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Part 1

Philosophy and Overview
of Effective Field Theories 
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Introduction
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Effective Lagrangian in amplitude language

Consider quantum field theory with “light” fields φ and “heavy” fields H

!!

We are interested in the 
scattering amplitudes 

for “light” fields. 
E.g. 2→2 amplitude schematically:

The effective theory is a theory containing only “light” 
fields φ that reproduces all scattering amplitudes of φ 

of the full theory containing φ and H.

E.g. 2→2 amplitude schematically:

Note that:
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Crash course of path integrals
Correlation functions in 

quantum theory can be defined 
via a path integral

Generating functional 
for correlation functions

“Quantum action” or
generating functional 

for 1PI correlation functions
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Effective Lagrangian in path integral language
Generating functional for amplitudes of “light” and  “heavy” fields

Full quantum action: 
generates 1PI amplitudes 
for both for “light” and  

“heavy” fields

Effective quantum action: 
generates 1PI amplitudes 

for both for “light” fields only

Effective Lagrangian is a 
Lagrangian for a theory containing 
“light” fields φ only that leads to 
the same quantum action Γeff[φ] as 

the full theory with φ and H

Γ[φ,H] is a complicated non-local (that is non-polynomial) functional. 
Hence Γeff[φ] also expected to be non-local in general.  
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Propagation of heavy particle H with mass MH is suppressed at distance scale 
above its inverse mass

Processes probing  distance scales >> MH, equivalently for energy << MH, cannot 
be resolved 

Then, intuitively, exchange of heavy particle H between light particles φ 
should be indistinguishable from a contact interaction of φ  

In other words, the effective Lagrangian describing  φ interactions should be 
well approximated by a local Lagrangian, that is, by a polynomial in φ and its 
derivatives 

Local effective Lagrangian 
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Effective Lagrangians by construction must contain infinite number of 
terms. Therefore any useful EFT comes with a set of power counting 
rules which allow one to organize the Lagrangian in a consistent 
expansion and single out the most relevant terms 

For relativistic theories obtained by integrating out heavy fields H 
with mass of order MH, and the inverse of the latter provides a 
natural expansion parameter to organize the effective Lagrangian. 
Observables are then expanded  in  E/MH where E is the typical 
energy scale of the experiment  

Sometimes a large mass parameter is not available, and expansion of 
the effective Lagrangian  is in the number of derivatives  

Different power counting rules apply to non-relativistic theories, as 
then space and time have different scaling dimensions. Still different 
counting rules apply to relativistic systems with one heavy 
component (such as atoms or B-mesons)  

Power Counting
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Scaling in relativistic theories
To isolate UV and IR limits, 

consider rescaling of 
spacetime coordinates

ξ→0 is zooming in on small distances (UV limit)
ξ→∞ is zooming in on large distances (IR limit)

Since path integral is dominated by kinetic terms
to easily compare the original and rescaled actions 

it is convenient normalize the kinetic terms canonically 
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Scaling in relativistic theories

Mass term is relevant operator: it gets more important in IR

Quartic coupling is marginal operator: it is (approximately) the same
in UV and in IR

Higher dimensional interactions (for d+n>4) are irrelevant operators: they get 
less important in IR

Power counting in relativistic EFT, determining the importance of various 
interactions, can be organized based on canonical dimension of interactions 
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Dimensional analysis crash course

Relativistic field theory
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Scaling in non-relativistic theories

In usual non-relativistic theory 
quartic self-interaction is

irrelevant!

In a non-relativistic theory 
time and space are on different footing.
In order to keep kinetic terms invariant

they should be assigned different scaling dimensions

There are other non-relativistic systems (e.g. z=3 fixed point) where scaling is yet different  
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In a B-meson system, the bottom quark can 
be pictured as a heavy ball with mass with 
mass MQ moving in a sea of light quarks 

Interactions between the heavy quark and 
the light ones have a typical momentum 
exchange of order Λqcd << MQ. 

Thus, the heavy quark moves with a constant 
4-velocity v, which is also the B-meson 
velocity

One can also prove that spin degrees of 
freedom decouple at leading order

Effective theory can be constructed as 
derivative expansion using heavy meson field 
φ, D, and v

Power counting in heavy quark effective theory

Covariant wrt
QCD and/or EM

Irrelevant
interactions

Lorentz-invariant
when v transforms
as Lorentz vector

Valid for processes
with momentum exchange

well below MQ
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Why the sky
is blue?
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Why the sky is blue...
...or Rayleigh scattering of low-energy photons on neutral atoms

Relevant scales:

Lowest order 
Lagrangian:

O(2) eV

photon atom

O(10) eV O(keV) O(GeV)

Leading C and P 
conserving 
interactions:

Kaplan
nucl-th/9506035

Effective theory 
with cutoff of order E*

Dimensional analysis suggests 
magnitude of EFT coefficients

 set by atom size ∼ Bohr radius

Unknown numerical coefficients, 
here assumed to be O(1), 
which can be computed by 
matching to the full theory
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Why the sky is blue...

Elastic scattering amplitude

Elastic scattering cross section

Blue light scatters far more strongly than red 
(by a factor of (750/450)^4 ∼8)
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Heisenberg-Euler
effective Lagrangian

W.Heisenberg, H. Euler
 Z.Phys. 98 (1936)
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Heisenberg-Euler Lagrangian
...or effective theory for very low-energy QED

Relevant scales:

O(MeV)

Lowest order 
Lagrangian:

Effective theory 
with cutoff 2*me

Lowest order 
interaction 

terms (assuming 
parity conserved)

Unknown numerical coefficients,
which can be computed by 

matching to full QED

Dimensional analysis tells us that 
interaction terms suppressed by electron mass to 4th power

Amplitude 
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Higher-dimensional operators with 
dimension D depend on mass scale M in 
UV theory as 1/M^(D-4). But, in 
general we do not know how their 
Wilson coefficients depend on 
couplings of UV theory - that is a 
model dependent question

However, there are general rules that 
in some cases allow us to estimate the 
coupling dependence

To this end, a useful trick is to 
restore explicitly ℏ in action. Then 
canonically normalized fields carry 
ℏ^(1/2) dimension, and coupling of 

operator with n fields has ℏ^(1-n/2) 
dimension, independently of number of 
derivatives

 Digression: ℏ counting
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 Digression: ℏ counting

Any gauge coupling 
has dimension equal to  ℏ^(-1/2) 

or

⇒
Each loop comes with another factor of  ℏ 
(in original variables, each propagator 
brings ℏ, each vertex brings 1/ℏ, thus each 
diagram comes with power of ℏ equal to:
Npropagotors-Nvertices = Nloops-1

Leading Wilson coefficients in Heisenberg-Euler 
Lagragnian have  ℏ dimension equal to -1 

Tree generated

1-loop generated
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Heisenberg-Euler Lagrangian

Standard
Form

High-school
form (up to 

redundant units)

Higher-order interaction terms lead to non-linear field equations for electromagnetic field
One potentially observable effect is the so-called vacuum birefrigerence: 

rotation of light polarization propagating in vacuum  in strong magnetic field

Light-by-light scattering has been routinely observed, although typically above the 
cutoff of the Heisenberg-Euler Lagrangian. For example, Delbruck scattering - photon 

deflection in nucleus electromagnetic field - was observed in the 50s 

Friday, April 21, 17



Heisenberg-Euler Lagrangian
Calculation in the effective theory

Another digression: 
EFT coefficients a1 and a2

are not completely arbitrary!
Adams et al

hep-th/0602178
Bellazzini
1605.06111 ⇒
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Heisenberg-Euler Lagrangian
Calculation in QED

Matching HE-EFT and QED

Exercise:  verify  this calculation. 

Find c1 and c2 for scalar QED.

+reversed fermion line
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Most of physics of very low-energy photon scattering can be 
understood by simple power counting. Explicit calculations of the 
matching the effective theory (HE Lagrangian) to the full theory 
(QED) are needed only to determine two O(1) numerical coefficients

The low-energy Lagrangian is a useful tool to work out subtle 
effects on classical electromagnetic fields

A future measurement of the Wilson coefficients will be a non-
trivial result, as some unknown light particles could in principle 
contribute to it, along with the electron and other SM charged 
particles 

Lessons learned:

Heisenberg-Euler Lagrangian
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Fermi effective theory
of weak interactions 
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In SM, muon decays to electrons and 
neutrinos are mediated by W bosons

See spinor bible 0812.1594
for 2-component notation 

Fermi Theory of weak interactions
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In SM, muon decays to electrons and neutrinos 
are mediated by W bosons

Fermi Theory of weak interactions
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In SM, muon decays to electrons and neutrinos 
are mediated by W bosons

Up to 10^-6 corrections, this process can be 
approximated by the Fermi theory where W 
boson is “integrated out” and instead there is a 
4-fermion contact interaction between muon, 
electron, and neutrino 

Fermi Theory of weak interactions
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In SM, muon decays to electrons and neutrinos 
are mediated by W bosons

Up to 10^-6 corrections, this process can be 
approximated by the Fermi theory where W 
boson is “integrated out” and instead there is a 
4-fermion contact interaction between muon, 
electron, and neutrino 

Matching effective theory 
amplitude to SM one 

at leading order in q^2/mW^2

Fermi Theory of weak interactions
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Fermi Theory of weak interactions

In SM, muon decays to electrons and neutrinos 
are mediated by W bosons

Up to 10^-6 corrections, this process can be 
approximated by the Fermi theory where W 
boson is “integrated out” and instead there is a 
4-fermion contact interaction between muon, 
electron, and neutrino

One can systematically “improve” Fermi theory 
by adding higher-order operators suppressed 
by more powers of Λ 
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EFT is not only simpler but ofter 
better than original UV theory

UV theory may suffer from large logs 
associated with disparate scales in loop 
diagrams

In EFT, analogous diagram is log-
divergent. Matching UV and EFT 
absorbs log divergence into 
counterterms leaving dependence on 
renormalization scale 

If we match UV and EFT at mW scale, 
large log vanishes in matching formula. 
Instead this log reappears as running 
of Wilson coefficient in EFT below mW

Effectively, large logs are resummed! 

FIG. 6: One loop correction to heavy quark decay.

If we take (!s

4" ln(!)) to be order one, then we must resum all terms of the form (!s

4" ln(!))n.

This is called the “leading log (LL)” approximation. This resummation as well as the “next

to leading log (NLL) ((!s

4" ln(!))n!1)” and so forth are easily performed once we work within

the framework of EFT.

The way EFT makes the resummation of the logs simple is by converting the problem to

one with which we are more familiar. We know how to sum logs arising from UV divergences

using the renormalization group (RG), so all we need to do is to figure out how to relate

the logs in (30) to RG logs. The logs in (30) can be thought of as IR logs in the mb goes to

zero limit, or UV logs if we take MW to infinity. But this second limit is exactly the limit

we take in constructing the EFT. In the four-Fermi theory MW is taken formally to infinity,

usually keeping only the first non-trivial term in the 1/MW expansion. Let us see how the

four Fermi theory reproduces the log in (29). The loop correction in the e!ective theory

corresponding to those in figure 6a is shown in figure 6b, and is given by
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Note that without doing any calculation we could have guessed the coe"cient of the log

in the e!ective theory from the full theory result. Since, as we discussed in the context of

our toy model, the e!ective theory must reproduce the IR physics of the full theory, so the

logs of mb must be identical in both theories. Using this result we may match onto the

e!ective theory. The Wilson coe"cient of the four-Fermi operator is

C4F (µ) = GF
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Fermi Theory of weak interactions Rothstein
hep-ph/0308266

• Soft-Collinear E!ective Theory (SCET): For large light-like interactions such as those

in heavy to light quark transitions [24], high energy jet processes[25] or quarkonia

decays [26].

For type I theories, one may ask the question: “Why bother with an e!ective theory when

we know the complete theory?”. The answer is that in general the full theory can be quite

complicated and going to an e!ective theory simplifies matters greatly. In particular, going

to an e!ective theory can manifest approximate symmetries that are hidden in the full theory

and, as we know, increased symmetry means increased predictive power. Furthermore, when

the full theory contains several disparate scales (ml, mh) perturbation theory can be poorly

behaved as typically one generates terms of the form ! ln(ml/mh). When these logs become

large, they need to be resummed in a systematic fashion in order to keep perturbation theory

under control. Working within an e!ective theory simplifies the summation of these logs.

The classic example of such a resummation arises in B meson decays, which I will now

explore.

E. EFT and Summing Logs

Let us consider the decay of a free b quark. This calculation is discussed in the text by

Peskin and Schroeder [2] using slightly di!erent language, but I will sketch it here for the

sake of completeness . I will also simplify it some by ignoring operator mixing. At first sight

there is no reason to believe that free quark decay has anything to do with the actual meson

decay, but we’ll come back to that point later.

The tree level decay rate is proportional to the usual muon decay calculation, while at

one loop we have diagrams such as those in figure 6a. This correction is finite and contains

a large log of the form

Diag. 6a = "1
!s(µ)

4#
ln(m2

W /m2
b), (29)

The diagrams which do not traverse the W propagator do not contribute large logs and will

not be of interest to us. If we are to save perturbation theory we must resum these logs.

Indeed, the perturbative series for a generic Greens function of a theory which contains a

large disparity of scales whose ratio is $, will contain the series

Glog =
!
!

n=1

(
!s

4#
)n

n
!

m=0

C(n)
m ln($)m. (30)
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FIG. 6: One loop correction to heavy quark decay.
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Notice that we work in a mass independent prescription (usually MS) where we subtract

only the pole and possibly some dimensionless constants. Thus, the constant in (32) is

scheme dependent. However, this scheme dependence is order O(!), which is sub-leading in

the LL approximation. To cancel this O(!) scheme dependence we would need to go to the

NLL, where the shift in the two loop anomalous dimension, generated by shifting schemes,

will account for the change in the matching coe!cient. Details of higher order calculations

can be found in [17].

Exercise 1.5 Prove that the anomalous dimension is scheme independent only up to one

loop. Also show that the beta function is scheme independent up to two loops. Assume

that the coupling in the new scheme is analytic in the coupling in the old scheme, that is

g!(g) = a1g + a2g2 + . . .

Now in order to match we must make sure that series for C4F is converging. Thus we

should choose µ to be order MW , in which case C4F = GF (1 + "1
!s(µ)

4" #). In making this

choice we have removed the large log from the matching, but if we are not careful the logs

can still reappear. To see this we must consider the observable of interest. Using the optical

theorem we may write the B meson decay rate as [18]

" = Im

!

d4x
i

mB
| C4F (µ) |2 "B | T (O†

4F (x)O4F (0) | B#µ. (33)

Any µ dependence in the Wilson coe!cient must be cancelled by the µ dependence of

the matrix element. If we choose µ to be order MW , then the matrix element will also be

renormalized at this high scale. This would clearly be a blunder, since the physics responsible

for the decay is all taking place at the scale mb. This blunder will reprise the log, since it

will now show up in the matrix element as ln(mb/µ). To truly vanquish the log we want to

renormalize the four Fermi operator at the lower scale mb. But we know how to do this. We

use the fact that the bare operator, OB = ZOR, where Z includes both the operator and

wave function renormalization, is µ independent
"

µ
$

$µ
+ %(g)

$

$g
+ &O4F

#

OR
4F = 0, (34)

then since Z = Z2
q /ZO4F

&O4F
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2
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(35)
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Same Fermi theory can be used to describe 
related processes, e.g. high-energy neutrino 
inelastic scattering 

Fermi Theory of weak interactions

νe e-

μ-νμ

In the limit all fermions are massless, only 1 helicity amplitude is non-zero:

In Fermi theory,  scattering amplitudes grow indefinitely with scattering energy!
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Digression: unitarity constraints

S matrix unitarity

Implies relation between forward scattering amplitude, 
and elastic and inelastic production cross sections

Assuming elastic amplitude approaches s-wave at high energies, Mel. → C(s)

Now we take the matrix element Eq. (A.1) between two identical two-body states:
hp

1

, p
2

| · |p
1

, p
2

i. Following the same steps us above we obtain

2ImM(p
1

, p
2

! p
1

, p
2

) = S
2

Z
d⇧

2

|M
el.(p1, p2 ! k

1

, k
2

)|2+
X

Sn

Z
d⇧n|Minel.(p1, p2 ! k

1

. . . kn)|2,
(A.4)

where on the r.h.s. we split the intermediate state sum so as to isolate the elastic 2 ! 2
scattering.

Assume that the elastic amplitude asymptotically for large s becomes an s-wave,
that is independent of the scattering angles, M

el. ! C(s). We can integrate |M
el.|2

over the two-body phase space and rewrite Eq. (A.4) as

(ReC)2 + (ImC � 8⇡/S
2

)2 +
8⇡Sn

S
2

XZ
d⇧n|Minel.(p1, p2 ! k

1

. . . kn)|2 =
✓
8⇡

S
2

◆
2

,

(A.5)
where we ignored the masses in the 2-body phase space integral. We can draw several
interesting conclusions from this equation:

• Since the inelastic term is non-negative, the s-wave amplitude should be con-
strained to lie inside the Argand circle, with the center at ReC = 0, ImC = 8⇡/S

2

and the radius 8⇡/S
2

. If inelastic channels are negligible then the amplitude should
lie on the Argand circle. It follows that

|ReC|  8⇡

S
2

. (A.6)

This equation is often used to set the bound on parameters of perturbative theories.
Indeed, if one finds ReC > 8⇡/S

2

at tree level, then loop corrections must bring
the theory back into the Argand circle. This is possible, but if ReC � 8⇡/S

2

it
would mean the loop corrections must be larger than the tree-level, which signals
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symmetry factor
for n-body final state

Re(C)

Im(C)
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Fermi Theory of weak interactions

νe e-

μ-νμ

In Fermi theory, amplitudes grow indefinitely with 
scattering energy!

At some point, s-wave amplitude violates unitarity 
bound 

Fermi theory does not make sense 
(at least perturbatively)
for E ≳ 4 π v ∼ few TeV!

In reality, Fermi theory ceases to be a correct description of physics well below 4 π v, 
once we approach the W mass threshold, mW = g v/2 << 4πv.  But a general lesson is 
that every effective theory has a limited range of validity. For strongly coupled UV 

completions validity range is close to the maximal one. For weakly coupled UV 
completions validity range is well below the maximal one.
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EFT can be a great and simple tool to study low-energy 
consequences of more complete theories as long as E<<Λ, where Λ 
is the mass scale of the UV theory.

It predicts correlations between rates of different processes (in our 
example processes related by crossing symmetry, but it is less 
trivial in other examples)

However, EFT has limited validity range. It stops making sense as a 
perturbative theory for E ≳ 4 π Λ/g, where g is the coupling 
strength in the UV theory 

In reality, as one approaches  E = Λ from EFT side, higher-
dimensional operators become more and more relevant, and 
expansion in 1/Λ becomes impractical.  For E ∼ Λ resonance in UV 
theory can be resolved and EFT description becomes useless 

Fermi Theory of weak interactions
Lessons learned:
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Chiral perturbation theory
of low-energy QCD
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ChPT describes low energy interactions of 
pions. 

Underlying theory - QCD  - is known, but 
coefficients of EFT operators cannot be 
calculated analytically. 

Approximate symmetries inherited from QCD 
provide a method to write down possible pion 
interactions in a systematic expansion

Chiral perturbation theory
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QCD has two nearly massless quarks: up and 
down. In massless limit, QCD Lagrangian has 
SU(2)LxSU(2)R symmetry corresponding to 
separate rotations of left-handed and right-
handed components 

This symmetry is explicitly and completely  
broken by quark masses

There’s even larger source of symmetry 
breaking due to QCD vacuum condensate,
 <u u^c> = < d d^c>

This spontaneously breaks SU(2)LxSU(2)R 
down to diagonal SU(2) that rotates left-
handed and right-handed quarks in the same 
way

Therefore, there should 3 light Goldstone 
boson states (identified with pions), 1 for each 
spontaneously broken generator of symmetry

Chiral perturbation theory

SU(2) SU(2)
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Low energy theory of pions should inherit 
symmetries of QCD 

This means the theory should have non-linearly 
realized SU(2)LxSU(2)R symmetry such that 
diagonal (vector) part is linearly realized, and 
under axial part pions transform under shift 
symmetry

Effective Lagrangian can then be written in 
derivative expansion 

Lowest order term that one can write has 2 
derivatives. It describes kinetic terms of pions, 
but also infinite series of 2-derivative pion 
interaction terms

 These interactions can be tested in pion-pion 
scattering, which allows one to fit f≈93 MeV 

Chiral perturbation theory

π+ π-

π+ π-
Friday, April 21, 17



ChPT theory can be extended to 4-derivative level. This produces 4-derivative 
interactions terms of pions, in addition to 2-derivative ones

By studying momentum dependence of pion scattering one can fit the parameters L1, 
L2, L3

Note that in this case 1-loop diagrams with 2-derivative vertices  have to included 
together with tree-level diagrams with 4-derivative vertices. In ChPT, derivative 
expansion is intimately tied to loop expansion. 

Chiral perturbation theory

π+ π-

π+ π-

π+ π-

π+ π-

p2

p2
p4

Table 4.3: Renormalized low-energy coupling constants Lr
i in units of 10!3

at the scale µ = M! [Bij+ 95a]. !1 = !1/8, !2 = 5/24.

Coe"cient Empirical Value #i

Lr
1 0.4 ± 0.3 3

32
Lr

2 1.35 ± 0.3 3
16

Lr
3 !3.5 ± 1.1 0

Lr
4 !0.3 ± 0.5 1

8
Lr

5 1.4 ± 0.5 3
8

Lr
6 !0.2 ± 0.3 11

144
Lr

7 !0.4 ± 0.2 0
Lr

8 0.9 ± 0.3 5
48

Lr
9 6.9 ± 0.7 1

4
Lr

10 !5.5 ± 0.7 !1
4

to be redundant. We will justify this statement in terms of field transfor-
mations. To that end let us consider another SU(3) matrix U "(x) which is
related to U(x) by a field transformation of the form

U(x) = exp[iS(x)]U "(x). (4.110)

Since both U and U " are SU(3) matrices, S(x) must be a Hermitian traceless
3" 3 matrix. We demand that U "(x) satisfies the same symmetry properties
as U(x) (see Table 4.2),

U "
G#$ VRU "V †

L , U "(!x, t)
P#$ U "†(!!x, t), U "

C#$ U "T , (4.111)

from which we obtain the following conditions for S:

S
G#$ VRSV †

R, S(!x, t)
P#$ !U "†(!!x, t)S(!!x, t)U "(!!x, t), S

C#$ (U "†SU ")T .
(4.112)

The most general transformation is constructed iteratively in the momentum
and quark-mass expansion,

U = exp[iS2(x)]U (1)(x), U (1)(x) = exp[iS4(x)]U (2)(x), · · · , (4.113)

where the matrices S2n are of O(p2n), satisfy the properties of Eq. (4.112),
and have to be constructed from the same building blocks as the e$ective
Lagrangian.

118

(In units of 10^-3, 
at scale mρ)

Scherer, hep-ph/0210398
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Operators that can be eliminated or traded for other by equations of motion are not 
included in effective Lagrangian 

This is because they are redundant - all their effect on on-shell amplitudes can be 
described by other terms

In this case, in the limit of massless pions, equation of motion is ☐U= 0, so the new 
term above does not contribute to on-shell amplitudes at all

Chiral perturbation theory

π+ π-

π+ π-

π+ π-

π+ π-

p2

p2
p4

?
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It is often advantageous to work with EFT even when matching with 
UV theory cannot be calculated. Then one needs to write down all 
possible non-redundant interaction terms consistent with EFT 
symmetries in some systematic expansion, and determine their 
coefficients from experiment

EFT is not renormalizable, therefore it formally has infinite number 
of parameter. However, at a fixed order in EFT expansion it is 
renormalizable. As soon as  all coefficients are fixed at a given  
order from experiment, other observables can be predicted at that 
order 

Chiral perturbation theory

Lessons learned:
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Naturalness in EFT:
GIM mechanism
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naturalness a-la t’Hooft
Scalar Lagrangian:

Invariant Not Invariant Not Invariant

Expected scaling:

Applying this to the Higgs

⇒

This argument suggests new physics should appear below TeV scale, 
and that in  UV completion of SM there’s symmetry protecting Higgs mass parameter

In practice, one see t’Hooft scaling argument at one loop 
as quadratic sensitivity to the cutoff scale
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Fermion mass terms violate chiral symmetry, thus 
larger symmetry recovered in limit m→0. This 
makes it natural in t’Hooft sense for fermion 
masses to span large range

For composite states of light quarks in QCD, light 
scalars (pions) are protected by approximate shift 
symmetry in EFT, while unprotected scalars (e.g. σ)  
have masses close to EFT cutoff

GIM mechanism for kaon mixing mass term

Mostly yes!

Is t’Hooft naturalness principle applicable to mass parameters in high-energy physics? 

naturalness a-la t’Hooft

kinetic terms symmetry U(1)LxU(1)R

mass terms symmetry U(1)V
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GIM mechanism

Consider alternative universe 
where SM has two generations of 
quarks, out of which only charm is 
massive and up/down/strange are 
massless

At tree-level, effective theory at 
energies below W mass has 4 
quarks with effective 4-quark 
interactions which may violate 
flavor numbers (S,C) by one unit

Effective theory at energies 
below charm mass has 3 quarks 
with effective 4-quark 
interactions which may violate 
strangeness by one or two units

0.2

u,d,s,γ,g

E[GeV]

1

80

EFT4

u,d,s,c,γ,g

SM’
u,d,s,c,γ,W,Z,g

mesons+γ

EFT3

Naturalness works! 
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GIM mechanism

One can describe ΔS=2 kaon mixing 
using 3-quark EFT

This process occurs may occur via 
direct ΔS=2 coupling, or via one 
loop diagrams with two  ΔS=1 
vertices

Loop integral is divergent. This 
means that kaon mixing is not 
calculable in 3-quark  EFT - it 
depends on unknown counterterm 
inside Css 

One can naively estimate amplitude 
by putting cutoff Λ in loop integral. 
Quadratic dependence on Λ is 
interpreted as dependence of cutoff 
mixing on physics at scales above 
cutoff of 3-quark EFT -
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GIM mechanism

Experimentally measured K_long-
K_short mass difference is related 
to ΔS=2 amplitude we calculated

If we use amplitude calculated in 3-
quark EFT with cutoff Λ, we can get 
estimate for cutoff of 3-quark EFT

This naive  estimate returns 
Λ∼1 GeV ! 

Naturalness suggests 3-quark EFT is 
replaced by a more complete theory 
at E∼1 GeV, and in this UV theory  
ΔS=2 amplitude  is calculable and 
insensitive to high scales

Note that this conclusion would be 
lost if we used dimensional 
regularization to estimate amplitude
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In our example, UV completion is 
4-quark EFT, with 3 massless u/d/
s quarks and massive charm quark

In this set-up, loop mediated 
ΔS=2 amplitude is finite thanks to 
GIM mechanism, which follows 
from unitarity of CKM matrix

Actually, result in EFT4 is exactly 
that of EFT3 after replacing Λ 
with charm mass.
Hence, in this example, looking at 
hierarchy problem in EFT provides 
not only qualitative but also 
quantitative  guidance about 
physics of UV theory

GIM mechanism

ji

 i

  j

Exercise: In the real world, how does the top quark affects this story, qualitatively and quantitatively

Glashow,Iliopoulos,Maiani
Phys.Rev. D2 (1970) 
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Warning!
In GIM example, quadratic dependence on cutoff in loop integral 

signifies sensitivity to high scales
But this is not always the case! 

Trivial counterexample: photon mass in QED

Calculated with cutoff, photon mass 
is quadratically divergent at 1 loop:

This is just because cutoff is
not consistent with gauge invariance.

With gauge invariant regulator, 
photon mass correction will always vanish

 

?
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Heavy quark effective theory. 
Describes spectrum and dynamics of 
bound states with 1 heavy quark 
(bottom or charm)

Non-relativistic QED/QCD. Describes 
bound states of electrons, positrons, 
muons, quarks, etc. 

Nuclear effective theory. Describes 
low-energy interactions of protons, 
neutrons, deuterons, etc. 

and much more...

Many more EFT examples
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EFTs emerge naturally in particle physics and 
elsewhere, at vastly different scales and kinematical 
regimes

Even when UV theory is known, and matching to IR 
EFT is calculable, EFT is important tool for 
calculations (simplicity, quick estimates, resummation 
of large logs)

 When low energy Lagrangian is unknown a priori 
because it cannot be calculated or UV theory is not 
known, EFT framework is important tool to organize 
physics description   

Summary
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