arXiv:1909.09372v1 [math-ph] 20 Sep 2019

Solutions of loop equations are random matrices.

B. Eynard'?®

! Tnstitut de Physique Théorique/CEA /Saclay, UMR 3681,
F-91191 Gif-sur-Yvette Cedex, France.
2 CRM, Centre de recherches mathématiques de Montréal,
Université de Montréal, QC, Canada,
3 THES Bures sur Yvette, France.

Abstract:
For a given polynomial V(z) € C[z], a random matrix eigenvalues measure is a
N —V(xs

measure H1§i<j§N(xi — ;)L e )dz; on vV. Hermitian matrices have real
eigenvalues v = R, which generalize to v a complex Jordan arc, or actually a linear
combination of homotopy classes of Jordan arcs, chosen such that integrals are
absolutely convergent. Polynomial moments of such measure satisfy a set of linear
equations called "loop equations”. We prove that every solution of loop equations are
necessarily polynomial moments of some random matrix measure for some choice of
arcs. There is an isomorphism between the homology space of integrable arcs and the
set of solutions of loop equations. We also generalize this to a 2-matrix model and to

the chain of matrices, and to cases where V' is not a polynomial but V'(z) € C(z).

1 Introduction

Let us recall a few basic facts, from Mehta’s book [9] for instance.

1.1 Hermitian random matrices

Let V' € R[z] a real polynomial bounded from below on R (i.e. of even degree with
positive leading coefficient). Let Hy the set of N x N Hermitian matrices, and recall

that every Hermitian matrix M € Hy can be diagonalized by a unitary conjugation
M=UXU" (1-1)

where U € U(N) and
X = diag(xy,...,zyN) (1-2)

is the set of its eigenvalues. To make the decomposition unique, notice that U can be

right multiplied by any diagonal unitary matrix, and thus we shall consider U in the



quotient group U(N)/U(1)", and eigenvalues can be permuted by multiplying U with

a permutation matrix, eventually we roughly have
Hy ~ (UN)/ UMDY xRY)/Sy. (1-3)

(remark: we abusively oversimplified the discussion, in fact when some eigenvalues
are not distinct, the non-uniqueness group = the stabilizer is larger, and we should
quotient U(N) by the stabilizer of X rather than U(1)Y x &y. This can be written as
an orbifold, however, degenerate spectra will be of measure 0 in what follows and can
be ignored).

It is well known [9] that the Lebesgue measure DM on Hy can be rewritten as a
measure on U(N)/U(1)Y x RY as

DM = [[dM;; = A(X)* DU DX (1-4)
0,J

where DX = Hfil dX; is the Lebesgue measure on RY and DU is the Haar measure
on the Lie group U(N)/U(1)¥, and

AX) =[] (@i — ;) (1-5)

is called the Vandermonde determinant.

A Boltzmann weight probability measure on Hy of the form

1
7 TV D (1-6)

yields a marginal probability measure for eigenvalues

1
5 A(X)2e VDX (1-7)
where Z and Z are normalization factors, however, we shall from now on not normalize
the measures.

Loop equations are a set of relationships (proved by integration by parts) among

expectation values of symmetric polynomials of the eigenvalues, for example:

E(TrV'(X)) = 0

VE>1  E(TrX'V(X)=> E(TrX/ Trx*/), (1-8)
§=0
and many other such relations between expectation values of product of traces of

powers, that we shall detail further below.



1.2 Generalization to normal matrices

Let v : R — C a piecewise C! Jordan arc in the complex plane. We generalize
Hermitian matrices to normal matrices (= diagonalizable by a unitary conjugation)

with eigenvalues on 7:
Hy(y) ={M =UXU" | U € UN), X = diag(zy,...,zy), z; €} (1-9)

We equip it with measure:
DM = A(X)*DUDX (1-10)

where DU is the Haar measure on U(N)/U(1)N and DX = [, dz; where dz; is the

curvilinear measure on ~ defined as
v =7(s) — dr; =7'(s;)ds; , si €R (1-11)

which is in fact independent of the chosen parametrization of the Jordan arc.

For examples:

o 7 =R gives Hy(R) = Hy and DM is the usual Lebesgue measure on Hy.

e v = S! the unit circle, gives Hy(S') = U(N) and DM is related to the Haar
measure on U(N) as

DM =i det M Dyparw vy M. (1-12)

(indeed i~ *DM det MY is a real measure, right invariant). This formalism of
normal matrices unifies Hermitian ensembles with circular ensembles (as well as

many others). See [7] for examples and applications.

A Boltzmann weight measure (possibly complex) e~ ™V DM on Hy(y) yields a

marginal measure for the eigenvalues on ":
A(X)2e - TVXIDX, (1-13)

Integrals of symmetric polynomials of the eigenvalues will satisfy the same loop equa-
tions (1-8) as in the Hermitian case.

Notice that the measure (1-13) can be integrated on vV only for some choices of 7,
namely we need the integral be absolutely convergent and thus if v goes to oo, then
le=V@)| must tend to zero. In order to define integrals of all symmetric polynomials of
eigenvalues we shall require that |#¥e="(®)| — 0 at oo on v, for all k € Z.

In order to have the same loop equations as for the Hermitian case, we need to do

integration by parts, and we need that there is no boundary term, therefore we shall



require that v has no boundary except at oo (the case where v has finite boundaries
at which e=V(®) =£ 0 is called ”hard edges”, loop equations for hard edges can be found
in [5]).

Let us now study the set of acceptable Jordan arcs for a given polynomial potential

V' (z). We shall study in section 5 the generalization to V'(z) € C(x), i.e. rational case.

2 Loop equations and measures

2.1 Arcs and homology

Let V' € C|x] a polynomial of degree > 2 written

Viz)=>)_ ?p’f , tap1 # 0. (2-1)

k=1

Consider the set of Jordan arcs v : R — C, piecewise C*, such that

7(=00) = o0

Y(400) = 00

Vk € Zy, |2*¢ V@] bounded on v
(2-2)

Consider the group of homotopy classes of those Jordan arcs, with addition by con-
catenation, and the homology space of K-linear combinations with K a ring or field,
typically K = Z, Q, R or C.

We define

Definition 2.1 the homology space of admissible integration classes for the measure

Hi(e7V@dz, K) = {K — linear combinations of Jordan arcs -,
going from oo to oo,
and ¥ k>0, |z*e™V®| bounded on ’y}. (2-3)

It is a vector space if K is a field (or a module if K is a ring, let us focus on fields

from now on).

The notion of integral of a holomorphic 1-form w is well defined on a homology class
v € Hi(e7V@dzx, K). Indeed since the form is holomorphic, the integral is invariant

under homotopic deformations, and for a linear combination of homotopy classes v =

/Wwd:‘*fzi:ci/%w. (2-4)

> ¢ii, we define by linearity



Al

Figure 1: Example with deg V' = 4. There are 4 sectors &V > 0 and 4 sectors RV < 0
near oo (shaded). Paths in H; can go from positive sector to positive sector, they
must not go to oo in shaded sectors. 3 consecutive make a basis of H;. For example
R =7 4+ and iR = v, — 3 are both in Hj;.

It is clear that if v € H,(e™V®dx, K), the integral

/e‘v(x)dx (2-5)
ol

is absolutely convergent.

Proposition 2.1 [fdegV =d+1>2, Hi(e7V®dz, K) has dimension

dim H,(e7V@dz, K) = d. (2-6)

proof:  See [2, 4]. Any Jordan arc going from oo to oo such that |zFe~" ()| is bounded
must start and end in sectors near co, in which RV (z) — +o00. There are d+ 1 angular
sectors near oo in which RV (z) > 0 separated by d + 1 sectors where SV (z) < 0. A
generating family of arcs is constructed by arcs going from a sector to the next, there

are d + 1 such, and only d are independent. This is illustrated on fig.1. [

2.2 Eigenvalues measure

We now consider the N dimensional generalization, the homology space of admissible N
dimensional integration domains C CV, on which an N-dimensional spectral-matrix—

model-measure is absolutely integrable, it is the symmetric N tensor product:

N
Hy (A(X)2 He_v(””")dxi, K) = Sym <H1 (e_v(x)dx, K)®N> . (2-7)

i=1



Let 71,...,7a an arbitrary basis of Hi(e™V®@dx, K). For every d-uple n =

(n1,nsa,...,ng) of non-negative integers n; € Z, such that Zle n; = N, we define
1
7" =sym(yT X9 X X ) = Y e X X (2-8)
’ ceG N

We may thus write

N
HN (A(X)Q H e_v(xi)dxi, K) - { Z Cna,..., ndsym(’y{” X7;2 X X’Ygd)} (2_9)

=1 ni+-+ng=N

For short we shall call it Hy.
It is clear that if ' € Hy, the following integral

N

Z(T) = /F AX)? ] e V" da; (2-10)

=1

is absolutely convergent, as well as all its polynomial moments.

Proposition 2.2

. _(N+d-1\ (N+d-1)
proof:  This dimension is the number of d-uples n = (n4,...,n4) such that n; > 0

and ¢ n;,=N. O

2.3 Polynomial moments

The integral Z(I") is called a matrix integral, it is in fact the integral of the marginal
eigenvalue distribution induced by the measure e~ ™ VDM on H(I).
Let Py = Clxy,...,zn]?™ the vector space of all symmetric polynomials of N

variables.

Definition 2.2 For I' € Hy, the measure A(X)?[], e~V @) dx; defines the following
map:

Er: Pxn —C

N

p /p(a:l, L ry) AX)? H eV dy; (2-12)
r

=1

which is a linear form on Py :
Er € 7);7 (2—13)



Since Hy is a vector space, and the map E : I' — Er is clearly linear, we have a

homeomorphism of vector spaces. A key result is that this homeomorphism is injective:

Theorem 2.1 (Injectivity) E is an injective homeomorphism of vector spaces

E: Hy —>P;;7
I Ep (2-14)

proof:  We sketch the proof here, the full proof is detailed in appendix B. We need
to prove that Ker E = 0. Let us assume that 0 # I' € Ker E. Writing

b= ) " (2-15)
n:(n17"'7nd)7 ni+-+ng=N
if I' # 0, there must exist some n such that ¢, # 0. The idea is to construct a family of

symmetric polynomials p,,, € Py for any d-uple m = (my, ..., mg) with Z?Zl m; = N,

such that we have

N
lim Drm(Z1, ..., TN) A(X)? H e V@) g, = Snm.- (2-16)
r—00
" i=1
This will imply that
lim Ep(prn) = ¢ # 0, (2-17)
r—00

which is a contradiction since we assumed that I' € Ker[E. The construction of p, ,, is

done in appendix B. See also exercise in [7]. O

Symmetric polynomials

Let the power sums be defined as the following symmetric polynomials:

N
pe(T1,...,2N) :fo:Ter. (2-18)
i=1

For p= (pq > po > p3 > -+ > pg) a partition, we denote

¢
pu(xl,...,x]\;):Hpuj(:vl,...,a:N). (2-19)
j=1
We shall also use the same notation when p = (uq,...,pue) is a f—uple (no ordering

assumed). We recall the notations:

e weight of a partition (resp. a upple)

ol =3 (2-20)



e length of a partition (resp. a upple)
U(p) = #{i | i # 0} (2-21)
We recall the classical lemma:
Lemma 2.1 (Basis of Py) A basis of Pn is given by

{pu | () < N} (2-22)

proof:  Easy by recursion on N. See appendix A.

2.4 Loop equations

Define

Definition 2.3 For a n-uple pp = (1, - .., pin) (not necessarily ordered), let the follow-

ing symmetric polynomaial

d

Qu = E Ui 1Ppi+5Pps - - - Pun
=0
p1—1

— D PPt Pa - P
=0

- Z Hi Ppuq+pi—1 leik (2-23)
=2

ki
They generate
) C Pn. (2-24)

----- Hn

Definition 2.4 (Loop equations) A linear form E € P} is called a solution of loop
equations iff
E(L) = 0. (2-25)

The set of solutions of loop equations is denoted
Lr={EecP;|VpeL, E(p)=0} (2-26)
Theorem 2.2 (Matrix integrals satisfy loop equations)
VI € Hy , Erecrt (2-27)

The map E : Hy — Lt is an injective homeomorphism, and

dim ot > Va1

> N (2-28)



proof: This is a well known theorem in random matrix theory, it is a special case of
Schwinger-Dyson equations (Schwinger-Dyson equations are more generally defined for
quantum field theories (QFT)). When the QFT is a matrix integral, these were called
"loop equations” by Migdal [10]. Schwinger-Dyson equations merely reflect the fact
that an integral is invariant under change of variable. They can also be rewritten as

just integration by parts [3, 7]. Indeed notice that

=

Qu(X)A(X)?e NTVX )...pun(X)A(X)Qe*N“V(X)) , (2-29)

immediatly implying that
Er(Qu) = 0. (2-30)

This relies on the fact that the integrand vanishes at the boundaries of I, i.e. at oco.

See [5] in case there would be boundary terms. [

2.5 Every solution of loop equations is a matrix integral

The morphism E is in fact an isomorphism. This means that to every solution E of
loop equations corresponds a I' € Hy such that £ = Er. The following is the main

theorem of this article

Theorem 2.3 (Solutions of loop equations = matrix eigenvalues integrals)

The map B : Hy — L+ is an isomorphism.:

oAl _ (N+d-1)!
proof:  We need to prove surjectivity. Let £ € £t
Let
AN = {p = partitions , ¢(u) < N and Vi, pu; <d—1}. (2-32)
We have (see fig.2)
(N+d—-1)!
Ayg= . 2-

#ANG= T o) (2-33)

We shall first prove the following lemma:

Lemma 2.2 There exist some coefficients c,, such that for every partition p

> Epy). (2-34)

Z/EAN,d



Figure 2:  An element of Ay 4 can be seen as a Ferrer diagram that can fit in a box
(d —1) x N. It is thus a line of length N + d — 1 with N vertical steps and d — 1
horizontal steps. The number of such lines is the number of ways to choose N vertical
steps among N +d — 1.

Proof of the lemma: We prove it by recursion on k = |u|. It clearly holds for & =0
since the empty partition is already in Ay 4. Assume that it holds up to £ — 1. Let p
a partition of weight |u| = k and length ¢(u) < N. If all p; < d —1 then p € An 4 so
the lemma holds. If there exists u; > d, up to relabeling assume that it is ©; > d. The

loop equation E(Qu,—dus,.un,) = 0 implies

d—1
tiE(py) = — Y i1 E(Dpy—asiPus - D)

=0
p1—1

- Z E(pipp—d—1-jPus - - Pun)
j=0

- Z Hi E(pu17d+u¢fl Hp,uk)' (2_35)
i=2 k]

We recall that 4,1 # 0 and we notice that all polynomials in the right hand side have
weights < k. By the recursion hypothesis, this implies that all terms in the right hand
side are linear combinations of E(p,) with v € Ang4. If o is such that £(u) > N,
according to lemma 2.1, we can rewrite p, as a linear combination of p,s of the same
weight |v| = |u| with ¢(v) < N. This ends the proof of the lemma. [J

This implies that the map F : Py — C is entirely determined by its value on the

subspace
SR (2:30)

and therefore

: N+d—-1)!
dim 4 < pdy, = N A= DY 2-37
LTS #ANG= TR ) (2-37)
Since we already knew the opposite inequality this implies equality:
. (N+d-1)
-y " 7 2.
dim L Nd—1) " (2-38)

which thus implies that [E is an ismorphism. [l



3 2-Matrix model

3.1 Setting, arcs and homology

Consider 2 random normal matrices M, M of size N x N, with eigenvalues on some

arcs v and 7, i.e. in Hy () x Hy(7), with a measure

e~ Tr(V(M)JrV(M)fM]\;[)DM DM, (3_1)

where V and V are polynomials of respective degrees d + 1 and d+ 1, written

d+1zf J+1L;

k ~ k

V(z) = Z Exk . Viy) = Z Eyk. (3-2)
k=1 k=1

Diagonalizing M = UXU' and M = UYU' we get (we used Harish-Chandra Itzykson-

Zuber integral over the group U(N), see [9, 7]) the marginal law of eigenvalues
N
A(X)A(Y) det(e®¥7) He (@ d:L‘ZH«B W) dy; . (3-3)
i=1

The integration domains for z; (resp. ;) must be such that integrals of polynomial
moments are absolutely convergent, which leads us to the space of admissible homology

classes. The following lemma is obvious:

Lemma 3.1 If dd > 1, we have
Hl(exy’v(’““)’v(y)dxdy) = H(e7"@dz) Hl(e"?(y)dy) (3-4)

thus
dim H, = dd, (3-5)

and a basis of Hy is made of products vy, j := v; X ;.

N N
Hy(AX)AY) det(e"™) J[e™V“da; [ e @ dy,) (3-6)
i=1 =1
s of dimension
N +dd —1)!
dim Hy = Y Fdd=D! (3-7)
N(dd — 1)!

A basis is given by

{H%” | Z%—N} (3-8)



Let I' € Hy, we define the linear map

Er : Py — C

p /F P(X)A(X)A(Y) det (") H Ve dlee Wy, (3-9)

=1

The integration defines a morphism

E : Hy %P}:[
I B (3-10)

Theorem 3.1 (Injectivity) The morphism E : Hy — Py is injective.

proof: Similar to the 1-matrix case. [

3.2 Loop equations

The loop equations of the 2-matrix model are slightly more subtle.
Let us define the N x N matrix U(X,Y’) by

U(X, Y)i,j = Bxiyj (3-11)

then define

- L TiYj -1\ ) .

Ri;j(X,Y)=e"%(U(X,Y)Y,: , R’X,Y) ZR” (X,Y)y. (3-12)

Notice that
YR XY)=1 , Y RyXY)=1 , ROX)Y)=1 (3-13)

i J
Let us define

(X Y)=>af RV(X,Y). (3-14)

Theorem 3.2 (Loop equations) For each n-uple (u1, pia, ..., fin), there is a sym-

metric polynomial Q. s, un (X) € Pn, of highest weight term

.....

QULNZ ----- Hn (X) = EJ+1 (td+1)dpu1+dd,u2 ..... n (X) + Z CﬂaypV(X>7 (3_15)
v, |v|<|ul+dd

such that
]EF(QHLHQ ,,,,, Hn (X)) =0, (3‘16)



proof:  See for instance a proof in [4]. Let us recall it here. For each k,, ua, ..., i,

we have

Z ai ( FRY (X, Y )P (X)) - pp (X)A(X)A(Y) det e%ybHe—W%)He—V(%))
i a b
(XY X))
—Zt 1Py (XY ) (X) - Py (X)

+Zp (XY )15 (X )P (X) -+ P (X)

F3 ppl  (6Y) () P (X))

1=2

AX)A(Y) det e [ eV T eV . (3-17)
b

Z%(xfpm,(X)...pﬂn(X)A(X) dete””y”He (wa) H - <yb>)

= (pk+1(X)pu2 (X) P (X) =D Tapl) (X, V) (X) -pun(X))
l
AX)A(Y) det e [T eV T eV ). (3-18)

a b

Integration by parts thus implies

Er(pf (XY ) (X) 0 (X)) = 3 B (0 (Y ) (X) - (X))

J

=SB (Y )5 (X (X) Py (X))

- Zui]Er(p,iﬂm,l(X, YY) (X))« p (X))
Er(pr1(X)pps (X) . Py, (X)) = Z leEr(p,(f) (X, Y )puo(X) .o pp, (X))

(3-19)
The first equation is a recursion on [, with initial condition

Er(py) (X, Y)pun(X) ... 2 (X)) = Er(pe(X)p,s (X)) - - P (X)), (3-20)

which allows to express for every [, Ep( (X, Y)pus(X) .. pu, (X)) as a linear combi-
nation of Er of some symmetric polynomials of z only. The last equation can then be
written as an equation relating the Er of some symmetric polynomials of x only, let us
write it:

EF(Qk,,uQ ..... Hn (X)) = 07 (3_21)



Qk“uQ """ Hn (X) - gcz+1<td+1)dpk+dd~,uz ..... un(X) + Z C(k,pa,..., un)71/p1/<X)-
v, ‘V|<|k‘+dci+u2+...+'un

(3-22)
U
Definition 3.1 (Loop equations) We define the loop equations sub-space
L = Span (Qu; ys,...n(X)) C P, (3-23)
and the set of solutions of loop equations
Lt={EePy | EL) =0}CPx. (3-24)

We have proved that

Proposition 3.1 The map E : Hy — L+, I' — Er, is an injective homeomorphism.

We thus have ~
(N +dd—1)!

dimgt > 2
Ni(dd — 1)!

(3-25)

3.3 Solutions of loop equations are matrix integrals
In fact the map is an isomoprhism

Theorem 3.3 (Solutions of loop equations = matrix integrals) The map E :
Hy — L+, T+ Er, is an isomorphism.
N +dd —1)!
dim £+ = N Fdd= D (3-26)
Nl(dd —1)!
proof:  The proof is very similar to the one matrix model. We prove that E € £t is

determined by its value on the subspace

Span (9}, 4 (3-27)

N,dd

In other words we show that for any partition pu:

E(py) = > cuEp). (3-28)

VeAN,dJ

This is proved by recursion on |u|. This is obviously true when |u| = 0, assume it is
true up to |u| — 1. If u & Ay 44, this means that one row, let us say i, > dd, the loop
equation

=0 (3-29)



implies (3-28).
This implies that

(N +dd —1)!

dim £ < #A, = .
LTS # AN = T ad - 1)

)

(3-30)

and since we already have the opposite inequality from injectivity, we conclude that

there is equality and Er is an isomorphism. [J

4 Chain of normal matrices

The chain of matrices is for example defined in [9, 6, 4].

Consider some complex polynomials Vi, Vs, ..., Vy, of respective degrees
deg ‘/;/ = dz

Consider the measure

L-1 L

DP(Xl, . 7XL) = A(X1>A(XL) H (iebt(e(Xl)a(XHl)b) H efTer(Xl),DXl
=1

=1

that we shall put on I' € Hy: Let
Hy = QF Hy(A(X))2e” TVEIDX)).

We have

L
dimHy =D = Hdl.

=1
For I' € Hy we define
EFI PN — C
P — /p(Xl)DP(Xh,XL)
r

and the map

E: Hy —>7D;[
r |—>]E1‘*.

This map is injective, the proof is more or less the same as the 1 matrix model.

(4-1)

(4-6)



Loop equations

Define
Py X, Ko X)) = Y (X)) PR(X, X (Xa)i,)"
R(X2, X3)igis - - R(X11, X1)iy 1, (X1)iy)*(47)

Theorem 4.1 (Loop equations) For each n—uple (u1, pia, ..., fin), there is a sym-

metric polynomial Qu, s, 4. (X) € Pn, of highest weight term

-----

Qm,uz ..... P (X) =C Pui+D,pz,..opin (X) + Z Cw,p,,(X), (4'8)

v, lv|<|p|+D
with C' # 0, such that
Er(Quiu.enn (X)) = 0, (4-9)
We denote L = Span < Q,, >, and L+ = {FE € P} | E(L) = 0}.
This theorem was proved in [4]. The coefficient C' is the leading doefficient of
VioV] jo---0oV].

The rest is the same as for 1 and 2 matrix models:

Theorem 4.2 E is an isomorphism

E: Hy —LF
I —Er (4-10)
1 an isomorphism
Al _(N+D-1)

where D =[]}, deg V.
The proof is exactly the same as 1 and 2 matrix models.
5 Rational potentials
Now we will consider

V'(z) € C(x) (5-1)

which means that V' (z) can also have logarithms. The degree of V'(z) is defined to be

the sum of degrees of all poles, including the pole at oc.
deg V' = Z deg, V'. (5-2)
p=poles

Notice that e=V(*) has essential singularities at pole of V’(z), and if V’ has a simple

pole p with a non-vanishing residue r = Res, V’, 3 situations can occur:



e r € 7Z_: then eV® has a zero at p.
e r € Z,: then e=V® has a pole at p.
e r & 7: then e~V is not analytic at p, we need to introduce a cut ending at p.

Let us consider the complex plane from which we remove all poles, and possibly cuts
ending at poles, so that e~V is analytic in the considered domain.

The admissible Jordan arcs, are now arcs going from a pole to another (or the same
pole), and not crossing cuts. Arcs can arrive at a pole only in a direction in which
RV (z) = +o0.

o If e7V(®) has a zero, an arc can end on it from any direction.

e If eV has a pole, no arc can end on it, but can go around it, for instance a
small closed circle around a pole is an admissible arc.

e If e7V(*) has a cut, arcs must go around the cut without crossing it.

These arcs are described in [2, 4], where it is shown thatthe total number of homo-

logically independent arcs is deg V':

Proposition 5.1 (Homology space [2]) The dimension of the homology space

dim Hy (e W dz, K) = degV' = ) deg, V. (5-3)

p=poles

5.1 One matrix

Again consider

Hy = Sym (H{Y), (5-4)
its dimension is (N 4+d—1)
. o - . _ / ~
dlmHN_—N!(d—l)! , d=degV’. (5-5)

For any I' € Hy, for any symmetric polynomial p € Py, the following integral is
absolutely convergent

N

Er(p) = /F p(X) AX)* [[ eV da. (5-6)

=1

The map Er : Py — C is a linear form on Py:

Er € Py, (5-7)
and the map E : Hy — Py is a homeomorphism.
Theorem 5.1 the map E : Hy — Pj is an injective homeomorphism.

proof: The proof is the same as the polynomial case, and is done in appendix B. [



Loop equations

Let us write V'(x) as an irreducible rational fraction of 2 polynomials

R(x)

V) = B

(5-8)

where D(z) is a monic polynomial. Let us assume that deg R > deg D, and we have

deg R=d =degV’. (5-9)
Write
deg D
D(x) = ) Dya*. (5-10)
k=0

Define the symmetric polynomials

N
p (s an) =Y D(wg)ak (5-11)
i=1
and for a n—uple pq,..., t,, define
pl(LD)(xl, CTN) = p/(f)(xl, s EN)Dps (T1, BN D (T, TN, (5-12)
Then define

deg D k4p1—1 n
_ (R D’ (D)
Qu= pL ) - p,EL ) - Z Dy Z Djktpn—1pzpin — ZMiP#1+#i—1,u2 ..... fBietin” (5-13)
k=0 4=0 i=2

Let
L = Span (Q), - (5-14)
Theorem 5.2 (Loop equations) For any I' € Hy we have
Er(L£) = 0. (5-15)

The map E : Hy — L+ is an injective homeomorphism,

(N +d—1)!

dim gt >\ T4
S = T NI@ )

(5-16)

proof:

QUMY NIV =3 (D)t (X) .y (X) ALX)? V)

(5-17)
and by integration by parts Er(Q,) =0. O



Theorem 5.3 The map E : Hy — L is an isomorphism,

. N+d-1)!
dim £+ = (— 5-18
o NI(d—1)! (5-18)
proof: same as for polynomial potentials. We just need to notice that
Qu = Cpuler,,uz,...un + Z Cu,vPv, (5'19)
v, |v|<d+|u|
so that if a partition has a row p; < d we can shorten it by using Qu,—d us,....75s, ...t s SO
eventually £ € L+ is entirely determined by its restriction to
Span (p.),.c1, (5-20)
and thus (N +d—1)
dim £ < #Ang = 5-21
ML < #ANGE TR (5-21)
O

5.2 Chain of matrices

The same proof generalizes immediately to chain of matrices with rational V' € C(x;),

we get that
: N+ D —1)!
d 1 — (
N 10> B

where D = Hle deg V} where deg V/ is the sum of degrees of all the poles of V.

(5-22)

6 Examples of applications

6.1 Application: Haar measure on U(N)
We already mentioned that if v = S! the unit circle, we have
Hn(S') = U(N) (6-1)

and the measure DM is closely related to the Haar measure (see [7], it is easy to see
that i V" det M~NDM is a real positive measure and is invariant under right or left

multiplication by an element of U(N) so is the Haar measure)

1

. N2
D aarM = T L AN
: f (det M )N

DM = e NTrloeM ppf. (6-2)

so that the eigenvalues statistics of a random unitary matrix with Haar measure on

U(N), can be rewritten as a normal matrix whose potential is

V(z) = N log(z) (6-3)



i.e. V' a rational fraction

V'(z) :%

, d=degV’' =1. (6-4)

There is thus a unique homology class in Hy which has dimension

(N+d—1)!

This unique homology class is (S')¥, i.e. all eigenvalues are on the circle.

We could also consider a Haar measure with polynomial potential of some degree
k + 1, typically

e VD | Dy M = o~ TTGVAD+3V(M™D)+Nlg M) ppr (6-6)

which is a normal matrix model with rational

1, 1, N
of total degree
d=2k+2. (6-8)

6.2 Application: normal matrices in the complex plane

It is well known that one random complex matrix M € My(C), is closely related to
one random normal complex matrix M € Hy(C) and equivalent to a 2-matrix model.
Let us recall how.

Consider a normal random matrix M in Hy(C), with a measure
o T MMTe— TrV(M)+f/(MT)DMDMT (6—9)

where DMDM?' denotes the measure on Hy(C) defined below. To define it, notice
that both M and M are normal matrices and can be diagonalized by the same unitary
conjugation:

M=UXU" |, M'=UYU" , Y=X (6-10)
where U € U(N)/U(1)", and X is a diagonal complex matrix.

The measure on Hy(C) is defined as
DMDM' = |A(X)*DPUDXDX, (6-11)

where DU is as usual the Haar measure on U(N)/U(1)N and DXDX = [[Y, dx;dz;

and each dz;d¥; is the Lebesgue measure of z; € C ~ R?.



The induced marginal measure for eigenvalues is

N
[AX)? [det (e==) | T] e~V @V @D dy,dz;. (6-12)

=1

It is a real measure when V is the complex conjugate of V.

Considering X and Y = X as independent variables we see that it is a 2-
matrix model. More precisely, it is a 2-matrix model where X,Y are integrated
on a N-dimensional submanifold of C?V satisfying ¥ = X. If the integral is
convergent, this manifold must be in Hy. In other words, the normal com-
plex matrix model, is identical to a 2-matrix model on a homology class I' €
Hy(A(X)A(Y) det (e#e#) T[N, e~ V@)tV dr.dy,), such that T = ¢*T with o the
involution (X,Y) + (Y, X). If 7; (resp. #;) form a basis of H;(e™V®dz) (resp.

Hy(e~V®dy)), then there must exist some bilinear combination

deg V' deg V'

i=1  j=1

If V =V, we may choose 4 = 7, and the condition I' = ¢*I" implies that the matrix
¢;,; must be Hermitian, and we can choose a basis in which it is diagonal and real, i.e.

we can choose

deg V'
P=> cyx% ,GeR (6-14)
i=1
Let us choose
Y =GRy — G1Ry (6-15)
I
where (; =57} ™ @ are roots of tqy1 the leading coefficient of V'. ~q,..., 794 form a

basis of H; and we have
d
Vd+1 = — Z Y- (6‘16)
i=1

The following class
d+1

T=> 7%x% (6-17)
=1

is (up to a real proportionality constant) a homology class invariant under complex
conjugation and under rotations by angles 27 /(d + 1). It is the natural candidate to

replace C.



6.3 Application: Combinatorics of maps

See [1, 8, 7] for an introduction to maps and random matrices (Readers not familiar
with combinatorics of maps may skip this part.)
Let t3,14,...t3.1 be complex numbers with t4,1 # 0, and N € Z,. Let us denote
the formal series Tkl,...,kn € Qlts, ..., tay1, N, N7H[[t]
Ty =t NOi + > ¢ Y %t?(m)ﬁ‘*(m) o (6.18)
e=2  meM(e,k1, kn)
where M(e, k1, ..., k,) is the (finite) set of connected orientable maps with e edges,
and made of n3 triangles, ny quadrangles, ..., ng.; (d + 1)—angles, and with also
n marked labeled faces (a marked face is a face with a marked oriented edge on its
boundary, so that the marked face is on the right of the marked edge) of respective
size ki, ko, ..., k,. We require k; > 1, whereas unmarked faces have at least size 3
(triangles up to (d + 1)-angles). #Aut(m) is the automorphism factor of the map,
#Aut(m) = 1 for maps with marked faces, and can be > 1 for n = 0 (no marked
faces). x(m) = #faces(m) — #edges(m) + #vertices(m) is the Euler characteristic of

the map. Let us define (again as formal power series of t)
Ty = eTo (6-19)

and forn > 1
T oy = €70 D T 7 (6-20)
p=partitions of{ky,...,kn} K=parts of p
For example:
Ty = ToThy » Toky = To(Thy by + Ti Ty - - - (6-21)

It is well known that T}, ., are generating functions for counting non-connected

maps.

In the 1960’s, W. Tutte [11, 12] found some equations relating these generating
functions, by recursion on the number of edges. Tutte’s equations can be rewritten as
loop equations, let us explain how.

Let
d+1

Y BT e ]
V(m)-N(ztx k:3k’x>' (6-22)

Let E € Py, defined on the basis of power sum polynomials as

E(pu) = Tsoue- (6-23)

Tutte’s equations are then exactly the loop equations [8, 7]:

Vi, B(Q)=0. (6-24)



Theorem 2.3 impies that 3T € Hy(A(X)2%e~ V& Dz, Q), such that

.....

N
Theroky = /Tr M Trah A(X)2em TV Hdll?i- (6-25)
r i=1

7 Conclusion

The theorems presented here are some "representation theorems”, saying that linear
forms on the space of symmetric polynomials, satisfying loop equations can always be
represented as matrix-model-like measures (Vandermonde—square times exponential for
the case of 1-matrix). It also shows how normal matrices can be extremely useful. We
expect to prove similar theorems for the matrix model with external fields, or matrix
models with hard edges.

Also we may guess some applications to free probabilities, to be explored further.
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Appendices
A Lemma 2.1

Lemma 2.1: A basis of Py is given by

{pu | £(n) < N}. (1-1)
Extension: A basis of {p € Py | p homogeneous of degree d} is given by
{pu | Up) < N and |pu| = d}. (1-2)

proof: By recursion on N. It is clearly true for N = 1.
Assume it holds for N — 1, let P € Py a symmetric polynomial of N variables.

P(xy1,29,...,zN) can be expanded in powers of x4

P(Ilnyw"aIN):leka(xlw'wa) (1_3>
k



where each Q)i € Py_1. By recursion hypothesis there exists somecoeffisients Qy, ,
P(xy,29,...,2N) :Zx’f Z QD (Toy .. TN) o oy (T2, .. zy)  (1-4)
k V)<N-1
Observe that
pl/i(x27 R 7‘7;N> = pyi(‘rl?x% R 737]\7) - xl/.v (1_5)
therefore we can reexpand in powers of x;
P(a:l,:cg,...,wN):Zx’f Z QDo (T1,. . N) . Doy (@1, .. xy)  (1-6)
k V)<N-—1
By symmetry we also have Vi=1,... N
P(xl,xg,...,xN):Zx’? Z QoD (T1, .. N) . Doy (@1, xy)  (1-7)
k V)<N-1

and by summing over ¢

P(xy,29,...,2ny) =

||Mz

I
2/~ ==

Z f Z Qk,,pyl(xl,... N) Doy (T1, .., 2N)
k V)N

=1

V)<N-1

which is clearly a linear combination of p,, where v/ = v + (k) is a partition obtained
by adding one part of length £ to v, and it has thus at most N parts. This concludes
the proof.

Notice that if P is homogeneous of some degree d, all steps we have followed conserve

the homogeneity and its degree, so the extension also holds. [J

B Proof of injectivity theorem 2.1

Theorem 2.1 E is an injective homeomorphism of vector spaces

E: Hy — P}:;
r — Er (2—1)

proof:  We need to prove that Ker E = 0.

The proof is the same for polynomial V' (z) € C[z] or rational potentials V'(x) €
C(x). Without loss of generality. we shall assume that in the rational case V'’ has no
pole at x = 0 (otherwise we should replace log z in what follows by log(z — () with
xo a point which is not a pole of V'. Choosing xy = 0 makes the proof easier to read.)

Let d = deg V'’ (= sum of degrees of all poles in the rational case).

We shall proceed in several steps.

pk(xl,...,xN) Z QDo (T1, . TN o Doy (T,



e For r a positive integer, we define

Vi(x) =V(z) —rlogaz — V@ = gre V@), (2-2)

e The Homology space of admissible arcs for V,

N
HY = Hy (A(X)2 11 eVT(Ii)d:ci> (2-3)
i=1

has dimension

o (N +d)!
We have
Hy c HY, (2-5)

and we recover Hy as a subset of ﬁ](\;) by restricting to homology classes of arcs

that have vanishing boundary at = = 0.

e Consider the critical points &1, ..., &gy of V;, i.e. the solutions of V/(z) = 0, i.e.
the solutions of xV’(x) = r. For r large enough they are all distinct. Asymptot-
ically at large r, they approach the poles of V.

doo+1 = pdoo

# If V' is a polynomial, or V' behaves as V(x) ~ t* 5~ + too ™ at large z, we

have d, + 1 critical points that are large

_ _doo &
g doo+1 f—
tootoo e Cdoo+1 —1

oot~ (o (/toe) 577 | 1= 2T+ O(a) | (26)
where we denote roots of unity as
Ca = e, (2-7)
We also have
Vi(€oo) ~ door+ . (1 —logr+logts) + O(rl_doolﬁ). (2-8)

* At a finite pole p (recall we assumed p # 0), if V' behaves as V'(z) ~ t,(x —

p)~%, we have d, critical points that are close to p:

Eor ~ D+ CE (r/pty) ™ (1+O(r®)). (2-9)

We also have, if d, > 1

r

Dl (/)™ (L 0r®)). (2-10)

V(Ep,k) ~ =



and if d, =1
V(&pr) ~ —tylogr + O(1). (2-11)

Define
Q(z) =[x - &) =t /(@) [J(x — ). (2-12)

J P
For each j =1,...,d, define
v C{z € C | Vi(z) = Vi(§) € Ry} (2-13)

a piecewise connected C' Jordan arc from pole to pole, going through &;, on
which V,.(z) — V,(&;) € Ry such that RV, (x) increases monotonically when going
away from &; in both direction.

The paths v; are called steepest-descent contours. It is clear that asymptotically

for r large enough they follow rays emanating from the poles and are linearly

independent in A", they form a basis of A" (in fact this is true also for r not

large, but we don’t need it).
Let n = (ny,...,ng41) such that Y. n; = N. Let S, the set of maps

Sp={s:[1,...,N]—=[1,....d+1]|Vji=1,...,d+ 1, #{i| s(i) =j} = n,}.
(2-14)
Notice that s € S,, =— soo € S,,.

Define the polynomials of one variable

H — fj (2-15)

J#J

From these polynomials, let us build symmetric polynomials of NV variables p;,,,
for any (d + 1)-uple m = (mq, ..., mgy1) with >, m; = N:

Drm(T1, .., xN) = Z 1 i ZHf“) (z;) , (2-16)

s€Sy, i=1

Notice that s € S, = soo € 5, for all permutation 0 € Gy and p,,, is a

symmetric polynomial.

Let 4" = Sym(y1* % ...v,01") € H ) and § € S,,.
For large r, rewrite

- if &3 is close to a finite pole p:

—p = (& — p)(1+ 7 2u,). (2-17)



- or if ;) is large ~ O(r_%ﬂ), use the same writing with p = 0:
In all cases we have

e—Vr(Ii) ~ e—Vr(ﬁg(i))e—gflTVr”(ﬁg(i))(fg(i)—p)2u?(1 + 0(7—1/2))

and

Sty — &5 _ §siy — P
i Esi) — & Esi) — &5

If s(i) = 5(i) we have
fs(i)('ri) ~ 1+ O<T_1/2)7
and if s(i) # §(i) we have

1/2U~ §§(i)_p Q/(gé(i))

i ) i/ )
&) — &, Q'(fs(i))(l+ =)

fs@y (@) ~ 17

Remark that in all cases ¢
56) — D
— = 0(1).
&) — & (1)

This implies that

a Q' (&)
I[lfs<i>(xi) ~ ] Geyae) +0O67%) HWE;)

% 7

~ I Gswrs + 0072) T Q&)

i a

(2-24)

Asymptotic of the Vandermonde

d+1

A(X)2 ~ H(ga - gb)Qnanb H r—%na(na—l)(ga - pa)na(na—l)
a=1

a<b
d+1

H H (u; — u ).

a=1i<j, 5(i)=5(j)=a

Nd+1

(2-18)

(2-19)

(2-20)

(2-21)

(2-22)

(2-23)

(2-25)

For large r, and 7" = Sym(y{" x...7,11") € ]f[g), by the Laplace steepest descent

method we have
d+1

7—00

Eon(prm) ~ [ (& =& [[r g — pymeiD
=1

1<i<j<d+1



[T @ me) o, Qe
5n,m + O<r_1/2)) : (2_26)

where

C, = / 1_[(xZ — z;)° ﬁ e 2% du;. (2-27)
Rn

i<j i=1
For us, what matters is that C,, # 0 and is independent of r. The exact value of

C,, is known and worth

C, = (2m)"/? i_[ k! (2-28)

k=0
Let I' = )" c,y" be a nonzero element of ﬁx)
Let J be the set of (d + 1)-uples n such that ¢, # 0.

The idea will be to choose ny.x € J that maximizes the asymptotic behavior.

Generically, nyax is @ unique maximum, and we conclude that

EF (p7'7n111ax) # O (2_29)

which implies Ker E = 0.
To be more precise, let us define an order relation in J:

n<niff asr — +o0

A(n)
=0(1 2-
T = oW (2:30)
where
e
Am) = ]I @-gre i - py ey
1<i<j<d+1 i=1
d+1 )
[T @) =5 C, Q)"
j=1
(2-31)
Let Jpax C J the set of maximal elements. Let m € J,.«. We then have
Ef(pr m) H Q/(Sj)mj
li : J = ) 2-32
riglo A(m) em 70 (2-32)

Indeed all n’s that belong to J \ Jnax get damped because they are not maximal,
and all n € Jyax get a factor (0,,, + O(r~1/%)), so that only c,, remains in the
limit.

This shows that ' # 0 = Er # 0, in other words E is injective.
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