughly
disconnected from each other, each with C di↵erent from
zero. Manipulating such a state in one part of the system
is not the same as manipulating the fermionic state, and
the e↵ect of such manipulation is also a very interesting
question. Such questions are however well beyond the
scope of the present work.

An extreme situation is depicted in Fig. 5(a,b), in
which we plot the MP for two quasi-Majorana states for
a square system. Fig. 5(a) depicts the MP for a set of
parameters inside the 2D bulk topological phase (as de-
scribed in Fig. 1(b)), while Fig. 5(b) describes a set of pa-
rameters inside the 1D topological phase (as described in
Fig. 1(a)), that would become a Majorana end state if one
direction of the system was su�ciently increased. Inter-
estingly enough these two states have di↵erent MP char-
acteristics, the ‘1D’ one being localized roughly at the
corners, while the ‘2D’ one along the contour of the sys-
tem, allowing one to distinguish between the two. Note
that for a fully square system the corner MP vectors are
oriented at roughly 90 degrees angle with respect with
each other, giving rise to an integral of C =

p
2/2 ⇡ 0.7,

which corresponds well to the ‘yellow’ in Fig. 3(b).
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(blue phase in Fig. 3(c)), (c) a 2D edge state µ = 3.5t and
B = t (yellow phase in Fig. 3(c)), and (d) a bulk state µ = 0.5t
and B = 5t (blue phase in Fig. 3(c)).
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atypical braiding properties, and if such states can be
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lar manner as the Majorana states. Note that a state
with a C = 1 is a Majorana, and certainly has non-
Abelian statistics. It is not at all clear that the statistics
of the quasi-Majorana states would be Abelian. These
are peculiar states in-between fermionic and Majorana-
like, and there exist to this point no work to investigate
their statistics. Moreover there seems to be a fundamen-
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and B = 5t (blue phase in Fig. 3(c)).

take µ = 3.5t and B = t. We note that the corresponding
lowest energy state is also an edge state, extending over
the entire contour of the system. Moreover, while the
state is not ‘ferromagnetic’, a small uniform variation is
observed from site to site, making the total integral over
R finite, but not equal to 1. Finally in Fig. 4(d) we show
a state with C = 0 for µ = 0.5t and B = 5t, which corre-
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the bulk 2D topological lines, this actually correspond to
a bulk state for which the value of the MP is small even
locally.

It appears that the existence of the ‘yellow’ phase is
due to the shape of the system, i.e to the fact that the
length and the width become comparable. If the length is
increased the yellow phase is diminishing and the phase
diagram converges towards the phase diagram calculated
analytically in the previous section. This observation has
been made also for the Kitaev model.48 However, we want
to stress that in real experimental systems the existence
of the intermediate phase with C < 1 is possible, and it
would correspond to the formation of low-energy subgap
states which have locally a full Majorana character, but
that are non-Majoranas, due to their global lack of sym-
metry. It would be interesting to explore the connection

HaL

1
50

1 51 101
1

51

101

x

y

HbL

1
50

1 51 101
1

51

101

x

y

FIG. 5. (Color online) MP for lowest energy state for open
system of 101 ⇥ 101 with � = 0.3t and ↵ = 0.5t. (a) µ = 4t
and B = t, and (b) µ = 2t and B = 3t, both in the 2D
topologically non-trivial phase.

between these states and the ’chiral’ Majorana states de-
scribed in Refs. 19 and 50. Another interesting question
would be if such quasi-Majorana states have any topo-
logical characteristics, such as non-Abelian statistics, or
atypical braiding properties, and if such states can be
useful for example for quantum computation in a simi-
lar manner as the Majorana states. Note that a state
with a C = 1 is a Majorana, and certainly has non-
Abelian statistics. It is not at all clear that the statistics
of the quasi-Majorana states would be Abelian. These
are peculiar states in-between fermionic and Majorana-
like, and there exist to this point no work to investigate
their statistics. Moreover there seems to be a fundamen-
tal di↵erence between the properly fermionic states which
have a uniform local zero MP. The quasi-Majoranas have
their weight divided into a few di↵erent regions, roughly
disconnected from each other, each with C di↵erent from
zero. Manipulating such a state in one part of the system
is not the same as manipulating the fermionic state, and
the e↵ect of such manipulation is also a very interesting
question. Such questions are however well beyond the
scope of the present work.

An extreme situation is depicted in Fig. 5(a,b), in
which we plot the MP for two quasi-Majorana states for
a square system. Fig. 5(a) depicts the MP for a set of
parameters inside the 2D bulk topological phase (as de-
scribed in Fig. 1(b)), while Fig. 5(b) describes a set of pa-
rameters inside the 1D topological phase (as described in
Fig. 1(a)), that would become a Majorana end state if one
direction of the system was su�ciently increased. Inter-
estingly enough these two states have di↵erent MP char-
acteristics, the ‘1D’ one being localized roughly at the
corners, while the ‘2D’ one along the contour of the sys-
tem, allowing one to distinguish between the two. Note
that for a fully square system the corner MP vectors are
oriented at roughly 90 degrees angle with respect with
each other, giving rise to an integral of C =

p
2/2 ⇡ 0.7,

which corresponds well to the ‘yellow’ in Fig. 3(b).

7

HaL

1
20

1

26

51

y

HbL

1
20

1

26

51

y

HcL

1
90

1

26

51

y

HdL

1
1
105

1 51 101 151 201
1

26

51

x

y

FIG. 4. (Color online) MP for the lowest energy states for
open system of 51⇥201 with � = 0.3t and ↵ = 0.5t. We plot
(a) a MBS µ = 3.5t and B = 2.2t (corresponding to a red
phase in Fig. 3(c)), (b) a 1D edge state µ = 3.5t and B = 2.3t
(blue phase in Fig. 3(c)), (c) a 2D edge state µ = 3.5t and
B = t (yellow phase in Fig. 3(c)), and (d) a bulk state µ = 0.5t
and B = 5t (blue phase in Fig. 3(c)).

take µ = 3.5t and B = t. We note that the corresponding
lowest energy state is also an edge state, extending over
the entire contour of the system. Moreover, while the
state is not ‘ferromagnetic’, a small uniform variation is
observed from site to site, making the total integral over
R finite, but not equal to 1. Finally in Fig. 4(d) we show
a state with C = 0 for µ = 0.5t and B = 5t, which corre-
sponds to the blue region outside the region delimited by
the bulk 2D topological lines, this actually correspond to
a bulk state for which the value of the MP is small even
locally.

It appears that the existence of the ‘yellow’ phase is
due to the shape of the system, i.e to the fact that the
length and the width become comparable. If the length is
increased the yellow phase is diminishing and the phase
diagram converges towards the phase diagram calculated
analytically in the previous section. This observation has
been made also for the Kitaev model.48 However, we want
to stress that in real experimental systems the existence
of the intermediate phase with C < 1 is possible, and it
would correspond to the formation of low-energy subgap
states which have locally a full Majorana character, but
that are non-Majoranas, due to their global lack of sym-
metry. It would be interesting to explore the connection

HaL

1
50

1 51 101
1

51

101

x

y

HbL

1
50

1 51 101
1

51

101

x

y

FIG. 5. (Color online) MP for lowest energy state for open
system of 101 ⇥ 101 with � = 0.3t and ↵ = 0.5t. (a) µ = 4t
and B = t, and (b) µ = 2t and B = 3t, both in the 2D
topologically non-trivial phase.

between these states and the ’chiral’ Majorana states de-
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logical characteristics, such as non-Abelian statistics, or
atypical braiding properties, and if such states can be
useful for example for quantum computation in a simi-
lar manner as the Majorana states. Note that a state
with a C = 1 is a Majorana, and certainly has non-
Abelian statistics. It is not at all clear that the statistics
of the quasi-Majorana states would be Abelian. These
are peculiar states in-between fermionic and Majorana-
like, and there exist to this point no work to investigate
their statistics. Moreover there seems to be a fundamen-
tal di↵erence between the properly fermionic states which
have a uniform local zero MP. The quasi-Majoranas have
their weight divided into a few di↵erent regions, roughly
disconnected from each other, each with C di↵erent from
zero. Manipulating such a state in one part of the system
is not the same as manipulating the fermionic state, and
the e↵ect of such manipulation is also a very interesting
question. Such questions are however well beyond the
scope of the present work.

An extreme situation is depicted in Fig. 5(a,b), in
which we plot the MP for two quasi-Majorana states for
a square system. Fig. 5(a) depicts the MP for a set of
parameters inside the 2D bulk topological phase (as de-
scribed in Fig. 1(b)), while Fig. 5(b) describes a set of pa-
rameters inside the 1D topological phase (as described in
Fig. 1(a)), that would become a Majorana end state if one
direction of the system was su�ciently increased. Inter-
estingly enough these two states have di↵erent MP char-
acteristics, the ‘1D’ one being localized roughly at the
corners, while the ‘2D’ one along the contour of the sys-
tem, allowing one to distinguish between the two. Note
that for a fully square system the corner MP vectors are
oriented at roughly 90 degrees angle with respect with
each other, giving rise to an integral of C =
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which corresponds well to the ‘yellow’ in Fig. 3(b).

2

II. THE GENERALIZED MAJORANA
POLARIZATION

Naturally all finite energy eigenstates of the Hamilto-
nians under consideration satisfy h | C | i = 0 and Ma-
jorana states satisfy |h�| C |�i| = 1, where C is the PH
operator. Additionally in a region R where such a Ma-
jorana state is localized it must satisfy

C =

���
P

j2Rh | C
j

| i
���

P
j2Rh |r̂

j

| i = 1 , (1)

where r̂
j

is the projection onto site j and C
j

⌘ C r̂
j

. For a
system with two Majoranas localized each on a di↵erent
edge of the system, R can simply be taken to be half the
system.

One can therefore use the PH operator as a way of
theoretically visualising MBS; this operator thus plays
the role of a universal MP generalizing the picture in-
troduced in Ref. 1 which was valid only for a subset of
Hamiltonians (the ‘chiral orthogonal’ class, or BDI in the
usual classification scheme18). The relationship between
the old definition and the current one is presented in Sec-
tion V.

Note that, while presenting some similarities, the gen-
eral MP is di↵erent from the chiral Majorana character
introduced in 20; they happen to take a similar form only
for the particular case of the BDI systems, see App. B
for more information. As the expectation values for an
anti-unitary operator are not invariant under a change
of global phase, it is fundamentally impossible to use the
MP operator to compare di↵erent states, as we can do us-
ing the chiral Majorana character introduced in Ref. 20.

III. KITAEV CHAINS, LADDERS, AND
ARRAYS

The PH operator for a spinless Kitaev model is C =
ei⇣ ⌧xK̂, where K̂ is the complex-conjugation operator,
and ⇣ is an arbitrary phase. We use ~⌧ to denote the
Pauli matrices in the PH subspace. A Majorana state
� is an eigenstate of C with an eigenvalue of modulus
1. If we write a general eigenfunction as  T

j

= (u
j

, v
j

),
then h | C

j

| i = 2u
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v
j

, and we can use this to analyze
the behavior of a given state and its Majorana character.
Note that in order to have a Majorana state localized in
a region R , the wave function must satisfy the condition
u
j

= v
j

ei�j , with �
j

= � a uniform phase inside R. This
phase is arbitrary and can be chosen conveniently.

In the past, the topological character of a variety of
quasi-1D and 2D systems has been studied.21–31 Here we
focus on a spinless 2D square lattice with nearest neigh-
bour hopping t and p+ ip superconductivity of strength
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tion of � and µ for Kitaev chains with (a) 3, (b) 11, (c) 40,
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spinless particle at site j. Here ~� is the nearest neighbor
vector. We set t = 1 and ~ = 1 throughout.
We want to study the formation and destruction of the

MBS in open quasi-1D and 2D systems described by this
model. The quasi-1D systems have open boundary con-
ditions (BC) imposed in the y direction. We know that
a purely 1D Kitaev chain is topologically non-trivial for
|µ| < |2t| and � 6= 0.2 Similarly, a 2D p+ip Kitaev array
is topologically non-trivial for |µ| < |4t| and � 6= 0. For
systems of di↵erent numbers of wires we first calculate
analytically the bulk topological phase diagrams using a
topological invariant.17,32–36 The detailss of this calcula-
tion are presented in Appendix A. We should stress that
this is the first exact calculation of the phase diagram
for the quasi-1D Kitaev chains. The resulting phase dia-
grams are shown in Fig. 1. Note the di↵erence between
the systems with even and odd number of chains. Note
also the formation of striped ellipsoidal regions close to
� = 0 in which the system can go between a topological
and non-topological phase for smaller and smaller steps
in the variation of the parameters when increasing the
number of wires.
We now compare these analytical phase diagrams with
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FIG. 3. Band structure of a 2D ribbon with a magnetic field
B = B

y

perpendicular to the edges for µ = 4t, B
y

= 0.3t
(upper panel) and µ = 0t, B

y

= 0.3t (middle panel). Note
that the system may host either one or two pairs of chiral
Majorana modes. The corresponding topological phase dia-
gram (lower panel) depicts the number of Majorana modes
(as evaluated from the total MP) as a function of µ and B.
In all the examples we set � = 0.2t,�

x

= �

y

= 0.5t.

IV. QUASI-1D WIRES

In what follows we focus on quasi-1D systems, i.e. sys-
tems made-up of N

y

> 1 coupled wires each with a finite
but large number of sites N

x

� 1 and N
x

� N
y

. We con-
sider an in-plane magnetic field B

x

parallel to the long
edge of the system (see Fig. 4). Note that for a magnetic
field parallel to the y-axis, no Majorana states can form,

since the magnetic field would in this case be parallel to
the direction of the spin-orbit coupling in the wires. A
similar system was considered in Ref. [44], but only for
magnetic fields perpendicular to the plane of the system.

FIG. 4. A sketch of a quasi-1D wire with a magnetic field B =
B

x

along the x-axis. The black sites denote the short edges
of the system where the Majorana modes would be localized.
The quasi-1D system can be thought of as a set of 1D wires
coupled in y-direction.

As described in Section II, we will use two main tools to
obtain the phase diagram for these systems. The first is
to numerically diagonalize the tight-binding Hamiltonian
and employ the integrated MP by plotting its value as a
function of the chemical potential and the magnetic field.
The second is to assume that the momentum k

x

along x is
a ”good” quantum number, and exploit the SP technique.
In Fig. 5 we show numerically that the results of the first
two methods are fully consistent. Each phase transition
boundary defined as a change in the number of MBS pairs
obtained via the MP technique corresponds to a line of
zeroes in the SP plot. The only apparent exception is the
special case of the white lines in the N

y

= 4 close to µ = t
and µ = 2.2t and B = 0.5t. They seem to correspond
to the special case of a zero-size non-topological line-like
region between two topological regions with one pair of
MBS. Such situations, i.e. topological regions divided by
a line of non-topological points, can arise, and are well
captured here by the SP method. The numerical method
is a bit less precise in this case, and the non-topological
lines acquire a finite width, mostly because of the finite
length of the considered systems (in the infinite-length
limit the width of these regions should go to zero).
Note that the integrated MP allows not only to show

the phase transition boundaries, but also to give access to
the number of emerging MBS. Since the chiral symmetry
(a combination of the PHS and the TRS) is absent due
to the magnetic field which breaks the TRS, we cannot
easily use the counting formula introduced in Ref. [3] to
obtain the number of Majorana modes using this method.
The counting formula is in principle also applicable in the
absence of the chiral symmetry, but the broken TRS case
is very cumbersome and much harder to implement nu-
merically. Therefore, we use here the SP technique only
to obtain the phase transition lines; the actual number
of the MBS pairs and the topological character of a given
phase space region are obtained numerically via the cal-
culation of the total MP. We should point out that some
segments of the phase transition lines in the right col-
umn of Fig. 5 are almost non-visible. This is not due
to the failure of the method, but to the numerical grid:
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the magnitude of the integral of the Majorana polariza-
tion vector over the spatial region R.

C =
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~r2Rh | C r̂| i��P
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r̂ is the projection onto site ~r, and the local MP is simply
the expectation value of the local particle-hole transfor-
mation:

h | C r̂| i = �2
X

�

�u
~r�

v
~r�

. (11)

We split our system in half such that R is half of the sys-
tem (divided usually along the longer length). The Ma-
jorana polarization also allows us to distinguish between
zero energy states which are Majorana bound states and
those which are not as C = 1 is both a necessary and
su�cient condition for a state being a Majorana state.
By numerically solving the tight-binding Hamiltonian,
Eq. (1), and plotting C as a function of the parameters we
can accurately recover the appropriate topological phase
diagram. The topological phases are characterized by
C = 1, while the non-topological ones by C = 0. This
is demonstrated in Fig. 3 for a few systems of di↵erent
sizes.

The MP thus allows an accurate characterization of the
topological phase even in cases where a direct calculation
of the topological index is not feasible. Moreover it does
not require very large system sizes to be highly accurate,
as for example a map of the lowest energy state would. In
addition, as we will shortly demonstrate, the MP gives
local information about the formation and behavior of
the Majorana bound states which can not be gained form
a consideration of the system’s bulk properties. Thus we
should note that, while if a Majorana state exists the
system is surely topological, the reverse is not necessary
true, as a bulk topological system may have no Majorana
solutions in certain finite-size configurations.

For a system in which the length is much larger than
the width N

y

⌧ N
x

such as the one depicted in Fig. 3(a)
we would expect to recover the phase diagram calculated
analytically in the previous section, and this is indeed the
case, the topological regions predicted by the MP crite-
rion (red in Fig. 3(a)) correspond exactly to the topolog-
ical regions (light red) in Fig. 2(b). For a wider system
such as the one depicted in Fig. 3(c) we can see that the
phase diagram calculated analytically (Fig. 2(d)) is re-
covered very well at large values of B, however, at small
values of B, the value of C is neither 0, nor 1, but it shows
an intermediate value (depicted in yellow). For fully
square systems (Fig. 3(b)) the entire topological phase
is characterized now by C ⇡ 0.7. We should note that all
the states corresponding to the regions with C < 1 have
non-zero but very small energies, thus making it harder
to interpret them as Majoranas or not based solely on
the energy criterion.

To understand these states we focus on the local struc-
ture of the MP defined in Eq. (11) as a vector in the com-
plex plane. A Majorana state must have an integral of
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FIG. 3. (Color online) The phase diagram as a function of
B and µ for open systems of (a) 3 ⇥ 201, (b) 101 ⇥ 101, and
(c) 51 ⇥ 201. This has been calculated using the PH expec-
tation value of the lowest energy state summed over half of
the system C (see main text). In all the examples � = 0.4t
and ↵ = 0.5t. The analytical topological phase boundaries for
quasi 1D (solid lines) and 2D (dashed lines) are also plotted.

the MP of 1 over a spatial region R, thus it must exhibit
an uniform phase inside this region, equivalently the MP
local vectors need to be aligned inside R (‘ferromagnetic’
MP structure). In Figs. 4-5 we plot the MP for a variety
of di↵erent low energy states. In Fig. 4 we plot the MP
vector for a 51⇥ 201 system with � = 0.3t and ↵ = 0.5t.
Fig. 4(a) corresponds to the red (topological) phase in
Fig. 3(c) (C = 1), with µ = 3.5t and B = 2.2t. We should
expect to have two MBS confined at the two narrow ends
of the ribbon, and we note that this is indeed the case,
we can see the formation of two ‘ferromagnetic’ states
localized at the two ends of the wire, with opposite MP.
Fig. 4(b) corresponds to a non-topological (blue phase
in Fig. 3(c)) phase, with C = 0. We take µ = 3.5t and
B = 2.3t, and the corresponding state, while being lo-
calized on the edges, is indeed non-Majorana, which can
be seen from the local fluctuations of the direction of the
MP vector from site to site, which makes its integral over
half of the wire zero. In Fig. 4(c) we focus on the more
puzzling C < 1 phase, denoted in yellow in Fig. 3(c). We
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B and µ for open systems of (a) 3 ⇥ 201, (b) 101 ⇥ 101, and
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the system C (see main text). In all the examples � = 0.4t
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quasi 1D (solid lines) and 2D (dashed lines) are also plotted.

the MP of 1 over a spatial region R, thus it must exhibit
an uniform phase inside this region, equivalently the MP
local vectors need to be aligned inside R (‘ferromagnetic’
MP structure). In Figs. 4-5 we plot the MP for a variety
of di↵erent low energy states. In Fig. 4 we plot the MP
vector for a 51⇥ 201 system with � = 0.3t and ↵ = 0.5t.
Fig. 4(a) corresponds to the red (topological) phase in
Fig. 3(c) (C = 1), with µ = 3.5t and B = 2.2t. We should
expect to have two MBS confined at the two narrow ends
of the ribbon, and we note that this is indeed the case,
we can see the formation of two ‘ferromagnetic’ states
localized at the two ends of the wire, with opposite MP.
Fig. 4(b) corresponds to a non-topological (blue phase
in Fig. 3(c)) phase, with C = 0. We take µ = 3.5t and
B = 2.3t, and the corresponding state, while being lo-
calized on the edges, is indeed non-Majorana, which can
be seen from the local fluctuations of the direction of the
MP vector from site to site, which makes its integral over
half of the wire zero. In Fig. 4(c) we focus on the more
puzzling C < 1 phase, denoted in yellow in Fig. 3(c). We
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FIG. 4. (Color online) MP for the lowest energy states for
open system of 51⇥201 with � = 0.3t and ↵ = 0.5t. We plot
(a) a MBS µ = 3.5t and B = 2.2t (corresponding to a red
phase in Fig. 3(c)), (b) a 1D edge state µ = 3.5t and B = 2.3t
(blue phase in Fig. 3(c)), (c) a 2D edge state µ = 3.5t and
B = t (yellow phase in Fig. 3(c)), and (d) a bulk state µ = 0.5t
and B = 5t (blue phase in Fig. 3(c)).

take µ = 3.5t and B = t. We note that the corresponding
lowest energy state is also an edge state, extending over
the entire contour of the system. Moreover, while the
state is not ‘ferromagnetic’, a small uniform variation is
observed from site to site, making the total integral over
R finite, but not equal to 1. Finally in Fig. 4(d) we show
a state with C = 0 for µ = 0.5t and B = 5t, which corre-
sponds to the blue region outside the region delimited by
the bulk 2D topological lines, this actually correspond to
a bulk state for which the value of the MP is small even
locally.

It appears that the existence of the ‘yellow’ phase is
due to the shape of the system, i.e to the fact that the
length and the width become comparable. If the length is
increased the yellow phase is diminishing and the phase
diagram converges towards the phase diagram calculated
analytically in the previous section. This observation has
been made also for the Kitaev model.48 However, we want
to stress that in real experimental systems the existence
of the intermediate phase with C < 1 is possible, and it
would correspond to the formation of low-energy subgap
states which have locally a full Majorana character, but
that are non-Majoranas, due to their global lack of sym-
metry. It would be interesting to explore the connection
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FIG. 5. (Color online) MP for lowest energy state for open
system of 101 ⇥ 101 with � = 0.3t and ↵ = 0.5t. (a) µ = 4t
and B = t, and (b) µ = 2t and B = 3t, both in the 2D
topologically non-trivial phase.

between these states and the ’chiral’ Majorana states de-
scribed in Refs. 19 and 50. Another interesting question
would be if such quasi-Majorana states have any topo-
logical characteristics, such as non-Abelian statistics, or
atypical braiding properties, and if such states can be
useful for example for quantum computation in a simi-
lar manner as the Majorana states. Note that a state
with a C = 1 is a Majorana, and certainly has non-
Abelian statistics. It is not at all clear that the statistics
of the quasi-Majorana states would be Abelian. These
are peculiar states in-between fermionic and Majorana-
like, and there exist to this point no work to investigate
their statistics. Moreover there seems to be a fundamen-
tal di↵erence between the properly fermionic states which
have a uniform local zero MP. The quasi-Majoranas have
their weight divided into a few di↵erent regions, roughly
disconnected from each other, each with C di↵erent from
zero. Manipulating such a state in one part of the system
is not the same as manipulating the fermionic state, and
the e↵ect of such manipulation is also a very interesting
question. Such questions are however well beyond the
scope of the present work.

An extreme situation is depicted in Fig. 5(a,b), in
which we plot the MP for two quasi-Majorana states for
a square system. Fig. 5(a) depicts the MP for a set of
parameters inside the 2D bulk topological phase (as de-
scribed in Fig. 1(b)), while Fig. 5(b) describes a set of pa-
rameters inside the 1D topological phase (as described in
Fig. 1(a)), that would become a Majorana end state if one
direction of the system was su�ciently increased. Inter-
estingly enough these two states have di↵erent MP char-
acteristics, the ‘1D’ one being localized roughly at the
corners, while the ‘2D’ one along the contour of the sys-
tem, allowing one to distinguish between the two. Note
that for a fully square system the corner MP vectors are
oriented at roughly 90 degrees angle with respect with
each other, giving rise to an integral of C =

p
2/2 ⇡ 0.7,

which corresponds well to the ‘yellow’ in Fig. 3(b).
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and B = 5t (blue phase in Fig. 3(c)).

take µ = 3.5t and B = t. We note that the corresponding
lowest energy state is also an edge state, extending over
the entire contour of the system. Moreover, while the
state is not ‘ferromagnetic’, a small uniform variation is
observed from site to site, making the total integral over
R finite, but not equal to 1. Finally in Fig. 4(d) we show
a state with C = 0 for µ = 0.5t and B = 5t, which corre-
sponds to the blue region outside the region delimited by
the bulk 2D topological lines, this actually correspond to
a bulk state for which the value of the MP is small even
locally.

It appears that the existence of the ‘yellow’ phase is
due to the shape of the system, i.e to the fact that the
length and the width become comparable. If the length is
increased the yellow phase is diminishing and the phase
diagram converges towards the phase diagram calculated
analytically in the previous section. This observation has
been made also for the Kitaev model.48 However, we want
to stress that in real experimental systems the existence
of the intermediate phase with C < 1 is possible, and it
would correspond to the formation of low-energy subgap
states which have locally a full Majorana character, but
that are non-Majoranas, due to their global lack of sym-
metry. It would be interesting to explore the connection
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between these states and the ’chiral’ Majorana states de-
scribed in Refs. 19 and 50. Another interesting question
would be if such quasi-Majorana states have any topo-
logical characteristics, such as non-Abelian statistics, or
atypical braiding properties, and if such states can be
useful for example for quantum computation in a simi-
lar manner as the Majorana states. Note that a state
with a C = 1 is a Majorana, and certainly has non-
Abelian statistics. It is not at all clear that the statistics
of the quasi-Majorana states would be Abelian. These
are peculiar states in-between fermionic and Majorana-
like, and there exist to this point no work to investigate
their statistics. Moreover there seems to be a fundamen-
tal di↵erence between the properly fermionic states which
have a uniform local zero MP. The quasi-Majoranas have
their weight divided into a few di↵erent regions, roughly
disconnected from each other, each with C di↵erent from
zero. Manipulating such a state in one part of the system
is not the same as manipulating the fermionic state, and
the e↵ect of such manipulation is also a very interesting
question. Such questions are however well beyond the
scope of the present work.

An extreme situation is depicted in Fig. 5(a,b), in
which we plot the MP for two quasi-Majorana states for
a square system. Fig. 5(a) depicts the MP for a set of
parameters inside the 2D bulk topological phase (as de-
scribed in Fig. 1(b)), while Fig. 5(b) describes a set of pa-
rameters inside the 1D topological phase (as described in
Fig. 1(a)), that would become a Majorana end state if one
direction of the system was su�ciently increased. Inter-
estingly enough these two states have di↵erent MP char-
acteristics, the ‘1D’ one being localized roughly at the
corners, while the ‘2D’ one along the contour of the sys-
tem, allowing one to distinguish between the two. Note
that for a fully square system the corner MP vectors are
oriented at roughly 90 degrees angle with respect with
each other, giving rise to an integral of C =

p
2/2 ⇡ 0.7,

which corresponds well to the ‘yellow’ in Fig. 3(b).
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Conclusions
• Majorana polarization = good local order parameter 

• MP criterion: Local MP vectors aligned and sum up to  
LDOS over a given region 

• Necessary criterion to distinguish between different low-energy 
states 

• Good criterion for topological phase diagram 

• Applications to various models: 
- quantum wires; NS junctions 
- quasi 1D and 2D open systems, 
square and hexagonal lattices 

• Quasi-Majorana states arising in open systems 

• Difference between parallel and perpendicular fields  
hexagonal and square lattices
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one expects to recover the phase diagrams obtained an-
alytically in the previous section. The interesting ques-
tion is what happens when the transversal and longitu-
dinal directions become comparable, in which situation
we should expect that the system has e↵ectively a single
boundary and the Majorana states on the edges would
hybridize and destroy each other. The manner in which
this happens, as well as the persistence of some topologi-
cal properties in the low-energy edge states of a finite-size
open system are investigated using the generalized Ma-
jorana polarization introduced in Ref. 44.

A. Phase diagram deduced from the Majorana
polarization

The topological phase diagram of a fully-finite-size sys-
tem can be inferred either from the value of its lowest
energy (if that is zero or very close to zero we know that
we may have a Majorana), but even more reliably, as de-
scribed in Ref. 44, one can use the generalized Majorana
polarization (MP) calculated for the lowest energy state,
and this value can tell us very accurately if a given state
is or not a Majorana state. The way in which this works
is as follows:44 a Majorana state is an eigenstate of the
particle hole operator. Therefore a Majorana-like state
localized inside a spatial region R must satisfy C = 1
where C is the magnitude of the integral of the Majo-
rana polarization vector over the spatial region R.

C =

��P
~r2Rh | C r̂| i��P
~r2Rh |r̂| i . (10)

r̂ is the projection onto site ~r, and the local MP is simply
the expectation value of the local particle-hole transfor-
mation:

h | C r̂| i = �2
X

�

�u
~r�

v
~r�

. (11)

We split our system in half such that R is half of the sys-
tem (divided usually along the longer length). By numer-
ically solving the tight-binding Hamiltonian, Eq. (1), and
plotting C as a function of the parameters we can accu-
rately recover the appropriate topological phase diagram.
The topological phases are characterized by C = 1, while
the non-topological ones by C = 0. This is demonstrated
in Fig. 3 for a few systems of di↵erent sizes.

For a system in which the length is much larger than
the width N

y

⌧ N
x

such as the one depicted in Fig. 3(a)
we would expect to recover the phase diagram calculated
analytically in the previous section, and this is indeed the
case, the topological regions predicted by the MP crite-
rion (red in Fig. 3(a)) correspond exactly to the topolog-
ical regions (light red) in Fig. 2(b). For a wider system
such as the one depicted in Fig. 3(c) we can see that the
phase diagram calculated analytically (Fig. 2(d)) is re-
covered very well at large values of B, however, at small
values of B, the value of C is neither 0, nor 1, but it shows
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FIG. 3. (Color online) The phase diagram as a function of
B and µ for open systems of (a) 3 ⇥ 201, (b) 101 ⇥ 101, and
(c) 51 ⇥ 201. This has been calculated using the PH expec-
tation value of the lowest energy state summed over half of
the system C (see main text). In all the examples � = 0.4t
and ↵ = 0.5t. The analytical topological phase boundaries for
quasi 1D (solid lines) and 2D (dashed lines) are also plotted.

an intermediate value (depicted in yellow). For fully
square systems (Fig. 3(b)) the entire topological phase
is characterized now by C ⇡ 0.7. We should note that all
the states corresponding to the regions with C < 1 have
non-zero but very small energies, thus making it harder
to interpret them as Majoranas or not based solely on
the energy criterion.
To understand these states we focus on the local struc-

ture of the MP defined in Eq. (11) as a vector in the com-
plex plane. A Majorana state must have an integral of
the MP of 1 over a spatial region R, thus it must exhibit
an uniform phase inside this region, equivalently the MP
local vectors need to be aligned inside R (‘ferromagnetic’
MP structure). In Figs. 4-5 we plot the MP for a variety
of di↵erent low energy states. In Fig. 4 we plot the MP
vector for a 51⇥ 201 system with � = 0.3t and ↵ = 0.5t.
Fig. 5(a) corresponds to the red (topological) phase in
Fig. 3(c) (C = 1), with µ = 3.5t and B = 2.2t. We should
expect to have two MBS confined at the two narrow ends
of the ribbon, and we note that this is indeed the case,
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and B = 5t (blue phase in Fig. 3(c)).

take µ = 3.5t and B = t. We note that the corresponding
lowest energy state is also an edge state, extending over
the entire contour of the system. Moreover, while the
state is not ‘ferromagnetic’, a small uniform variation is
observed from site to site, making the total integral over
R finite, but not equal to 1. Finally in Fig. 4(d) we show
a state with C = 0 for µ = 0.5t and B = 5t, which corre-
sponds to the blue region outside the region delimited by
the bulk 2D topological lines, this actually correspond to
a bulk state for which the value of the MP is small even
locally.

It appears that the existence of the ‘yellow’ phase is
due to the shape of the system, i.e to the fact that the
length and the width become comparable. If the length is
increased the yellow phase is diminishing and the phase
diagram converges towards the phase diagram calculated
analytically in the previous section. This observation has
been made also for the Kitaev model.48 However, we want
to stress that in real experimental systems the existence
of the intermediate phase with C < 1 is possible, and it
would correspond to the formation of low-energy subgap
states which have locally a full Majorana character, but
that are non-Majoranas, due to their global lack of sym-
metry. It would be interesting to explore the connection
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system of 101 ⇥ 101 with � = 0.3t and ↵ = 0.5t. (a) µ = 4t
and B = t, and (b) µ = 2t and B = 3t, both in the 2D
topologically non-trivial phase.

between these states and the ’chiral’ Majorana states de-
scribed in Refs. 19 and 50. Another interesting question
would be if such quasi-Majorana states have any topo-
logical characteristics, such as non-Abelian statistics, or
atypical braiding properties, and if such states can be
useful for example for quantum computation in a simi-
lar manner as the Majorana states. Note that a state
with a C = 1 is a Majorana, and certainly has non-
Abelian statistics. It is not at all clear that the statistics
of the quasi-Majorana states would be Abelian. These
are peculiar states in-between fermionic and Majorana-
like, and there exist to this point no work to investigate
their statistics. Moreover there seems to be a fundamen-
tal di↵erence between the properly fermionic states which
have a uniform local zero MP. The quasi-Majoranas have
their weight divided into a few di↵erent regions, roughly
disconnected from each other, each with C di↵erent from
zero. Manipulating such a state in one part of the system
is not the same as manipulating the fermionic state, and
the e↵ect of such manipulation is also a very interesting
question. Such questions are however well beyond the
scope of the present work.

An extreme situation is depicted in Fig. 5(a,b), in
which we plot the MP for two quasi-Majorana states for
a square system. Fig. 5(a) depicts the MP for a set of
parameters inside the 2D bulk topological phase (as de-
scribed in Fig. 1(b)), while Fig. 5(b) describes a set of pa-
rameters inside the 1D topological phase (as described in
Fig. 1(a)), that would become a Majorana end state if one
direction of the system was su�ciently increased. Inter-
estingly enough these two states have di↵erent MP char-
acteristics, the ‘1D’ one being localized roughly at the
corners, while the ‘2D’ one along the contour of the sys-
tem, allowing one to distinguish between the two. Note
that for a fully square system the corner MP vectors are
oriented at roughly 90 degrees angle with respect with
each other, giving rise to an integral of C =

p
2/2 ⇡ 0.7,

which corresponds well to the ‘yellow’ in Fig. 3(b).
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MP with disorder TI without disorder

FIG. 6. Topological phase diagrams in the (µ,B
x

) plane for 2
and 4 coupled wires. In the left column we depict the MP of
the lowest-energy mode for a disordered system. We impose a
MP cuto↵ of 0.95 (the states with MP smaller than 1 cannot
be considered actual Majoranas and usually correspond to
non-zero energies, even if they remain Majorana-like). In the
right column we depict the phase diagram as obtained using
the topological invariant calculation (without disorder) (the
topological regions are shown in violet). Note that, up to
some special-points lines, the TI results are fully consistent
with the those for the MP in the disordered system, which is
expected since the TI gives access to the parity of the number
of the MBS. In all the panels � = 0.2t,�

x

= �

y

= 0.5t.

perpendicular fields this can never be the case unless
one dimension is much larger than the other one.

VII. CONCLUSIONS

We have studied the formation of Majorana bound
states in 2D ribbons, quasi-1D wires and 2D open sys-
tems with Rashba spin-orbit coupling and an in-plane
magnetic field. We have shown that in 2D ribbons chiral
Majorana fermions may form when the magnetic field is
perpendicular to the edges of the ribbon. Furthermore,

we have studied quasi-1D wires exploiting a numerical di-
agonalization technique and the Majorana polarization,
as well as the singular points technique, and we have
proven the qualitative equivalence of these two meth-
ods in constructing the phase diagrams of these systems.
We have also evaluated the topological invariant for the
quasi-1D systems and we have shown that its usage allows
one to obtain the correct phase diagrams for the parity of
the number of MBS pairs. Moreover, we have confirmed
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FIG. 7. The MP vector for a square system consisting of
100⇥100 sites in a magnetic field along the x-axis. We choose
a set of parameters µ = 4t, B
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= 0.28t,� = 0.2t,�
x

= �

y

=
0.5t.

numerically that the phases with even number of MBS
pairs are not stable in the presence of disorder, and are
thus topologically trivial, while the phases with an odd
number of MBS preserve their topological character.
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