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Abstract A minimalist theory of ideal quantum measurements is presented. The tested system S1

and the apparatus A are treated as a single closed system, governed by standard quantum statistical2

mechanics, which relaxes towards generalised thermodynamic equilibrium. Our results are supported3

by detailed dynamic calculations, but they can be also derived at the level of thermodynamics, with4

a qualitative account of relaxation mechanisms. A quantum formalism without interpretation is first5

used, where the density operator encodes knowledge about properties of a statistical ensemble or of6

its subensembles??? . In first step, the desired form for the final state of S+A associated with a large7

set of runs is thus derived, under some specified conditions to be fulfilled by the Hamiltonian. How-8

ever, due to a quantum ambiguity I propose here and also below: due to the occurrence of spooky9

terms/decompositions, this is not sufficient to account for the occurrence of a well defined outcome10

for each individual run of the ensemble. Therefore, in a second step, a stronger result is established,11

concerning all possible subensembles of runs. Their associated density operators are shown to relax12

towards the required structure owing to a specific dynamical mechanism that acts near the end of the13

process. The equations thus formally obtained are interpreted in the last step by means of postulates14

which relate macrophysics to microphysics and pertain more to A than to S. The properties currently15

attributed to ideal measurements are thereby recovered most economically, and the status of Born’s16

rule is re-examined redefined.17

Khrennikov speaks about pre-probabilities, we about q-probabilities. Persist with that??18

19

1 Introduction: the measurement problem20

If one wants to be clear about what is meant by21

“position of an object,” for example of an electron...,22

then one has to specify definite experiments by which23

the “position of an electron” can be measured;24

otherwise this term has no meaning at all.25

26

Werner Heisenberg [1]27
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29

After decades of discussion, one of the main foundational challenges of quantum theory is still the30

so-called measurement problem, which is closely related to the interpretation of quantum mechanics:31

Why can we make well-defined statements about an individual quantum system at the end of an ideal32

measurement in spite of the irreducibly probabilistic nature of quantum theory, which, as we shall33

stress, can be viewed as dealing with statistical ensembles? Or does measurement theory require a34

specific principle or interpretation of quantum mechanics? In particular, what is the status of Born’s35

rule? What is the role of the apparatus? How can repeated measurements issued from the same initial36

state provide different individual outcomes? Already raised by the founding fathers, this crucial37

question, related to the connection between microscopic and macroscopic concepts has witnessed a38

revival [2–7,9]. Many alternative interpretations of quantum mechanics have been proposed, many39

theories going beyond it have been developed and many models have been explored, but they have40

not led to a consensus.41

Here we analyse ideal measurements as dynamical processes undergone by a compound system42

S+A constituted by the tested system S coupled to the measuring apparatus A and governed by43

standard quantum statistical mechanics. Our scope is double, first technical then conceptual. In both44

respects, we wish to understand, in the most economic fashion (though completely), the various45

features of ideal measurements. Recognising first that the process amounts to relaxation towards46

thermodynamic equilibrium (Sec. 4), we describe this evolution within a purely formal Hamiltonian47

approach, postponing any interpretation (Secs. 5-7). Afterwards, we will introduce (Secs.8-10), the48

smallest possible number of principles (or postulates) needed to tackle the measurement problem, that49

is, to provide an interpretation in terms of physical individual runs to the formal results previously50

obtained.51

As the quantum equations of motion refer to a large set of runs and not to individual runs, we will52

introduce, as an intermediate step, not only this large ensemble but also its arbitrary subensembles.53

(The ensemble formulation of quantum mechanics is recalled in Sec. 3.) They will be shown to undergo54

a specific mechanism of relaxation [7] which will help us to tackle the measurement problem in the55

end. An essential feature is the macroscopic size of the apparatus, which forces us to rely on non-56

equilibrium quantum statistical mechanics. We include in A a possible thermal bath or environment,57

so that S+A is an isolated quantum system governed by a Hamiltonian. Though large, the apparatus58

is treated as a finite object so as to keep control of the dynamics and of time scales.59

We deal with ideal, non demolishing measurements. Their purpose is to test a single observable60

ŝ =
∑
i siπ̂i of S characterised by its (discrete) eigenvalues si and the associated eigenprojectors61

π̂i, while perturbing S minimally. Although ideal measurements are not currently performed in real62

experiments, their theoretical elucidation is a necessary step towards a full understanding of actual63

measurement processes, since any general quantum measurement (POVM) can be represented as a64

partial trace over an ideal measurement [13]. We denote by D̂(t) the joint density operator of S+A65

for a large ensemble E of runs, and by r̂(t) = trAD̂(t) and R̂(t) = trSD̂(t) the marginal density66

operators of S and A, respectively. At the initial time t = 0, S and A are uncorrelated, S lies in some67

state r̂(0) to be tested and A in a metastable state1 R̂(0).68

The evolution of D̂(t) is governed by a Hamiltonian including a suitable interaction ĤSA. Ideality69

involves separation of S from A after the measurement is achieved, so that ĤSA will be switched70

off at the very last stage of the process. Then, initially triggered by this coupling, the apparatus71

will eventually relax towards one or another among its stable states R̂i, which should have equal72

entropies and energies so as to avoid measurement bias. These states can be distinguished from one73

another through observation or registration of the pointer variable Ai, associated with some collective74

macroscopic observable Â of A and identified as its expectation value Ai = trAR̂iÂ. The spectrum75

of Â is dense. If ∆ denotes the width of the distribution R̂i as regards Â, many eigenvalues of Â76

lie in the interval (Ai − ∆,Ai + ∆) while the condition ∆ � |Ai − Aj | for i 6= j ensures a neat77

distinction between the possible outcomes of A. We wish the final indication Ai of the pointer to be78

fully correlated with the eigenvalue si of the tested observable ŝ and with the production of the final79

state r̂i for S.80

1 This initial metastable state of A is often called “ready state”
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The analysis of the process issued from the state D̂(0) should therefore explain why we can assign81

to S+A at a final time tf , for each run of the measurement, one among the states [14]82

D̂i = r̂i ⊗ R̂i, r̂i =
1

pi
π̂ir̂(0)π̂i. (1)

The probability tr D̂(tf)Π̂i of occurrence of the pointer outcome Ai should be given by Born’s83

rule pi = tr D̂(tf)π̂i = trS r̂(0)π̂i. In particular, the measurement problem consists in understanding84

theoretically why an individual run provides one among the outcomes (1), whereas D̂(0) = r̂(0)⊗R̂(0)85

is a probabilistic description of the initial state of S+A for a large ensemble E of runs.86

2 Outline: ideal measurements in a subensemble based approach87

We wish to uncover the most economic hypotheses and principles needed to explain the above ex-88

pected features of ideal measurements. We will first describe the dynamics of S+A by using standard89

methods of quantum (statistical) mechanics (Secs. 5-7). We will thus exhibit the features of the90

Hamiltonian necessary to yield final density operators in agreement with the desired result (1). Such91

a formal framework, compatible with arbitrary interpretations, applies only to statistical ensembles.92

Extrapolation to individual runs requires principles that afford a physical interpretation to the math-93

ematical results thus obtained. We will therefore introduce (Sec. 8) the weakest possible interpretative94

principles or postulates that solve the measurement problem. They are more generally relevant for95

interpretation of quantum mechanics. We will proceed in three steps, involving successively (i) the96

full ensemble of runs, (ii) its subensembles and (iii) the individual runs.97

(i) Full ensemble. Most of the literature about solutions of measurement models is restricted to98

this step. Here it is sufficient to use a minimalist formulation of quantum theory (Sec. 3) without99

prejudging any specific interpretation. The isolated compound system S+A is regarded as a sample100

extracted from a large statistical ensemble E , and its density operator D̂(t) encodes the probabilistic101

properties of this ensemble at the time t. All elements of E are identically prepared in the state D̂(0)102

and the dynamics of D̂(t) is governed by the Liouville–von Neumann equation. Working out current103

methods of quantum statistical mechanics and assuming some suitable properties of the Hamiltonian104

of S+A, it can then be shown (Sec. 5) that the density matrix D̂(t) (in a basis where ŝ is diagonal)105

is subject to two independent relaxation processes, with different timescales, the decay of the off-106

diagonal blocks of D̂(t) (“truncation”) and the establishment of correlations between S and A in the107

final diagonal blocks D̂i (“registration”). At the final time tf , the density operator that describes the108

collection of systems S+A belonging to E thus reaches109

D̂(tf) =
∑
i

piD̂i, D̂i = r̂i ⊗ R̂i. (2)

We will see (Sec. 4) that D̂(tf) is a generalised Gibbs state, so that the evolution from D̂(0) to D̂(tf)110

can be regarded as a relaxation towards a thermodynamic equilibrium state.111

The result (2) thus derived also arises as a consequence of the two properties that we wish112

to explain, the expected outcome (1) of individual runs and Born’s rule. However, the converse is113

not true for quantum reasons. If we were dealing with an ensemble of classical objects rather than114

a quantum ensemble, we would be entitled to interpret Eq. (2) as meaning that the ensemble E115

described by D̂(tf) at the end of the process might be split into subensembles Ei, each of which116

being described by D̂i and containing a proportion pi of runs. We shall see below why this naive117

interpretation is unfounded, so that having established (2) is not sufficient to allow the identification118

of the operators D̂i with quantum states and of the coefficients pi with ordinary probabilities. Other119

results complementing (2) are needed.120

(ii) Subensembles. To this aim, we will make a second step from E towards individual runs, while121

remaining within the ensemble formulation of quantum theory. Inspired by the frequency theory of122

classical probabilities [25] based on the structure of the set of all possible subensembles of events, we123
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note that different density operators may simultaneously be ascribed to the same system, depending124

on the information available about it, that is, on the ensemble in which it is embedded. This is125

standard in probability theory: when a dice is repeatedly thrown, the probability of the outcome “3”126

is 1
6 for the full set of runs; it is 1

3 when only the odd outcomes (“1”, “3”, “5”) are selected and the127

even ones discarded; it is 1
2 for a selection of the middle ones (“3” or “4”), and 1 for the subensemble128

containing only the outcome “3”. Likewise, here (Sec. 3), the ensemble E is a large collection of129

individual systems S+A identically prepared and described by D̂(t), while a subensemble E(k)
sub is a130

(still large) collection of elements extracted from E by means of some criterion, and the state D̂(k)
sub(t)131

describing E(k)
sub may well differ from D̂(t). However, a specifically quantum difficulty arises. The132

construction of classical subensembles relies on the possibility of distinguishing individual events133

so as to select a part of them. Here, due to a quantum ambiguity (see below and in Sec. 6), the134

probabilistic description afforded by D̂(t) for the full ensemble E does not allow such a theoretical135

recognition of the individual elements of E (although they are evidently distinguished in repeated136

experiments). In measurements, this turns out to be feasible only at the macroscopic scale and after137

achievement of the process, as the indications Ai of the pointer yield a criterion for selection. A138

subensemble E(k)
sub will thus be characterised after the final time tf by the relative frequencies q

(k)
i of139

runs having yielded the macroscopic outcome Ai and thus expected to have produced the state D̂i140

expressed by (1).141

Hence any subensemble E(k)
sub of runs extracted from E should end up in a state of S+A of the142

form143

D̂(k)
sub(tf) =

∑
i

q
(k)
i D̂i, D̂i = r̂i ⊗ R̂i. (3)

Here again as for (2), this desired form (3) is in thermodynamic equilibrium (Sec. 4). We need there-144

fore to derive this result, and we foresee that the minimalist ensemble (or subensemble) formulation145

of quantum mechanics may suffice although it does not deal with individual systems.146

Once the expression (2) of D̂(tf) for E has been derived, its structure might suggest that it147

implies the form (3) of D̂(k)
sub(tf) for E(k)

sub. Such a deduction, which would be straightforward for148

classical distributions, is prohibited in quantum mechanics for the following reason. Let us associate149

with the subensemble E(k)
sub of E , with relative size λ, its complement E(k′)

sub . The states describing E ,150

E(k)
sub and E(k′)

sub , respectively, satisfy D̂ = λD̂(k)
sub + (1− λ)D̂(k′)

sub . Conversely, if only D̂ is given, one can151

mathematically decompose it, in an infinity of ways, as D̂ = µD̂dec + (1 − µ)D̂′dec, where D̂dec and152

D̂′dec have the properties of quantum states, in particular positivity.2 In classical statistical mechanics,153

these two components would describe probabilistically two complementary subsets E(k)
sub and E(k′)

sub of154

individual systems. Such a seemingly natural property is violated here by a quantum ambiguity due to155

the matrix nature of D̂dec and D̂′dec. As discussed in Sec. 6, physically nonsensical contradictions may156

occur, forbidding an individual quantum system that would be described by a separate term D̂dec of157

most above mathematical decompositions to belong to some physical subensemble of E . Hence, only158

some specific decompositions of D̂ are physically meaningful. Whereas a state D̂(k)
sub associated with159

a physical subensemble E(k)
sub is an operator issued from a decomposition of E , we cannot conversely160

construct physical states by analysing the decompositions of D̂, which yield in general mathematical161

objects D̂dec without any physical relevance.162

It is thus important to prove Eq. (3), which is not a consequence of (2), and we shall achieve this163

through a dynamical mechanism (Sec. 7). We first postulate that the subensemble E(k)
sub, identified after164

the time tf by the proportions q
(k)
i of outcomes Ai, can already be described, at times t > t′f , where t′f165

is slightly earlier than tf , by a state D̂(k)
sub(t) obeying the standard rules of quantum mechanics. (In its166

2 A multitude of mathematical decompositions is also known when in a quantum problem one is allowed to
choose any basis of eigenfunctions.
Roger: Suppress. What you write is misleading. I do not understand and disagree: a change of basis is not a
decompositions of a mixed state. Theo: I try to do good, I don’t understand my guilt.
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minimalist formulation, quantum mechanics does not allow us to make theoretical statements about167

the subensembles E(k)
sub at early times.) In particular, with the same physics involved, the evolution168

of D̂(k)
sub(t) between the times t′f and tf is governed by the same Hamiltonian as for E , but the initial169

condition D̂(k)
sub(t′f) at t = t′f is not given. However, we know at least that D̂(k)

sub(t′f) results from some170

decomposition of D̂(t′f). The latter feature imposes on D̂(k)
sub(t′f) a constraint, if t′f is chosen sufficiently171

late so that during the lapse t′f < t < tf the state D̂(t) of the full ensemble has already reached the172

form (2) after the interaction between A and S has been switched off.173

We shall see (Sec. 7) that these properties are sufficient to prove the desired result (3). We rely on a174

specific mechanism, the subensemble relaxation [7], which is an extension of the known microcanonical175

relaxation [17-20] and which involves only the (large) apparatus. It entails rapid relaxation, on a delay176

shorter than tf − t′f , of both the diagonal and off-diagonal blocks of the density matrix D̂(k)
sub(t), so177

that the states associated with all subensembles reach at the time tf the anticipated form (3), with178

the same desired building blocks D̂i. The weights q
(k)
i entering (3) are not known a priori. Owing to179

the form of the states R̂i, they are expressed as q
(k)
i = tr D̂(k)

sub(tf)Π̂i, where Π̂i denotes the projector180

onto the eigenspace of Â associated with the sole eigenvalues entering R̂i, namely, those lying in a181

range ∆ around Ai.
3 The numbers q

(k)
i thus appear as “quantum probabilities” for the indications182

Ai of the pointer, but cannot yet be interpreted as ordinary probabilities, although they satisfy, when183

two disjoint subensembles merge, the same additivity property of the quantities q
(k)
i N (k) as ordinary184

probabilities, see eq. (13) below. Thus, for all possible subensembles, the various final states D̂(k)
sub(tf)185

satisfy a hierarchic structure characterised by the form (3) and the additivity of the coefficients q
(k)
i .186

Hence the quantum ambiguity will be removed by a dynamical mechanism.187

(iii) Individual runs. The result (3), much stronger than (2), is the most detailed property that188

conventional quantum theory can afford. It is a necessary condition for ideal measurements, since it189

is a consequence of the required final states (1) to be assigned to individual runs; but conversely it190

is still not sufficient to entail (1), because the formal equations of quantum mechanics used to derive191

(3) neither provide an interpretation for the weights q
(k)
i nor ensure that their range extends from 0192

to 1, a property necessary to get (1) as a special case of (3)), namely to consider a subensemble Ei193

gathering the systems S+A that lie all in the same state D̂i.194

In order to extrapolate (3) towards individual runs, which lie beyond the realm of the ensemble195

formulation of quantum mechanics, and thus to be able to make statements about experimental facts,196

we need to supplement the abstract ensemble formulation of Sec. 3 with interpretative principles,197

presented and discussed in Sec.8. The main one will concern only macroscopic variables, here the198

pointer variables represented microscopically by the projectors Π̂i. We will show that the latter199

observables, when used within the states D̂(k)
sub(tf) at the end of the measurement, effectively commute200

with the whole algebra, so that they loose their specifically quantum features. The additivity property201

(13), the same as in the frequency theory of probabilities [25,26], will finally lead us (Sec. 8) to202

interpret, for any subensemble E(k)
sub, each coefficient q

(k)
i , originally a formal object, as the proportion203

of runs of E(k)
sub that provide the indication Ai of the pointer.204

In spite of its macroscopic nature, this principle will enable us (Sec. 9), owing to the full corre-205

lation between Ai and r̂i created by the dynamics, to draw, at the final time, conclusions about the206

microscopic system S for individual runs of an ideal measurement, and to acknowledge the emergence207

of some classical probabilistic concepts for this quantum system S. Only then will pi = tr D̂(tf)Π̂i =208

trSr̂(0)π̂i be interpreted3 as Born’s probability of occurrence of the eigenvalue si, and r̂i as the final209

state of S in an individual run tagged by Ai. This assignment of von Neumann’s reduced state r̂i to210

S will appear as an updating of information.211

For specific models, some parts of the above programme have been achieved in the literature212

[2–7,9]. We consider below arbitrary ideal measurements. Due to the generality of this scope, we213

will skip the technical, model-dependent aspects of the solution, but will demonstrate its feasibility214

3 It is essential to distinguish the projector π̂i for the system S, associated with the eigenvalue si of ŝ, from

the projector Π̂i for the apparatus A, associated with the eigenvalues of Â located in the range (Ai−∆,Ai+∆).
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by recalling in footnotes the outcomes of the detailed dynamical solution [6, 12] of the Curie–Weiss215

(CW) model4.216

3 Ensemble formulation of quantum mechanics217

We tackle the measurement problem within a statistical ensemble formulation5 of quantum mechan-218

ics. It is a minimalist, formal description suited to both microscopic and macroscopic systems. Its219

spirit is the same as in the C∗-algebraic approach [8–10], although we deal with finite non rela-220

tivistic systems. It does not prejudge any specific interpretation of quantum oddities [13]. Physical221

interpretations should emerge at the macroscopic scale, in experimental contexts.222

Physical quantities pertaining to a system are described as “observables” represented by Her-223

mitean matrices in a Hilbert space. Observables behave as random objects, but, unlike ordinary224

random variables, their randomness arises from their non-commutative nature and is inescapable.225

In the present formal scope, we regard a “quantum state”, whether pure or not, merely as a226

theoretical tool for making probabilistic statements or predictions about the various observables. It is227

characterised by a correspondence associating with any observable Ô a real number and implemented228

as Ô 7→ 〈Ô〉 = tr D̂Ô by means of a Hermitean, normalised and nonnegative density operator D̂. Such229

a definition6 looks analogous to that of a state in classical statistical mechanics, encoded in a density230

in phase space which produces the expectation value of any physical quantity. However, “quantum231

expectation values” 〈Ô〉 or “quantum information” (q-information, generalising q-bits) encoded in232

a density operator refer to a veiled reality. They may become physically available solely in special233

circumstances and solely in part, because our knowledge is limited not only by some ignorance about234

the values of physical quantities, but by their very nature of operators. An interpretation is then235

needed to extract from the q-information embedded in D̂ some ordinary probabilistic information236

affording predictions about real events, as we will see for ideal measurements in Secs. 8 and 9. For237

the time being, quantities such as a q-expectation 〈ŝ〉, a q-probability 〈π̂i〉 or a q-correlation 〈ŝÂ〉238

are treated as formal objects. In particular, we will discuss (Secs. 8 and 9) which meaning should be239

given to the numbers pi = 〈π̂i〉 = trSr̂(0)π̂i since we do not postulate Born’s rule, and in which sense240

the measurement process will nevertheless allow us to interpret these formal objects as probabilities7.241

Obviously, in case the q-variance of a macroscopic (or microscopic) observable Ô is negligible in242

relative value (or vanishes), we can readily interpret in terms of real events its formal q-expectation243

〈Ô〉, by identifying it with the actual physical value of Ô. Controlling such variables that take a244

single value is a means for preparing a quantum state [13], for instance the initial state R̂(0) of A or245

4 In the CW model [6, sect. 3], S is a spin 1
2
, the measured observable being its z-component ŝz, with outcomes

i = ↑ or ↓. The apparatus simulates a magnetic dot, includingN � 1 spins σ̂(n), which interact through the Ising
coupling J , and a phonon thermal bath at temperature T < J ; these spins and the phonons are coupled through
a dimensionless weak coupling γ. Initially prepared in its metastable paramagnetic state, A may switch to one or

the other stable ferromagnetic state. The pointer observable Â = Nm̂ =
∑N

n=1
σ̂
(n)
z is the total magnetisation

in the z-direction of the N Ising spins. The coupling between S and A is ĤSA = −
∑N

n=1
gŝzσ̂

(n)
z , while ĤS = 0.

5 The term “statistical ensemble formulation” is intended to recall that “statistical ensembles and subensem-
bles” will be essential in our approach and that quantum mechanics is irreducibly probabilistic. We do not
speak here of “statistical interpretation” [2], a term which depends on the authors, but simply of “formula-
tion” because we wish to introduce interpretations only in the end (Sec. 8). We shall abbreviate throughout
by “ensemble” the expression “statistical ensemble”, which refers to a real or virtual collection of systems
characterised by some available information accounted for by a density operator. Increasing this information
about some systems implies that they are embedded in a subensemble.

6 In this algebraic approach, the representation of a state by a density matrix is implemented from the

correspondence Ô 7→ 〈Ô〉 by taking the set of dyadics |η〉〈η′| as basis in the vector space of observables Ô. The

matrix element 〈η′|D̂|η〉 of D̂ is then defined as the q-expectation value of |η〉〈η′|. Other so-called Liouville
representations of states, such as the Wigner representation for a particle or the polarisation representation for
a spin 1

2
, are defined through other choices of bases (the basis of Pauli operators for the spin).

7 I degrade to footnote, because it was off the record: Likewise, in quantum computation, q-bits can be
manipulated, but only blindly; the q-information that they carry is not available, and extracting from it real
information requires a measurement process which destroys part of it.
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the one r̂(0) of S in a measurement. Such an interpretation will be further discussed in Sec. 8 and246

extended to some macroscopic observables that may take several values.247

As a standard probability distribution, a quantum state gathers q-information and refers, im-248

plicitly or not, to a statistical ensemble E : We should regard an individual system as embedded in249

a large ensemble E of systems produced under the same conditions and characterised by the same250

available information. So a state does not “belong to a system”, it is not an intrinsic property. The251

ensemble E may be a collection of real systems, as in a repeated experiment; it may also be virtual,252

containing the real studied system and mental copies.253

Moreover, as noted in Sec. 2 with the classical example of the dice, gaining knowledge about an254

individual system leads to regard it as member of a different ensemble, and to modify its probabilistic255

description: It should be regarded as an element of some subensemble E(k)
sub of E accounting for this256

knowledge, and a new state is thus attributed to it. As a quantum example, take E for a spin257

1
2 as the union of two equal sized subsets E(k)

sub and E(k′)
sub , produced in the +z and −z directions,258

respectively. If we know that a given system is an element of E(k)
sub, we should assign to it the state259

D̂(k)
sub (which is |z〉〈z| in the example) that characterises the q-information associated with E(k)

sub. If260

however we ignore its membership of E(k)
sub and consider it just as an element of E , we can take into261

account only the (weaker) information associated with E , and should assign to it for any prediction262

the state D̂ (the unpolarised state 1
2 Î for a spin picked at random within E in the example). In263

each case, von Neumanns entropy S(D̂) = −trD̂ ln D̂ measures the amount of q-information missing264

when only D̂ is known. Such an occurrence of different probability distributions for the same system,265

depending on the amount of information retained about it, which is trivial in the dice example, may266

look odd for quantum states, but it is employed in practice when selecting measurement outcomes,267

hence it must enter theoretical treatments; indeed, it will be crucial in Sec. 7. Once the existence of268

different subensembles is granted, the evolutions in parallel of the corresponding states, governed for269

an isolated system by the same Hamiltonian, should be regarded for each considered subensemble270

as a transfer of q-information between the various observables.271

The consideration of subensembles, which underlies the frequency approach to the classical proba-272

bility theory [25], will be an essential ingredient of the present approach to quantum measurements.8273

Here, the density operator (2) of the compound system S+A encompasses q-information about the274

final state of a large set E of runs, whereas (3) accounts for the more detailed q-information asso-275

ciated with the subensemble E(k)
sub. Assigning the final state D̂i given by (1) to a run belonging to276

a subensemble Ei relies on the possibility of reading the outcome Ai of the macroscopic pointer.277

Switching from D̂(tf) to D̂i will thus appear (Sec. 10) as an updating of information, similar to an278

updating of ordinary probabilities.279

4 System plus apparatus in thermodynamic equilibrium280

Let us first characterise the most general form of a Hamiltonian which may produce an ideal quantum281

measurement process. We suppose that the compound system S+A is isolated, including in A a282

8 In classical probability theory, the selection of the elements of a subensemble E(k)sub of E is math-
ematically implemented [25,26] by numbering the events of E with an index n and introducing a
function f (k)(n) that may take two values, 0 if the element n is discarded, 1 if it is selected.
Armen, aren’t there conditions on the f?? Use of this probability concept requires distinguishing the-
oretically the individual events, which is of course experimentally performed in quantum measurements, but
which is allowed in quantum theory only in special cases, such as at the issue of a measurement. This will be

discussed in Sec. 7 and 8. Then, the subensembles E(k)sub of theoretical interest for the present argument will

be those for which the coefficients q
(k)
i in (3) differ from pi. However, the selections of all such subensembles

within the full ensemble E have zero measure (in the sense of Lebesgue measure in the space of selections [26]
when the number of elements of E becomes infinite). Nearly all subsets of E, in particular those obtained by

extracting systems at random from E, would be described by the same state D̂ as the full set E. It will therefore

be essential for our purpose to consider all subensembles E(k)sub of E. Note also that, if r̂i is a mixed state, the

runs described by (3) are picked up at random within Ei. Note finally that, if D̂ is a pure state |ψ〉〈ψ|, this

state D̂ should be assigned to any subensemble and to any individual system of E. (The latter will not apply
to measurements, since A has to start in a mixed state.)
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thermal bath or an environment if present. The properties of S+A are governed by the Hamiltonian283

Ĥ = ĤS + ĤA + ĤSA, which must have specific features. If A is decoupled from S, the part ĤA284

governing the macroscopic apparatus should produce an initial metastable state R̂(0), with lifetime285

longer than the duration of the measurement, and several thermodynamic equilibrium states R̂i, the286

possible final states. A typical example4 is given by spontaneously broken discrete invariance, the287

pointer variable Ai being the order parameter.288

As we wish to deal with ideal measurements, the process should perturb S as little as possible: any289

observable compatible with ŝ, i.e., commuting with its eigenprojectors π̂i, should remain unaffected.290

The conservation of all these observables [14] is expressed by the fact that Ĥ depends on S only291

through the projectors π̂i. In particular its coupling with A must have the form ĤSA =
∑
i π̂i ⊗ ĥi,292

where ĥi are operators of A. Moreover, if ŝ takes the value si, that is, π̂i the value 1, the apparatus293

A should end up in its stable state R̂i, the pointer variable being close to Ai and also Π̂i taking the294

value 1. This can be achieved if each ĥi behaves as a source that breaks explicitly the invariance9 by295

energetically favouring Ai.296

Before analysing the dynamics of the measurement process (Sections 5 and 7), we determine297

for orientation the general form D̂eq of the thermodynamic equilibrium states associated with the298

Hamiltonian Ĥ of S+A. We rely on the maximum von Neumann entropy criterion for assigning a299

state to a system in equilibrium [16,17]. We thus maximise −tr D̂ ln D̂, which measures the amount300

of randomness of D̂, under constraints accounting for given values of the conserved quantities. As301

usual for isolated macroscopic systems, thermal equilibrium is implemented by specifying the average302

energy, identified with the q-expectation value 〈Ĥ〉. Further constraints account for the other con-303

stants of the motion, to wit, the q-expectation values of all observables of S that commute with the304

projections π̂i. The Lagrange multipliers are β, for the Hamiltonian, and the coefficients multiplying305

the operators that commute with the π̂i.306

This yields for the equilibrium states a generalised Gibbsian form where the exponent involves an307

arbitrary linear combination of all the conserved observables, i.e., D̂eq ∝ exp(−βĤ +
∑
i ŷi) where308

ŷi is any operator of S acting inside the diagonal block i (so that ŷi = π̂iŷiπ̂i). For any possible309

equilibrium state of S+A, ŷi is arbitrary; if this state is the result of relaxation, it depends on the310

initial conditions as specified below. Noting that the exponent, which commutes with the projections311

π̂i, has a block diagonal structure in a basis where ŝ is diagonal, we find for these equilibrium states312

the related block diagonal structure313

D̂eq =
∑
i

qix̂i ⊗ R̂h
i ,

∑
i

qi = 1. (4)

Each factor qix̂i, which arises from exp(−βĤS + ŷi), is an arbitrary block diagonal operator of314

S, where x̂i = π̂ix̂iπ̂i, trSx̂i = 1 behaves as a density operator of S. (If the eigenvalue si is non315

degenerate, x̂i reduces to π̂i.) Each factor R̂h
i ∝ exp[−β(ĤA + ĥi)] in (4) can be interpreted as a316

canonical equilibrium density operator in the space of A. Here the invariance is explicitly broken by317

adding to the Hamiltonian of A the source term ĥi that arises from ĤSA =
∑
i π̂i ⊗ ĥi.318

This term ĥi should be sufficiently large so that the distribution trAR̂hi δ(A− Â) of Â has a single319

narrow peak, and sufficiently small so that this peak lies close to Ai, so as to let Â behave as a pointer320

9 The interaction Hamiltonian ĤSA allows to describe not only ideal measurements involving well separated
eigenvalues si of ŝ, but also more general measurements for which the projectors π̂i, still associated through

ĥi with the pointer indications Ai, are no longer in one-to-one correspondence with the eigenvalues of ŝ. For
instance, if some π̂i encompasses the eigenspaces of several different neighbouring eigenvalues, selecting the
outcome Ai will not discriminate them, and the final state r̂i = π̂ir̂(0)π̂i/pi of S will not be associated with
a single eigenvalue of ŝ as in an ideal measurement. As another example, consider two orthogonal rank-one

projectors π̂1 and π̂2, coupled with sources ĥ1 and ĥ2 that produce different outcomes A1 and A2, and assume
that π̂1 + π̂2 spans the two-dimensional eigenspace associated with a degenerate eigenvalue of ŝ; reading the
outcome A1 (or A2) then provides more information than this eigenvalue.
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observable. These properties are easy to satisfy for a macroscopic apparatus10. Thermodynamic321

equilibrium (4) thus entails a complete correlation between the eigenvalue si of ŝ and the macroscopic322

value Ai of the pointer variable, implying the equality of the q-probabilities 〈π̂i〉 and 〈Π̂i〉. The323

moderate (neither too small nor too large) size of ĥi also ensures that the state R̂hi lies in the basin324

of attraction of the state R̂i with broken symmetry, so that R̂hi will relax smoothly to R̂i at the end325

of the measurement process when the coupling ĤSA is switched off11.326

Let us return to measurement processes. We wish to explain how a final state D̂i of the form (1)327

should be assigned to each run with the probability pi = 〈π̂i〉 = 〈Π̂i〉. It is thus necessary (but, as328

stressed, not sufficient) to prove, by studying the dynamics of a large statistical ensemble E of runs329

issued from the initial state D̂(0) = r̂(0)⊗ R̂(0), that it ends up in the state D̂(tf) expressed by (2).330

We can identify (2) with a generalised thermodynamic equilibrium state (4), for which relaxation of331

R̂h
i to R̂i has taken place after switching off ĤSA. Dynamics and conservation laws will determine332

the free parameters of D̂eq from the initial state D̂(0) by the conditions qix̂i = π̂ir̂(0)π̂i ≡ pir̂i, thus333

indeed as qi = pi and x̂i = r̂i.334

We also need to prove a stronger result. For a subset E(k)
sub having yielded a proportion q

(k)
i of335

runs with outcomes Ai, the final corresponding state D̂(k)
sub should have the form (3). This final state336

is again a generalised thermodynamic equilibrium state (4) with x̂i = r̂i, and the same property337

x̂i = r̂i holds for the special subensembles Ei.338

Thus, an ideal measurement process appears as a mere relaxation of S+A to generalised ther-339

modynamic equilibrium, for the full ensemble E of runs as well as for all8 its subensembles E(k)
sub. In340

quantum mechanics, relaxation of D̂(t) and D̂(k)
sub(t) towards Gibbsian generalised thermodynamic341

equilibrium states (2) and (3) is not granted [18]. We must therefore justify these properties within342

the quantum statistical dynamics framework. We sketch the main steps of such a proof in Sec. 5 and343

Sec. 7, as a prerequisite to the consideration of individual runs.344

5 Dynamics of system and apparatus for the full set of runs345

Our first task [11] consists in deriving the final state (2) by solving the Liouville–von Neumann346

equation ih̄dD̂(t)/dt = [Ĥ, D̂(t)] with initial condition D̂(0) = r̂(0) ⊗ R̂(0). Taking into account347

the above form of Ĥ and the commutation [ĤS, r̂(0)] = 0 which ensures that the marginal state348

r̂(t) of S is perturbed only by the interaction ĤSA during the process, we check that D̂(t) can be349

parameterised as350

D̂(t) =
∑
i,j

π̂ir̂(0)π̂j ⊗ R̂ij(t) (5)

in terms of a set R̂ij(t) = R̂†ji(t) of operators in the Hilbert space of A, to be determined by the351

equations352

ih̄
dR̂ij(t)

dt
= (ĤA + ĥi)R̂ij(t)− R̂ij(t)(ĤA + ĥj), (6)

with the initial conditions R̂ij(0) = R̂(0). The dynamics thus involves solely the apparatus, irre-353

spective of the tested system (involved in (6) only through ĥi and ĥj), a specific property of ideal354

measurements. Moreover, for each block R̂ij of the density matrix D̂, whether i = j of i > j, the355

dynamics of is decoupled from the one in other blocks, while the i < j blocks follow by Hermiticity.356

10 In the CW model4, the factors ĥ↓ = −ĥ↑ =
∑N

n=1
gσ̂

(n)
z that occur in the coupling ĤSA behave as a

magnetic field applied to A. The conditions for ĥi are satisfied if N � T/g (which lets the probability of the
states with m < 0 vanish for sz = 1), and g < T [6, sect. 9.4].
11 In the CW model g < T ensures this relaxation [6, sect. 7.2].
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Though macroscopic, A should be treated as a finite system so as to ensure a better control357

of the dynamics and to discuss under which conditions the process can be regarded as an ideal358

measurement. We must then explain how the expected irreversible relaxation from D̂(0) to D̂(tf) can359

be governed by the reversible equations (6), so that we run into the old paradox of irreversibility.360

As usual in statistical mechanics, it is legitimate for finite but large systems to disregard events361

having an extremely small probability, to forget about recurrences that would occur after large,362

unattainable times, and to neglect physically irrelevant correlations between a macroscopic number363

of degrees of freedom. Such approximations, although not exact mathematically, are fully justified364

when their outcome is physically indistinguishable from the exact solution. A large apparatus, and365

a suitable choice of parameters in ĤA and ĤSA will therefore be needed, for each model, to explain366

the required relaxations and to estimate their time scales, as illustrated by the CW model treated367

extensively in [7]. In decoherence approaches, which focus on the disappearance of the off-diagonal368

blocks R̂ij for i 6= j, irreversibility is ensured by the large size of an external environment (that we369

regard here as a bath included in A). The resulting equations should anyhow be supplemented as370

below in Sec. 8 by interpretative principles.371

Two types of relaxation arise independently from the dynamical equations (6).372

(i) “Truncation”: For i 6= j, the coherent contributions R̂ij(t) decay for all practical purposes373

owing to the difference between ĥi and ĥj , and eventually vanish. The off-diagonal blocks of the374

density matrix D̂(t) are thus truncated as regards the physically attainable observables.12 Depending375

on the model, this decay may be governed by different mechanisms.13
376

(ii) “Registration”: For i = j, the evolution of R̂ii(t) governed by (6) is a mere relaxation from377

the metastable state R̂(0) to the equilibrium state R̂hi in the presence of the source ĥi, and then378

to R̂i after ĤSA is switched off. The correlation between si and Ai needed to register the outcome379

is thereby established14. Since registration requires a dumping of free energy into the bath, it its380

typically slower than truncation.381

Thus, microscopic dynamics confirms the generalised thermodynamic equilibrium surmise (2) for382

the final state of S+A in the ensemble E . The coupling between S and A can already be switched383

off at an appropriate moment before this state is reached, and the remainder of our discussion will384

involve only the apparatus.385

12 The matrix elements of R̂ij(t) with i 6= j contain rapidly oscillating phase factors. As for any irreversible
process, physical quantities involve sums over very many of them, which cancel out for times less than the
huge recurrence time. So for all practical purposes they can be omitted after the relaxation time owing to the

macroscopic size of the apparatus, in spite of the constant value of the sum trAR̂ij(t)R̂†ij(t) of the modulus

square of the matrix elements of R̂ij(t). However, would one wish to calculate mathematical objects, for instance
to check that the fine-grained entropy remains constant, they would definitely be needed.
13 Truncation is the most studied phenomenon in the literature on measurements, decoherence being currently
ensured by an external environment. Several processes are involved in the CW model4. Over the short time
scale h̄/g

√
N , truncation results [6, sect. 5] from the dephasing between the oscillations yielded by the factor

exp 2ith̄−1
∑N

n=1
gσ̂

(n)
z entering R̂↑↓(t), which have different frequencies (due to the randomness of σ

(n)
z in the

initial paramagnetic state of A). Information is thereby lost through a cascade of correlations of higher and

higher order, less and less accessible, between the spins of A, so that R̂↑↓(t) practically tends to zero as regards
the accessible observables. Recurrences are wiped out [6, sect. 6], either by the coupling γ with the phonon

bath (provided T/J � γ � g/NT ), or by a spread δg in the couplings g of ĤSA (provided δg � g/
√
N).

14 Authors do not always give the same meaning to the various words used. We term as truncation the disap-
pearance of the off-diagonal blocks of the density matrix of S+A under the effect of an arbitrary mechanism,
and specialise decoherence to the production of this effect by interaction with an environment or a thermal

bath. We term as registration the process which leads each diagonal block to the correlated state r̂i⊗R̂i, and as
reduction the transition from r̂(0) to some r̂i for an individual run. While much attention has been paid to the
vanishing of the off-diagonal blocks, the relaxation of the diagonal blocks is too often disregarded, although it

produces the correlations that ensure registration. In the CW model [6, sect. 7], this process is triggered by ĥi
which makes R̂(0) unstable and should be sufficiently large to exclude false registrations (g � J/

√
N). Later

on, the relaxation of R̂ii(t) to R̂hi , and finally to R̂i after ĤSA is switched off, is governed by the dumping of
free energy from the magnet to the phonon bath; its characteristic duration is the registration time h̄/γ(J−T ).
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6 Through subensembles towards individual runs386

We have thus shown how D̂(t) evolves from D̂(0) to D̂(tf) =
∑
i piD̂i for the large set E of all387

runs. It would be tempting to interpret this result as meaning that E contains a proportion pi of388

individual runs having ended up in the state D̂i. This conclusion would be justified if the density389

operator D̂(tf ) did behave as an ordinary probability distribution or as a density in phase space of390

classical statistical mechanics. However, as indicated in Sec. 2, such a seemingly natural inference391

is here fallacious due to the quantum ambiguity of the decompositions [20]. Namely, there exist392

many mathematical decompositions D̂ =
∑
n µnD̂(n) of an arbitrary mixed state D̂ into a weighted393

sum of operators D̂(n)
dec having the properties of density operators, and different decompositions can394

present incompatible features. Hence, we cannot interpret physically the operators D̂(n)
dec issued from395

a decomposition of D̂.396

We illustrate this general ambiguity by a simple, well known example, that of an unpolarised397

ensemble E of spins, described by the density operator 1
2 Î. One might naively infer from the decom-398

position 1
2 Î = 1

2 |z〉〈z| + 1
2 |−z〉〈−z| that E would be the union of two equal sized subensembles of399

spins, polarised along the z-axis in either direction and described by the pure states |z〉 and | − z〉,400

respectively. However, considering the alternative decomposition 1
2 Î = 1

2 |x〉〈x| + 1
2 |−x〉〈−x|, the401

same interpretation would let one believe in the possibility of splitting E into two subensembles402

of spins polarised along the x-axis in either direction. If these two decompositions were physically403

meaningful, each individual spin would be polarised simultaneously in two orthogonal directions, but404

this is nonsensical. And many other decompositions exist15. To describe statistically an individual405

spin, the only issue is to assign to it the state 1
2 Î. Such a contradiction forbids us to give a physical406

meaning to the separate terms of a decomposition of the mixed state D̂ describing an ensemble E407

(unless information other than D̂ is available). For measurements, once the expression (2) of D̂(tf)408

has been globally derived as in Sec. 4, the existence of decompositions of D̂(tf) incompatible with409

the particular one D̂(tf) =
∑
i piD̂i makes it illegitimate to postulate that each individual run ends410

up in one or another of the states D̂i.411

In order to face this impossibility of getting direct conclusions about individual events, we will412

pursue within the quantum formalism as far as possible, postponing interpretation. As noted in Sec.413

3, quantum statistical mechanics applies not only to the full ensemble E but also to its subensembles414

E(k)
sub. Our next task in Sec. 7 will therefore consist in proving that, for all possible subensembles 8,16

415

E(k)
sub of E , S+A ends up in a state of the form (3), D̂(k)

sub =
∑
i q

(k)
i D̂i. This property, a necessary416

ingredient to solve the measurement problem, does not follow from (2) but will be ensured by a new417

relaxation process pertaining to the apparatus and taking place near the end of the measurement418

[7].419

Keeping aside for a while the measurement problem, we remind (Sec. 3) that a given individual420

system can statistically be described by different quantum states, depending on our information421

about the physical subensemble in which it is embedded (as in the dice example of Sec. 2 (ii)).422

These states, usually mixed, are related to one another. When an ensemble E (with N elements423

described by D̂) gathers a subensemble E(l)
sub (with 0 < N (l)

sub < N elements described by D̂(l)
sub) and424

its complement E(l′)
sub (with N (l′)

sub = N −N (l)
sub elements described by D̂(l′)

sub), the q-expectation values425

〈Ô〉 for E , E(l)
sub and E(l′)

sub defined by the correspondence Ô 7→ 〈Ô〉 have the same additivity property426

as ordinary averages. This is expressed at each time by427

D̂(t) = λD̂(l)
sub(t) + (1− λ)D̂(l′)

sub(t), (7)

with the weight λ = N (l)
sub/N . All three states D̂(t), D̂(k)

sub(t) and D̂(k′)
sub (t) are governed by the same428

dynamical equations, including the Hamiltonian that characterises the considered system. Consider429

15 An arbitrary mixed state can be decomposed in an infinity of ways as a weighted sum of projectors onto
pure states, which cannot be decomposed further and are not necessarily orthogonal.
16 If E has N elements, its number of subensembles is 2N − 1 since each run may or may not be selected and
since we exclude the empty set.
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more generally an ensemble E that encompasses different populations of similar systems, and the430

whole collection of its physical subensembles E(l)
sub. As E is the merger of some “elementary” subensem-431

bles Ej (with relative sizes pj) which gather individual systems described by the same state D̂j , the432

state that describes E is expressed by D̂ =
∑
j pjD̂j according to Eq. (7). An arbitrary subensemble433

E(l)
sub is characterised by the relative numbers q

(l)
j of individual systems extracted from each Ej , so434

that the state associated with E(l)
sub is expressed as D̂(l)

sub =
∑
j q

(l)
j D̂j ; the coefficients q

(l)
j satisfy the435

additivity property expressed by Eq. (13) below. We will term as hierarchic structure this general436

form for the set of physical states D̂(l)
sub. The hierarchic property, characterised by the building blocks437

D̂j and the additive coefficients q
(l)
j , ensures the consistency of the various density operators D̂(l)

sub438

assigned to a given individual system, depending on the subensemble E(l)
sub to which it is regarded to439

belong.440

Conversely, whereas one can readily infer from a classical probability distribution a unique set of441

subensembles E(l)
sub and their associated distributions D̂(l)

sub, the quantum ambiguity makes this impos-442

sible for a mixed density operator D̂. Due to the matrix nature of D̂, one cannot deduce from it the443

states associated with physical subensembles: There exist many sets of operators D̂dec issued from444

decompositions of D̂, which produce different hierarchical structures (with different building blocks445

D̂j), or which are even incompatible with the hierarchic structure needed for decompositions associ-446

ated with physical subensembles. Thus, if nothing else than D̂ is known, this logical incompatibility447

between different mathematical decompositions prevents us from giving them a physical meaning, and448

their elements do not describe physical subensembles.449

In the case of measurements, the final mixed state D̂(tf) of S+A possesses, besides the de-450

composition D̂(tf) =
∑
i piD̂i expected to be physical, many other mathematical decompositions451

D̂(tf) =
∑
n µnD̂

(n)
dec that cannot be associated with physical subensembles. This forbids us to inter-452

pret separately the terms piD̂i of D̂(tf) unless extra information is found. Neither can we infer from453

the sole global knowledge of D̂(tf) whether a term D̂(1)
dec issued from some of its decompositions is or454

is not a density operator describing a real subset of runs. Although suggestive, the form (2) of D̂(tf)455

alone is not sufficient to give a meaning to its ingredients pi and D̂i and to imply the existence of456

subensembles of runs that would be described by D̂i. Nevertheless, we will present below a dynamical457

argument which will help us to reach the desired conclusion.458

Armen, your opinion is needed: Don’t we already modify the q-formalism if we say459

that we can evolve unphysical E’s according to our taste? Namely, in that case we say460

that the q-formalism leaves a choice there, but in my opinion the q-formalism is unique461

and leaves us no choice. The same point comes back below, see “Armen”.462

7 Subensemble relaxation463

In order to overcome this quantum ambiguity while deriving results in agreement with the desired464

features of ideal measurements, we need at least to prove that all the states assigned to the physical465

subensembles E(k)
sub relax towards the form D̂(k)

sub(tf) =
∑
i q

(k)
i D̂i. This property might be regarded466

as intuitive, since this is just a relaxation towards a generalised thermodynamic equilibrium state,467

often supposed to be ensured by an environment. However, even when the probability distribution468

associated with an ensemble E has reached its equilibrium form, the distributions associated with469

subensembles may still be off equilibrium: The equilibrium form (2) for D̂(tf) does not entail the470

equilibrium form (3) for D̂(k)
sub(tf), a very serious difficulty in quantum mechanics since we must deal471

with ensembles. A rigorous derivation is necessary to establish this latter property. To this aim, we472

will rely on a new relaxation mechanism suited to subensembles [7]. We adopt the following strategy.473

Experimentally, the indication of the pointer can be read at the macroscopic scale after achieve-474

ment of the process, and one can use this indication to tag the individual runs so as to select475

determined subensembles E(k)
sub. Acknowledging this fact, we are ascertained that a state can be as-476

signed to S+A for each of these subensembles. At the final time, but before reading, the explicit477
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form of these states D̂(k)
sub(tf) cannot be specified, though their existence is ensured. It is natural to478

postulate that, at least slightly earlier, during the very last stage t′f < t < tf of the process, one can479

assign to each subensemble E(k)
sub a state D̂(k)

sub(t) governed by quantum statistical dynamics, with the480

same Hamiltonian as D̂(t). This allows us to study the evolution of D̂(k)
sub(t) between t′f and tf . How-481

ever, at earlier times and especially at the beginning of the process, one cannot make any theoretical482

statement about subensembles of E , even though individual runs are experimentally distinguished483

and followed during the whole process.484

The new initial time t′f after which we will describe the subensemble E(k)
sub can be chosen sufficiently485

late so that ĤSA has been switched off and that D̂(t′f) has reached the equilibrium form D̂(tf) =486

D̂(t′f) =
∑
i piD̂i. Thus, D̂(t′f) does not lie in the full Hilbert space H of S+A but in a subspace Hcorr,487

containing only the eigenspaces of Â with eigenvalues close to a macroscopic equilibrium value Ai,488

and involving correlations between the tested system and the pointer. Although we do not know the489

state D̂(k)
sub(t′f) to be assigned to a given subensemble E(k)

sub, we can ascertain that it must be an element490

of some decomposition of D̂(t′f) = D̂(tf). This provides a constraint on the initial condition D̂(k)
sub(t′f)491

for the ensuing dynamics. Each state D̂(k)
sub(t) will at the new initial time t′f lie in the subspace Hcorr492

and will during the time lapse t′f ≤ t ≤ tf be governed by the Hamiltonian ĤA of the sole apparatus,493

remaining in the space Hcorr because the transitions induced by ĤA within this space are much faster494

than the transitions towards the remainder of H.495

As D̂(k)
sub(tf) is unknown, we will consider for t′f ≤ t ≤ tf all mathematically allowed decompositions496

of D̂ which split it into a sum D̂ = µD̂(1)
dec + (1 − µ)D̂(2)

dec of two nonnegative Hermitean operators497

(0 < µ < 1). Nothing ensures that an operator D̂dec issued from such a decompostion describes498

a subensemble of runs and is therefore physically meaningful; most often it will not be. In fact,499

D̂dec is, in the space Hcorr an arbitrary operator (non-negative and normalised). However, since all500

physical states D̂(k)
sub(t) associated for t′f ≤ t ≤ tf with real subensembles E(k)

sub of runs are issued from a501

decomposition (7), they obviously belong to the class of operators D̂dec. As we cannot distinguish the502

physical states D̂(k)
sub within this class D̂dec, we will regard all possible operators D̂dec(t) as candidates503

for physical density operators. As the physical states D̂(k)
sub(t) obey the same dynamics as D̂(t), and504

as they belong to the set of operators D̂dec(t) issued from arbitrary mathematical decompositions,505

we extend this dynamics to the set of operators D̂dec(t). Our purpose will then be to show, by taking506

any allowed initial condition D̂dec(t′f) and solving for t′f ≤ t ≤ tf the equations of motion for D̂dec(t)507

governed by the Hamiltonian of S+A, that any possible candidate D̂dec(t) for a physical state ends508

up in the expected form D̂dec(tf) =
∑
i qiD̂i. It will remain impossible to distinguish among the509

final operators D̂dec(tf) which are the physical ones D̂(k)
sub(tf), but this does not matter since, as we510

demonstrate below, all of them reach the same form (3), so that we can forget in the end about511

the unphysical operators included in the class D̂dec. We shall thereby have proven the relaxation of512

D̂(k)
sub(t) towards the required equilibrium form (3) at the time tf for all physical subsets of runs.513

We have first to characterise the initial operators D̂dec(t′f). These operators cannot a priori be514

determined, but their general form is constrained to arise from some decomposition of D̂dec(t′f), which515

implies that D̂(t′f) − µD̂dec(t′f) is nonnegative for some 0 < µ < 1. To simplify the discussion, we516

assume here the eigenvalues of ŝ to be non degenerate17 so that r̂i = π̂i = |si〉〈si|. As A is macroscopic,517

the fluctuations of ĤA around 〈ĤA〉 and of the pointer observable around the macroscopic value Ai518

are relatively small, and we can replace in D̂(t′f) the canonical equilibrium states R̂i by microcanonical519

ones, R̂µi . Within the Hilbert space of A, we denote as |Ai, η〉 a basis of kets characterised by a value520

17 For degenerate eigenvalues si, the only change in the forthcoming derivation, if the states r̂i ≡ |i〉〈i| are
pure, is the replacement of |si〉 by the ket |i〉 in the eigenspace of ŝ associated with si. If the density operator
r̂i is mixed, we note that this operator of S is not modified by the process, while remaining fully coupled with

Ai for t > t′f . We should therefore preserve this property when we split D̂ so as to build the candidates D̂dec

for states D̂(k)
sub of physical subensembles E(k)sub. The subensemble relaxation of A then produces again the final

state (10), at least for all physical subensembles.
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of Â lying between Ai −∆ and Ai + ∆, and by the value trAR̂iĤA of the macroscopic energy. As521

the spectrum is dense, the index η may take a very large number Gi of values, and we denote as Π̂i522

the projector3 over the Hilbert subspace for A spanned by the basis |Ai, η〉. The equivalence between523

the canonical and microcanonical states R̂i and R̂µi is ensured ensured by choosing the width 2∆, or524

equivalently the dimension Gi of the projector Πi, in such a way that trAR̂iΠ̂j ' trAR̂µi Π̂j = δij
18.525

The microcanonical equilibrium state of A is then526

R̂µi =
1

Gi

∑
η

|Ai, η〉〈Ai, η| =
1

Gi
Π̂i. (8)

The state D̂(t′f) = D̂(tf) '
∑
i pir̂i ⊗ R̂

µ
i thus involves only diagonal matrix elements within the527

Hilbert subspace Hcorr of S+A spanned by the correlated kets |si〉 |Ai, η〉. Hence, since D̂(t′f) −528

λD̂dec(t′f) must be nonnegative, the matrix elements of any initial operator D̂dec(t′f) must lie within529

this Hilbert subspace Hcorr, so that D̂dec(t′f) must have the form530

D̂dec(t′f) =
∑
i,j,η,η′

|si〉|Ai, η〉K(i, η; j, η′; t′f)〈sj |〈Aj , η′|, (9)

where K is a Hermitean, normalised and nonnegative matrix.531

Since S and A have already been decoupled, the evolution for t > t′f of the operator D̂dec(t)532

issued from (9) is governed by ĤS + ĤA, and, as in Sec. 5, ĤS is ineffective, so any further effect533

has to come from the sole Hamiltonian ĤA of the apparatus. Only the part of ĤA that lives in534

the Hilbert subspace Hcorr is relevant for the evaluation of D̂dec(t). This part is supposed to involve535

weak interactions inducing among the kets |Ai, η〉 rapid transitions19 that modify η without affecting536

the macroscopic value of Ai. Such interactions are realistic for a macroscopic apparatus; they have537

little effect on the processes described in Sec. 5. The absence of transitions between different pointer538

values is needed to ensure the stability of the states R̂i. This mechanism is a generalisation of the539

standard microcanonical relaxation [17-20] which leads, for a single microcanonical equilibrium, to540

a decay of the off-diagonal elements in the energy basis and to the equalisation of the populations541

of the microstates. Here, we deal with several thermodynamic equilibrium states, each one labelled542

by a value Ai, and practically uncoupled. Such a “quantum collisional process” is irreversible for a543

large apparatus. Acting here separately in each sector, on both sides |Ai, η〉 and 〈Aj , η′| in (9), it544

produces over a single time scale τsub two different effects. (i) For i 6= j, all contributions to (9)545

fade out and eventually vanish, so that the different sectors become uncorrelated. (ii) For i = j,546

all terms such that η 6= η′ disappear, while the coefficients K(i, η; i, η; t) of the various terms η547

all tend to one another, their sum remaining constant. Altogether, the coherences disappear and548

the populations equalise within each sector. The duration τsub of both relaxations is by definition549

shorter19 than tf− t′f , and the mechanism is already effective before t′f , so that the relaxation is likely550

to have already been effective at t′f ; otherwise D̂dec anyway reaches at the final time tf > t′f + τsub551

the “multi-microcanonical” equilibrium20
552

18 Strictly speaking, this property holds only for the microcanonical states R̂µi . However, trAR̂iΠ̂i is close

to 1 if ∆ is sufficiently large compared to the width of R̂i, and trAR̂iΠ̂j for i 6= j is negligible if ∆ is small
compared to the distance between the possible outcomes Ai.
19 Two different mechanisms achieving such a process have been fully worked out for the CW model [6, §11.2],
and it has been shown that they produce the result (10). In the more realistic one [6, Appendices H and I],

the transitions that modify η are produced by an interaction V̂ between the magnet and the bath which has

a variance v2 = tr V̂ 2; an average delay θ separates successive transitions. Microcanonical relaxation may take

place even if V̂ is not macroscopic, with a variance scaling as v ∝ Na (a < 1) for large N . For a short θ that
scales as θ ∝ 1/Nb (a < b < 2a), the characteristic time τsub = h̄2/v2θ scales as 1/Nc where c = 2a − b,
0 < c < a < 1; it is short compared to the registration time, which dominates tf because registration involves
a macroscopic dumping of energy from the magnet to the bath, in contrast to the subensemble relaxation.
20 Such a result may be obtained through decoherence by an external environment. However, the present
process, contrary to the truncation of Sec. 5 (which may also result from decoherence), involves only the
apparatus, and thus does not depend on the tested observable of S.
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D̂dec(tf) =
∑
i

qir̂i ⊗ R̂µi , qi =
∑
η

K(i, η; i, η; t′f). (10)

Since the above derivation holds for arbitrary operators D̂dec issued from a mathematical decom-553

position of D̂, it encompasses the physical states D̂(k)
sub associated with all the possible subsets E(k)

sub of554

runs, which therefore end up in the required equilibrium form (3). We can from now on forget about555

unphysical decompositions, which were introduced only as a tool for establishing the expression (3)556

of D̂(k)
sub(tf). All physical subensembles E(k)

sub involve at the final time the same building blocks D̂i, and557

the quantum ambiguity has been removed.558

By using the form (3) for the state D̂(k)
sub, thus justified from (10), and the property20 trAR̂iΠ̂j =559

δij , we get for any subensemble E(k)
sub560

tr D̂(k)
sub(tf)Π̂i = q

(k)
i . (11)

Each weight q
(k)
i is therefore identified as the q-probability of occurrence for the pointer of the macro-561

scopic value Ai in the subensemble E(k)
sub of runs of the measurement. The narrowness (∆� |Ai−Aj |)562

of the spectrum of the projectors Π̂i entails that for any E(k)
sub the q-distribution tr D̂(k)

sub(tf)δ(Â− A)563

of Â is strongly peaked around the values Ai, with the weights q
(k)
i . These quantum properties are564

still formal and call for an interpretation (Sec. 8).565

We also note, by using the commutation [R̂i, Π̂j ] = 0, that the q-expectation values566

tr D̂(k)
sub(tf)[Π̂i, Ô] = 0 (12a)

vanish for arbitrary operators Ô. More generally, if the typical dimension G of the projectors Π̂i is567

large, and if P̂ and P̂ ′ denote arbitrary projection operators with finite dimension whereas G � 1,568

one readily shows, by expansion on the basis |si〉|Ai, η〉, that569

tr D̂(k)
sub(tf)P̂

′[Π̂i, P̂ ]P̂ ′′ = O
(

1

G

)
(12b)

is small. Any operator of S+A containing as a factor a commutator [Π̂i, Ô] of a pointer observable570

with an arbitrary observable Ô (finite for large G) can be written as a weighted sum of terms (12b).571

Hence, Eqs. (12a-b) express that the q-expectation value in the final state of any operator depending572

on the projectors Π̂i through commutators [Π̂i, Ô] with arbitrary finite observables Ô, is negligible573

for a macroscopic pointer.574

As discussed in Sec. 6, the states D̂(k)
sub(tf) associated with the various physical subensembles575

are related to one another by a hierarchic structure, embedded in the following additivity of the576

q-probabilites q
(k)
i : If two non overlapping subensembles E(k′)

sub and E(k′′)
sub of E , described by D̂(k′)

sub and577

D̂(k′′)
sub and having N (k′) and N (k′′) elements, respectively, merge into a new subensemble E(k)

sub, the578

above proof implies579

q
(k)
i =

N (k′)q
(k′)
i +N (k′′)q

(k′′)
i

N (k′) +N (k′′)
, (13)

as a consequence of Eq. (7) and of the expression (10) of the still formal q-probabilities qi. This580

being just the addition rule for ordinary probabilities, we may suspect that we are beginning to581

land in standard probability theory, but the results proved above are still formal and call for physical582

interpretation.583
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8 Interpretative principles and individual runs584

In order to elucidate the measurement problem for ideal quantum measurements, it remains to585

show that the operators D̂i are not only the building blocks of the expressions (2) and (3) derived586

above for the density operators D̂(tf) and D̂(k)
sub(tf), but also that they are the possible final states587

(1) of individual runs. However, we have stressed (Sec. 2 and Sec. 3) that quantum mechanics, in588

its minimalist formulation, does not deal with individual systems but only provides q-information589

on statistical ensembles – possibly Gedanken, but physically consistent. In such a strictly formal590

framework free from any interpretation, we have shown how the initial state D̂(0) of S+A for a run591

randomly extracted from the ensemble E relaxes to D̂(tf), then how the states associated with all592

possible subensembles E(k)
sub reach at the final time tf the equilibrium structure D̂(k)

sub(tf) =
∑
i q

(k)
i D̂i.593

These results (2) and (3) are the most detailed ones about ideal measurements that can be derived594

through the mere formalism of quantum statistical mechanics. In order to relate them to physical595

events, and in particular to properties of individual runs, we ought to supplement the quantum596

rules of Sec. 3 with additional principles. These principles or postulates, which we gather below, will597

allow us to interpret the equations proved above. Natural and as economic as possible, they refer598

to macroscopic variables that may be observed. They lie astride macrophysics and microphysics and599

are consistent both with our macroscopic experience and with the quantum formalism.600

1. We have introduced a first, trivial principle in Sec. 3 by noting that, if a macroscopic observable601

has a q-variance negligible in relative size, its q-expectation value can be interpreted as an ordinary602

macroscopic value. We have used this identification in Sec. 4, together with the maximum entropy603

criterion, to assign to the apparatus the Boltzmann-Gibbs equilibrium state R̂hi (or R̂i) for a given604

macroscopic energy including (or not) the source term ĥi. Likewise, the initial metastable quantum605

state R̂(0) of A, the starting point of Sec. 5, is characterised by some physical macroscopic data. In606

case the initial state r̂(0) of S to be tested is specified by a controlled preparation, it is characterised607

by microscopic well-defined variables.608

2. Our second principle was at the root of the subensemble approach of Sec. 7. It expresses609

that density operators which obey the probabilistic and dynamic rules of quantum mechanics may610

in certain circumstances be assigned not only to systems picked at random from a full statistical611

ensemble E , but also to systems extracted from some of its subensembles. However, on account612

of the quantum ambiguity, this introduction of several subensemble dependent density operators613

is meaningful only if such subensembles can be characterised by some macroscopic property that614

ensures their physical reality. After the end of a quantum measurement process, this is granted by615

the possibility of observing and selecting the pointer indications, and then the relevant subensembles616

E(k)
sub are characterised by the proportions q

(k)
i of runs that have eventually produced the outcome Ai.617

We inferred from such an evidence a postulate, namely that these physical subensembles can already618

be described, at times t > t′f slightly earlier than the end tf of the process, by the density operators619

D̂(k)
sub(t). Nevertheless, subensembles cannot theoretically be identified at early stages of the process,620

although individual runs evidently exist experimentally at all times. The possibility of assigning the621

states D̂(k)
sub(t) to the subensembles E(k)

sub emerges from the dynamics, since this may be achieved only622

after the state D̂(t) for the full ensemble E has reached the equilibrium form (2).623

Armen, your opinion is needed: Theo is not convinced that we have the right to read into624

the mess process. Look at t = t′f : there are still many difficult children (decompositions), but we625

don’t throw them away. We see that when they get adult at t = tf , they are just OK. The subE626

relaxation is just christianising them. Roger’s reply: 599 No!!! We precisely postulate here that we627

can read into the process, that is, make a retrodiction from tf to t′f so as to specify some properties628

of the unknown state that we wish to associate with real subensembles. We never christianise the629

unphysical decompositions but throw them away once we have proven (3). We only introduce them630

to recognise that the physical states (which are part of the set of decompositions) are OK. Isnt this631

clear from Sec 7? If not, please suggest changes.632

Theo responds: Technically, the subE relaxation makes any bad decomposition relax to a good one,633

namely to a micro canonical Gibbs state. Hence I see that their badness is a quantum oddity which634

is physically not serious, since finally they come out fine. But the situation would be dramatic if the635

Hamiltonian did not possess the weak random-matrix terms – it would be a horrible apparatus.636
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3. To achieve our task, we will introduce a last interpretative principle, which refers to a macro-637

scopic quantity that may take several discrete values21, here the different indications of the pointer.638

It will amount to the interpretation of the formal q-probabilities q
(k)
i expressed by (11) as physical639

probabilities, i. e., as relative frequencies of occurrence of the pointer outcomes Ai in the subensem-640

ble E(k)
sub of runs. We justify below heuristically the introduction of this principle, then bring out its641

core by showing that that at the final time the pointer observable has, roughly speaking, a “classical642

behaviour” expressed by Eqs. (12a-b). The argument covers two properties that we now specify more643

precisely.644

On the one hand, we may compare the present situation with the frequency approach to the645

theory of ordinary probabilities [21], which also relies on the consideration of subensembles. There,646

probabilities are introduced as numbers associated with a large ensemble and with its subensembles8,647

which among other properties have the following ones: they are non negative and normalised, they648

are additive for disjoint subensembles, they may take any value between 0 and 1. Here, a similar649

structure arises for the q-probabilities q
(k)
i = tr D̂(k)

sub(tf)Π̂i, where Π̂i is the projector associated with650

the macroscopic value Ai of the pointer. They satisfy the above properties of classical probabilities651

including the additivity (13), except for the last one, to take all values between 0 and 1. In fact, they652

came out in Eq.(10) as formal objects, and the quantum formalism is not sufficient to ensure that653

their range extends from 0 to 1. Our postulate makes up for this.654

On the other hand, the essential feature that distinguishes quantum observables from classical655

ones is the non-commutative nature of their algebra. The projectors Π̂i present in this respect656

a remarkable feature. Consider their commutators [Π̂i, Ô] with arbitrary observables Ô (Ô being657

bounded when the typical dimension G of the projectors becomes large). Eqs. (12a-b) imply that,658

in any state D̂(k)
sub(tf) describing the outcome of a subensemble, all q-expectation values involving659

commutators [Π̂i, Ô] are negligible as 1/G. The observables Π̂i thus behave at the final time tf as if660

they commuted with the full algebra. The quantum nature of these macroscopic variables has become661

concealed, so that they have a classical behaviour at the final stage of the process.662

It then becomes natural to postulate that the q-probabilities q
(k)
i can be interpreted as standard663

probabilities in the sense of frequencies, which implies that their range extends down to 0. In fact,664

this identification, not imposed by the quantum rules but in harmony with them, is imposed by665

macroscopic experience, since in our minimalist formulation of quantum mechanics without inter-666

pretation, we can ascertain that each individual run provides a well defined indication Ai for the667

pointer only if it is satisfied.668

The interpretation of (2) and (3) now becomes obvious. Each q
(k)
i can be understood as the669

proportion of individual runs tagged by Ai in the subensemble E(k)
sub. As such coefficients may vary670

between 0 and 1 in (3), we theoretically acknowledge the (experimentally obvious) existence of671

subensembles Ei characterised by the relative frequencies qj = δij , that is, by the specific value Ai of672

the pointer. An arbitrary individual run belonging to Ei is thus described by the state D̂i of S+A. The673

q-probabilities pi = tr D̂(tf)Π̂i are interpreted as the proportion of initial runs having ended up with674

the indication Ai. A formal quantum approach using some properties of the Hamiltonian of S+A,675

supplemented by the above interpretative principles, has therefore been sufficient to distinguish676

the individual outcomes of an ideal measurement process, and thus to provide a solution to the677

measurement problem.678

21 Introduced here for the pointer variable to solve the measurement problem, this interpretation of q-
probabilities for macroscopic quantities can be used in other contexts, such as the quantum dynamics of phase

transitions with spontaneously broken invariance. There, D̂(t) denotes the state of a statistical ensemble E of

systems, identically prepared at the macroscopic scale, and D̂i the equilibrium states characterised by discrete

values of the macroscopic order parameter Ai. We assume that the initial state D̂(0) and the Hamiltonian Ĥ are
sufficiently symmetric so as to avoid favouring the occurrence at the final time of a single outcome Ai. We thus

expect D̂(t) to relax towards a state D̂(tf) of the form (2). Provided time scales are suitable, we also expect,

as in Sec. 7, the states D̂(k)
sub(t) associated with all subensembles to relax to the hierarchical structure (3). The

present principle can then be used to explain within quantum mechanics why, in the considered circumstances,
the order parameter takes a well-defined value in a single experiment (but not always the same value). The
community has therefore rightfully not be bothered about this complication, but the question may remain open
for not too large systems.
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We stress that the above principle, which allows interpreting some q-probabilities as ordinary679

probabilities, has been founded on several stringent requirements and cannot be extended carelessly.680

(i) The effective classicality of the projectors Π̂i relies on the macroscopic character of these681

observables, since Eq. (12b) holds only for a macroscopic pointer (G� 1). More generally, we expect682

the same ideas to hold for macroscopic systems involving several equilibrium states distinguished683

through high-dimensional projectors, for instance systems with broken discrete invariance21 (Ai is684

then replaced by the value of the order parameter). However, it is illegitimate, for microscopic685

observables, to identify q-expectation values with ordinary expectation values, as exemplified by686

the GHZ paradox [19], which cannot be understood within ordinary logics and probabilities: The687

experimental context has to be taken into account.688

(ii) Moreover, the effective classicality of these projectors Π̂i is ensured only at the final time,689

as Eqs. (12a-b) involve the final states D̂(k)
sub. During the process, the commutators of Π̂i cannot be690

neglected since the pointer must evolve, and since this time-dependence of tr D̂(t)Π̂i requires that691

tr D̂(t)[Π̂i, Ĥ] does not vanish. Note that, whereas the projector Π̂i pertaining to A does not commute692

with Ĥ, the projector π̂i pertaining to S commutes with Ĥ, so that tr D̂(t)π̂i remains constant. Below693

we shall explain why this q-probability equals the probability pi related to the apparatus.694

(iii) The consideration of subensembles has also been essential. If we wish individual runs to695

provide the outcomes D̂i, the necessary conditions (3) must be fulfilled. Due to the existence of696

incompatible decompositions of D̂(tf) (Sec. 6), it is not justified to postulate directly, as generally697

done, that the coefficients pi in D̂(tf) =
∑
i piD̂i might be interpreted as frequencies of the outcomes698

D̂i in the full ensemble E . The dynamical elimination of this quantum ambiguity through subensemble699

relaxation (Sec. 7), which provides the expected structure for the states D̂(k)
sub, allowed us to escape700

this loophole.701

It is therefore disputable to admit blindly Born’s rule which identifies the q-probability pi =702

trSr̂(0)π̂i with a genuine probability (although this rule will be recovered in Sec. 9 within some703

reservation), since one should neither keep the apparatus aside nor disregard the two conditions (i)704

and (iii) above. It is only the quantity pi defined by pi = trD̂(tf)Π̂i which comes out, interpreted705

as the probability of observing the value Ai of the pointer. Its interpretation as a probability of ŝ706

to take the eigenvalue si when the system S lies in the initial state r̂(0) cannot be regarded as a707

principle of quantum mechanics.708

Indeed, since what is observed is the relative frequency pi of occurrence of the macroscopic value709

Ai of the pointer of A, we are informed about the eigenvalue si of ŝ only through the correlation710

between si and Ai produced by the dynamics. Thus, the usual Born rule will come out here (Sec.711

9) as a consequence of these correlations and of above principle 3 about the macroscopic pointer712

variable. If the coupling ĤSA is too weak, the “registration” process considered in Sec. 4 may be713

imperfect, driving R̂ii(t) with some probability to a wrong equilibrium state R̂j with j 6= i (see see714

ref. [7], sect. 8). The resulting incompleteness of the correlation between si and Ai then produces a715

violation of Born’s rule, with an observed probability tr D̂(tf)Π̂i different from trS r̂(0)π̂i.716

9 Emergence of classical probabilistic features717

Whether the pointer is observed or not, the quantum dynamics and the above principle ensure the718

uniqueness of the outcome of each run and the existence of subensembles Ei ending up in the state719

D̂i = r̂i ⊗ R̂i. However, the latter subensembles can be identified explicitly only through reading720

or registering the macroscopic pointer indication. A specific subensemble Ei is selected by picking721

out the runs tagged by the value Ai. Two steps are thus necessary to go from the initial state D̂(0)722

to D̂i. First, the Hamiltonian evolution (irreversible since A is large) of the coupled system S+A723

leads to the state D̂(tf) =
∑
i piD̂i for the ensemble E , and to the states D̂(k)

sub =
∑
i q

(k)
i D̂i with724

unknown coefficients q
(k)
i for its subensembles. The second step, leading from the state D̂(tf) to one725

of its components D̂i is not a consequence of some evolution, but the result of selecting the particular726

outcome Ai (as in the dice example of Sec. 2). This change of state, associated with the extraction727
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from E of the subset Ei, is merely an updating of information22, in the same way as the change of728

an ordinary probability distribution resulting from some gain of information.729

For the time being, we have dealt only with the macroscopic pointer. The complete correlation730

established by the process between the pointer indications Ai and the final states D̂i allows us to731

get access to some features of microscopic reality. By selecting the outcome Ai and disregarding the732

apparatus, we set an individual system S into the quantum state r̂i, for which the tested observable733

ŝ has the well-defined value si. We thereby recover von Neumann’s reduction, with the final state734

r̂i = π̂ir̂(0)π̂i/pi in terms of the state r̂(0) initially assigned to S (or ri = π̂i if the eigenvalue si735

is non degenerate). From the state r̂i thus prepared, we can predict the q-expectation values of all736

observables of S after this selection22. In particular, the q-expectation values trSr̂iÔoff of all off-737

diagonal observables Ôoff of S (characterised by the conditions π̂iÔoff π̂i = 0) vanish. The loss of738

q-information about these observables (which do not commute with ŝ) is a price to pay for testing739

the observable ŝ.740

The correlated form of D̂i = r̂i⊗R̂i and the identity trAR̂iΠ̂j = trSr̂iπ̂j = δij allow us to express741

the probability pi = tr D̂(tf)Π̂i that the pointer gives the final indication Ai in the alternative form742

pi = trSr̂(0)π̂i eliminating the apparatus (Born’s rule), provided the process has produced the needed743

complete correlation between S and A. Hence, for an ideal measurement, we can safely interpret pi744

as being, at the end of the process, an ordinary probability in the sense of frequency, that is, the745

relative number of runs for which ŝ takes the value si. Accordingly, tr D̂(tf)π̂jΠ̂i/tr D̂(tf)Π̂i = δij746

is the standard conditional probability for ŝ to equal sj if the pointer takes the value Ai; likewise,747

〈ŝ〉 = trSr̂(0)ŝ is an ordinary expectation value, and 〈δŝ2〉 = trSr̂(0)ŝ2−〈ŝ〉2 an ordinary variance in748

the final state.749

However, in the initial state, Born’s expression pi = trSr̂(0)π̂i is a only a q-probability; it should750

not be interpreted as a genuine probability, since ŝ is not macroscopic and keeps its quantum nature751

in the initial state r̂(0). Even if r̂(0) contains no off-diagonal block, the repeatedly discussed quantum752

ambiguity forbids such an interpretation. Retrodiction from the outcomes of measurements allows753

us to determine the diagonal part
∑
i piri of r̂(0), but not to interpret it with usual concepts. For754

instance, in an EPR setting, the measurement aims at inferring, from the outcomes of the two755

detectors, correlations between the spins of the tested systems S, all prepared similarly in a given756

initial state r̂(0). For each setting of A with a fixed pair of spin directions, it is legitimate to interpret757

the outcomes as true correlations between the two spins of S in the considered directions, but only758

in the final state. However, the corresponding q-correlations in the initial state cannot be regarded759

as standard correlations (they violate Bell’s inequalities when the results of experiments involving760

different contexts – different directions of the detectors – are put together).761

As usual in statistical mechanics, the irreversibility of the measurement process emerges from762

reversible microscopic dynamics owing to the macroscopic size of the apparatus. But moreover, this763

macroscopic size together with dynamics produce at our macroscopic scale other remarkable types764

of emergence of features qualitatively different from those of quantum theory.765

On the one hand, we have relied on a subensemble analysis to explain the apparent “bifurca-766

tion” (or “multifurcation”) which leads from the single initial state D̂(0) to several final states D̂i.767

According to our second principle of Sec. 8, it is only by the end of the measurement, at the time768

t′f when D̂(t) has reached the form
∑
i piD̂i, that a theoretical treatment of subensembles is allowed769

(including the necessary relaxation towards (3)). One cannot recognise the state of any subensemble770

at earlier times, especially before the achievement of truncation. Thus, the possibility of identifying771

physical subensembles, in particular the sets Ei, emerges from the dynamics. This property requires772

the irreversibility of the process, which remarkably is needed to let us gain information.773

22 Measurements involve both a physical process of interaction between S and A and a selection of outcomes
for repeated experiments. If we do not select the indications of A, knowledge about S is updated by replacing
r̂(0) by

∑
i
pir̂i. If the tested observable is not fully specified, the least biased subsequent predictions should

rely on a state obtained by averaging over all possible interaction processes. If for instance, one is aware that
an ensemble of spins initially prepared in the state r̂(0) have been measured in some direction, but if one knows
neither in which direction nor the results obtained, one should assign to the final state the density operator
1
3
[1̂+ r̂(0)] as being the best (but imperfect) description. As repeatedly stressed above, a quantum state should

not be regarded as an intrinsic property of a physical system but it reflects our knowledge about the ensemble
in which it is embedded.
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On the other hand, as indicated above, classical probabilities emerge from quantum theory for774

some physical quantities of S selected by the measurement context, although these quantities are775

formally represented by operator-valued observables. It is the possibility of reading the macroscopic776

outcomes Ai of individual runs which reveals, for these observables, the values of their q-probabilities777

and transfers to them the status of ordinary probabilities in the frequency sense.778

10 Conclusion: transfers of information779

We used quantum mechanics according to Bohr’s celebrated precept: “There is only an abstract780

quantum physical description. It is wrong to think that the task of physics is to find out how781

nature is. Physics concerns what we can say about nature.” Thus, a “state” defined by the mapping782

Ô 7→ 〈Ô〉 = trD̂Ô has only a mathematical nature; the c-numbers 〈Ô〉 present only a formal analogy783

with ordinary expectation values. The bridge between formal results and physical reality is provided784

by the third interpretative principle of Sec. 8, which allows us to identify q-probabilities with relative785

frequencies for the macroscopic pointer. In this prospect, we may regard an ideal measurement as786

a processing of information, involving in particular transformations between q-information (carried787

formally by quantum states) and ordinary information (accessible to experiment). At the risk of788

being tedious, we review below the informational aspects in the above treatment.789

As regards the tested system, the state r̂(0), given or not, encodes the q-information characterising790

initially the ensemble E in which it is embedded. The part of the q-information that pertains to the791

observable ŝ of interest will, in the end of the ideal measurement process, be disclosed as ordinary792

information, with standard probabilities for the eigenvalues si. We have seen above that fully reaching793

this information requires destroying the whole q-information about off-diagonal observables Ôoff . The794

subsequent assignment of the state r̂i to an individual system tagged by the value Ai of the pointer795

will provide q-information in view of future experiments.796

However, it is the apparatus which plays the major role in the above theoretical analysis, and the797

tested system is kept aside except for the truncation and the registration process of Sec. 5. The initial798

state of A, characterised by some macroscopic data, is described by the least biased (least informa-799

tive) density operator R̂(0) accounting for these data. The dynamics of the coupled system S+A800

have the effect of transferring q-information from some degrees of freedom to others, with possible801

downgrading. In fact, some q-information is lost due to irreversibility. Such a loss occurs in trunca-802

tion (Sec. 5): Through a cascade of q-correlations between S and an increasingly large number of803

degrees of freedom of A, the q-information that flow towards inaccessibly complicated q-correlations804

(with a huge recurrence time) irremediably fade out. Downgrading also occurs in registration (Sec.805

5): The increase of entropy of A when it relaxes to an equilibrium state R̂i is equivalent to a loss806

of q-information, partly compensated for by the creation of a complete q-correlation between si and807

Ai. In Sec. 7, some q-information about the subensembles E(k)
sub, hidden in the state D̂(tf) of the full808

ensemble, was used to set constraints about the states D̂(k)
sub(t′f) to lie in the Hilbert subspace Hcorr.809

Within standard quantum mechanics, the dynamics thus transforms part of the initial q-information810

embedded in D̂(0) into q-information embedded in the universal building blocks D̂i, plus q-information811

embedded in the q-probabilities q
(k)
i for the outcomes Ai of the macroscopic pointer. The latter812

q-probabilities can then be identified (Sec. 8) with ordinary probabilities. Finally, the correlation813

between si and Ai allows us (Sec. 9) to interpret the q-information about the microscopic observable814

ŝ as ordinary information.815

Thus all the features of ideal measurements, including the solution of the measurement problem816

and the classical aspects of the outcomes, have been explained by the sole use (i) of a minimalist and817

abstract formulation of quantum theory, applied to a large apparatus satisfying adequate dynam-818

ical properties, and (ii) of natural interpretative principles pertaining to macroscopic observables.819

Interpretation came out naturally, but only in the end. Since alternative interpretations involve un-820

necessary assumptions of one kind or another, the usage of the ensemble formulation in teaching is821

advocated. For tutorial purposes, one should distinguish q-probabilities from ordinary probabilities.822

However, the coefficients pi = tr D̂(tf)Π̂i, though equal to Born’s q-probabilities pi = trSr̂(0)π̂i, come823

out as relative frequencies of occurrence of the pointer indications in measurements, and should there-824
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fore be interpreted, not as intrinsic properties of quantum systems, but as partial information about825

them indirectly collected owing to the full correlation between the eigenvalues of ŝ and the appara-826

tus. The distinction between ordinary probabilities, governing macroscopic data, and q-probabilities,827

characterising quantum states, would then clarify the status of the quantum peculiarities that arise828

when one puts together results of experiments involving different settings.829

11 Left overs from yesterday830

In facto, we should anyhow mention in the conclusion the word “interpretation of QM”.831

Even if we don’t, most others will consider what we do as an interpretation. We “interpret” the832

Q-rules as allowing to start in a metastable initial state etc. Pretty realistic though.833
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