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Abstract

We establish the relation between two objects: an integrable system related to
Painlevé II equation, and the symplectic invariants of a certain plane curve Yy, de-
scribing the average eigenvalue density of a random hermitian matrix spectrum near a
hard edge (a bound for its maximal eigenvalue). This explains directly how the Tracy-
Widow law Fgug, governing the distribution of the maximal eigenvalue in hermitian

random matrices, can also be recovered from symplectic invariants.
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Motivation

The famous Tracy-Widom law [32], describes the statistics of the largest eigenvalue of
a random hermitian matrix of the GUE ensemble [28].

Consider the large deviation function
Fn(a) = InProb[Apax < a fora < 2 (0-1)

Here 2 = limpy_,00 E(Amax). It is proved, that Fy(a) has an expansion in 1/N?, either
in [31] by probabilistic methods, or in [16] by Riemann-Hilbert asymptotic analysis for
orthogonal polynomials [5, 13, 14, 15]:

Fn(a) = Ay + Y N> F9(a) (0-2)

920

with FY9(a) independent of N. It is known that the F9(a) are the symplectic invari-
ants introduced in [18] (see Section 1.1 below). To be short, they can be computed
recursively, purely by means of algebraic geometry on a certain plane curve %(a).

In [7], we have computed those coefficients F9(a), also for the genealization to [
ensembles (5 > 0) with polynomial potential. In this article, we shall consider only
the hermitian case (8 = 2). Because of universality, we may restrict ourselves to a
quadratic potential, i.e. to the GUE ensemble.

Then, heuristically, one can study not so large deviations by pluging a = 2+ N~%/35
(s < 0) in Eqn. 0-2. The result is that (see [7]), with this scaling, each term of the

expansion becomes of order 1:

Fn(a=2+N"Ps) ~ Acup + Y _(—5/2)°079 F9(Srw) (0-3)

920

Agug is a constant that one can compute, and F9(Xrw) are the symplectic invariants
of a certain plane curve Yrw, which is a limit of the curve ¥(a) when a — 2. This
limit object is in fact universal (it is the same if we start from a generic potential), it is
the curve of equation y? = x + % — 2, up to normalization of x and y. Heuristically, it is
expected that the RHS of Eqn. 0-3 is the exact s — —oo asymptotic of limy_,, Fy(a =
2 + N~2/35). Indeed, this method for 8 > 0 reproduces all previously known results
[11, 30, 12, 2] on the left tail asymptotics of 8 Tracy-Widom laws. It also predicts the
constant for any S > 0, and provides an algorithm to compute the expansion at all

orders. In our case, for GUE:

. " |s|>  In]s| _
Paus(s) = 22465 exp (—g— § S P )



From Tracy and Widom [32], we know that P¢yg(s) = Feur(s), where Foug is related
to Painlevé II equation, which itself appears in relation to an integrable system. How-
ever, by performing a 1/N expansion and computing F9, the integrability structure
is not manifest. At first, it was not clear why the asymptotic series in the RHS of
Eqn. 0-4 should be related to Painlevé II. In this article, we fill this gap and give a
proof of the following:

Proposition 0.1

exp (_% - % + > (=s/2)%09 FQ(ZTW)> (0-5)

g9>2

1s the asymptotic when s — —oo of a Tau function for two 2 X 2 compatible systems of

ODE:
0. V(z,s) = L(x, s)¥(z,s), OsV(z,s) = M(zx, s)¥(x,s) (0-6)

whose compatibility condition is equivalent to a Painlevé II equation:

q"(s) = 2¢°(s) + sq(s) (0-7)

The identity of Eqn. 0-3 was based on a heuristic argument, the double scaling limit
of a matrix model, which would require a mathematical proof. In this article, we start
from the RHS given by heuristics (i.e. from the world of the topological recursion),
and we prove that it is indeed the expansion of the LHS. We do not use a Fredholm
determinant representation of Prob[Aya, < al.



Outline

In the first part of the article, we gather older facts relevant for our problem:
e the framework of the topological recursion and its properties (Section 1.1-1.2).

e the general relation between 2 x 2 integrable systems and loop equations (Sec-
tion 1.3-1.5).

In a second part, we refine the technical hypothesis underlying this very relation
(the outcome is Theorem 2.1, our main theoretical result). We explain what really has
to be checked (Section 2.1), and we sketch how this be done in practice (Section 2.3).

The third part is devoted to the application of these ideas to an integrable system
related to Painlevé IT (Sections 3.1-3.2). Subsequently, we prove Prop. 0.1 (Sections 3.3-
3.5).

Let us mention that many ideas used in the proof also appeared in the work of
M. Cafasso and O. Marchal [9] with different purposes (they related the (2m, 1) minimal
models appearing in the merging of two cuts in the 1 hermitian matrix model, to a
hierarchy of equations containing Painlevé II), and in fact have their origin in the works
of the second author with M. Bergere [3, 4]. In this article, our goal is to close (in the

hermitian case only) the alternative approach to Tracy-Widom laws presented in [7].
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1 Basics around the topological recursion

1.1 Definitions

The topological recursion and symplectic invariants were axiomatically defined in [18],
and we refer to [19] for a review, and to Appendix B for a summarized definition.
It consists in an algorithm associating some numbers F?9(¥) and differential forms
wI(X) (21, ..., 2,) to a regular spectral curve X.

For our purposes, we call spectral curve the data of:

e aplane curve (C, z,y), in other words a Riemann surface C, with two meromorphic

functions x and y, C — C.

e a maximal open domain U C C on which z is a coordinate patch, called physical
sheet.

e a Bergman kernel B(zy, 23), i.e. a differential form in z; € C and in 23 € C, such

that, in any local coordinate &:

B(z1,2) = d€(z1)dé(22)

T ) — ez T OW (1)

The zeroes of dx are called branchpoints (name them a;), and a spectral curve is
said to be regular when these zeroes are simple and are not zeroes of dy. In other
words, when \/m is a good coordinate around a; € C, and when y behaves like
y(2) ~ y(a) + y'(a5) /o(z) — alar) with ¢/ (a;) # 0.

We shall not give the full definitions of F9(X) = wj(X) and wf(X) here, and rather
refer to Appendix B or [18]. Their construction is axiomatic and relies only on algebraic
geometry on C. The construction is made by recursion on 2g — 2 + n.

We rather mention the essential properties that we use here:

e ['9(Y) is invariant under any transformation (z,y) — (x,, y,) such that |dzAdy| =

|dz, A dy,|. For this reason, the F'9(X) are called symplectic invariants.

o For2—-29—n <0, w(X) e TC)® ... T*(C), i.e. wi(X)(z1,...,2n) Is a
meromorphic differential form in each z; € C, symmetric in all z;’s, and it has
poles only at the branchpoints, of maximal degree 2(3g + n — 2), with vanishing

residue.

o for 2—2g—n < 0, w?(X) are homogeneous of degree 2 —2g —n, i.e. if we change
y — Ay, we have wd () — A?7297" 9 (%), and F9(X) — \?729 F9(%0).



e wJ(X) have nice scaling properties when the spectral curve approaches a singular

spectral curve. We will be more precise when needed.

e wJ(X) have nice properties under variation of the spectral curve. If ¥, is a 1-
parameter family of spectral curves, let us write (Oyydx — dyxrdy) = €, and

represent the differential form €2 with the Bergman kernel:

22) = [ Aal©)BE.2) (12

(this is form-cycle duality: Q* is the cycle dual to the differential form €2, and in

case the cycle is not regular, it is accompanied by a Jacobian Ag). Then:
OwI (1) (215 -y 2n) = / Ao(§)wi 1 (E)(& 21, ..., 2n). (1-3)

1.2 Matrix models and topological recursion

The topological recursion allows to find all order asymptotics of the large N expansion
of matrix models. Let us recall how it works for the 1 hermitian matrix model with one
hard edge, relevant for the application to Tracy-Widom law. For any potential V' such
that | [ dée™V®] < 0o for some positive €, let us consider N real random variables

A1, ..., Ay with joint probability law of density:

1

IT =12 T dN exp (=NV () (1-4)

1<i<j<N i=1

The probability of having max \; < a is given by P(a) = Zn(] — 00,a])/Zn(c0), where:

In(J) = / (Y (1-5)

dpy is the probability distribution induced on the eigenvalues of a random hermitian
matrix of size N x N, with probability law dM exp (—%Tr V(M )) up to normalization.
dM here is the canonical Lebesgue measure on the real vector spaces of hermitian

matrices. The observables invariant under conjugation are spanned by the cumulants:

Wiz 20) = <ﬂ (i . e Aﬁ) ) (1-6)

When In Zy(a) admits an asymptotic expansion in powers of 1/N?, we write:

Zn(a) = Cy exp (Z NZ29 Fg) (1-7)

920

Wolay,. o) = > N2 Wi(x, ..., x,) (1-8)

920

6



where Cy is a normalization constant depending only on N, and FY and W7 are
independent of N but depend on a and V. Before coming to the coefficients themselves,
let us say that when the density of eigenvalues has a large N limit, p(£)d€, which admits
a single interval Jy C] — oo, a[ as support, it is proved that such an expansion exists
[31, 16]. If the support consists of several intervals, no such expansion exists (there are
fast oscillatory terms depending on N), but there is still a way to extract the partition
function from the topological recursion [20]. Yet, this discussion is out of the scope of
this article. The theorem proved in [17, 10] is that when the large N expansion exists,
then:

Fo = F9(%(a)) (1-9)
W (2(z1), ..., o(z,))de(z) - - do(z,) = w?%(2(a))(21,. .., 20) (1-10)

n

for the spectral curve X(a) determined by the equation y = V'(x)/2 — W () and the

Bergman kernel determined by:

1
(#(21) — 2(22))

y(z) is analytic on the x complex plane, except on the eigenvalue support Jy, where it

B(z1,29) = (Wg(x(zl),x(ZQ)) + 2) dx(z1)dz(z2) (1-11)

admits a discontinuity y(x + i0") — y(x — i07) = 2imp(z). C is a Riemann surface on

which y can be analytically continued.

1.3 2 x 2 differential system and topological recursion

> (1-12)

@/J(il)a(ﬂb) - E(ﬂfl)ﬁb(ﬂb)

X1 — T2

To any 2 x 2 first order differential system:

0,V =LV, m:(

<[
RS RSS

is associated the integrable kernel:

IC(.Tl,l’Q) == (1—13)

We shall restrict ourselves to TrL = 0. So, 0,(det ¥) = 0, and we can choose the

normalization:

det ¥ = 1 (1-14)
In [3] were also introduced correlators W, (x1,...,z,) and connected correlators
W (x1,...,x,). The connected correlators are defined by:

' —x x—a

Wi(z) — lim (IC(x,x’)— ! ) (1-15)

7



1

(21— x2)?

Walzr,..x,) = (D™ Y T K@i, 200) (1-17)

o cyclesof &, i=1

Wy(z1,22) = —K(x1,22)K(22,21) — (1-16)

and the correlators by:

Wiz, .., x,) ="det” K(z;, z;) (1-18)

where ”det” means that each occurence of K(x;,z;) in the determinant should be
replaced by Wi (z;), and each occurence of K(z;, z;)K(z;, z;) by —=Wha(x;, x;). In other
words the W, are the cumulants of the W,,.

For example:

Eqn. 1-14 implies that all correlators are symmetric in the x;’s. It can be checked that
they do not have poles at coinciding points x; = x;, @ # j. The spectral curve of a first

order differential system is defined by the plane curve C of equation:

det(y — L(z)) = 0. (1-20)

Theorem 1.1 (proved in [3]) Assume that:
(1) L depends on some parameter N, and has a limit when N — co.

(i) The spectral curve X of the system Eqn. 1-20 has a large N limit ¥, which is

reqular, and has genus 0.

(113) Wh(z1,...,z,) admits an asymptotic expansion when N — oo of the form W, =
> o0 N'TWi, and for 29 — 2 +n > 0, Wi(x1, ..., x,) may have singularities
only at branchpoints of Y.

Then, the expansion coefficients of the correlators are computed by the topological re-

cursion applied to the spectral curve defined by Yo, with Bergman kernel B(zy, z) =

W3 (z(21), 2(22)) + 1/ (x(21) — 2(22))*)da(z1)d(z2)
WIx(z1), ... x(zn))de(z1) - - - da(z,) = wd(Xeo) (21, -5 2n) (1-21)

We stress that it is the large N limit of the spectral curve (also called ”classical”, or
”semiclassical” spectral curve) which is relevant in this theorem. A similar result holds
when Y, is not of genus 0 under an extra hypothesis, but this will not be needed here.

So far, we did not speak of an integrable system, the theorem itself tells something

8



about one differential system alone. However, in many examples and in this article,
proving that (iii) holds is made possible by the existence of other compatible systems
0y, ¥ = M;¥, where t; is a parameter of L, and M; is rational in x. So, we shall see

in Sections 2.1-2.4 that hypothesis (i7i) can be considerably weakened.
1.4 Generalities on the Schrodinger equation

L—(®? 1-22
() (1-22)

Eqn. 1-12 imply that ¢ and ¢ are two independent solutions of a second order equation:

Let us write:

02+ BOp+ V=0 (1-23)
where:
0,b
= —— 1-24
: (1-24)
V = detL —0,a+ a% (1-25)

All the same, ¢ and ¢ are independent solutions of the second order equation:

0%+ B+ U =0 (1-26)
where:
5 - e (1-27)
C
V = detL+ d,a — a%c (1-28)

We shall use a classical change of function in the theory of Schrodinger equations to
study the asymptotics of U at singularities of L. We are grateful to M. Bergere who

shared his experience on that subject with us. We can always write:

Y = cte \/geXp <— /x %) (1-29)
v = %@exp (—/m %) (1-30)

Then, Eqns. 1-23-1-26 are equivalent to:

%a_f; [ o= 20(0.f) + (0.0)f (1-31)

ST = WO.T) +(0.0)7 (1-32)



with U, U given by —V, =V up to a schwartzian derivative:

3(9,0)2 102
VA ) R L

_ 1-
4 b? 2 b (1-33)
— —  3(0,0)* 10%
5.3 _ 105 1-34
U V47 z 5, (1-34)

1.5 Tau function and topological recursion

Here, we modify slightly the systems by introducing a parameter 1/N in front of each
derivative (very often, N turns out to be redundant with other parameters). For a
large class of 2 x 2 first order compatible systems (for example this includes the (p, 2)

minimal models which are finite reductions of KdV) of the type:
1 1
N&E\I/ =LV Nﬁtj\I/ =M,V (1-35)

and under the hypothesis of Thm. 1.1, it was stated in [4, 9] without details that
exp (Z go0 N2 F9 (EOO)) is a formal Tau function. We shall make the argument
explicit here. We are considering any system like Eqn. 1-35, such that L and M; are
rational fractions in x. We assume that L has a large N limit L(®), and an expansion

in powers of 1/N.

1.5.1 Definition of the m-function

Here, we consider that N is a fixed parameter. To any solution ‘lf(x,ﬂ of Eqn. 1-35,
Jimbo-Miwa-Ueno [26] associate a Tau function 7(#) as follows. Let us consider the
behavior of ‘If(x,f) near each pole x, of L(x,f), and write the * — x, asymptotics

(valid in some angular sector near z,,):
U(w, 1) = Wo(x,1) exp (Ta(z, 1)) (1-36)

where eTe contains the essential singularity and the pole of W(z,?), and W,(z,1) is
analytical when x — x,. Then, the compatibility of the system Eqn. 1-35 implies that

there exists a function 7(#) such that:

Oylnt = — Z xli(zs dz Tr U2 '(0,0,) (0, Ty) (1-37)
= =) Res dzTr(¥'9,¥)e (0, To)e™ (1-38)
T—To

Proposition 1.1 Assume that T, (x, f} 1s family of diagonal matrices, and write T, =
T,o03+cl (where o3 = diag(1,—1)). We have:

Oy InT =2 Z Res da (9;,Ta) Wi (1-39)

T—Tq

with the correlator Wy (x) = (0,0)d — (0,0)¢ introduced in Section 1.3.

10



proof:

U19,¥ = ULV is traceless like L, and Ty(x, ) is a family of commuting ma-
trices. Thus, only the component of T of the Pauli matrix o3 is relevant. Eqn. 1-38
yields:

O InT = —22 Res da (9, T,,) (W10, V)1 (1-40)

T—To

And we compute using det ¥ = 1:

Tlo0 — ( _% _f ) . ( az% gig > (1-41)
_(JwEnge Bhe-00d s
V(0,0) — YO —1p 0pp + 1 D
- _Wl ¢a:r:¢ - ¢aﬂc¢
- ( YOI wo W ) 143

O

1.5.2 Large N limit

We use Section 1.4 and keep the same notations, except that now, each derivative

comes with a power of 1/N. This modification can be easily traced back:

P(xr) = cte w exp (—N/x %) (1-44)
() = cte oz )27 exp ( N/ de ) (1-45)
where f and f satisfy:
1
1 _ — N
Wé’i = 2U(0.f) + (9:.U)f (1-47)
with the potential:
0.b 1 [(3(0:b)* 1%
U = —detL—i——(@a—aT)—i—ﬁ(Z( b2) —ET) (1—48)
— 1 0y 1 [(3(0,0)* 102
U = —detL—l—N( 8CL+CL—C)+N2 (4_1( CQC) —576) (1—49)

Let us write with superscript © the large N limit of these quantities. In particular:
©)  pO
o _ (@
L™ = ( ORI ) (1-50)

11



Recall that we defined the spectral curve through the equation det(y — L(x)) = 0.
Since L is traceless, it is equivalent to y* = —det L(z). Hence, the large N limit of the

spectral curve has equation:
Yeo(t) y? = —det LO (1) (1-51)

Let us define y(z) by this equation, with a choice of the branch of the square root
depending on the asymptotic z — x, we require to define 9 (see Eqn. 1-54 below).
According to Eqns. 1-48, the potential in the large N limit is given by:

(z) = y*(x) (1-52)

And, from Eqn. 1-46, we get:

FO@) o y(e),  T(2) o 1/y(x) (1-53)

Matching the asymptotics gives the proportionality constants and we get:

w(o)(x) = cte l;(oy)((;) exp (—N /xy(ﬁ)d£> , (1-54)

3" (x) = e C(O)(;) exp (N / xy(ﬁ)df) . (1-55)

1.5.3 1/N expansion of the 7-function

We now want to study asymptotics when N — co. We assume that
To(o) = NTO0) = ~Now ([ ) (1-56)

where (---)_, is the divergent part when * — z,, and o is an arbitrary origin of
integration. In other words, we assume that L(z) and L) (z) have the same poles
{z,}, that the behavior of ¥ at these poles is entirely given by the large N limit of the

system. This happens quite often in practice. Then, we rewrite Eqn. 1-39:
9,7 =—-2N>_ Res ( / @jy(ﬁ)df) Wi () (1-57)
T—Tq o

Provided the hypothesis of Thm. 1.1 hold, the topological recursion can be applied,
with the spectral curve (Yo (#)) defined in Eqn. 1-51. Let us compare to F(t) defined
by the large N asymptotic series:

F(#)=> N> F9(Su(t)) (1-58)

920
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We also define:
Wi(z) = > N W (Se(D) () (1-59)

920

Let us call C, the underlying curve of ¥ (¢), and B its Bergman kernel. We shall use
the properties of the topological recursion (Section 1.1) to compute the variations of
F(t) wrt t;. We have to represent

(@,d0)(6) = Res B.6) [ i (1-60)

Notice that the RHS do not depend on o. For 2 x 2 systems, Zoo(f) is hyperelliptic. So,
each pole x, of foz ydx has two preimages z, and z, in C. One can move the contour

to surround these points:
O ==Y Res B [ o,pas (1-61)
Subsequently:
0, F*(Se(l) = =) Res da(z) W{(2) / ) O,y da (1-62)

In the case of an hyperelliptic curve, the involution is a symmetry in the construction

of WY, and one finds that the residues at z, and z, are equal. Hence:

OF(D = SN0, F(S.(F)

920
= — Z lies dz(z) 2N Wi(z(2)) / Oy, ydx
= OyIn7 (1-63)

This proves the identification of the resummation of symplectic invariants with the 7
function.

2 Refinement on the assumptions

2.1 A remark on hypothesis (i)

Starting from any solution to %@U\I} = LV, with L a given 2 x 2 matrix, rational
in z and traceless, the connected correlators W, were defined in [3] and Section 1.3
such that they satisfy "loop equations”. When these loop equations are written in

terms of the 7 function, they appear identical to Virasoro constraints®. Loop equations

3Independently of [3], Virasoro constraints have also been found in [27] in the case of 2 x 2
Schlesinger system.

13



can have many solutions, but their solution is unique if one requires some analyticity
properties. In fact, provided there is a large parameter /N in the problem, and provided

an expansion:

W, = N2 W (2-1)
920

exists, the topological recursion gives the unique solution of the hierarchy of loop
equations satisfied by WY, whose analytical properties are specified by the data of the

spectral curve.
The matter is then, for the ¥ one is interested in, to find the appropriate spectral
curve Yo.. It is often easy to prove that W has an expansion in 1/N, and to discuss
its analytical properties (see Section 2.3). However, hypothesis (iii) of Thm. 1.1 is

stronger. Indeed, the two essential properties of Eqn. 2-1 are:

e Fixed parity: only powers of 1/N with parity (—1)" appears in the expansion of
W.

e Factorization property: the leading order of W, is O(N?*™").

We believe that in practice, ”fixing parity” is only a matter of rescaling correctly with
N the parameters of the differential system?* 9, = L¥ and that L(®). In Appendix A,
we give an example based on a Lax pair associated to Painlevé 11, equation, where the
fixed parity property does not hold if one does not rescale a as well.

Now, we argue that the factorization property is automatic, as soon as one realizes
0,V = LV as the member of a full integrable hierarchy. We present this argument for
2 x 2 systems with 1 pole at & = oo (the case of interest in this article), but most of
these ideas could be adapted without difficulty to several poles and larger systems. We
are currently working out the generalization of all arguments presented in this article
to the case of d x d differential systems [8].

2.2 Loop insertion operator and properties

In some sector near x = oo, we consider a solution ¥ whose asymptotic is given by

U = VU,eNTo with U regular at 2 = oo, and:

T = th z’ (2-2)

j21

for some constants t;. It is a standard result in integrable systems [1] that ¢; can be

used to define commuting flows. The result yields a matrix L and solution ¥, which

4This is not a void statement, because Theorem 1.1 asks by convention for a % in front of each 0,
in the differential system, and also that limy_ ., L exists.

14



now depends on all ¢;, with sectorwise asymptotic given by Eqn. 2-2, and such that:

1
= 9,0 = LU

N %

1

~ 00,0 = M,V

M, (z) = [{1?(95) oy U (z) (2-3)

[--+]_, denotes the divergent part when x — oo, and obviously Mj; is a polynomial in
x of degree j. Let us define the loop insertion operator as a Laurent series of operators

when x — oo:

O,
0g = Z i1 (2-4)
j>1
It is merely a way to collect all the flows®.
Lemma 2.1 We write - the functions 1, ¢,--- with their essential singularity re-

moved. The following 2 x 2 matriz:

1-V(z)o3 ¥ ()

P(x) = 5
_ (—@mgm w(@f(x)) (2:5)
—(z)p(r) P(z)e(z)
18 a projector, and we have:
o) = A= g, (2:)
1 _ [P(z1), P(x2)]
N(szP(:L‘l) = W (2'7>

proof:

Eqn. 2-5 is a straightforward computation. We just notice, according to the represen-
tations of Eqns. 1-29-1-30, that the essential singularities cancels when we compute the
cross-products: ¢ = {/; ¢ and Yo = E(E Then, we observe that P is a rank 1 matrix:

P="¢ 0)(@ v)J (2-8)

with:

_ (0 -1 2 tT_ o1-1_
J—(l 0), P=—1, J=J'=-3 (2-9)

By definition Tr P = 1. Hence, P? = (Tr P)P = P. Now, let us compute the action of

the loop insertion operator on W. 9;, ¥ = M;V¥ translates into:

%atj\i(xl) = [ rfos T @0)]| ) — Fa) 200y (2-10)

5% d; given by Eqn. 2-4 gives a realization of the formal loop insertion operator introduced in [3]
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It is implied that [---]_ is the divergent part when x; — oo. Doing the summation

over j:
1 ~ = o3 ~_4 ~ = 03
N (51«2\11(371) = \11(171) Ty — L (Zﬁl) 7\11(.1’1) qj(&h) Ty — 1
T -1 T -1 .
_ ‘I/(ﬂfl) 0'3\11 (.Tl) \IJ(I'Q) 0'3\11 (.CL’Q) \Ij<x1)
To — X1
_ 2P =P g, |
To — X1
We apply this result to compute:
1 1 ~ ~
N (SIQP(QH) = —55332 <\IJ(Z'1) 03 \I;(l'l)71>
P(xy) — P(x9) ~ ~ ~ ~ P(zy) — P(x
= P PG o G ) 4 B 0 T () D2 = P L)
To — X1 To — T1
_ —(P(z2) = P(21))P(21) + P(21)(P(22) — P(21))
To — T
[P, P(ay)]
To — I
0J
Corollary 2.1 The integrable kernel is self-replicating:
1
N &EQIC(Jfl, :1:3) = —]C<$1, .%Q)IC(Z’Q, 373) (2—11)

Proposition 2.1 The correlators can be expressed in terms of the projector P:

Wi(z) = —NTrP(z)L(x) (2-12)
Walonm) = —po 19

and forn > 3:

T‘rP(xl)P(xa(l)) T P('I'U"*l(l))
(21— 930(1))(330—(1) - 3302(1)) T (%n*lu) — 1)
(2-14)

Wal@t,. .. zn) = N> (=" -

o cyclesof G,
Or concisely with the loop insertion operator:
Wiz, ...;x,) = N""p -0y, InT (2-15)

As a consequence of the existence of a loop insertion operator and Eqn. 2-15, the
factorization property is automatic, and the requirements of hypothesis (iii) have to
be checked only on W ().
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2.3 Analyticity properties of the 1/N expansion
2.3.1 Summary of the problem

Let us start with two 2 x 2 matrices L(z,t) and M(z, t) such that:
e L and M are traceless, and rational in x.

[ J They are solution Of the Compatlblhty equation:
N ¢ N ’ )

e They admit an asymptotic expansion when N — oo of the form:

L= N'LO M=) N'M® (2-17)

1>0 >0

and consider the equations:
N v ’ N ¢ )

In other words, we first restrict ourselves to a hierarchy with only one time ¢t. We shall
discuss the analytic properties of ¢ (the discussion would be similar for 1, ¢ and ¢).
From the differential system wrt z, we know (Section 1.5.2) that it admits a large N

asymptotic expansion of the form:

i) = <Z N %’)(fc)) e (219)

>0

where o is some integration constant which may depend on ¢. The leading order is

~ L
0 — , /=2 -
00 =\ (2-20)

and y is determined by the large N spectral curve associated to the differential system

given by:

in x:

Yoo y? = —det L (2-21)
Similarly, we may define the large N spectral curve associated to the differential system
in ¢:

X y? = —det M@ (2-22)

We shall see that ¥, and X play an important role to locate the singularities of .

17



2.3.2 Analytical properties

Let us describe the analytical properties of QZ(O) in the variable x:

e It has branchpoints (order %, r € Z) at branchpoints of ¥

©
e It has branchpoints (order 2T2+ U re Z) at the zeroes or poles of L% which are

not branchpoints of ¥,

We can insert Eqn. 3-41 in one or the other differential system to determine recursively

the subleading orders. It is more convenient to write the two second order equations

satisfied by v:

1 1
m@tﬁﬁLNB@x@/)—i-Vzb =0
1 1
mafw—i-NBatw—i-Vw =0
where:
B = —%:ZN*ZB(’)
b 1>0
0L
V = detL — — 8L11—|— Lll - + N~ ZV
R DD
3 M21 -1
B = -2 =N NB0®
o Moy, ZZ; o
1 1 oM
K = detM—NatMll—i—NMll 115\/_[2121 :—gz_i_ZN_lK(Z) (2_23)

>1

Knowing (@, we can compute recursively, if we assume that B©, B® are not identi-

cally zero:
~ 1
P = o [0 + )9 + 2500
l
Z B-m) 893,(7;(771) _ (V(l+1—m) + yB(lJrl—m))J(m)] (2-24)
m=0

_ y%[—a% + (D)0 + 23,5 0)

l
Zﬁl m) 81/1 (K(l+1fm) —|—g§(l+1m))] (2_25>

A priori, 9D has singularities at points where (™ (for 0 < m < [) had already
singularities, and at poles of L and M. Besides, if we consider the differential system

wrt z, new singularities may appear at each step:

18



e At the branchpoints of (X) (through 1/y).
e At the zeroes (in the x variable) of B,
If we rather consider the differential system wrt ¢, new singularities may appear only:
e At the branchpoints of ¥ (through 1/y).
e At the zeroes (in the z variable) of B
Subsequently, ¥)(z) may have singularities only:
e At the poles in the expansion of L and M.
e At the branchpoints of Y.
e At the branchpoints of ¥ .
e At the common zeroes (in the z variable) of B® and B©.

In many examples (and in this article), the fourth point is the key ingredient to rule
out singularities at the zeroes of y which are not branchpoints. It is often enough to
have one time t, but the same argument could be repeated in presence of other times
tj, giving a priori more restrictions on the position of the singularities. Eventually, the
singularities of W, can be inferred from their definition (Eqn. 1-17) and the singularities

of J(l). We just notice that this definition does not introduce poles at coinciding points.

2.4 Conclusion

We may formulate a stronger version of Theorem 1.1.
Theorem 2.1 Assume that:
(1) L depends on some parameter N, and has a limit when N — co.

(i) The spectral curve X of the system Eqn. 1-12 has a large N limit ¥, which is

reqular, and has genus 0.

(731) Wi(x) admits an asymptotic expansion when N — oo of the form
Wi =3 oo N'72WY, and Wi(z) for g # 0 may have singularities only at
branchpoints of Y.
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Then, Wy (1, ..., x,) admits an expansion of the form:

Wo =) N7 We (2-26)

920

The expansion coefficients of the correlators have only singularities at the branchpoints
of Lo (for 29 — 2+ mn > 0), and are computed by the topological recursion applied to
Yoo

Wi(z(z1), ... x(zn))de(zr) - - - da(zn) = wd(Eeo) (21, -+ - 20) (2-27)

In practice, hypothesis (iii)" requires to check that:

e )V, has an expansion in odd powers of N. We think that it can always be achieved

in an appropriate rescaling of the parameters of L with N.

e WY has only singularities at branchpoints of X,,. This is not too difficult, because

we know where singularities can arise in W (Section 2.3.2).

A similar result holds when X, is not of genus 0 under an extra hypothesis on WY,

but is beyond of the scope of the present article.

3 Application to the Tracy-Widom GUE law

3.1 Tracy-Widom GUE and integrability
The Tracy-Widom GUE law Fgug(s) can be defined as a Fredholm determinant:
FGUE(S) = det (1 - KAi)L2([S,OO[) (3—1)

where K; is the Airy kernel:

(Kai- )(x) = /Rdy Ai(z)Ai'ly) — AV(x)Aily)

r—y

fw) (3-2)

In their celebrated article [32], Tracy and Widom have proved an alternative formula

making the link with an integrable system:

Faon(s) =exo ([ (o)) (3:3)
where H(s) = —q?(s), and ¢(s) is the unique solution of the Painlevé IT equation:
q"(s) = 24°(s) + sq(s) (3-4)

which satisfies [25]:
(3-5)



H(s) can be identified with a Hamiltonian for PII [29], and Fgug(s) with a 7-function
associated to this family of Hamiltonians ([24] in the sense of Okamoto, [6] in the sense
of Jimbo-Miwa-Ueno).

The Painlevé II equation appears [22] as the compatibility condition of the following
system for U(z, s):

vV = LV
oV = MV (3-6)
U = Uexp [z (§$3 + s:c) 03] when x — 400

where ¥ = 1 4+ O(1/x) when z — +o0. The Lax pair is given (L, M) is given by:

B —diz® —i(s +2¢%(s))  4dxq(s) + 2ip(s)
L(z,s) = ( dwg(s) — 2ip(s)  4iz® + i(s + 262(s)) )

M(z,s) — ( o 2) ) (3-7)
The necessary condition of existence of ¥ is d;L — 9,M + [L,M] = 0. This implies
that ¢(s) is solution of PII, p(s) = ¢/(s). The asymptotic behavior of ¥ determines
the asymptotic behavior of Eqn. 3-6 for ¢(s), picking up the Hastings-McLeod solution
of PII [25]. The existence of the solution ¥(z,s) was shown in [22]. This system
is an example of isomonodromy problem, itself closely related to a Riemann-Hilbert
problem. Many authors have contributed to the study of these systems, and we refer

to [23] for a review of the theory.

3.2 s — —oo asymptotics and spectral curve

Let us introduce a redundant parameter N. We define:

_ 13
[120d =) (59

Then, Eqn. 3-6 is equivalent to:
~0x¥ = LV
vOs¥ = MU (3-9)
U = Yexp [iN (%X3 + SX) 03] when X — 400

with the Lax pair:

HERe ( 1XQ(S) - F 4 +i(S +20%(9))

M(X,S) = (ég) ngf)) (3-10)

C4X? (S +2Q7(S))  AXQ(S) + BUS) )
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and the compatibility equation:

3 Q'(8) = 20(5)" + 5Q(9) (311)
We are now in the situation described in Section 1, where each derivative appears with
a prefactor 1/N. Again, Q(.5) is given by the Hastings-McLeod solution to Painlevé II,
which is the unique solution [25] such that, for S < 0, limy_,., Q(S)* = —%. Because
of this property, we may study the s — —oo asymptotics for the system Eqn. 3-6 by
studying the N — oo asymptotics of the system of Eqn. 3-9. Then, the basic remark is
that the derivative terms are subleading. After Eqn. 1-20, the finite IV spectral curve

for this system is:

4(Q'(9))?
Y= —16X"*—8X%S — S? —4Q*(S) — 45Q*(S) + % (3-12)
In the large N limit, since Q?(S) ~ —S/2 (we assume S < 0), we obtain:
2 22, ®
(Xoo); Y*=-16X (X + 5) (3-13)
It can be brought in a canonical form by rescaling:
= 1
(%) : 7 = 4—1552(532 + 4) (3-14)
where
Foiy X, gLy (3-15)
e

For this transformation, YdX = (—S/2)*2%dz. Going from the topological recursion

of ¥, to that of S s only a matter of rescaling:

FU(S.) = (=5/2)°079 F9(%) (3-16)

w9 (8y) = (—8/2)30797/ L9 (%) (3-17)

n

Thus:

F(e) = Y N F9(5,)

= D (N (=5/2)" 0 FU(S))
= > (—s/2)% 9 F9(3) (3-18)
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3.3 Existence of the 1/N expansion

In our case, L(X,S) has only one pole, at X = oo, which is already present in
LO(X,S). We define Y (x) by Eqn. 3-13 with the choice of the branch of the square
root imposed by the X — oo asymptotics in Eqn. 3-9:

/ S
Y(X)=—4iX /X2 + > Y (z) e —4iX? (3-19)

In order to identify F (X, ) computed in Eqn. 3-18 with the s — —oo asymptotic of
the 7 function of the initial system (Eqn 3-6), we have to check that the assumptions

announced in Sections 1.3-1.5 hold.

Remark 3.1 X s a reqular genus 0 spectral curve: it has two simple branchpoints,
at X = ++/—=5/2. It admits a rational parametrization:

X () = 4 (z + %) L Y(e) = g (22 - ;) (3-20)

where v = ,/_TS. Notice that it is not the spectral curve of a matrix model, since there

is no 1/z term in Y. This is rather the curve of the limit of a matriz model.

Lemma 3.1 ¢(X,S) (resp. (X, 9), (X, S), ¢(X,S)) admits a 1/N expansion:

(X, S) = (;Z@)(X, S)+> N 10X, S)) exp [@N (§X3 + SX)} (3-21)

>1

and for alll > 1, @Z(l)(X, S) has only poles at X = j:,/_TS (the branchpoints of Y ).

In particular, it does not have singularities at X = 0, the other zero of Y.

proof:
We already know that Q©(S) = /=2, and Eqn. 3-11 implies that Q has a 1/N?
expansion:

Q) = QU(S) + Y N*QU(s) (3-22)

1>1
Hence, L and M have a 1/N expansion. Let us apply the discussion of Section 2.3,
where S plays the role of the time t. The large N limit spectral curve X, associated
to the system ]%, OxV = LV is:

Y(X) = +4iX /X% + /2 (3-23)

23



and ¢ to leading order is given by:

i) = o) P8 ool [ vion

= cte?(9) (%/5/2)1/4 exp [:FiN <§X3 + SX)} (3-24)

To agree with the asymptotic of Eqn. 3-9, we must choose the minus sign. On the other
hand, the Iarge N limit spectral curve ¥ associated to the system % 05V = MV is:

Y(X) = £v/—det MO = +i\/X2 + S/2 (3-25)

Hence, Y (X) and Y (X) have no common zeroes (apart from the branchpoints X =
+.1/—5/2). So, to all orders in 1/N, 1; cannot have singularities at X = 0. The same
discussion would hold for ¢, 1 and ¢. O

Corollary 3.1 W, (Xy,...,X,,) admits a 1/N? expansion:

Wil X1, Xn) =Y N2 WI(X,, . X,) (3-26)

920

and the singularities of W9( Xy, ..., X,) away from X; = oo are found only at branch-

points X; = \/—S/2.

proof:

There exists at least an expansion in 1/N, and the position of the singularities at all
orders is a consequence of Lemma 3.1. We have seen in Thm. 2.1 that W, starts
as O(N?™). Tt remains to prove that W, has parity (—1)" in N. Let us stress the
dependence in N by writing Ly, and ¥y for the solution of Eqn. 3-9. We observe
that ‘L_y = Ly, which implies that '~} obey the same differential system as W.
Moreover, t\IJ:}V has the same asymptotic behavior near x — oo as ¥y, and is also of

determinant 1. So, *W_} = Wy, and at the level of the integrable kernel:

U (21)P(22) — Uy (1) P (22)

/CN(xl,fz) = T1 — 2o
O n(@)Y n(m2) — ¢ n(1) Py (22)
a 1 — To
= /C—N(ﬂvz,flh)

But, we can see on definition (Eqn. 1-17) that the correlators take a (—1)" sign if we

revert the orientation of all the cycles. Thus:
Wiaxy, .. zn) N = (=1)"Wy(xy, ..., z0)N (3-27)
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O
Accordingly, we can apply Thm. 1.1, which says:

WX (21),..., X(z))dz(z1) - - - da(z2) = wI(Beo)(21,- .., 2n)
= (=8/2)0=7 1(8) (2, ..., 2,)
(3-28)

3.4 Tau-function and symplectic invariants

The next step is the computation of the -function. Let us do the computation directly,
as an illustration of the general proof given in Section 1.5. The 7-function associated

to the unique solution of the system satisfying Eqn. 3-9 has:
. 4 4
To(z,s) =1iN §X +SX | o3 (3-29)

This is correct for any N, we see on this example that T, is indeed given by its large

N limit. The 7-function of Jimbo-Miwa-Ueno is given by (Eqn. 1-39):
0,In = 2N Res dX XWy(X) (3-30)
—00

Let us compare with the variation of F(X.) wrt S, given by Eqn. 1-3. We have to
represent JsY dX with the Bergman kernel:

ledZQ

B(Zl,ZQ) = m (3—31)
We write:
=i X(2)dX(2)
(0sY dX)(z) = o) /2 zdz( X2(z )
= Res B(z 5 R B L
= —i Res X2(Q) + 5 = —i7 Res B(z,() (<_3>
a0
Thus:

95F9(S.) =i Res. (<— %) WH(X(C)AX(C) (3-32)

Yo 18 an hyperelliptic curve, with involution ( — % From construction in the topo-

logical recursion, we know that:
WE(X(Q)) + WI(X(1/Q)) = (2y)+(X(C)) (3-33)
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where y, is the divergent part of Y (X) when X — +o0:

vy = (-4@)(, /X2 + g) = —i(4X2+ 9)

JF
iS (., 1
—7<<+§>

With the last expression, one may check that adding y, to W7 in Eqn. 3-32 do not
change the result. In a first step, we may replace W7 by:

WY = WY — 640y+ (3-34)

in Eqn. 3-32. Now, we have the symmetry W¢ — —WY when ¢ — 1/¢. This implies

that the residues at 0 and oo are equal:

95 (c) = 207 Res (c - 5) (X(0))AX(C) (3-35)
In a second step, we can go back to WY{:
0517 (5) = 20 Bes (¢ = 1) MHED(X(O)X(C) (350

Another property of WY from construction is that it behaves as O(1/¢) (and even

O(1/¢?) for g > 1) when ¢ — oo. Accordingly, we can replace (C é) y ( )

Eventually:
051 (5) = 207 Res (1) WHE(XONX ()
= 2i Res dAX X W/(X)X
X —o00
And, for the full series:

0sF(Loo) = 2iN Res dX X Wi(X) = dsInT (3-37)

X—o00

3.5 Relation with the 1-matrix model with hard edge

So far, we have proved that the Tracy-Widom GUE law Fqug(s), defined axiomatically
from the Airy kernel (Eqn. 3-1), has the following s — —oo expansion:

Feus(s) = C exp (Z( 5/2)°0-9 F%E)) (3-38)

where C' is a constant, and S is the spectral curve of equation 3% = % 272 +4). Tt

admits the rational parametrization:

{ o) =gt ) (3-39)



To complete the definition of the spectral curve, let us say that the physical sheet is
associated to x = 00 (2 — —ic0), and that we take the Bergman kernel:

Fa le ng

B(z1,22) = (21 — 2)? (3-40)

In [7], starting from a matrix model with quadratic potential, where all eigenvalues
are restricted to be smaller than a given a, we obtained heuristically the following

§ — —00 expansion:
FGUE(S) = CTW exXp (Z(_8/2>3(1g) Fg(sz)) (3—41)
g=>0

with a computable constant Crw = 2Y7/24¢'(=D and Tpw is the spectral curve of

equation y? = x + % — 2. It admits the rational parametrization:

z(¢) = ¢?
3-42
{ y(Q)=¢—¢ (3-42)
We associate the physical sheet to ( — 400, and we take as Bergman kernel:
d¢id¢y
B , () = ——— 3-43
TW(Cl CZ) (Cl _ <2)2 ( )

Actually, these two spectral curves are related by a symplectic transformations,
under which the F'9’s are invariant, as explained in Fig. 1. Thus, we have justified

Eqn. 3-41, as announced in Prop 0.1.

2() = ¢2 (o) 2(Q) = ¢ - ¢
(Erw) {y(c)—c—% R {y«;) ¢
reparametrization
=iz
z(2)=i(2+1) yoy+i+y [ x(z)=i(z+1 ~
= e T, @

Figure 1: Symplectic equivalence of YXw and 5
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3.6 Remark on correlation functions

We insist on the fact that symplectic transformations do not conserve the correlation

functions. A priori:
Wi (Srw) # wi(5) (3-44)

Nevertheless, one knows [19] that their difference is an exact form in each variable.

It was argued in [7] that:

Wn(Zow) (G5 Ga) =) (=/2° 70D I (Sow) (G- o) (3-45)

9>0

is the asymptotic expansion when s — —oo of the (rescaled) correlation function of
2

eigenvalues \; = 2 + sN~2/3(1 + %) In other words, for s < 0 and any Borel subsets

Jiy.oyJp €] — 00,0, we have:

lim Prob [\ € Ji,..., A € Ju | Amax < 24+ sN ™3]

N—o0
d dg,
_ f;( %7& %wn(zm)(gh...,gn) (3-46)

in the sense of an asymptotic series when s — —oo. K is the image on the curve of J;.
A priori, this is different from the determinantal point process defined with the

integrable kernel:

P(@1)(r2) = Y(71)6(22) (3-47)

r1 — T2

’C(l’l, ZCQ) =

of the system of Eqn. 3-6.
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4 Conclusion

Tracy-Widom law

Let us summarize what we have obtained.

e Near an hard edge a approaching the natural soft edge an.x, the density of

eigenvalues of a random hermitian matrix is (after appropriate rescaling) locally

1
(Yrw) : y:\/ﬂﬂ';—Q

and therefefore, the partition function in this regime is asymptotically given by

given by

the symplectic invariants of Ypw:

InZ(a) ~ Z(l — a/amax)(Q—Qg)% N*729 F9(Lrw)
g
and the eigenvalues correlation functions of the random hermitian matrix are
also asymptotically given in this regime by the symplectic invariant correlators
of Yw, i.e. by the wr(Lg)(ETw). Let us also mention that all this holds for any
problem, solvable by symplectic invariants, whose spectral curve is locally given
by Yrw. This is for instance the case for the statistics of plane partitions near

the boundary of the liquid region [21].

e The second step is that Xw is symplectically equivalent to the spectral curve S
= 1
(X)) :y= Zx\/xQ + 4,
which shows that

In Z(a) ~ 2(1 _ a/amax)@—zg)% N2-29 Fg(i),

g

and since 3, is the classical spectral curve of a Lax pair for the Painlevé II equa-

tion, we recover, as expected, the large s expansion of Tracy-Widom law.

e However, in the symplectic invariance of Xrw and ¥, only the F9’s are invariant,

the correlators are not invariant.

It is not clear to us how the symplectic transformations (in particular =z « v,
which is really the non trivial one at the level of the F'9) act on an integrable system of
classical spectral curve (z,y(x)). It would be interesting to exhibit a full (N dependent)

integrable system whose classical spectral curve is directly Yrw, without having to
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perform a symplectic transformation. Such a system should be related to PII, because
the 7 function is the same as that of Eqn. 3-6, it can be expressed in terms of a solution
of PII.

For 8 ensembles, the generalization of this approach is an open problem. There
exists a version of the topological recursion and symplectic invariants for all § > 0,
computing the large N expansion in the [ random matrix ensembles [10] provided that
the expansion exists. Yet, the analog of Section 1.3 for 5 # 2 is missing: starting from
an integrable system, it is not know how to define quantities wi? satisfying the loop
equations of [ ensembles. One could expect that [ ensembles should be related to
quantum integrable systems, having to do with Bethe ansatz, instead of classical Lax

pair systems.

Loop equations and integrable systems

We have reviewed that it is possible to associate loop equations (or Virasoro constraints)
to any first order 2x 2 rational differential integrable system. In fact, we have completed
the work of [3] by:

e Showing that hypothesis on analytical properties and 1/N expansion of the n-

point functions need only to be checked for the 1-point function.
e Clarifying when these analytical properties and expansion properties holds.

e Under all these assumptions, providing a proof of the former claim that the

summation of symplectic invariants F9 reconstruct the Tau function.

To fulfill this program, it was essential to include the differential system in an isomon-
odromic problem with a full set of times. It is in fact possible to associate loop equations
to first order system of size d x d, and we are currently working on the generalization

of the same theory to these systems [8].

30



A A counterexample to the 1/N? expansion

Consider a system 1/N 9,¥ = LW. The first loop equation is:
Wa(z,z) + (Wi(2))? = N? Py(x)
where P;(z) is a rational fraction given by:
Py = —detL = %Tr L

Let us assume that L = L(® + LLM 4+ O(1/N?). Then:

1 1
P = ST L® 4 S TrLOLY + O(1/N?)

(1-3)

We want to find a case where the W, do not have an expansion with fixed parity of

1/N. It is enough to exhibit a system for which the first two terms in P; do not vanish.

We call Painlevé 11, the equation:

q"(s) = 2q(s)’ + sq(s) —

(1-4)

where « is a fixed parameter. This equation appears as the compatibility condition of

the Lax system [22]:

0,¥ =LV
o,V = MVY

[ —diz? —i(s + 2¢*
Lz, ) = ( 4zq(s) — 2iq/(5)

e = (65 %)

Let us do the rescaling:

s)) daq(s) + 2iq'(s) + %)
)

(
+ 2 diz® +i(s + 2¢%(s)

r=NY3X
[72hes o a=Nas)
This leads us to the compatibility equation:
1 " 3 -~
— -9 _ =
2 Q'(8) =2Q(8)° + 5Q(5) -

and the Lax system:
{ % OxV =LV
L(X,5) = —4iX? —i(S+ Q) 4XQ(S) + HLE) 4 e
’ 4XQ( ) 2iQ’(S) + ﬁ 4iX? + Z(S + 2Q2(S))

M(X,S):( X QZ()*?JS

)



When N — oo, we have to the first two orders:

1l «

Q(S)=+/—S/2+ Vg T O(1/N?) (1-7)
We may compute:

Tr(LOLW)

Tr( —4iX?  4X —S/2>_( 0 %—%TSJr%)

AX\/-S/2  4iX? Stmty 0

£ 0

Hence, the fixed parity property is not satisfied. Yet, one could also make the choice to
rescale a in A = a/N, and keep A fixed. In this case, we could reproduce the argument
of Section 3.3, and check the fixed parity property. This counterexample supports the
idea that a 1/N? expansion may exist only in a good choice of rescaling with N of the

parameters of the differential system.

B Topological recursion and symplectic invariants

With the data of a spectral curve (see Section 1.1), the topological recursion defines a

tower of differential forms as follows:

Definition B.1 We define:

W(2) = —y(2) da(2) (2-1)
wéo)(zl, 29) = B(z1, 22) (2-2)

and by recursion on 29 — 2+ n:

J
wﬁfﬁl(Z)(zo,zl, ) = Z i?i_f)f K (29, 2) [wfﬂ:;)@)(z,i, J)

g—1
h —h _
+ 3P el (D) Dl (D)E T\ D] (23)
h=0 ICJ
where the sum over i is over all branchpoints a; (the zeroes of dx(z)), residues are
taken as contour integrals on the Riemann surface C, the kernel K(zo, z) is:

z (0) !
K(2p,2) = — Jy—s vy (B)(0, %) (2-4)

2 (Wi (2)(2) — wi”(2)(2))

and in the sum Y., >, the prime ' means that we exclude the pairs (h = 0,1 = ()
and (h =g, = J) from the sum.
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An important property is that for 2g — 2 +n > 0, w? is a meromorphic form in each

z;, with poles only at branchpoints, and is symmetric in all z;’s. For instance, we have:
1) _ 5 _
wiV(z) = Z Res K(2,2) B(z,2) (2-5)

wéﬂ)(sz 21,29) = Z ZR_?CLS K(20,2) (B(z,21)B(Z, 22) + B(z,22)B(Z,21)) (2-6)

Then, having defined w,(lg) for n > 1:

Definition B.2 For g > 2, we define the symplectic invariant w(()g)(E) also denoted

F9(%) as: X
FIE) = () = 5=5- 3 Res $(:)w”(D)(2) (2-7)

where
B(z) = / y(<) du(2) (2:5)

and the value of F'9 is independent of the base point o and path used to compute the

integral.

The definitions of FY(X) and F'(X) are more involved and we refer the reader to [19].
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