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Abstract: In this paper, we rigorously construct Liouville Quantum Field Theory on
the Riemann sphere introduced in the 1981 seminal work by Polyakov. We establish
some of its fundamental properties like conformal covariance under PSL,(C)-action,
Seiberg bounds, KPZ scaling laws, KPZ formula and the Weyl anomaly formula. We
also make precise conjectures about the relationship of the theory to scaling limits of
random planar maps conformally embedded onto the sphere.

1. Introduction

The two dimensional Liouville Quantum Field Theory (Liouville QFT for short, or also
LQG! as a short-cut for Liouville Quantum Gravity as is now usual in the mathematics
literature) was introduced by Polyakov [50] as a model for quantizing the bosonic string
in the conformal gauge and gravity in two space-time dimensions. Liouville QFT is one
of the most important two dimensional Conformal Field Theories (CFT).

Classical Liouville theory is a theory of Riemannian metrics g on a two dimensional
surface X. One considers metrics g = ¢” X g where £ is some fixed smooth “reference”
metric, X : ¥ — R is a deterministic function and y is a real parameter. The Liouville
action functional is then defined as

1 R
S(X,8) = H/ (|agX|2+ QR§X+4JTM6VX) A, (1.1)
)

where 9%, R; and A; respectively stand for the gradient, Ricci scalar curvature and
volume form in the metric ¢. The parameter u > 0 is the analog of a“cosmological

A. Kupiainen: Supported by the Academy of Finland.

1 Not to be confused with Loop Quantum Gravity, another approach to quantize gravity in 3 and 4 dimen-
sions.
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constant” in two dimensional gravity and Q is a real parameter. For the particular
value

this action functional is conformally invariant. This means that if we choose a complex
coordinate z so that the metric is given as § = dz” then (1.1) is invariant under the
simultaneous change of coordinates z = f(w) and shift in the field

X=X of+Qlogl|f']. (1.2)
In that case its extrema are given by solutions of the classical Liouville equation
Ryyxg = —2puy’.

Such solutions define metrics e”X ¢ with constant negative curvature and lead to the
uniformisation theorem of Riemann surfaces.

In the quantum (or probabilistic) Liouville theory the field X becomes a random field
with law given heuristically in terms of a functional integral

E[F(X)] =Z*1/F(X)e*5(x’g’)DX, (1.3)

where Z is a normalization constant and DX stands for a formal uniform measure on
some space of maps X : ¥ — R. We stress that for i > 0 this field is non Gaussian
whereas for 4 = 0 it is Gaussian, in which case it is known under the name Gaussian
Free Field (GFF), free referring to the fact that the field is “free” of interactions (here
the term 47 v e?¥). The aim of this paper is to make rigorous sense of the heuristic
expression (1.3) and study its properties.

The quantum Liouville theory is a Conformal Field Theory. This means that we
expect there to be a sense in which the random field X is invariant under the confor-
mal transformations (1.2) (see Sect. 3.2), however with a renormalized value of the Q
parameter

Q — % + Z

y 2
Note that Q is invariant under y — 4/y and in the standard branch of Liouville theory,
the parameter y belongs to the interval 0, 2] (see Sect. 4 for discussion of y > 2).
Conformal Field Theories are characterized by the central charge ¢ € R that reflects
the way the theory reacts to changes of the background metric (see Sect. 3.5). For
the Liouville quantum theory, the central charge is ¢ = 1 + 6Q?: thus it can range
continuously in the interval [25, +0o[ and this is one of the interesting features of this
theory.

Since its introduction, Liouville QFT has been and is still much studied in theoretical
physics, in the context of integrable systems and conformal field theories, of string
theories, of quantum gravity, for its relation with random matrix models and topological
gravity (see [49] for a review), and more recently in the context of its relations with 4
dimensional supersymmetric gauge theories and the AGT conjecture [1].

Liouville theory has also recently raised much interest in mathematics and theoretical
physics in the (slightly different) context of probability theory and random geometry,
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where the conjectured link between large planar maps and LQG is intensively studied (see
Sect. 5.3 for a discussion on this point). Up to now such studies have exclusively focused
on the incarnation of the Liouville theory as a free field theory where the parameter p
is set to zero:Z see for instance [24,53] and the review [29]. Within this framework, the
Liouville measure e” X 1 4 is formally the exponential of the GFF and is mathematically
defined via Kahane’s theory of Gaussian multiplicative chaos [38] for y €]0, 2[. It is
then possible to study in depth the properties of the measure in relation with SLE curves
or geometrical objects in the plane that can be constructed out of the GFF [4,21,25,
60]. In particular, in this geometrical and probabilistic context, a precise mathematical
formulation of the KPZ scaling relations can be given [5,24,53].

Let us also mention that defining a random metric is an important open problem in
the field and steps towards this problem have been achieved in [12,48] in the special
case y = /8/3: recall that for this value of y (and in the context u = 0) the work [48]
constructs a random growth process that is conjectured to be the growth of balls of a
metric space formally corresponding to the “tangent plane” of LQG. This metric space
is supposed to correspond to the conformal embedding in the plane of the so-called
Brownian plane, recently constructed in [13]. Also, as originally suggested in [16],
one can define rigorously the associated diffusion process called Liouville Brownian
motion [30] (see also [7] for a construction starting from one point). This has led to
further understanding of the geometry of (1 = 0) LQG via heat kernel techniques, see
[3,8,31,46,54] for recent progresses.

Treating the Liouville theory as a GFF (thus setting ; = 0) is justified in some cases.
It was used in the physics literature in the original derivation of KPZ exponents (see
the seminal work [39] and also [15, 18] for the framework considered here) and it is the
basis of many formal calculations [17,34,35] of the correlation functions of the Liouville
theory, i.e., expectations of product of vertex operators, which are random fields of the
form

Vg (x) = e2X®) (1.4)

(properly renormalized, see Sect. 2.3). Indeed, if one performs a formal expansion of
the interaction term 47 s1e? X in the formula (1.3) in powers of 1 one ends up computing
expectation values in the GFF of products of fields (1.4) integrated over their location,
which may be calculated in closed form [20]. Such calculations lead in particular to
the famous DOZZ formula for the 3-point correlation functions of Liouville theory on
the sphere [19,64] (see Sect. 5.1 for further explanations). Thanks to these calculations,
many checks have been done between the results of Liouville theory for the correlation
functions and corresponding calculations using random matrix models and integrable
hierarchies [49].

Nevertheless, for many questions, the “interaction” exponential term has to be taken
into account. This is for instance the case for the open string (Liouville theory in the
disk) where the negative curvature metric and the boundary conditions play an essential
role. The purpose of this paper is precisely to define the full Liouville theory for all
u > 0 in the simple case of the theory defined on the Riemann sphere S? (the theory in
the disk can be defined along the same lines but details of the construction will appear
elsewhere). The small scale properties of Liouville field theory are relatively simple: a
simple normal ordering renders the interaction term well defined for y < 2. However,

2 In the mathematics literature, one speaks of critical LQG when p = 0, though the terminology is
misleading because non critical LQG, which is the object of this work, is also a CFT.
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the theory has unconventional properties in large scales due to a neutral direction (“zero
mode”) in the integral (1.3).

Main results of the paper. We will construct the general k-point correlation functions
of vertex operators (1.4) on the sphere satisfying the so called Seiberg bounds [57]:

k
Za,» >20 and o < Q, Vi. (1.5)

i=1

This is the content of Theorem 3.2 which establishes convergence and non triviality of
the correlation functions under assumption (1.5) (we also call the correlation functions
partition functions). We denote these correlation functions Hgff,‘f i (g, 1) when working
in a background metric g. We will also study the conformal invariance and p-dependence
of these correlation functions and study the associated Liouville measure. The conformal
invariance property is the content of Theorem 3.5 and is called the KPZ formula in the

physics literature: it states that if v is a Mobiiis transform of the sphere then

nyeeiq, 1) = [[1v' @) 2« &% @, 1) (KPZ formula)

1

where Ay, = 5 (Q — ). In particular, we establish the well known KPZ scaling laws
(see [37,39,49]) on the u-dependence: this is the content of Theorem 3.4 which states

20-% q;

neig y=pu 7 H;(/Z,ifai)i (g.1) (KPZ scaling laws)

Finally we determine the way the correlations behave under conformal changes of
metrics e? g (for appropriate ¢), known as the Weyl anomaly formula (see [9-11,22,50]
for early references on the scale and Weyl anomalies in the physics literature and [51,56]
on related mathematical works) thereby recovering ¢; = 1 + 6Q? as the central charge
of the Liouville theory: this is the content of Theorem 3.11 which states that

(zi@i)i (o9 5 = fL 82
M 1) = exp (go ([ 10FoP

+/ 2Rz d)»g))l'lgfi;f")" (g, F) (Weyl anomaly)
R2 '

Finally, we discuss possible approaches of the y > 2 branches of LQG and formulate
precise conjectures on the relationship between LQG and scaling limits of planar maps.

Our results should not appear as a surprise for theoretical physicists as we recover
(in a rigorous setting) many known properties of LQG but they are the first rigorous
probabilistic results about the full Liouville theory (on the sphere), as it was introduced
by Polyakov in his 1981 seminal paper [50].

2. Background

2.1. Metrics on R?. The sphere S? can be mapped by stereographic projection to the
plane which we view both as R? and as C. Given a Riemannian metric on R? we will
denote by 9¢ the gradient, A the Laplace—Beltrami operator, R, = —Ag In \/det g the
Ricci scalar curvature and A, the volume (or area) form in the metric g. When no index
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is given, this means that the object has to be understood in terms of the usual Euclidean
metric on the plane (i.e. 9, A, R and 1).

We take as the background metric in (1.1) the spherical metric on S? which becomes
on R? and on C

4o
A+ 22 T U+

g = (dz ®dz+dz ® dz).
Its Ricci scalar curvature is R; = 2 (its Gaussian curvature is 1) and the volume fRz Ay =
4.

We let C(R?) stand for the space of continuous functions on R? admitting a finite
limit at infinity. In the same way, Ck (Rz) for k > 1 stands for the space of k-times
differentiable functions on R? such that all the derivatives up to order k belong to C (R?).
We say a metric g = g(x)dx? is conformally equivalent to g if

g(x) = Mg (x)

with ¢ € C?(R?) such that fR2 |0p|> dr < oo. We often identify the metrics g with
their densities g(x) (or g(z)) with respect to the Euclidean metric. The curvature R, can
be obtained from the curvature relation

Ry = e *(Rs — Dg9). 2.1)

In what follows, we will denote by m(h) the mean value of /4 in the metric g, that is

mg(h) = hdg. (2.2)

Ag (R?) JRp2
Given any metric g conformally equivalent to the spherical metric, one can consider

the Sobolev space H'! (R2, g), which is the closure of C*°(R?2) with respect to the Hilbert
norm

/ hzdxg+/ 198h|% dg (2.3)
R2 R2
Note that the Dirichlet energy is independent of the metric:
/ 1081|? dhg =/ |0h|? d). (2.4)
R2 R2

2.2. Gaussian free fields. The purpose of this section is to give a precise meaning to
the expression (1.3) in the absence of the i and Q terms i.e. we want to give a precise
meaning to the measure formally given by

1
_ gy |2
exp( o= /Rz 198 X| ,\g)Dx (2.5)

where g is any metric conformally equivalent to the spherical one and DX stands for a
“uniform measure” on some space of X : R> — R. Obviously (2.5) should be defined
in terms of a Gaussian measure. However, there is an important twist in that we want to
include in the integration domain the constant functions for which the exponent in (2.5)
vanishes. This means that the resulting measure will not be a probability measure. Before
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giving the precise mathematical definition, we choose to explain first the motivations
for the forthcoming definitions.

Heuristic explanation. By (2.4) the density in (2.5) is independent of g and so one
can recognize it as a formal density for the Gaussian Free Field (GFF) i.e. a centered
Gaussian field with covariance structure

EX(x)X(y)] =In (2.6)

lx =yl
(for references to such log-correlated fields see [21,27,32,59]). This field is defined only
up to a constant. One way to fix the constant is to consider its restriction to the space of
test functions f with vanishing mean [, fdi = 0 (see [27]). This is not the approach
that we will develop here. Given a metric g conformally equivalent to g, we will rather
consider a field X, conditioned on having vanishing mean in the metric g. Heuristically,
we have

Xg =X — mg(X). 2.7)

The constant has thus been fixed by imposing the condition

/xg dhg = 0. 2.8)

(In fact, this condition is arbitrary and plays no role since later we will consider X + ¢
where ¢ will be integrated against the Lebesgue measure). Though this description is
not rigorous as the field X does not exist as a function, each field X is perfectly defined
through its covariance which is explicitly given by

Go(x.y) 1= ELX, (1) X, (7)] 2.9)
1
=1In P mg(ln T '|) mg(ln —Iy — _|) +9g,
with
9‘—;// l;k(d))\.(d/) (2.10)
T R [ Jpagge g — ) O '

To be precise, the above definition should be understood as the kernel of the covariance
of the field X, integrated against appropriate test functions. It is then plain to check that
X, is a Gaussian Free Field with vanishing A,-mean on the sphere. O

Therefore we introduce the following definition

Definition 2.1. For each metric g conformally equivalent to g, we consider a Gaussian
Free Field X with vanishing A,-mean on the sphere, that is a centered Gaussian random
distribution with covariance kernel given by the Green function G, of the problem

Agu = =21 f on]Rz, / udig =0
]R2
ie.

u= / Go(-, ) f(Drg(d2) == Gy f. (2.11)
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By a straightforward adaptation of [21,59] one can show that X lives almost surely

in the dual space H ™! (R2, g) of H'(R2, g), and this space does not depend on the choice
of the metric g in the conformal equivalence class of g. We state the following classical
result on the Green function G, (see the appendix for a short proof)

Proposition 2.2 (Conformal covariance). Let v be a Mdbius transform of the sphere
and consider the metric gy (z) = [V () |2g(1ﬂ(z)). We have

Gy (x,y) = Gg(Y(x), ¥ (¥)).
Furthermore, a simple check of covariance structure with the help of (2.9) entails

Proposition 2.3 (Rule for changing metrics). Let the metrics g, g’ be conformally equiv-
alent to the spherical metric. Then we have the following equality in law

law

Xg —mg(Xy) = Xy

Specializing to the round metric, let us register the explicit formula (which is a
consequence of (2.9), corollary B.1 in the appendix and the fact that 6; = —%)

1 N N 1
G;(z,7)=1n —Z(lng(z)+1ng(z’))+1n2—§ (2.12)

|z — 2|

and the transformation rule under Mobius maps
1
Gi(¥(2), ¥ (@) = Geoplz, 2) = Gy(z, 2) — Z((/)(Z) +¢(2)) (2.13)

where e? = g, /& (see Appendix).

All these GFFs X (g conformally equivalent to ¢) may be thought of as centerings
in Ag-mean of the same field. They all differ by a constant. To absorb the dependence on
the constant, we tensorize the law P of the field X, with the Lebesgue measure dc on R
and we consider the image of the measure IP; ® dc under the mapping (X,, ¢) = Xg+c.
This measure will be understood as the “law” (it is not finite) of the field X corresponding
to the action (2.5). This measure is invariant under the shift X — X +a for any constant
a € R and is independent on the choice of g conformally equivalent to g.

To sum up, in what follows, we will formally understand the measure (2.5) as the
image of the product measure P ® dc on H~'(R?, §) x R by the mapping (X g, C) >
X + ¢, where dc is the Lebesgue measure on R and X has the law of a GFF X, with
vanishing Ag-mean, no matter the choice of the metric g conformally equivalent to g.

2.3. Gaussian multiplicative chaos. Next we turn to the interaction term | erX d)g in
Eq. (1.1). Since X is distribution valued this is not a priori defined. As is well known
it can be defined by first regularizing X and then renormalizing and taking limits. This
leads to the theory of Gaussian multiplicative chaos [38].

In what follows, we need to introduce some cut-off approximation of the GFF X,
for any metric g conformally equivalent to the spherical metric. Natural cut-off approx-
imations can be defined via convolution. We need that these cut-off approximations be
defined with respect to a fixed background metric: we consider Euclidean circle averages
of the field because they facilitate some computations (especially Proposition 2.5 below)
but we could consider ball averages, convolutions with a smooth function or white noise
decompositions of the GFF as well.
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Definition 2.4 (Circle average regularizations of the free field). We consider the field
Xg.c

1 2 ‘0
Xg,e(x):g/0 Xo(x +ee')do.
Proposition 2.5. We claim (recall (2.10))

L limeo E[X; c(x)*] +In€ + 1 In §(x) = In2 — J uniformly on R%.
2. Let Y be a Mobius transform of the sphere. Denote by (X o )¢ the €-circle average
of the field X; o . Then

lim E[(X; o Ve ()] + %m (W (x) +In Y/ (x)| +Ine =In2 — %

uniformly on R2.

Proof. To prove the first statement results, apply the e-circle average regularization to
the Green function expression (2.12). This yields

5 1 1 2r 2@ 1 ,
E[X; =In—-+ In ——— d6do
eI I=In 2t ooy /0 /o e e

1 1
—Elng’(x)+ln2 ~5 +o(1)

where o(1) is with respect to €.

Now, we use
2 2 1
o Jo le’® — 't
which yields the claim

Concerning the second statement, thanks to relations (2.12) and (2.13), observe that
we have

5 1 1 27 27 1 ,

1 . 1
—3 In(|y' ()78 (¥ (x))) +1n2 — >t o(1)
where o(1) is with respect to €. We conclude similarly as the previous case. 0O

Define now the measure

2 A
My o= €7’ XaetQ/2nd g (2.14)

Proposition 2.6. For y € [0, 2[, the following limit exists in probability

2 2
1 PO 2
M, = lim M, = e7 0273 Jim ¢/ Xec T BN gy
, 4
e—0 e—0
in the sense of weak convergence of measures. This limiting measure is non trivial and
is a (up to a multiplicative constant) Gaussian multiplicative chaos of the field X ; with
respect to the measure X;.
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Proof. This results from standard tools of the general theory of Gaussian multiplicative
chaos (see [52] and references therein) and Proposition 2.5. We also stress that all these
methods were recently unified in a powerful framework in [58]. O

The following proposition summarizes the behavior of this measure under Md&bius
transformations:

Proposition 2.7. Let f € C(R?) and  be a Mobius transformation of the sphere. Then
e / FaMy) " (F X oy~ —mg, (X) e‘”"g"’(x‘é)/ fover$0dm,)
g R2 v 8 gy g))s - v

where gy = [¥/|28 o ¥ and e® = 8v/8.

Proof. We have

2 2
/fe%ey(Xg.AQﬂlnﬁ)dk _ / Fo e e? Keco+0/2ngon) 12 43

€ B y(Xeout0/2In) v 96

Let ¥ (2) = &2 where ad — be = 1. Then ¥/(z) = (cz +d) 2 and

cz+d

¢(z) =2(In(1 + |z|2) —In(Jaz +b|2 + |cz +d|2)

is in C(R_2). Let n > 0. Using Proposition 2.5 we get that on the set A, := B(0, %)\
B(=4,m)

27
W@l (@71=0.

lim BIXg ¢ (¥(2))°] = BI(Xg 0 %)

We may then use the results of [58] to conclude that the measures

€

2
o )T oY Xgou+0/2n8) 3

(

and
2
€7 oV XgoW)e+Q/2Ind) 49

converge in probability to the same random measure on A;. By Proposition 2.5

2 R 2 2
IE/ (L/)VT,31/(Xg,eow+Q/21ng))L < C/ (g/gw)yT,\g = c/ e_VTd’)Lg -0
A 1Yl Ag A

c
n

(2.15)

as 7 — 0. By Propositions 2.2 and 2.3, X; o ¥ is equal in law with Xz —m;, (X;)
yielding the claim. O
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3. Liouville Quantum Gravity on the Sphere

In the previous section we have given a meaning to the Gaussian part (2.5) of the
functional integral (1.3) as well as for the u term. Since the Gaussian measure we have
constructed is not a finite measure one has to be careful which functionals F in (1.3)
are integrable. Thus before giving the precise definition for (1.3) we discuss this point
heuristically. It turns out to lead to the first condition in (1.5).

As is well known for physicists the partition function i.e. the integral in (1.3) with
F = 11is expected to diverge due to the integral over the constant mode c (recall that it is
distributed as the Lebesgue measure). Let us therefore consider the toy model (sometimes
called the mini-superspace approximation) where X is replaced by the constant function
c and DX by the Lebesgue measure dc. By the Gauss—Bonnet theorem fz Rghe =
8m (1 — g) where g is the genus of X. Therefore the partition function of the toy model

becomes
/ o200 —g)e—pe? 5.
R

This integral diverges (as ¢ — —o0) if g < 1. Consider next F to be a product of vertex
operators (1.4). From Sect. 2.3 we know these require renormalization but proceeding
within the context of the toy model they are given by ¢“ ¢ and including them to our toy
model we end up with the integral

/ o2 @i =20(1=g))e—pe’ 4. 3.1
R

which is finite (for g = 0) provided the first Seiberg bound in (1.5) holds.

The divergence of the partition function has a geometric flavor. Recall that the ex-
trema of the Liouville action functional (1.1) are given by metrics of constant negative
curvature. On the sphere and torus no such smooth metrics exist: indeed, it is well known
that negative curvature metrics on the sphere must have conical singularities (see [62]).
Inserting vertex operators corresponds to adding conical singularities to the metric via
the Girsanov transform as we will now discuss.

With these motivations we will now give the formal definition of the functional
integral (1.3) in the presence of the vertex operators ¢% %) Let g = ¢¥§ be a metric
conformally equivalent to the spherical metric in the sense of Sect. 2.1 and let F be a
continuous bounded functional on H ! (Rz, 8). We define

]'[)(/Zi;fi)i (g, F; €)
2
— Eﬁ fRz |3§¢\2+2R§¢dkg, /R E[F(C + Xg + Q/2 In g) HEaTieai(C+Xé’-5+Q/2lng)(Zf)
l

2

xexp( — 2 Ro(c+ Xp)dhg — e [ e @XeetQ/209) g3} | e,

2 g g)dhg
T JR2 R2

(3.2)

and we want to inquire when the limit
lim T (g, F; €) =: T (g, F)

exists.
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2
Remark 3.1. We include the additional factor e%n Jp2 1920 P 2Rz dig to conform to the

physics conventions. Indeed the formal expression (1.3) differs from (3.2) in that in the
latter we use a normalized expectation for the Free Field. Thus to get (1.3) we would
need to multiply by the Free Field partition function z(g). The latter is not uniquely
defined but its variation with metric is:

~ 1
Z(e‘pg) = e %~ .[Rz 082 42R; ‘pd}‘gz(g)

see [21,32]. This additional factor makes the Weyl anomaly formula conform with the
standard one in Conformal Field Theory. We note also that the translation by Q/21In g
in the argument of F is necessary for conformal invariance (Sect. 3.2).

We start by considering the round metric, g = ¢. We first handle the curvature term.
Since R; = 2 and X has vanishing A ;-mean we obtain

M (g, F;e)
o? R
= / e 29¢ E[F(c +Xp+0/2Ing) [[e7 e Haer@/2nDE)
R

i

2 ~
< exp (- e’z / &7 HXi Q20 ) | de. (3.3)
R2

Now we handle the insertions operators e Xec@) In view of Proposition 2.5, we
can write (with the Landau notation)

2

2 2 2
G X (e Y% (o A Y X () s (z:)2
€7 % Xpe@) — 3 (9g+1n2)g(Zi) 4 %X (@) =5 BlXg o (zi) l1+001). @34

Note that the o(1) term is deterministic as it just comes from the normalization of
variances. Then, by applying the Girsanov transform and setting

2 0 do
Hp (x) = zai/ Gy(zi +ee )5 (3.5)
i 0 d
we obtain
2
. A Y0,
MG (3, F e) = eQ(z)(Hg(zi) e +2a,)
i
x / o(Xiai=20)c E[F(c + X+ Hy o+ 0/2Ing)(1 +0(1))
R
2 ~
X exp ( — pere’r / e? Kyttt 0/2In8) d)»)] dc, (3.6)
R2
with

s +In2

lim Cc(z) = Za,ajc (i, 7)) + ——" Za = C(2). (3.7)

t#/

In the next subsection we study under what conditions the limit of (3.6) exists.
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3.1. Seiberg bounds and KPZ scaling laws. We will first study the convergence of the
partition function H;Z’,‘f i (g, 1; €). We show that a necessary and sufficient condition for
the Liouville partition function to have a non trivial limit is the validity of the Seiberg
bounds given in Eq. (1.5).

It is in fact easy to see that the first Seiberg bound is a necessary condition even for
the existence of the regularized theory. Indeed, let

Z. =5 / oY Xg.+Hy +Q/2I08) g5 (3.8)
R2

Note that |Hj ((2)| < Ce since G(z;, z) tends to a constant as |z| — 0o (one can also
notice that due the circle regularization, |H; ((z)| remains bounded when z — z;).
Hence from Proposition 2.6 we infer E[Z.] < oo and thus Z, < oo PP-almost surely.
Hence we can find A, > 0 such that P(Z, < A¢) > 0 and then

o2
H;Z;il‘ji)i @, 1,¢) > (Hg(zl ++% a,) Ce(z)

0 )
x / o(Zieim20)c-neAcp (7, < A)de = 400

—00

if the first condition in (1.5) fails to hold. We will see shortly that the second condition
a; < Qisneeded to ensure that the integral in (3.8) does not blow up in the neighborhood
of the places of insertions (z;); as € — 0.

Finally, we mention that the bounds (1.5) show that the number of vertex operator
insertions must be at least 3 in order to have well defined correlation functions of the
Liouville theory on the sphere. This conforms with the fact (see [62]) that on the sphere
one must insert at least three conical singularities in order to construct a metric with
negative curvature. We claim

Theorem 3.2 (Convergence of the partition function). Let >, o; > 2Q. Then the limit
; @ia)i(p 1-¢) -— @i 5
GIE}%)HV’I‘L (g7 156) L Hy,ﬂ (g’ 1)
exists. The limit is nonzero if o; < Q for all i whereas it vanishes identically if ¢; > Q
for some i. More generally, if F is some bounded continuous functional on H~'(R?, §)
then
; Giodics B o) -— TT@%)i (5
lim TI7 (8, F€) == TI70(8, F)
exists provided that a; < Q for alli.

Proof. We will suppose that Lemma 3.3 below holds in this proof. Equation (3.6) gives
for F =1

M @, 1. e)

o?
= [T+ +onE| /R 20 exp (- pue?“Z) de

i
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By making the change of variables u = pe”“Z, in (3.6), we compute

E[/ i @i =20) exp (—ne”“Ze) dc]
R

2420 0‘1 —20

:M r(y (Za,—ZQ)) [ - ZQ] (3.9)

Y
€

where I' is the standard I" function. The claim then follows from the following Lemma
3.3.

Now, we suppose that for all i we have o; < Q and we consider F some bounded
continuous functional on H . By making the change of variable u = pe’¢Z, in (3.6),
we get

IE[/ReC(Zi W20 F(c 4 Xy + Hyo + Q/21n 8) exp ( — e’  Ze) dc]

T e F(Xgt Hy o+ Q/2Ing e Ty g
= —/ E[ = ]u v e "du
4 0 z. 7
Since Hj . converges in H™'(R?, §) to
Hg(x) ZZOliGg(Zi,x) (3.10)
i

and Z, converges to Zo defined in Lemma 3.3 below, we get almost sure convergence
of
F(Xg+Hg+Q/2Ing + Mu-lni—lnZe,

)4
2 %—20
Ze 7

towards

F(X;+ Hg + Q/21In g + ulnizinZo ‘";‘ ‘“ZO)

2920
Y
ZO

Now since F is bounded and sup, E [W] < o0 (cf. Lemma 3.3 below) the
Ze
above convergence is in fact also in average with respect to IE[.]. Finally, we can conclude
that

MZ,- a},—;ZQ ~ F(Xg + Hg,g +0)2 lng + lnu—ln};f—ln Ze) S0
_— IE)[ ST ]u v e “du
14 0 ==
Ze 7

converges as € goes to 0 to
i %20 ~ —In pu—
W oo (F(Xg+ Hy+ Q/2Ing + e nZoy oy
u
_— IE[ S 30 u v e "du
v Jo 220
Z()
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by the dominated convergence theorem (with respect to the measure du). This establishes
the convergence of H)(,Z,"[f Di (g, F; €) towards

29 —20
Y

2
HA 4,0,
eC(Z)( g(Z,) 4+2(11)M
. 14
]

o [ F(Xg+H+Q/2Ing+mutnulnZoy v, o)
x/ E[ SITRETE r ]u v e "du
0 Zio20
Z
where C (z) is defined by (3.7). O
Lemma 3.3. Let s < 0. If o; < Q foralli then
lim E[Z]] = E[Z}]
e—>0
where

zo=/ " e M, (dx) (3.11)
R2

and the limit is nontrivial: 0 < EZ(S) < 0.
Ifa; = Q for somei € {1,..., p}then

lim EZ! = 0.
e—0

As acorollary of the relation (3.9), we obtain a rigorous derivation of the KPZ scaling
laws (see [37,39,49] for physics references)

Theorem 3.4 (KPZ scaling laws). We have the following exact scaling relation for the
Liouville partition function with insertions (z;, ;)i

) A 203 o ) n
H;/Z’l/j‘t)l (g’ 1) =L y H;Z;llal)l (g’ 1)

where
TATIDIN ~ — — 1
n @ D = @ (TTee™ )y 't (y ' Qo =20 ) B[ 5 |
i i ZO 14
and we defined
o o
Ay = E(Q — 5) (3.12)

and C(z) is defined by (3.7). Moreover

ngE @ £y =@ [T a@n
i
/ e(Zi @i-20)e ]E[F(c +X;+Hy;+Q/21Ing)exp ( — ueyCZo)] dc.
R
(3.13)
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Proof of Lemma 3.3. Note first that EZ{ < oo for all € > 0. Indeed, recalling (2.14)

Ze = /R i eV Hec@pp, (dx).

Take any non empty ball B that contains no z;. Then
E[Z;] < A’E[M, «(B)"]
Hy (2)
where A = C mingep %. It is a standard fact in Gaussian multiplicative chaos

theory (see [52, Th 2.12] again) that the random variable M, (B) possesses negative
moments of all orders for y € [0, 2[.
Let now «; < Q for all i. Let us consider the set A, = U; B(z;, r) and write

Ze = / eV Hec@ M, (dx) + / Mo @M, (dx) = Zc + ZE,.
Ay ¢

Since Hy . converge uniformly on A7 to a continuous limit the limit

e—>0

lim ¢, = / e, dx) = 75, (3.14)

exists in probability by Proposition 2.6.
By applying Chebyshev’s inequality to Lemma A.1 in the appendix, for some «, 8 >
0 we have

supP(Z,e > r%) < crf

e>0

Let x, = 1z, .>r«. We get by the Cauchy-Schwarz inequality
E[(Zre + Z1.0)* = (ZE O]l < 2B EZ; ™)' < CrfP@®(zs 0*)?
and using |(a + b)* — b*| < Cab*~! (indeed (a + b)* — b* = sax*~! forx € [b, a +b])
B((Zre + 28" = (ZE )1 — x| < CroB(zZg )
Since E(Z; )’ < E(Zf’ ) and the latter stays bounded as € — 0 we conclude
IE[(Ze)* — (ZEODHI < Cr* +7P)
for all € < r. In particular, for € = 0 this gives

lim B{(Z;)'] = BIZ]. (3.15)

Since E[(Z] )] < oo for all € > 0 and by (3.14) Z{ . converges in probability to ZC
as € — 0 we have lim._, E[(nye)s] = E[(Zf O) 1. From (3.15) we then conclude our
claim lime—.0 E[(Z¢)*] = E[(Z0)’].

For later purpose let us remark that from lemma A.1 (applied with ¢ = 0) that for
all § > 0 there exists some random variable Cs(w) < oo such that

M, (B0, k)) Cola)2 245
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This easily leads to
sup / e Hec@ M (dx) — 0 (3.16)
e>0J B(0,r)

in probability as r — 0.
Let us now prove the second part of the lemma. Without loss of generality, we may
assume that «; > Q and z; = 0. It suffices to prove for Z; ¢ that

111%E[z§ J=0 (3.17)
€— ’

In order to show this, we introduce the white noise cutoff (i e)e of X;. More precisely,

the family (Xo)eisa family of Gaussian processes defined as follows. Consider the heat
kernel (p; (-, -)); > o of the Laplacian A; on RZ. Let W be a white noise distributed on

R, x R? with intensity d7 ® Az(dy). Then

~ 1 e 1
Xe(x) = N /62 (Pija(x,y) — W)W(W, dy).

The correlation structure of the family (f e)e>0 18 given by

o Lo I
BIX (0 X)) = 5 /( ()= ). (3.18)
ene’ g

For € > 0, we define the random measure
v X - B BIR. (1)1
M, = et ex di;

and 1\71), = lime_g A71y,5, which has the same law as M,, (see [52, Thm 3.7]). Observe
that we may assume that the field X is defined by

1 *© 1
Xg(x) = E/() (Pij2(x.y) — W)W(dh dy)

in order to have a GFF coupled with its white noise approximation (X, ),. This assump-
tion does not change the law of the couple (X 2> My), see [52]. The covariance of the

field X; . is comparable to the one of X,. Indeed, uniformly in e,
E[Xe(0)Xe(0)] < €+ E[Xe (1) Xe ()]
Hence, by Kahane convexity [38] (or [52, Thm 2.1]) we get
E(Z] 1 < CE[Z] 1.
Next, we bound

n
Zie> ¢ 27 My e(Ap) > ¢ max 2@DRRL (A (3.19)
<n
k=1
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where Ay is the annulus with radi 27% and 27%*! and we recall that ¢ = 27" and
ay > 2+7y?2/2. Thanks to the covariance structure (3.18), we may then decompose, for
r=2%(@nde <r),

~ v 2 e ~
My (dz) = e Xr@-TEX @240 (dz/r) (3.20)

where the measure 1\7[},,6,, is independent of the sigma-field {fu x);u>rxe }Rz} and
has the law

~ ~ 2 ~ ~
My o, (dz) = oV X=X ()= BI(Xe=X) (2] 4,

We can rewrite (3.20) as

My,e(dZ)
~ 2 - ~ ~ 2 ~ ~
— oV XrO= 5 E[(X,(0)%] ¥ (Xr () =X, (0)— 1 (BL(X, (2))*]-E[(X, (0)*]) .2 My o (dz/r)
(3.21)
to get
M,y o (Ag) > 1207 Xr (0= E[(X,(0))*] jminzep,1) ¥y (2) My e (A) (3.22)

~ ~ 2 ~ ~
with Y. (2) = y (X (rz) — X, (0)) — VT(E[(X, (r2))?] — E[(X,(0))?]). Now we want to
determine the behavior of all the terms involved in the above right-hand side.
By using in turn Doob’s inequality and then Kahane convexity [38] (or [52, Thm 2.1]),
we get

E[Sup My,e,r(Al)iq] < CqE[My,O,r(Al)iq] < E[My(Al)iq] < Cq- (323)

e<r

uniformly in 7 < 1. Hence, for alla > 0

P(sup My,c (A1) <n™') < Can ™. (3.24)

€e<r

Next, we estimate the min in (3.22). The key point is to observe that the Gaussian
process Y, does not fluctuate too much in such a way that its minimum possesses a
Gaussian left tail distribution. To prove this, we write Y, (z) = E[Y,(2)] + ¥/ (z) and we
note that using the covariance structure of (f »)r we getforall z € B(0, 1)

2 o~ o~
IEY, (z)| = %HE[(Xr(rz)f] —E[(X,(0)*]] < C

and for all z, z’ € B(0, 1),
E[(Y/(2) = Y/(@)*] < Clz = 7,
uniformly in 7 < 1. Using for example [43, Thm. 7.1, Eq. (7.4)], one can then deduce
Vx > 1, Sl;lp]P(Zerg(i&l)VYr(z) < —x) < Ce

for some constants C, ¢ > 0. Hence, foralla > 0

P(eMnzeso.n 1@ < =1y < c,n (3.25)
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Combining (3.22), (3.24) and (3.25) with (3.19) we conclude

]P(Zl,e < }’l_l) g ]P(lznax e)/Xsz(O) < }’l3) + C}’l_a.
n

S

Since the law of the path t +— X +(0) is that of Brownian motion at time — In ¢ the first
term on the RHS tends to zero as n — oo and (3.17) follows. 0O

3.2. Conformal covariance, KPZ formula and Liouville field. In what follows, we as-
sume that the bounds (1.5) hold and we will study how the n-point correlation functions

l'[g,zfﬁ i3, F) transform under conformal reparametrization of the sphere. The KPZ
formula describes precisely the rule for these transformations. We claim [recall (3.12)]

Theorem 3.5 (Field theoretic KPZ formula). Let ¥ be a Mobius transform of the sphere.
Then

Y@, 1) = [ T1v' @l 725 nfe @, 1),
i
Let us now define the law of the Liouville field on the sphere.
Definition 3.6. (Liouville field) We define a probability law IP(VZ‘f‘a_)_ ;on H™Y(R?, %)
: : Vil
(with expectation ]E(z;,a,-),-,g) by
M @, F)

ECY O IF(@)] = 2,
H;Z’tﬁh)l (g}7 1)

(zi,0)i 8

for all bounded continuous functional on H~'(RZ, $).

We have the following result about the behaviour of the Liouville field under the
Mobius transforms of the sphere

Theorem 3.7. Let v be a Mobius transform of the sphere. The law of the Liouville field

Vil . l Vil
¢ under P(Zi,ai)i,ﬁ is the same as that of ¢ o ¥ + Q In |{'| under ]P(llf(zx'),ai)i,gé'

Proof of Theorems 3.5 and 3.7. We start from the relation (3.13). Let

H (@) = 3Gy @), 2).

v
We apply Proposition 2.7 to f = e e By (3.16) we can take the limit e — O to get

Mg, Fy = V@ [Taw )t

1

X/e‘YCEl:F(C‘FXgO'(/f_l_mgw(X§)+H£7l/+Q/2ln§)
R

s (X Vol
X exp(—,uey(c mgw(Xg))/eV(Hé '//+2¢)dMy)]dc.
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where we denoted s = >, a; — 2Q. Next, use the shift invariance of the Lebesgue
measure (we make the change of variables ¢ = ¢’ +m 2y (X3)) to get

MY (g, F) = €Y@ [T 20w @)

1

x /ReSCE[e"’"ﬁw Y F(e+ X0y~ + Hyy+0/21n )
x exp (— ue”"/ey(Hﬁﬂﬁo‘“%ﬁ)dMy)] de. (3.26)

. smy, (Xg
Now we apply the Girsanov transform to the term My XD

[ Xgedig and e = W This has the effect of shifting the law of the field X,
which becomes

where mg,w(Xg) = #

5 ¢
Xg + EG(QE .

The variance of this Girsanov transform is s2D¢ where

1
(4m)?

1
Dy = Emg(emge‘ﬁ) = /R i /R L Ga(@ gy (dD)hg, (@), (3.27)

s2
i.e. the whole partition function will be multiplied by e 2 P .

Plugging in the shifted field to (3.26) we need to compute Hy y, oY + 7-G; e? . First,
using (2.13) for (Hglp oY)(2) =2, @iG(Y(2), ¥(zi) we get

2.
4

1
HY o = Hy - (@) = 7 D @)

Next, to compute G §e¢ note that both metrics ¢ and gy = ¢? g have Ricci curvature 2.
Hence from (2.1) we infere? = 1 — %Ag,qb and thus

LGt = Yo —mao) (3.28)
i 2€ —4¢—mg¢. .

Combining we get

0

s 1 s
Hg,,l/, o + EGéeq") = Hg, — E(P(Z) — Z Zi:ai(p(zi) - ng((ﬁ)

Thus (3.26) becomes
Y0 (@, F) = O (T e @)
i
X / e“’E[F(c’ +(Xg+ Hz+0/2(Ing —In|y/I*)) oy ™)
R

/ S2
x exp (— pe’* /eVHngy)] deezPv.
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where

/
C =C—

K 1
2me@) ZZj)a@(z,-).

By a shift in the c-integral we get

H;l{flgz;)m)i (&, F)= LY @) Hg(lff(Zi))Aai

1

x/eSCIE[F(c+(X§+Hg,+Q/2(ln§—ln|1///|2))01ﬂ_l)
R

s 52
x exp (- Meyc/eyHngy)] de o Tieid ) 5 (Dy+imy (@)

(3.29)
Combining (3.7) with (2.13) we have
1
C(Y(z) =C(2) — 3 Z%’Olj((l’(zi) +¢(z;))
i#]
Qo 1
=C(z) — ZT Db+ D i),
J i
Since [/ (z:)?8(V(zi) = e?@ g(z;) and Ay, = —%aiai + %ai we conclude
VD TT & () e ed 2006 = SO Ty @) 728 (i)) .
i i
The proof is completed by the identity
1
Dy = —3my(9) (3.30)

proven in the appendix. 0O

3.3. The Liouville measure. Here, we study the Liouville measure Z(-), the law of which
is defined for all Borel sets Ay, ..., Ay C R2 by

B AF(Z(AD. ... Z(A)]

2 A
= (I, u(zi, @) (8, 1))~ lim/ ]EI:F((e)/CGVT/ ey(xg,e+Q/2]ng)dA)j)
e—0 Jr Y
o?
X Hef‘eai<c+Xg,e+Q/2 In §)(zi)
i

2 A
xexp| — 2 Ry(c+Xz)dh; — pe? e [ e¥XaetQ2d) g3 1 g,
4 8 g arg
T JR2 R2

We will see in the proof of Proposition 3.8 below that this defines indeed a random
measure.
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In what follows, we call Zy(-) the measure defined under IP by
Zo(A) = / e"iam,
A
so that Zg in (3.11) is Zo(R2). We have:

Proposition 3.8. Under ]Pé“ o+ the Liouville measure is given for all Ay, ... Ag by

Bt AF(ZAD, . Z(AD)]

320 20
00 Zo(A1) Zo(Ax) 2\ — == - =1
s E[F(y248, .. y2U)zo®>) ™7 Jemy™ 7 ay
- 20-3 @

. (331
Coi— 220
wor TR Zo®Y) ]

In particular,

1. the volume of the space Z(R?) follows the Gamma distribution F(M, ,u),
meaning

2920
VFeCyRy). B FZ®) =t [T Ry g
bUR+), (zi,0)is8 _F(Z;ai—ZQ) 0 y)y e y.
Y

2. the law of the random measure Z(-) conditionally on Z(R?*) = A is given by

2=
IE[F(A 200) ) 7,(R2) ™7 =

Zo(R?) — ] ] (3.32)

ECY ) s IFZO)IZRY) = A)] =

E[Zo®2)" "
for any continuous bounded functional F on the space of finite measures equipped with
the topology of weak convergence.

3. Under IP?Z’_’LQA)_ L the law of the random measure Z(-)/ A conditioned on Z(R?) = A
does not depend on A and is explicitly given by

(zi0)i,

>iei—20
F(A0) ZoR) ™7
Bl é[F(Z(')/ANZ(Rz):A)]: [ (ZO(RZ)) 0 ]

_ 2920
E[ZO(R2) y ]
Proof. Taking the limit € — 0 in the relation (3.6) gives

Vbt
B F(ZAD. . Z(A))]

2
A _ PN I %) o
i

></Re(Zi“i_2Q)CE[F(eVCZO(Al),...,eVCZO(Ak))exp(—ueyCZo(Rz))]dc.

Finally, let us make the change of variables eV Zp(R?) = y to complete the proof of

(3.31). Finally, one can see that (3.31) defines indeed a random measure. The collection of
random variables (Z(A)) 4 under IP(Z“ )i where A ranges through Borel sets satisfies:
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for all disjoint A1, Ay, we have almost surely Z(A1 U Ay) = Z(A1) + Z(A»).
o for any bounded sequence (A;), > | decreasing to ¥}, we have almost surely Z(A,)

— 0.
n—oo

By theorem 6.1.VIin [14], there exists a version of (Z(A)) 4 thatis arandom measure.
O

Remark 3.9. The law of the volume of the sphere Z(IR?) given above is precisely what
one expects to get from scaling limits of planar maps, see Sect. 5.3.

3.4. The unit volume Liouville measure. In the previous section, we introduced the Li-
ouville measure Z and the unit volume Liouville measure; i.e. the law of Z conditionally
on Z(R?) = 1 given by (3.32) with A = 1. These measures exist provided the Seiberg
bounds (1.5) hold. Recall that the first Seiberg bound in (1.5) is a consequence of the
integration over the constant mode c: this bound entails that the partition function does
not diverge when ¢ — —oo. This condition on the constant mode ¢ disappears when
conditioning Z to have unit volume: indeed, this conditioning amounts to fixing the
value of c. Therefore, it is natural to expect that the unit volume measure can be defined
on a larger set of (z;, «;); indeed,we have the following:

Lemma 3.10. Suppose that for all i, we have o; < Q. The random variable Zo(R?) has
a moment of order M_Tm if and only if

Zat

0 — < ; A mln(Q — ;) (3.33)

In particular, under these conditions, the unit volume measure given by (3.32) is well
defined.

Proof. Set p = ZQ_)/A in this proof. Since Z (R?) has negative moments, we will

suppose that p > 0. It is rather straightforward to see that Zo(R?) has a moment of order
p if and only if

E[M, (R*\U; B(zj, ))"] < oo, E[ — M, (dx))"] < 00, Vj,

B(z;.1) X%

where B(zj, 1) are Euclidean balls of radius 1 and center z;. By standard results in
Gaussian multiplicatlve chaos theory (see [52] for instance), the first quantity is finite
if and only if p < =5 and by Lemma A.1, the second quantities are finite if and only
if p < Ay 2 min j(Q — oj). More precisely, Lemma A.1 provides the if part but the

only if part can derived along similar lines as the proof of Lemma A.1. Indeed, one can
show that if IE[ f B(z;.1) WM), (dx))P] < oo then, by comparison with an exact scale

invariant kernel (see Proof of A.1), there exists C > 0 such that for all » < 1
1
]E[/ —— M, (dx))P] > CriP=reip,
B(zj,r) | | 7Y
Therefore, one must have §(p) — ya;p > 0,ie. p < %(Q — o) this yields the only

if part. O

Therefore, we can define the unit volume Liouville measure under the condition of
the above lemma.
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3.5. Changes of conformal metrics, Weyl anomaly and central charge. In this section,
we want to study how the Liouville partition function (3.2) depends on the background
metric g conformally equivalent to the spherical metric in the sense of Sect. 2.1, say
g =e’g.

By making the change of variables ¢ — ¢ — m;(Xy) in (3.2) and using Proposition
2.3, we can and will replace X, by X in the expression (3.2).

Now we apply the Girsanov transform to the curvature term e_% Jp2 ReXgdhre Gince
by (2.1) Rghg = (R; — Azp)A, this has the effect of shifting the field X; by

Q

—EGg(Rg —Agp) = —%(w —mg(p))

where we used G; R; = 0 (since Rj is constant).
This Girsanov transform has also the effect of multiplying the whole partition function

by the exponential of

3272 //Rz Ry(2)G (2.2 )Ry (2) Ag(d2)hg(d2)

Q2
- E/ Re(p —my () drg
- 1671/ (R — L) (@ —my(p))dhg  (use (2.1))
_ Q[ siorans
- 16 /]Rzla oI dhrg.

Therefore, by making the change of variables ¢ — ¢ + Q/2m;(p) to get rid of the
constant mg(¢) in the expectation, we get

o 2 N
Hg/z,ﬁi),- (g, F) = o5 Jr2 1080 >+2Rs 0 dhg+ 2 [0 108012 dhg+Q2mg ()

o? N
x lim E[F(Xg, te+0/2Ing) [[et e ¥acr02ndi
R ,
l

e—>0

2 ~
X exp ( _ 2 / Rocdhy — pne’Ve 7 / eV XeetQ/2Ing dk)] dc.
gCdrg
4 R2 R2

(3.34)
Now we observe that the Gauss—Bonnet theorem entails
R,cdh, = Rycdh;
/R2 gCdhyg /]12{2 §canrg
2
because ¢ is a constant. Therefore, using Q%m (o) = % fR2 2Rz d)y,
H;Z’iai)i (g, F) (3.35)

o? .
i elgg‘[ IJRZ |3g(p‘2+2Réq0d)\£ lim E[F(Xg +c+ Q/21n g) HETIeO(’I(C+Xf:’YE+Q/21ng)(Z")
e—0 Jr ;
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Q ﬁ X; 2Ing
Xexp(—E/ Ry(c+ Xg)drg — e’ ez /R2ey g.etQ/ "gdk)]dc

1+60

—e 480~ fRz 108 2+2R; 0 dig H(z,az)z 2, F). (3.36)
We can rewrite the above relation in a more classical physics language

Theorem 3.11. (Weyl anomaly and central charge)
1. We have the so-called Weyl anomaly

H(zla,),(esﬂg F) =exp (96 (/ |Z)('¢)|2513)L+/]Rz 2R§(ﬂd)\.£,))ﬂ§ilﬁ‘i)i(§, F)
where
L =1+607

is the central charge of the Liouville theory.
2. The law of the Liouville field ¢ under ]P{Z“ a)ig is independent of the metric g in the
conformal equivalence class of g.

Notice that the above theorem can be reformulated as a Polyakov—Ray-Singer formula
for LQG, see [50,51,56] for more on this topic.

4. About the y > 2 Branches of Liouville Quantum Gravity

Here we discuss various situations that may arise in the study of the case y > 2. We
want this discussion to be very concise, so we just give the results as well as references
in order to find the tools required to carry out the computations in full details. Yet, we
stress that the computations consist in following verbatim the strategy of this paper. In
what follows, we will only give the partition function in the round metric as the Weyl
anomaly then gives in a straightforward manner the partition function for any metric
conformally equivalent to the spherical metric.

4.1. The case y = 2 or string theory. The case y = 2 corresponds to Q = 2 and is
very important in string theory, see the excellent review [40] as well as the original paper
[50]. In this case one needs an additional renormalization for the multiplicative chaos in
order to get a nontrivial limit. In [26,28] it was proven that the measure’

V2/7 (= ne)/2e2e2Xa.et2n8 gy (x) (4.1)
converges in probability to a nontrivial limit M’ (dx) given by
2 X~ BIXY)
M'(dx) = QE[X;] — Xg)e! T s (d).

Note the additional (— In €)!/? renormalization in (4.1) compared to (2.14).

3 The 2/m term appears in relation with the results in [28] to make the y = 2 case appear as a suitable
limit of the y < 2 case, see Conjecture 1 below.
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The partition function of LQG is then the limit
Mg (@, F) 4.2)

ll.z n
=1 E[F X:+c+Ing —5 i (c+X5 +In §)(z;)
EE)I}) A (X +c ng)He e

1 .
X exp ( — —/ Ry(c+Xg)drg — 2/me* (—In 6)1/262/ e2Xget2Ing dk)] dc.
21 Jr2 R2

After carrying the same computations than in (3.6) and taking the limit € — 0, we get
o?
Héz,'l;i)i (& F)= (Hg’(Zi)*TW")eC(z) /R o(Ziai-d)e E[F(c—ég, + X+ Hz+In Q)
i

X exp ( — ¥ /R e g(x)M’(dx))] de, 4.3)

and C(z) defined as in (3.7). One can check as in Sect. 3.5 that this partition function is
conformally invariant. The convergence of probability of the renormalized measure (4.1)
has been investigated in [26,28] when X; . is a white noise decomposition of the field
X3, which can also be taken as a definition of the regularized field. Convergence in law
of the circle average based regularization measure is carried out via the smooth Gaussian
approximations introduced in [52]. Establishing the Seiberg bounds needs some extra
care and can be handled via the conditioning techniques used in [55].

4.2. Freezing in LQG. For y > 2 and Q = 2, one can define
(zioi)i (5
I, F)

o? R
= lim E[F Xg+c+ng)[Je?ericHXactnde
e—~0 /R ( § 8 ;

1 .
X exp ( ~ 5 /]RZ Ry(c+ Xp)dhrg — /,Ley‘ezyfz/

e¥ Xg.ctyIng dx)] de.
RZ

(4.4)
Here we choose to use a white noise regularization of the field X; to stick to the frame-
work in [45]. Notice the unusual power of € in order to non-trivially renormalize the

interaction term, which gets dominated by the near extrema of the field X, .. Under this
framework, the convergence in law of the random measures

3
(=1In e)Tyezy_zeyXi’&dx — M (dx)
Y

is established in [45], where M /; (dx) is a random measure characterized by
Y

M. 2 )
Ele %(f)] = E[e”% Je2 @07 & oM (@),
Hence the convergence in law in the sense of weak convergence of measures

3 N
(—Ine) e 2erXectr N8 gy s 37 (x) M, (dx).
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We deduce

M (&, F)
o?
= (Hs’(zz')ﬁm")ec(z)/ﬂﬁe(z" ai_4)CIE[F(c - gég, +X;+Hy+1Ing)
i
x exp (= pue” / e 0 3(x) My (d)) | de,
R2 v
o?
- (Hé’(Zi)_TZJr“")eC(Z) /]R (2 ""'_4)C]E[F(c - %6@, +X;+H;+1Ing)
i

2
X exp ( —c e’ /RZ ™ 5 () M’(dx))] de, 4.5)

with C(z) given by 3.7. Up to the unusual shape of the cosmological constant, this is
exactly the same partition function as in the critical case y = 2. The difference is here the
law of the Liouville measure M ’2 (dx), which can be seen as a o = %—stable transform

Y
of the derivative martingale M’ and is now purely atomic (see [45] for further details).

4.3. Duality of LOG . The basic tools in order to carry out the following computations
can be found in [6]. Define the dual partition function for y > 2 and Q = % + % as

= (Zidi)i o4
s g, F)

o? R
= lim ]E[F(Xg, te+0/2mng) [[e? e Xaer02ndi)
e—0 /R ;

o7 Xg.t7Q/2In§ dka)] de
(4.6)

0 pe 2
xexp(— ol Ry(c+ Xg)dhy — pe“e -

where X, is a a-stable Poisson measure with spatial intensity A and o = 4/72. We get
7 @ici o5
H};,M (ga F)

a.2 )
= (Hé(Zi)_Tl+%ai)€C(z)/ E(Z’ Oti_zQ)CIE[F(C — %95, +Xg, + Hg, +%ln§)
. R
i

X exp ( — pe’e /R e 27 () sg(dx))] de 4.7)

with C(z) defined as usual and S),(dx) is a stable Poisson random measure with spatial

2
. . _Y (X2 . .
intensity eV Xe = T EXG L gy By computing the expectation we get

T (zici)i o4
G (3, 1)

o?
- (Hg’(Zi)_TlJr%“")eC(z)/ o(Ziwi-20)ec
. R
l
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2 _ .2 2
X E[exp ( — ;/T Me}’”/ eVngVXxJTE[Xﬁ]g dk)] dc
R2

]/2
20-%0; 20-3q;
wo 4F(1—)/2/4) 5 (zioi)i (5
_ @( = ) IFei(g, 1). (4.8)
l‘l’ Y

with y = 4/y. Observe that this is an ad-hoc construction of duality (see also [23]).
The very problem to fully justify the duality of LQG is to find a proper analytic
continuation from y < 2 to y > 2 of the partition of LQG, i.e. the function

y > IEi(@, 1),

First observe that this mapping goes to oo as y — 2 and it is necessary to get rid of the
pole at y = 2. This analytic continuation is required to compare our construction for
gamma > 2 to the predictions and the results of CFT and of the study of the Liouville
QFT by conformal bootstrap (DOZZ formula, etc.).

We make the following conjecture

Conjecture 1. The function

AT (1 — p2/4)y Lz
o (U2

4 (zioi)i (5
) e (g, 1)
Y
is an analytic function of y €]0, 2[, which admits an analytic extension for y > 2
given by lzlj(,z,’ﬁ i (3, 1). Furthermore, this extension at y = 2 is the partition function
1'[%’:”” (g, 1) of the critical case.

We do not know how to establish analyticity but we stress that the above function is
continuous on |0, +o0[.

5. Perspectives and Conjectures

In this section, we give a brief overview of perspectives and open problems linked to
this work.

5.1. The DOZZ formula. One of the interesting features of LQG is that it is a non mini-
mal CFT but nevertheless physicists have conjectured exact formulas for the three point
correlation function of the theory. This correlation function is very important because
(in theory) one can compute all correlation functions of LQG from the knowledge of
the three point function. In LQG, the three point function is quite amazingly supposed
to have a completely explicit form, the celebrated DOZZ formula [19,61,64].

More precisely, let z1, 22,23 € R? and o1, a2, a3 be three points satisfying the
Seiberg bounds (1.5). Applying the Mobius transformation rule (3.4) for the map  that
takes (z1, 22, z3) to (0, 1, oo) we get after some calculation

Q)i (A 2A 2A 2A
&g, 1) = |21 — 2222 |22 — 237221 — 237213 Cy (@1, o2, @3)

where we denoted A2 = Ay, — Ay, —Ag, and similarly for A3 and Az3. The coefficient
is given by (recall s = Z?:l o —20)

Cy(ay, o, 3) = o3 RON2IN2A@), 1 =SIY D () E 2
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and
Z= / lz| 7% |z — llf‘“”é(z)*%z?:‘a"My(dZ)-

The DOZZ formula is a conjecture on an exact expression for Cy, (a1, a2, a3). Itis based

on the observation that IE Z~*/? can be computed in closed form if —s/y = n, a positive
integer. We have

n
2 . PO A <L I
B2t = /e)/ Zi<y Galeiri) | I |zi| " |z — 1177 g(2i) KZ]:lajkg(dZi)'

i=1
Using (2.12) this becomes

n2—n 2 "
— —a —a
& [Tl =2 [Ttz = 1z,

i<j i=1

EZ"=e¢ 7

an expression that does not depend on the background metric g. This Coulomb gas
integral can be computed in closed form and leads to an expression which can be cast in
a form where n enters as a parameter allowing a formal extension of the formula to the
negative real axis. This leads to the DOZZ formula for Cy, (a1, a2, a3). We will not state
it here explicitly as it is quite complicated and involves introducing numerous special
functions.

Proving the DOZZ formula seems at this time difficult. Note for instance that for
given y only a finite number of positive moments of Z exist so one can not attempt
to solve a moment problem. In the semiclassical y — 0 limit we want to point to an
interesting recent approach to the DOZZ formula by performing deformation of the
integration contour in function space [37].

5.2. The semi-classical limit. The semiclassical limit of LQG is the study of the con-
centration phenomena of the Liouville field around the extrema of the Liouville action
for small y, see [37,49]. After a suitable rescaling of the parameters i and («;);, that is

_ X
14

for some fixed constants A > 0 and weights (x;); satisfying x; < 2and >_; x; > 4, the
Liouville field y ¢ should converge in law towards U + In g, where U is the solution of
the classical Liouville equation with sources

Wl =A, a (5.1)

. 2. Xi—4
AU — Ry = 2rAeV — ZJTZXiSZ,-, with /RZ eV dr; = +, 5.2)
1

hence the name of the theory “Liouville quantum gravity”. The reader may consult [41]
for some partial results in the “toy model” situation where the zero modes have been
turned off.

5.3. Relation with discretized 2d quantum gravity. In this section we will present some
precise conjectures on the connection of our results to the work on discrete models of 2d
gravity, randoms surfaces and random maps (related but less precise conjectures appear
also in [60]).



Liouville Quantum Gravity on the Riemann Sphere

The standard way to discretize 2d quantum gravity coupled to matter fields is to
consider a statistical mechanics model (corresponding to a conformal field theory with
central charge cp,) defined on a random lattice (or random map), corresponding to the
random metric, for instance a random triangulation of the sphere. We formulate below
precise mathematical conjectures on the relationship of LQG to that setup.

Let 7y be the set of triangulations of S? with N faces and 7; ~.3 be the set of triangu-
lations with N faces and 3 marked faces or points (called roots).

Next consider a model of statistical physics (matter field) that can be defined on every
T € Ty. The list of such models contains pure gravity (no matter field), Ising model
(a spin =1 on each triangle or vertex), the multicritical discrete spin models (which
correspond to the discrete series of the minimal CFT with 1/2 < ¢, < 1), the O(N)
dilute and dense loop models with 0 < N < 2, the ¢ = 3 or ¢ = 4 Potts models and
discrete models associated to minimal or rational conformal field theories with central
charge ¢y, such that —2 < ¢y < 1). We refer to [42] for a review and references.

For T € Ty, define the partition function of the matter field on T

Zn(T,B) = D W(Cr,B)

Cr

as a sum of configurations Cr (defined as ensemble of some local or geometric discrete
degrees of freedom) over T with positive local Boltzmann weights W(Cr, B). These
Boltzmann weights depend on some parameters denoted 8 and these parameters are tuned
to their critical point B, such that the statistical model coupled to gravity is critical. At
this point, the triangulation 7" has no marked points. Call Zy the partition function at
criticality for triangulations of size N

Zn= D Zun(T.Bo), (5.3)

TETN;;

where we extend in a straightforward manner the above definition of Zy (T, f.) to
triangulations 7" with marked points (the marked points play no role in the definition of
Zn(T, Be)). It is expected that Zy diverges as N goes to infinity as

Zn ~ N3=@r)= 1N (1 4 (1)) (5.4)

with £ some critical “cosmological constant” or “fugacity” that depends on the critical
model considered, and the string exponent y; can be explicitly expressed in terms of the
central charge ¢, of the CFT for the matter field through the relations

22—y = ZTQ for 0 =2/y +7/2 =125 — cm)/6. (5.5)

There is plenty of evidence for this result for large classes of statistical models on random
discrete lattices, by exact combinatorial methods or by random matrix techniques (see
[2,42] for reviews), that covers the interval y € [ﬁ, 2] in Sect. 5.5. For a recent proof
in the context of FK models on planar maps see [36].

Therefore, for 1 > ", the full partition function of the system of triangulations
weighted by a matter field

Zp = Ze_p'NZN (5.6)
N
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converges and we can sample a random triangulation according to this partition function.
We are interested in the regime where the system samples preferably the triangulations
with a large number of faces. Notice that for —2 < ¢, < 1, we have V2 < y <2
and therefore —1 < y; < 0. From (5.4), we see that the closer [ is to u}', the larger
the number of triangles of the random triangulation (with 3 marked points) is and for
w ~ ug', the size of the typical area diverges. Therefore, we are interested in the limit
i — up in the following regime: we assume that i depends on a parameter a > 0 such
that

= pu + pa’ (5.7)

where p is a fixed positive constant.

Let us now explain how to embed a triangulation 7' € 7y 3 with three marked points
onto the sphere S* and define a random measure on S? out of it. Following [33] (see also
[12, section 2.2]), we can equip such a triangulation with a conformal structure (where
each face has the geometry of an equilateral triangle). The uniformization theorem
tells us that we can then conformally map the triangulation onto the sphere S? and the
conformal map is unique if we pick three distinct points x{, x2, x3 on the sphere S? and
demand the map to send the three marked points to x1, x2, x3. We denote by vr , the
corresponding deterministic measure on the sphere where each triangle of the sphere
is given a volume a?. Concretely, the uniformization provides for each face t € T a
conformal map ¥, : A — S? where A is an equilateral triangle of volume 1 (in fact, the
maps V¥, can be glued together to produce a uniformizing map v defined on 7). Then
vr.q(dz) = a2|(¢,_1)/ (2) |2dz on the image triangle ¥, (A). In particular, the volume of
the total space S? is Na?. Now, we consider the random measure Vg, 7z defined by

— 1 (_ym
E“FF (van)] = Z—aZe F=HON " F(ur.a),

N TeTn3

for positive bounded functions F* where Z, is a normalization constant. We denote by
P%# the probability law associated to IE%-#.
We can now state a precise mathematical conjecture:

Conjecture 2. Under P“* and under the relation (5.7), the family of random measures
(Va,0)a>0 converges in law as a — 0 in the space of Radon measures equipped with
the topology of weak convergence towards the law of the Liouville measure of LOG with
parameter y given by (5.5), cosmological constant v and vertex operators at the points
X1, X2, X3 with weights o; = y for all i.

Note that va,ﬁ(SZ) converges in law under P%* as @ — 0 towards a I’ (M 173
distribution with parameter y, u and o; = y for all i, which corresponds precisely to
the law of the volume of the space for LQG with these parameters (see Sect. 3.3).
Example 1 Pure gravity cy =0,y = \/g .

Pure gravity corresponds to the case when no matter field is put on the triangulation,

in which case Zi, (T, B) = ZCT W(Cr, B) = 1forall T. Zy thus stands for the cardinal
of Ty 3 and it is known mathematically since Tutte [63] that

Zn ~ N33 1mEN (1 4 o(1)) (5.8)
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where «; = y for all i and 3 = 29 for

3
Z[=1 o
14 14

as N goes to infinity. Notice that 3 =

One can check that Ua’ﬁ(Sz) converges in law under P“# asa — 0 towards a F(%, 7))

distribution with parameter y = %, w and ; = y for all i. Indeed, we have thanks to
(5.8)

— 1 —_.m
BOFF (o)) = = > e TN 3 Fora(§)
a N TeTn3

1 2
= — e NZNF(aZN)
ST
o0

X — F(x)x e " dx
a—0 Jo

Example 2 Ising model ¢, = %, y = /3.
According to the physics literature (see [2]), the partition function of the Ising model
on triangulations at criticality ng [corresponding to (5.3)] should diverge as

N3=371e1EN (1 4 o(1)) (5.9)

as N goes to infinity (note that the critical temperature is different on the random lattice

3o
models from the regular lattice). Once again, notice that 3 = # where «; = y for

all i and % = % for y = +/3. Assuming conjecture (5.9), one could show along the

same lines as Example 1 that vaﬁ(Sz) converges in law under P“* as a — 0 towards a
F(%, w) distribution (however, in this case and in contrast to Example 1, the asymptotic
(5.9) is still conjectural from the mathematical point of view).

Finally, let us also mention that we could state similar conjectures to Conjecture 2
in the context of fixed volume planar maps. In this context, one samples the map of
size N proportionally to the partition function (5.3) such that it has a fixed volume
A = a*N and then lets N go to infinity (with a*> = %). The limiting measures will
then be (conjecturally) given by the Liouville measure of LQG conditioned to have fixed
volume A.

5.3.1. Conjecture with general vertex operators. Finally one may ask whatis the relation
between the general vertex operators V,(x) = exp (¢ X(x)) (with ¢ < Q) that we
consider in this paper, the Liouville measure given by (3.31) with more than 3 points
x; and some «; # y, and local observables in discrete 2 dimensional gravity. Since
the 3 original V), (x) correspond to fixing through conformal invariance the points on
S, hence to the local density of vertices of the triangulation T through the conformal
mapping onto the sphere, it is natural to consider the local density moment defined as
follows. In addition to the points x1, x2, x3 (to which the centers of the marked faces of
the triangulation T are sent), we consider additional fixed points x; with i > 3 on the
sphere, around which a small disc Dy, , centered at x; with radius ¢; is drawn. Then we
consider the number of vertices Ny, ¢, (T') of the triangulation 7" mapped inside the disk
Dy, ;- We consider the random measure defined for all positive bounded functions F' as
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EA N F (g 7. e0)]

1 T m . %
= Do TN X T €% (@ Ny, () 7 Flvr.a),

Za (e
@) "y TeTysi>3

where Z, (¢;); is a normalization constant, A; = 5 (Q — ) the conformal weight (see
next sections). We denote by P47 (€)i the probability law associated to 2" (€)i Notice
that we have included the renormalization terms a” and eiz A although they cancel with
the same terms in Z, (,);- However, they are needed if one were to consider the limit
for the partition function Z, (¢,),. Recall that the Liouville measure (with general vertex
insertions) is defined by expression (3.31). We can now state our conjecture:

Conjecture 3. Under P4 €)i and under the relation (5.7), the family of random mea-
sures (Vg 1z, (e;); Ja>0 converges in law as a — 0 and then as €; — 0 in the space of
Radon measures equipped with the topology of weak convergence towards the law of
the Liouville measure of LQG with parameter y given by (5.5), cosmological constant
W and vertex operators at the points x1, xp, X3 with weights o; = y for all i < 3 and
vertex operators at the points x; with weights o; fori > 3.

5.3.2. Relation with the Brownian map. It is natural to ask if, in Conjecture 2, one
can reinforce the convergence of measures to a convergence in the space of random
metric spaces (equipped with a natural volume form). More precisely, in the case of
pure gravity ¢y, = 0, consider the Riemannian metric defined on each image triangle
Vi (A) C S? of the uniformization by a|(wt_1)’ (2)|*dz?* (hence the lengths of the edges
of the image triangles are \/a). Let dr , be the corresponding distance function on S,
and d, ; the random metric on S? defined analogously to the random measure v, j.
Then, it is widely believed that the metric space (equipped with a volume measure)
(Sz, da,fi» Va, i) converges in law as a — 0 towards a metric space (Sz, d,v), where v
is the LQG measure of Conjecture 2. If this is the case, then the space (S2,d, v) should
be related to the Brownian map equipped with its volume measure (see [44,47]): more
precisely, for all fixed A > 0, both metric spaces should be isometric (up to some global
constant) once conditioned to have same volume A. The isometry should also send the
Brownian map volume measure to the measure v.

A. A Moment Estimate on Gaussian Multiplicative Chaos

Recall that X; . is a circle average of the GFF with vanishing mean on the Riemann
sphere. We introduce the structure function

2 2
o+ Ly, Y2
§p)=C+Z)p—Fp (A.D)

Recall that Q = % + % We have the follownig moment estimate:

Lemma A.1. Let z € R? and o« < Q. For all p > 0, we have

1
E M. (dx))?
20 : B (Ix —z|+e)* y.e(dx))7] < oo
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ifandonly if p < % A %(Q —a). Ifp < % A %(Q — ) then there exist some constant
C > 0 such that for all
1

LY N e e
€> Z,

Proof. There is no loss in generality in considering the case z = 0. Consider the log-
correlated field X with exact scale invariant covariance E[ X (x) X (y)] = In, ﬁ One

can construct a cut-off approximation X, to X such that forall A < 1, (X5 (Ax)) x| < 1

L . . . . .
(Law) (Xe(x))1x <1+ 2, where £2,, is an independent centered Gaussian variable with

variance ln% (see [52] for instance). By Kahane’s convexity inequalities (see [52] for
instance), it is enough to show the above lemma with M, . replaced by the measures

M, ¢ associated to the fields X, (observe that since we are working in a compact ball,
the metric tensor g can be bounded). Recall that if p < % then it is standard in Gaussian
multiplicative chaos theory that there exists some constant C > 0 such that

sup E[M,, «(B(0, 1)1 < C.
€
Now, we have for all p € [1, %[
E[(/ L X @B EX@R gy py
B©.1) (|x] +e€)7%

1 2
< ]E[(/ _r X By P
B(0, 1) (x| +€)r®

1 2
+E[(/ oy e BIX 01y Py /p
Lz (Ixl+er

]E[(/ L X 5B Ry p)Up 4
B(0, 1) (x| +€)r®

2 2
< E[(EVQA_VTIH% / —(| | +12 7w eVXZe(X)—%E[Xze(x)z]dx)P]l/p +C
B(0,1) (|X €

72 2
< ]E[(/ X =B E PP L L (A3)
2 P ye S,y (x| +2€)7%

where C is form line to line a constant independent from everything. Hence, we conclude
that

E (/ ;eyxe(x)—glE[Xe(X)z])P dx (A.4)
B(,1) (Ix] +e)¥%

is bounded independently of € if £(p) — yap > 0 which is equivalent to the condition
p < %(Q — o). This is clear for € an inverse power of 2 by applying recursively (A.3):

2
indeed, if ¢, = % and u, = E |:(fB(O n me%’(en (X)—yzlE[Xen(x)Z])P:| then we

_Ep
have u,41 <2 »

ya C+ug

u, + C and therefore u, < o]
7T+VD[

. Otherwise, if € belongs
1-2
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to a segment [%, 2,,]—_1] then from Kahane’s convexity inequalities one can bound up to
some global multiplicative constant the expectation in (A.4) by the same quantity with
€ replaced by %

If p < 1, we get along the same lines as previously and by using the subadditivity of
x +—> xP? that there exists C > 0 such that

E[(/ K- BEXW? gy
B©.1) (x| +€)r*

2
< - X)) -G BX2e (0)?] g\
= 28—y E[(/B(o,l) (x| +2¢)7% ¢ : dx)"1+C.

We conclude similarly.
Now we prove the second part of the lemma. If ¢ > r then
I X EX@ gy
BO.r) (|x[+€)r*

2
< [E[eP? WPren0n) Xe(X>]e—p%1n%r2—w < Crim—arp

If € < r then we have

B[ X5 EXw? g
B©,r) (x| +€)7%
2
pru—2- 1“% 2
gE[;/ ;eyXe/r(X)—%E[Xe/r(X)z]dx)p]
reve BO,1) (x| +€/r)r®

< crfm—arp

B. Mobius Transform Relations

In this section, we gather a few relations concerning Mobius transforms and their behav-
ior with respect to Green functions. Recall that the set of automorphisms of the Riemann
sphere can be described in terms of the Mobius transforms

az+b
cz+d’

Such a function preserves the cross ratios: for all distinct points z1, z2, 23,24 € C

(z1 — z3)(z2 — 24) _ W (z1) — ¥ (23) (Y (z2) — ¥ (z4)
(z2—z3)(z1 —z4)  (Y(z2) =¥ (@3) (W (z1) — ¥ (za)

Recall that gy, stands for the metric |y’ 128 o .

Y(z) = a,b,c,d € C and ad — bc #0.

(B.1)

Proof of Proposition 2.2. We can rewrite the expression (2.9) with g = gy in a con-
densed way

|x —zlly — 2| /
G (6 7) = (4n)2//szRz e ylle | v @D (40




Liouville Quantum Gravity on the Riemann Sphere

By making a change of variables and use (B.1), we get

=y '@y -y
G5 3) = <4n>2//szRz P e A A

W) — 2w () — 2 /
- 1 ra(d)hs(d2).
(47‘[)2 //]RZXR2 n hb(x) — w(y)“z —Z/| g( Z) g( Z)

This is exactly the expression of G;(¥ (x), ¥ (y)). O

Corollary B.1. We have the following relations for all Mobius transforms

1
—2mg(In )= 5Ing()+In2 (B.2)

lx — |

2mg¢(ln| ! |)+9 %mg(w(x)) —In |/ (x)| +6; +In2. (B.3)

In particular (2.12) holds.

Proof. We use the following relation
/ In |x = [Xy2aep) = 27 (n(lax +b|* + [ex +d[*) — In(lal* + [c|?)). (B.4)
RZ

The proof of this identity is based on the fact that both sides have the same Laplacian
and the difference of both functions goes to 0 as |x| goes to infinity.

The first relation is a straightforward consequence of (B.4) with 1 (z) = z. One could
use (B.4) as well to prove the second but another way (which we follow below) is to use
(B.1). Write

1
—2m, (In——)+6
8y lx — - 8y

_ //m—'x_z”x_z/'x (d2)hg, (A7)
—(471)2 &2 Jwe 7 gy \aZ)Agy A2

|X— 1(Z)||x—1,b'_l(Z/)| /
(47‘[)2 /Rz /IRZ lv=1(z) — v=1(2)] Ag(d2)Ag(dz)

v~ @ly=y "' @)
Observe that the mapping (x, y) > (471)2 Jr2 Jre In & e 1(; {/, '(z)lz rg(dz)rs(dZ)

is a continuous function so that we can write

_ngv,(ln ﬁ)-i-eg’/f
=y @Iy — v @) ,
= Do (d2)hs(d
Y—IBC (471')2 /Rz /]RZ lv=1(z) — v ()| g( 2) g( 7))
=y '@y — ¥ @)
dz)A;(d 1 _
)%x (47‘[)2 /]RL/RZ |x_y||w 1(2) w 1( ,)| g( Z) ( Z)+ H|X yl)

Now we can use the invariance of cross-products with respect to Mobius transforms to
get
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—2mg, (In ) + 6,

1
Ix—l

V() —zlly () 2 ,
As(d)rs(d 1 —
— <4ﬂ>2 /R/]R W) g lle o HDMED Tinlr =)

[ (x)—zl[¥ (y) =2/ R o e ) =Y )]
o yl_r)r}c (471)2 /Rz /Rz lz—2/| Helde)rg(dz)=In lx — ¥l )
= —2my(ln ———) +6; — In |y (x)].

[¥ (x ) ‘|
We complete the proof thanks to (B.2). 0O

Lemma B.2. The relations (2.13) and (3.30) hold.
Proof. Using the relation (B.4), we have

Gy (Y (x), ¥(2)

=1In

1
+ =(In(lax + b|* + |ex +d|?) — In(ja|? + |c|?))
lx —z| 2

1
+ 5(1n(|az +b)%+|cz+d?) — In(lal® + [c]?))

1 1
i e 5 (n(lau +b|? + |cu +d|*) — In(lal* + |c|*)Ag, (du)
1 2 2
=1In + = In(Jax + b|” + |cx +d|7)
Ix—z| 2

1 1
+5 In(jaz +b|> + [cz +d|*) — 3 In(la|® + [c]*)

1 1 ) s
- - 51n(|au +b|” + |cu +d[") g, (du).

After integrating, we get that
/Rz G (¥ (x), ¥ (2))§(2)dz
= =27 In(1 + |x|?) + 27 In(Jax + b|* + |cx + d|?)

1
*5 / In(laz +b|* + |z + d|*)r;(dz) — 27 In(lal* + [c|*)
R2

1
- / In(lau +bI* + |cu +d|*) g, (du).
2 R2
At this stage, we will suppose that ad — bc = 1. Hence, we have

1
— E/Rz In(lau +bI* + [cu +d|*) g, (du)

1 ,
=3 /R (Y @)W ))hg, (du)

1 . 1 )
) /]RZ In(g(v))A;(dv) + E/Rz In(|yr (u)|2))\gw (du)

1 .
= E/Rz In(g(v))Az(dv) _/RZ ln|cu+d|)»g¢(du).
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Now, we introduce the function

G(x) =/ Injex +d —cu — d|hg, (du) = 47 In|c| +/ In|x — ulrg, (du).
R2 R2

By using equation (B.4), we get that
G(x) =47 In|c| + 2 (n(Jax + b|> + |cx +d|*) — In(la)? + |c|?))

Hence, we get that

d
/ In|cu +d|rg, (du) = G(——)
R2 c

=47 In|c| — 47 In|c| — 27 In(la)* + |c|?) = =27 In(Ja|? + |c]?).

At the end, we get

/]R G @), YD)
= =27 In(1 + |x|?) + 27 In(Jax + b|* + |cx + d|?)

1 2 2, . B 2 2
+ 7 In(laz + b|” + [cz +d|")A;3(dz) — 2 In(|al” + [c[7)
R2

+1/ In(g(v)A;z(dv) + 27 In(lal* +|c|?)
2 JRr2

g:p () .
g(x)

gy (x)
g(x)

= —mln mg(In

)= —mp(x) —wmy(P)

which implies that

1

1
5 o [ Gar 0 b @nrig () = =5

Recall now that X; o ¥ equals in law X; — mg, (X;) so that
1
Gy(Y(x), ¥(2) = Gglx,y) — E((Gged))(x) +(Gge?)(y) + Dy
where Dy, = ;-m;(e?Gze?). Using (3.28) this becomes

1
Dy = (g, () = m(9)

and the applying (3.28) again we get

1 1
G (), ¥(2)) = Gy(x, y) = 2 (@) + b)) + 7 (my(¢) +mg, ($)).

(B.5) implies

1 1
—5mg(@®) = Smg, (@)

which yields (2.13) and combining with (B.6) we also get (3.30). O

(B.5)

(B.6)
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