
Topology in condensed matter

- stability to deformations: continuous modification  
between the two shapes possible



Topology in condensed matter
- mathematics: properties of spaces that are 

invariant under smooth deformations
- physics: two different Hamiltonians can smoothly 

be deformed into each other
- Examples: edge states



Topology in condensed matter
Topological edge states

Stable with respect to:

- disorder

- shape of boundary

- modifications of the parameters in the Hamiltonian
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Figure 5: Upper panel: Majorana polarization of the lowest-energy state as a function

of position and V
z

. Lower panel: lowest-energy eigenvalues and the half-wire integral

of the Majorana polarization (C/2, inset) as a function of V
z

. Note that at V
z

= �

the MP goes to zero, and correspondingly the lowest-energy state acquires a non-zero

value. Also C = 1 for V
z

> �, and it decreases to zero sharply across the phase

transition at V
z

= �. Parameters: � = 0.3, µ = 0, and ↵ = 0.2

that the system has e↵ectively a single boundary and the Majorana states on
the opposite edges may hybridize and destroy each other.

For a system in which the length is much larger than the width N
y

⌧ N
x

we
expect to recover the checkerboard phase diagram calculated analytically in [18],
and this is indeed the case, the topological regions predicted by the MP criterion
(red in Fig. 9(a)) correspond exactly to the topological regions predicted in [18].
For a wider system we can see that the phase diagram calculated analytically is
recovered very well at large values of B, however, at small values of B, the value
of C is neither 0, nor 1, but it shows an intermediate value (regions depicted
in yellow in the phase diagram). For fully square systems (Fig. 9(b)) the entire
topological phase is characterized now by C ⇡ 0.7. We should note that all the
states corresponding to the regions with C < 1 have non-zero but very small
energies, thus making it impossible to interpret them as Majoranas or not based
solely on the energy criterion.

To understand the nature of these states we focus on the local structure of
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Stability: usefulness for quantum computation



Non-topological edges states
Graphene

𝛿1

𝛿3

𝛿2

A

Β
a

1 Introduction

The unit cell of graphene’s lattice consists of two di↵erent types of sites, which we will call
A sites and B sites (see Fig. 1).

Figure 1: Honeycomb lattice and its Brillouin zone. Left: lattice structure of graphene, made out
of two interpenetrating triangular lattices a

1

and a
2

are the lattice unit vectors, and �
i

, i = 1, 2, 3
are the nearest-neighbor vectors. Right: corresponding Brillouin zone. The Dirac cones are located
at the K and K’ points.
Note: This figure and caption are from Castro et al. [2].
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where K,K0 are the corners of graphene’s first Brillouin zone, or Dirac points.
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â†
i

=
1p
N/2

X

k

eik·ri â†k , (4)
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(e�ik·�â†kb̂k +H.c.)

= �t
X

�,k
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Tight-binding Hamiltonian: kinetic terms - ‘hopping’ between nearest neighbors
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Ĥ =
X

k

 †h(k) , (7)

where

 ⌘
✓
âk
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Ĥ = � t

N/2

X

i2A

X

�,k,k0

[ei(k�k0
)·r
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2.1 Energy bands

The eigenvalues of this matrix are E± = ±t
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These are two gapless bands that touch at the Dirac points K and K0 (see Fig. 2). In other
words, the Dirac points are the points in k-space for which E±(k) = 0.

Figure 2: Energy bands for graphene from nearest-neighbor interactions. The bands meet at the
Dirac points, at which the energy is zero.
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a,b: annihilation/creation operators  
for electrons on sites A and B 



Graphene band structure

! Hexagonal Brillouin zone 

! Zero energy = corners of BZ: Dirac points 

! Dirac points → nodal quasiparticles with linear dispersion



Graphene edges states

Edge states: wavefunctions localized on the edges, increased density of states



Graphene edges states

- finite dimension in the y direction: quantization of ky 
- band structure of the ribbon obtained from projection of cuts of the bulk band  

structure for all allowed values of ky

- one good quantum number: kx 



Graphene edges states

- in black: the bulk band structure

- new states denoted in blue: edge states

- flat band: zero energy for a large set of momenta: each momentum 

corresponds to one edge state

- non-topological: unstable to perturbations

- armchair edges - no edge states
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Topological superconductivity and Majorana states
" Majorana states: condensed matter version of Majorana fermions (their own antiparticle)  

                                                                                                                        neutrinos ? 
" equal combination of electrons and holes → self-adjoint 

" Statistics 
− Majorana fermions (particle physics): fermionic statistics  
− Majorana states (condensed matter): non-Abelian statistics 

" Topological  
− do not depend on the details of the system, disorder, etc. 
− protected and more stable than classical cubits 

" Important factors for quantum computation  
" Can be used as qubits for quantum computers

electron:

hole:
Majorana

" Materials proposes to host Majorana states 
− p-wave superconductors: Sr2RuO4 
− semi-conductor wires: strong spin-orbit coupling, Zeeman, SC proximity 
− magnetic atom chains                                                   

semiconductor nanowires have shown zero-bias peak (ZBP)
in tunneling measurements of such structures, which is con-
sistent with the presence of MQPs [18–22]. However, the
observation of ZBPs in such structures can also be due to the
Kondo effect or caused by the presence of disorder [23, 24].
Another important shortcoming of the device-based searches
for MQPs is the lack of spatially resolved measurements to
ensure that the ZBPs that have been interpreted as evidence
for MQPs are in fact associated with the boundaries of the
system.

Recently, we have proposed chains of magnetic atoms on
the surface of a superconductor as a new platform for the
realization of a one-dimensional topological superconductor
that can lend itself to high-resolution STM measurements
(figure 1(a)) [25–27]. This approach followed earlier propo-
sals in which magnetic textures were considered as an alter-
nate approach to emulate spin–orbit coupling [28–30]. Model
calculations for chains of magnetic Shiba impurities on a
superconductor show that topological superconductivity in
this platform can be realized with the impurities having either
a ferromagnetic or helical spin texture, the former relying on
spin–orbit coupling to induce p-wave pairing (figures 1(B)
and (C)) [25, 27, 31, 32]. The appearance of topological
superconductivity in such a model can be related to the band
of Shiba states induced by magnetic impurities in a super-
conductor. For sufficiently strong exchange interaction and
hopping, the electrons and hole Shiba bands near the Fermi
level can overlap, thus opening up a topologically gapped
state. The p-wave nature of pairings can be understood as on-
site pairing is forbidden by the large exchange interaction at
the impurity site, while the combination with a hopping term
(in the presence of a spin texture or spin–orbit coupling)
results in nearest-neighbor p-wave pairing.

An alternative approach to understanding the phase dia-
gram for topological superconductivity in ferromagnetic
chains of atoms on a superconductor is to consider the normal
state band structure of such magnetic chains [26, 27]. For
transition metal chains, the large exchange interaction (2 eV)
would result in a fully occupied majority band, along with
states near the chemical potential being due to a minority
band (figure 1(B)). Proximity to a superconductor with strong
spin–orbit coupling can induce superconductivity in such a
band structure. More importantly, the low symmetry of this
structure results in a band structure that almost always has an
odd number of band crossings at the Fermi level, making such
proximity-induced superconductivity guaranteed to be topo-
logical [26, 27]. The absence of the need to fine-tune the
chemical potential to achieve topological conditions is an
important advantage of a magnetic atomic chain platform
over a semiconductor nanowire platform. Another advantage
is that the Zeeman interaction is introduced locally from an
atomic chain that does not suppress superconductivity away
from the chain. The theoretical models described so far pre-
dict a induced p-wave pairing on the atomic chains with a
strength ΔP = αΔS/J, where α is the strength of spin–orbit
coupling, ΔS is the host s-wave gap, and J is the strength of
the exchange interaction.

To realize this proposed platform for topological super-
conductivity, we have carried out experiments on chains
made of Fe atoms formed on the surface of Pb(110), which is
a BCS superconductor with a large bulk spin–orbit interaction
[26]. The Fe chains are created by the evaporation of Fe,
followed by an annealing of the substrate that results in self-
assembly of the Fe atoms into chains that form due to the
anisotropic structure of the Pb surface (figure 2(A)). The
chains appear to grow out of Fe islands on the surface that
often remain in the middle of the chains. Detailed STM
measurements and their comparison to density functional

Figure 1. (A) Schematic of the proposal for Majorana quasi-particle
(MQP) realization and detection: a magnetic atomic chain is placed
on the surface of a superconductor and studied using scanning
tunneling microscopy (STM). (B) The band structure of a
ferromagnetic chain for which a topological phase can occur
provided the strength of spin–orbit coupling in the superconducting
substrate is large enough. (C) The band structure of a chain in the
presence of a helical spin texture, which in the absence of spin–orbit
coupling for the substrate can give rise to topological super-
conductivity when pairing is induced by the proximity to a
superconducting substrate. Both approaches can be used to realize
topological superconductivity in a chain of magnetic atoms on a
superconductor and detected with an STM.

2

Phys. Scr. T164 (2015) 014012 A Yazdani



1010

Majorana states 

" Do they exist? How to probe experimentally? 
" Observed signatures (zero-bias peaks) are controversial 
" Can come from non-Majorana states (ABS Pillet, Quay, Morfin, Bena, Levy Yeyatti, Nat. 

Phys. 2010, others Lutchyn & al. Nat. Rev. Mat. 2018)

Mourik, Kouwenhoven & al. Science 2012
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Majorana fermions in quantum wires

The Majorana polarization vectors are opposite for the two Majorana wave functions
at the two ends. Besides, one can identify a relation between the spin polarization
vector and the Majorana polarization. When µ, �, Vz are fixed, PM

x

is proportional
to sx, while PM

y

is proportional to sy. Thus, when only Rashba/Dresselhaus SOC
is present, the total transverse spin polarization is proportional to the Majorana
polarization, with a proportionality constant which depends on the chemical potential
potential and the applied Zeeman field. When both components of the SOC are
present, the Majorana polarization and the transverse spin polarization vectors are no
longer collinear but the correlations between these two quantities are still qualitatively
preserved.

Numerical model–For the numerical study, we consider a tight-binding formulation
of BdG Hamiltonian in Eq. (2.1)

H =
X

j

 †
j[(µ� t)⌧z + Vz�z ��⌧x] j

� 1

2



 †
j(t+ i↵�y + i��x)⌧z j+1

+ h.c.

�

(2.10)

with the Nambu basis  †
j = (c†j", c

†
j#, cj#,�cj"). The sum is performed over N = 100

sites in the system. We work in units of t = 1 and we consider the lattice constant
l = 1 and ~ = 1. Numerical simulations are done for typical values of the parameters
Vz = 0.4,� = 0.3, µ = 0.

By exact diagonalization we have access to the local density of states, and the
local spin-polarized density of states along the x, y, and z directions. For example
the local (site n) electronic i-spin polarization density is given by
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where Ej is the jth eigenvalue of H and | (j)
n i is the site n component of the jth

eigenvector, | (j)
n i = (u(j)

n" , u
(j)
n# , v

(j)
n# , v

(j)
n" ). We can thus use the definitions in Eq. (2.8)

to calculate the local Majorana polarization and density. For example, the local (n
site) Majorana x-polarization can be written as
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j=1

�(! � Ej)2Re[u
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Numerically, we implement the � functions as very thin Gaussians of width⇡ 0.0001~vF/l.
Numerical results–As expected, the exact diagonalization of H recovers the Ma-

jorana bound states at the ends of the wire. In Fig. (2.1) we present the x and
z components of the spin polarization, as well as the Majorana polarization when
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k2

2m
+α σ xky − σ

ykx( )
1D :  ĤR =
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Majorana fermions in quantum wires
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FIG. 1. The phase diagram of a 1D superconducting nanowire
obtained with topological invariant calculation as a function
of the chemical potential µ and the magnetic field along the
wire B = B

x

(the phase diagram remains the same in the case
of a magnetic field perpendicular to the wire B = B

z

). We
set � = 0.2t,�

x

= 0.5t.

becomes cumbersome to isolate two sets of N continuous
solutions k

i

(with opposite imaginary parts) and plug
them into the counting formula to get the total number
of MBS. Thus we will use the singular points method
only to find the phase-transition lines. In order to find
the number of MBS pairs in a given phase we will rely
on the numerical tight-binding calculations.

III. 1D WIRES AND 2D RIBBONS

A. 1D wire

We start by describing the well-known phase diagram
of a 1D SC wire which we take to be lying along the x-
axis (N

y

= 1 and N
x

� 1). In the presence of a magnetic
field the time-reversal symmetry (TRS) is broken, and
only the particle-hole symmetry (PHS) holds, therefore
the system is in the topological class D described by a Z2

invariant.45 If the applied magnetic field is perpendicu-
lar to the spin-orbit direction, i.e. either B = (0, 0, B

z

)
or B = (B

x

, 0, 0), the SC wire enters a gapful topo-
logical phase as soon as B

x

or B
z

become larger than
p

(µ� 2t
x

)2 +�2. The corresponding phase diagram is
shown in Fig. 1. Further details of the Z2 invariant cal-
culation can be found in the first subsection of Appendix
A.

B. 2D ribbon

In this subsection we study a 2D ribbon with a finite
but large number of sites in the y-direction (N

y

� 1),
and infinite in the x-direction N

x

! 1 (see Fig. 2). We
set �

x

= �
y

= � and t
x

= t
y

= 1. We are interested in the
zero-energy solutions localized at the edges of the ribbon.
In Fig. 3 we plot the band structure of this system for an
in-plane magnetic field B

y

parallel to the y-axis (perpen-
dicular to the ribbon edges), as well as the topological
phase diagram of such a ribbon obtained using the tight-
binding numerical diagonalization and the evaluation of
the MP as described in section II. First of all, we note
that the spectrum is PHS even though the band structure
is not. Second, as we can see from the band structure,
the system may become gapless, i.e. there are region in
the momentum space in which the gap in the spectrum is
closing. However, despite the fact that there is no overall
gap, chiral MBS do form, and they correspond to values
of momenta in which the bulk spectrum remains gapped
(e.g. k

x

a = 0 and k
x

a = ⇡). Such states are localized
and propagate along the edges of the ribbon. We should
note that similar situations in which the closing the gap
can occur for certain regions in the parameter space have
been previously studied, and it has been shown that, de-
spite the absence of an overall gap, the system can still be
topological, and support MBS.47–51 The number of MBS
pairs varies from 0 to 2, depending on the parameters of
the system (see Fig. 3). However, the case of two Majo-
rana fermions propagating at the same boundary is not
stable, and in the absence of protection by TRS, for ex-
ample in the presence of small disorder, such states would
combine to form a conventional fermionic state. Thus the
system is topologically non-trivial only when the number
of MBS pairs is equal to 1. It is also worth mentioning
that the number of sites in the y direction must be large
enough so that the overlap of the wave functions of the
two Majorana states localized on the two opposite edges
of the ribbon is exponentially small, and that these states
cannot hybridize and acquire a finite energy.

FIG. 2. A sketch of a 2D ribbon along x-axis with a magnetic
field B = B

y

perpendicular to its edges. The black sites
denote the edges of the ribbon where the chiral Majorana
modes are localised.

Note that if the magnetic field is applied along the x-
axis the system is also gapless, however, in this case no
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gap, chiral MBS do form, and they correspond to values
of momenta in which the bulk spectrum remains gapped
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been previously studied, and it has been shown that, de-
spite the absence of an overall gap, the system can still be
topological, and support MBS.47–51 The number of MBS
pairs varies from 0 to 2, depending on the parameters of
the system (see Fig. 3). However, the case of two Majo-
rana fermions propagating at the same boundary is not
stable, and in the absence of protection by TRS, for ex-
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combine to form a conventional fermionic state. Thus the
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magnetic field needs to rotate along the long-axis of the
strip, and can be uniform along the short axis. Such a
configuration can be achieved for example by the deposi-
tion of a series of magnetic fingers on top of graphene,57

or by intercalating a lattice of magnetic atoms between
graphene and the substrate.58

The paper is organized as follows: in Section II we
present the tight-binding model describing graphene in
the presence of magnetic field, spin-orbit coupling and
SC proximity, as well as the type of configurations we
consider. In section III we describe the technique we use
to test the formation of Majorana states, i.e. a numer-
ical diagonalization of the tight-binding Hailtonian and
the calculation of the Majorana polarization (MP). In
section IV we present our results for the formations of
Majorana states in di↵erent configurations. We discuss
the experimental relevance of our results in section V,
and we conclude in section VI.

II. MODEL

We consider a hexagonal-lattice tight-binding Hamil-
tonian, with a spin-orbit Rashba coupling ↵, subject to
a magnetic field ~B(~r) and brought in the proximity of
a superconducting substrate which is assumed to induce
an on-site SC pairing. We write down the corresponding
Bogoliubov-de-Gennes Hamiltonian in the Nambu basis,
 

j

= ( 
j,", j,#, 

†
j,#,� 

†
j,")

T where  †
j,�

creates a parti-
cle of spin � at site j. We use the Pauli matrices ~� for
the spin subspace and ~⌧ for the particle-hole subspace.
The full Hamiltonian is

H = H0 +HB +HR . (1)

The first term of the Hamiltonian is given by

H0 =
X

j

 †
j

[�µ⌧ z ��⌧x]  ̃
j

� t
X

hi,ji

 †
i

⌧ z 
j

, (2)

where µ is the chemical potential, t the hopping strength,
and � the induced superconducting pairing. We set t =
~ = 1 throughout. We also take the distance between
nearest neighbours a = 1 and we denote the distance
between the nearest atoms of the same sublattice d =

p
3

(see Fig. 1).
The second term in Eq. (1) describes the e↵ect of the

Zeeman magnetic field of strength B and is given by

HB =
X

j

 †
j

~B
j

· ~� 
j

. (3)

The term corresponding to the e↵ective Rashba spin-
orbit interaction of strength ↵ can be written as:

HR = i↵
X

hi,ji

 †
i

⇣
~�
ij

⇥ ~�
⌘
· ẑ⌧ z 

j

. (4)

We define the particle-hole operator C = ei⇣ �y⌧ yK̂,
where K̂ is the complex-conjugation operator, and ⇣ is

Figure 1. a) Graphene strip with short armchair edges (A
strip) b) Graphene strip with short zigzag edges (Z strip) c)
Magnetic field configuration for an in-plane uniform field d)
Magnetic field configuration for a rotating in-plane field.

an arbitrary phase. The Hamiltonian anticommutes with
this operator, {C, H} = 0, and C2 = 1.
To understand the energy scales involved we note here

that for B = � = µ = 0 the square lattice has a band-
width of 8t, while the hexagonal lattice has a bandwidth
of 6t and a Van Hove singularity at t (experimentally the
bandwidths are of the order of a few eV ).
We consider first a uniform magnetic field ~B(~r) = ~B,

and in particular we focus on an in-plane magnetic field
parallel with the longer dimension of the strip ~B = Bx̂.
Alternatively we consider an in-plane rotating magnetic
field ~B(~r) = B[x̂ cos(~q · ~r) + ŷ sin(~q · ~r)], and in partic-
ular a rotation direction parallel to the long axis of the
strip, ~q k ~x. The physical origin of the magnetic field
may be for example an applied Zeeman field via a net-
work of magnetic fingers deposited on top of graphene,57

or a network of magnetic adatoms intercalated between
the strip and the substrate.58 The configurations that we
consider are depicted in Fig. 1, i.e. a) strips with arm-
chair edges on the short side, and zigzag edges on the
long side (x̂) (we will denote them as A strips), b) strips
with zigzag edges on the short side and armchair edges
on the long side (Z strips). The magnetic field configu-
rations that we focus on are depicted in Fig. 1c (uniform
field) and Fig. 1d (rotating field).

III. METHOD

The tool that we use to test the formation of Majo-
rana states in these systems is a numerical analysis of
the eigenstates of the tight-binding Hamiltonian (per-
formed with the help of the numerical code MatQ48).
The corresponding wavefunctions are written as  T

~r

:
{u

~r", u~r#, v~r#, v~r"}. We use the Majorana-polarization
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becomes cumbersome to isolate two sets of N continuous
solutions k

i

(with opposite imaginary parts) and plug
them into the counting formula to get the total number
of MBS. Thus we will use the singular points method
only to find the phase-transition lines. In order to find
the number of MBS pairs in a given phase we will rely
on the numerical tight-binding calculations.
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of a 1D SC wire which we take to be lying along the x-
axis (N
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= 1 and N
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field the time-reversal symmetry (TRS) is broken, and
only the particle-hole symmetry (PHS) holds, therefore
the system is in the topological class D described by a Z2

invariant.45 If the applied magnetic field is perpendicu-
lar to the spin-orbit direction, i.e. either B = (0, 0, B

z
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or B = (B

x

, 0, 0), the SC wire enters a gapful topo-
logical phase as soon as B

x

or B
z

become larger than
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(µ� 2t
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)2 +�2. The corresponding phase diagram is
shown in Fig. 1. Further details of the Z2 invariant cal-
culation can be found in the first subsection of Appendix
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B. 2D ribbon

In this subsection we study a 2D ribbon with a finite
but large number of sites in the y-direction (N
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and infinite in the x-direction N
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! 1 (see Fig. 2). We
set �
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= 1. We are interested in the
zero-energy solutions localized at the edges of the ribbon.
In Fig. 3 we plot the band structure of this system for an
in-plane magnetic field B

y

parallel to the y-axis (perpen-
dicular to the ribbon edges), as well as the topological
phase diagram of such a ribbon obtained using the tight-
binding numerical diagonalization and the evaluation of
the MP as described in section II. First of all, we note
that the spectrum is PHS even though the band structure
is not. Second, as we can see from the band structure,
the system may become gapless, i.e. there are region in
the momentum space in which the gap in the spectrum is
closing. However, despite the fact that there is no overall
gap, chiral MBS do form, and they correspond to values
of momenta in which the bulk spectrum remains gapped
(e.g. k

x

a = 0 and k
x

a = ⇡). Such states are localized
and propagate along the edges of the ribbon. We should
note that similar situations in which the closing the gap
can occur for certain regions in the parameter space have
been previously studied, and it has been shown that, de-
spite the absence of an overall gap, the system can still be
topological, and support MBS.47–51 The number of MBS
pairs varies from 0 to 2, depending on the parameters of
the system (see Fig. 3). However, the case of two Majo-
rana fermions propagating at the same boundary is not
stable, and in the absence of protection by TRS, for ex-
ample in the presence of small disorder, such states would
combine to form a conventional fermionic state. Thus the
system is topologically non-trivial only when the number
of MBS pairs is equal to 1. It is also worth mentioning
that the number of sites in the y direction must be large
enough so that the overlap of the wave functions of the
two Majorana states localized on the two opposite edges
of the ribbon is exponentially small, and that these states
cannot hybridize and acquire a finite energy.
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is stable with respect to small deviations from this par-
ticularly symmetric point (i.e. for values of t3 slightly
larger or smaller than t) when the other parameters of
the problems are kept fixed.

C. Majorana modes in isotropic honeycomb-lattice
structures

The approach is now extended to the case of an
isotropic NR, i.e. t3 = t, for various values of the chemi-
cal potential. For instance, we focus on µ = 3t (similarly
to the anisotropic case, this corresponds to a value of
chemical potential equal to the bandwidth). In this situ-

FIG. 6. (Color online) The upper panel describes the Majo-
rana polarization of the two zero energy modes at momentum
k
x

= 0. The lower panel presents the Majorana polarization
of two modes inside the gap, corresponding to a momentum
of k

x

= 0.3 (resp. k
x

= �0.3) as shown on the left panel
(resp. right panel) and an energy of E ⇠ 0.6t.

FIG. 7. Band structure of an isotropic zigzag NR with N =
50, as a function of k

x

. In the upper panel, the band structure
in the topological phase (� = 0.45t < V

Z

= 0.50t), and
in the lower panel the band structure in the trivial phase
(� = 0.55t > V

Z

= 0.50t).

ation a similar band inversion as in the anisotropic case
takes place for � < VZ which leads to the formation of
Majorana states inside the gap (see Fig. 7). While we
have no analytic criterion to show that these states are
indeed Majoranas for the isotropic situation, a numeri-
cal analysis of their Majorana polarization as well as the
structure of their wave functions shows that this is indeed
the case.
Moreover Majorana fermions can arise for di↵erent val-

ues of the chemical potentials, some of them smaller and
closer to more realistic values. For example, zero energy
Majorana states form at µ = t (close to the Van Hove sin-
gularities), as depicted in the right panel of Fig. 8. While
not shown here, Majorana dispersive states form for the
same parameter values also if the ribbon has armchair
edges.

D. Stability of Majorana modes in presence of
disorder

In this section, we test the stability of the Majorana
modes in presence of two types of disorder. First, we con-

6

FIG. 8. (Color online) Band structure of an isotropic infinite
honeycomb lattice (upper panel) and of an isotropic zigzag
NR (lower panel). The system is in the topological phase
with � = 0.1t, � = 0.4t, V

Z

= 0.5t and µ = t.

sider a single impurity in the nanoribbon, we model the
impurity as an on-site shift of the chemical potential. The
impurity acts as an island on which the topological con-
dition is violated. As shown in the left panel of Fig. 9, a
localized impurity state forms in the vicinity of the impu-
rity, exhibiting a dipole Majorana-polarization structure.
A similar structure has been observed in the presence of
disorder in one-dimensional wires28. However, we show
that the edge structure is not a↵ected by this type of
bulk disorder. We have checked that the integral of the
Majorana polarization is conserved and equal to one in
this situation, same as in the absence of the impurity.
Thus we expect that the Majorana modes that we found
are stable with respect to bulk disorder.

Then, we consider a ribbon with irregular edges, as
presented in the right panel of Fig. 9. Same as in the
previous case, the irregularity is modeled with the help
of a fluctuating chemical potential. We find that the
Majorana modes are stable also with respect to this kind
of disorder. The Majorana polarization shows how the
formation of the Majorana mode along the edges of the
ribbon is independent of the local armchair or zig-zag
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FIG. 9. (Color online) Zero-energy Majorana polarization in
the presence of an impurity (left panel) and in the presence of
irregular edges (right panel). The system is in the topological
phase with � = 0.1t, � = 0.45t, V

Z

= 0.5t and µ = 3t.

nature of the edge. We have checked that the integral
of the Majorana polarization is indeed conserved in this
situation.

IV. CONCLUSION

We have studied the possibility to form Majorana edge
states in isotropic and anisotropic nanoribbons in the
presence of Rashba spin-orbit coupling, a Zeeman field
and in the proximity of an s-wave superconductor. We
have described a mapping between a zigzag NR and a
one-dimensional dimer chain. This reduces to a 1D chain
of monomers for a particular value of anisotropy for which
the two Dirac cones merge into a single one. In this limit
we can thus describe exactly the conditions to obtain Ma-
jorana fermionic states. We have tested numerically the
formation of Majorana states by using a tight-binding
model and an exact diagonalization technique, as well as
the Majorana polarization. We have provided a few ex-
amples for the formation of Majorana fermionic states in
both isotropic and anisotropic honeycomb lattice struc-
tures with zigzag and armchair edges.
Our analysis shows that for Rashba spin-orbit cou-

plings of the order of 0.1t and for a doping correspond-
ing to µ = t, Majorana fermions can form in isotropic
nanoribbons. It remains to be seen if, and for which
systems, large enough dopings and spin-orbit couplings
can be achieved experimentally to attain the regime of
formation for the Majorana fermions. Achieving the
corresponding spin-orbit coupling value in graphene for
example does not seem to be an insurmountable bar-
rier. We have shown that any small but finite value
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substrate) then a Rashba term[10] of the form (s×p) · ẑ
is allowed,

HR = λRψ
†(σxτzsy − σysx)ψ. (4)

For λR = 0, ∆so leads to an energy gap 2∆so with
E(q) = ±

!

(h̄vF q)2 + ∆2
so. For 0 < λR < ∆so the en-

ergy gap 2(∆so − λR) remains finite. For λR > ∆so the
gap closes, and the electronic structure is that of a zero
gap semiconductor with quadradically dispersing bands.
In the following we will assume that λR < ∆so and an-
alyze the properties of the resulting gapped phase. This
assumption is justified by numerical estimates given at
the end of the paper.

The gap generated by σzτzsz is different from the gap
that would be generated by the staggered sublattice po-
tentials, σz or σzsz. The ground states in the presence
of the latter terms are adiabatically connected to sim-
ple insulating phases at strong coupling where the two
sublattices are decoupled. In contrast, the gap param-
eter σzτzsz produces gaps with opposite signs at the K
and K ′ points. This has no simple strong coupling limit.
To connect smoothly between the states generated by σz

and σzτzsz one must pass through a critical point where
the gap vanishes, separating ground states with distinct
topological orders.

The interaction (3) is related to a model introduced
by Haldane[11] as a realization of the parity anomaly in
(2+1) dimensional relativistic field theory. Taken sepa-
rately, the Hamiltonians for the sz = ±1 spins violate
time reversal symmetry and are equivalent to Haldane’s
model for spinless electrons, which could be realized by
introducing a periodic magnetic field with no net flux.
As Haldane showed, this gives rise to a σzτz gap, which
has opposite signs at the K and K ′ points. At tempera-
tures well below the energy gap this leads to a quantized
Hall conductance σxy = ±e2/h. This Hall conductance
computed by the Kubo formula can be interpreted as the
topological Chern number induced by the Berry’s curva-
ture in momentum space[12, 13]. Since the signs of the
gaps in (3) are opposite for opposite spins, an electric
field will induce opposite currents for the opposite spins,
leading to a spin current Js = (h̄/2e)(J↑ − J↓) charac-
terized by a quantized spin Hall conductivity

σs
xy =

e

2π
. (5)

Since spin currents do not couple to experimental probes
it is difficult to directly measure (5). Moreover, the con-
servation of sz will be violated by the Rashba term (4) as
well as terms which couple the π and σ orbitals. Nonethe-
less, Murakami et al. [14] have defined a conserved spin
sz(c), allowing σs

xy to be computed via the Kubo formula.
We find that σs

xy computed in this way is not quantized
when λR ̸= 0, though the correction to (5) is small due
to carbon’s weak SO interaction.

In the quantum Hall effect the bulk topological order
requires the presence of gapless edge states. We now show
that gapless edge states are also present in graphene. We
will begin by establishing the edge states for λR = 0.
We will then argue that the gapless edge states persist
even when λR ̸= 0, and that they are robust against
weak electron electron interactions and disorder. Thus,
in spite of the violation of (5) the gapless edge states
characterize a state which is distinct from an ordinary
insulator. This QSH state is different from the insulators
discussed in Ref. 5, which do not have edge states. It
is also distinct from the spin Hall effect in doped GaAs,
which does not have an energy gap.

For λR = 0, the Hamiltonian (2,3) conserves sz,
and the gapless edge states follow from Laughlin’s
argument[15]. Consider a large cylinder (larger than
h̄vF /∆so) and adiabatically insert a quantum φ = h/e of
magnetic flux quantum down the cylinder (slower than
∆so/h̄). The resulting azimuthal Faraday electric field
induces a spin current such that spin h̄ is transported
from one end of the cylinder to the other. Since an adia-
batic change in the magnetic field cannot excite a particle
across the energy gap ∆so it follows that there must be
gapless states at each end to accommodate the extra spin.

An explicit description of the edge states requires a
model that gives the energy bands throughout the entire
Brillouin zone. Following Haldane[11], we introduce a
second neighbor tight binding model,

H =
"

⟨ij⟩α

tc†iαcjα +
"

⟨⟨ij⟩⟩αβ

it2νijs
z
αβc†iαcjβ . (6)

The first term is the usual nearest neighbor hopping term.
The second term connects second neighbors with a spin
dependent amplitude. νij = −νji = ±1, depending on
the orientation of the two nearest neighbor bonds d1 and
d2 the electron traverses in going from site j to i. νij =
±1 if the electron makes a left (right) turn to get to the
second bond. The spin dependent term can be written in
a coordinate independent representation as i(d1×d2) ·s.
At low energy (6) reduces to (2,3) with ∆so = 3

√
3t2.

The edge states can be seen by solving (7) in a strip ge-
ometry. Fig. 1 shows the one dimensional energy bands
for a strip where the edges are along the zig-zag direction
in the graphene plane. The bulk bandgaps at the one di-
mensional projections of the K and K ′ points are clearly
seen. In addition two bands traverse the gap, connecting
the K and K ′ points. These bands are localized at the
edges of the strip, and each band has degenerate copies
for each edge. The edge states are not chiral since each
edge has states which propagate in both directions. How-
ever, as illustrated in Fig. 2 the edge states are “spin fil-
tered” in the sense that electrons with opposite spin prop-
agate in opposite directions. Similar edge states occur for
armchair edges, though in that case the 1D projections
of K and K ′ are both at k = 0. It is interesting to note
that for zig-zag edges the edge states persist for ∆so → 0,
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FIG. 1: (a) One dimensional energy bands for a strip of
graphene (shown in inset) modeled by (7) with t2/t = .03.
The bands crossing the gap are spin filtered edge states.

where they become perfectly flat[16]. This leads to an en-
hanced density of states at the Fermi energy associated
with zig-zag edges. This has been recently seen in scan-
ning tunneling spectroscopy of graphite surfaces[17].

We have also considered a nearest neighbor Rashba
term, of the form iẑ · (sαβ × d)c†iαcjβ . This violates
the conservation of sz, so that the Laughlin argument
no longer applies. Nonetheless, we find that the gapless
edge states remain, provided λR < ∆so, so that the bulk
bandgap remains intact. The crossing of the edge states
at the Brillouin zone boundary kx = π/a in Fig. 1 (or at
k = 0 for the armchair edge) is protected by time reversal
symmetry. The two states at kx = π/a form a Kramers
doublet whose degeneracy cannot be lifted by any time
reversal symmetric perturbation. Moreover, the degen-
erate states at kx = π/a± q are a Kramers doublet. This
means that elastic backscattering from a random poten-
tial is forbidden. More generally, scattering from a region
of disorder can be characterized by a 2 × 2 unitary S-
matrix which relates the incoming and outgoing states:
Φout = SΦin, where Φ is a two component spinor con-
sisting of the left and right moving edge states φL↑, φR↓.
Under time reversal Φin,out → syΦ∗

out,in. Time reversal

symmetry therefore imposes the constraint S = syST sy,
which rules out any off diagonal elements.

Electron interactions can lead to backscattering. For
instance, the term uψ†

L↑∂xψ
†
L↑ψR↓∂xψR↓, does not vio-

late time reversal, and will be present in an interacting
Hamiltonian. For weak interactions this term is irrele-

vant under the renormalization group, since its scaling
dimension is ∆ = 4. It thus will not lead to an energy
gap or to localization. Nonetheless, it allows inelastic
backscattering. To leading order in u it gives a finite
conductivity of the edge states, which diverges at low
temperature as u−2T 3−2∆[18]. Since elastic backscatter-
ing is prevented by time reversal there are no relevant
backscattering processes for weak interactions. This sta-
bility against interactions and disorder distinguishes the
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-V/2
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FIG. 2: Schematic diagrams showing (a) two terminal and
(b) four terminal measurement geometries. In (a) a charge
current I = (2e2/h)V flows into the right lead. In (b) a spin
current Is = (e/4π)V flows into the right lead. The diagrams
to the right indicate the population of the edge states.

spin filtered edge states from ordinary one dimensional
wires, which are localized by weak disorder.

A parallel magnetic field H∥ breaks time reversal and
leads to an avoided crossing of the edge states. H∥ also
reduces the symmetry, allowing terms in the Hamiltonian
which provide a continuously gapped path connecting the
states generated by σzτzsz and σz. Thus in addition to
gapping the edge states H∥ eliminates the topological dis-
tinction between the QSH phase and a simple insulator.

The spin filtered edge states have important conse-
quences for both the transport of charge and spin. In
the limit of low temperature we may ignore the inelastic
backscattering processes, and describe the ballistic trans-
port in the edge states within a Landauer-Büttiker[19]
framework. For a two terminal geometry (Fig. 2a),
we predict a ballistic two terminal charge conductance
G = 2e2/h. For the spin filtered edge states the edge
current density is related to the spin density, since both
depend on nR↑ − nL↓. Thus the charge current is ac-
companied by spin accumulation at the edges. The in-
terplay between charge and spin can be probed in a mul-
titerminal device. Define the multiterminal spin conduc-
tance by Is

i =
!

j Gs
ijVj . Time reversal symmetry re-

quires Gs
ji = −Gs

ij , and from Fig. 2b it is clear that
Gs

ij = ±e/4π for adjacent contacts i and j. In the four
terminal geometry of Fig. 2b a spin current Is = eV/4π
flows into the right contact. This geometry can also be
used to measure a spin current. A spin current incident
from the left (injected, for instance with a ferromagnetic
contact) will be split, with the up (down) spins trans-

Band structure: bulk + edge states

Fig. 4. The Kane–Mele insulator belongs to the wider class of quantum-spin Hall insulators (Section 4.4), which are characterized by a Z2 topological
invariant in the bulk and a helical edge mode (represented schematically with the red and green arrows along the edge of the insulator). The tilted
(blue) arrows refer to the two spin directions. There is a complete spin-momentum locking: spin-up electrons circulate clockwise while their Kramer
partners circulate anticlockwise with spin-down. This helical mode is protected from backscattering (between clockwise and anticlockwise movers) as long
as time-reversal symmetry is obeyed and as long as the bulk gap remains open. Color online.

Helical edge mode. As a spin conserving model, we have seen that the Kane–Mele system consists in two copies of a Chern
insulator (or QAH state), each copy being associated with a spin orientation. Since the QAH has a single chiral edge state,
we can deduce that the QSH state will have two spin-filtered counter propagating states (Fig. 4).

Topological robustness in presence of spin mixing. The intrinsic spin–orbit coupling, Eq. (46), leads to the realization of
a new state of matter characterized by an insulating gap and a metallic edge. Nevertheless it is quite unlikely that the
spin–orbit coupling manifests itself only through this spin-conserving term. Other spin–orbit coupling terms, which mix
all spin components, should also be present. Since the previous analysis relies on the description of the system as two
decoupled Haldane insulators, it is a natural to ask whether the helical edge states will survive in presence of mixing
between the two copies of the Haldane model. Kane and Mele have shown that the counter propagating edge states are in
fact robust as long as the bulk is gapped and time-reversal is obeyed. A Rashba term (due to the presence of a substrate or by
a perpendicular electric field) mixes the two spin directions, and spoils the conservation of s3. The corresponding spectrum
becomes gapless when the Rashba coupling exceeds the intrinsic spin–orbit coupling [14]. When the Rashba coupling is
increased, the bulk gap decreases, but the helical edge states remain gapless (metallic), as long as the gap bulk gap is finite.

4.5. Experimental realizations

We conclude this section by enumerating some experimental realizations of the topological phases introduced above,
including the Quantum Spin Hall (QSH) insulator, the Quantum Anomalous insulator (also called Chern insulator).

The quantum spin Hall state. Unfortunately the QSH state is extremely difficult to observe in graphene due to the actual
weakness of the spin–orbit interaction [56,57]. In 2006, Bernevig, Hughes and Zhang (BHZ) predicted that CdTe/HgTe/CdTe
quantum wells should host such a QSH state in their inverted regime [58]. The transition between the trivial (non-inverted
regime) and the topological phase (inverted regime) is triggered by varying the thickness of the central HgTe layer of the
quantum well. The theoretical prediction was soon followed by the experimental observation of conducting edge states by
the group led by Laurens Molenkamp [59]. Using various multi terminal configurations [60], the same group established
that their transport measurements are in agreement with counter-propagating edge modes (using a Landauer–Buttiker for-
malism).

The QSH state has also been predicted in InAs/GaSb quantum wells [61] with the interesting possibility to tune the
transition between the topological and the trivial phases using a gate voltage. The QSH phase and the corresponding edge
conduction has been observed in InAs/GaSb quantum wells [62].

The quantum anomalous Hall state. It has been predicted that the time-reversal invariant QSH state (with its helical
edge mode) can be transformed into a QAH state (with its chiral edge mode) by adding magnetic atoms like Mn in
CdTe/HgTe/CdTe quantum wells [63]. The observation of such a QAH state in magnetic topological insulators has been
challenging until it was finally reported in thin films of chromium-doped (Bi,Sb)2Te3 [51], whose Fermi level can be tuned
by an electrostatic gate. At zero external magnetic field, the quantization of the Hall resistance was observed at h/e2 in a
wide range of gate voltage, with a simultaneous drop of the longitudinal resistance. Those samples are expected to be in the
QSH state in the absence of chromium, and chromium apparently develops the suitable spontaneous magnetic order to drive
the QSH state into the QHA state. The fact that the longitudinal resistance is not completely vanishing can be explained by
the coexistence of the helical and chiral edge modes [64].
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while in 2D and 3D we have:

T (k1y, k2y, i!n

) = (3)

= �(k1y � k2y)


I� V ·

Z
dk

x

L
k

G0 (kx, k1y, i!n

)

��1

· V

and

T (k1y, k1z, k2y, k2z, i!n

) = �(k1y � k2y)�(k1z � k2z)⇥

⇥

I� V ·

Z
dk

x

L
k

G0 (kx, k1y, k1z, i!n

)

��1

· V, (4)

respectively, with L
k

being a normalization factor. The
limits of integration are given by the boundaries of the
first Brillouin zone, i.e., for a square lattice we integrate
from �⇡ to ⇡ (with L

k

= 2⇡), and from �2⇡/3 to 2⇡/3
(with L

k

= 4⇡/3) for a honeycomb lattice with an im-
purity along y (for a full justification see Appendix A).
Note that Eqs. (3) and (4) are independent of k1x and
k2x due to the fact that the impurity potential is a delta-
function of x. Reversely, note that the T-matrix contains
the terms �(k1y � k2y) (2D) and �(k1y � k2y)�(k1z � k2z)
(3D), since the impurity is independent of y in 2D and
respectively independent of y and z in 3D.

In what follows we employ this formalism at zero tem-
perature to calculate the retarded GF G(k1,k2, E) ob-
tained by the analytical continuation of the Matsubara
GF G(k1,k2, i!n

) (i.e., by setting i!
n

! E + i�, with
� ! 0+). In addition, in order to visualize the impurity-
induced states we compute the correction to the spectral
function

�A(k, E) = � 1

⇡
Im{tr[G0 (k)T (k,k)G0 (k)]}. (5)

Above G0 (k) stands for G0 (k, E) and T (k,k) for
T (k,k, E). More precisely, as described in Appendix
B, we will focus on the average correction to the spectral
function:

�N(k
y

, E) =

Z
dk

x

L
k

�A(k
x

, k
y

, E). (6)

The integral over k
x

is performed along the same interval
as the one defined in Eq. (3). This quantity corresponds
to the average number of available electronic states with
wavevector k

y

, where the average is performed along the
direction perpendicular to the impurity. A more detailed
description of the significance of this quantity is provided
in Appendix B.

III. KANE–MELE MODEL

We start with the Kane–Mele model of a topological
insulator on a honeycomb lattice.2 Therefore, we employ
the following tight-binding model:

HTB =
X

hiji,↵

tc†
i,↵

c
j,↵

+
X

hhijii,↵, �

it2⌫ijs
z

↵�

c†
i,↵

c
j,�

(7)

where c†
i,↵

creates an electron on the lattice site i, with

spin ↵ =", #. The first term in Eq. (7) is the stan-
dard nearest-neighbor hopping term corresponding to
the tight-binding Hamiltonian of graphene, which yields
a spectrum with bands touching at the Dirac points
situated at the Brillouin zone corners (±4⇡/3

p
3, 0),

(±2⇡/3
p
3,±2⇡/3). In order to turn graphene into an

insulator we add a next-nearest-neighbor term with a
spin-dependent amplitude ⌫

ij

= �⌫
ji

= ±1, defined by
the orientation of the hopping direction (see Fig. 1). The
second term opens a bulk gap in the energy spectrum at
the Dirac points.

Figure 1. Honeycomb lattice with the ⌫

ij

convention.

First, we obtain the boundary modes numerically by
diagonalizing the tight-binding Hamiltonian in Eq. (7)
and considering periodic boundary conditions in the y
direction and open boundary conditions in the x direc-
tion. This corresponds to a ribbon with zigzag edges. For
convenience we set the lattice spacing a to unity. The
corresponding energy spectrum is shown in Fig. 2. Note
the formation of two subgap states (we have verified that
these are actually edge states). The momentum-space
dispersions for the two edge states cross at zero energy
for k

y

= ⇡/
p
3.

In what follows we reproduce the formation of these
edge states by considering a line impurity in an infinite
system and subsequently taking the impurity potential
to infinity. We can rewrite the tight-binding Hamilto-
nian in Eq. (7) in momentum space. Thus in the ba-
sis (c

A", cA#, cB", cB#), where c
i�

is an electron operator
with spin � =" / # on the sublattice i = A/B, the Kane-
Mele Hamiltonian is expressed as:

Hk =

0

B@

h
NNN

0 h
NN

0
0 �h

NNN

0 h
NN

h⇤
NN

0 �h
NNN

0
0 h⇤

NN

0 h
NNN

1

CA , (8)
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