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Automorphic properties of low energy string amplitudes in various dimensions
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This paper explores the moduli-dependent coefficients of higher-derivative interactions that appear in
the low-energy expansion of the four-supergraviton amplitude of maximally supersymmetric string theory
compactified on a d torus. These automorphic functions are determined for terms up to order 9°R* and
various values of d by imposing a variety of consistency conditions. They satisfy Laplace eigenvalue
equations with or without source terms, whose solutions are given in terms of Eisenstein series, or more
general automorphic functions, for certain parabolic subgroups of the relevant U-duality groups. The
ultraviolet divergences of the corresponding supergravity field theory limits are encoded in various
logarithms, although the string theory expressions are finite. This analysis includes intriguing representa-
tions of SL(d) and SO(d, d) Eisenstein series in terms of toroidally compactified one and two-loop string

and supergravity amplitudes.
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I. INTRODUCTION

In this paper we will pursue a program of elucidating
exact properties of the four-supergraviton scattering am-
plitude’ in the low-energy expansion of string theory com-
pactified from 10 to D = 10 — d dimensions on a d torus,
T¢. Although this is a very small corner of M theory, it is
one in which precise statements can be made. In particular,
the combination of maximal supersymmetry and U duality
is very constraining [2]. The low-energy expansion of the
scattering amplitude in D-dimensional space-time has the
general form

Ap(s, t,u) = ABN (s, 1, u) + A2 (s 1 w),  (1.1)
where we have separated analytic and nonanalytic func-
tions of the Mandelstam invariants, s, 7, and u [s = —(k; +
k)’ t=—(ky + ks>, u=—(ky + k3)>,and s + ¢t + u =
0]. Although it is not obvious that such a separation can be
made in a useful manner to all orders in the low-energy
expansion, it is sensible and useful at the orders to be
considered in this paper. The analytic part of the amplitude
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"The term “supergraviton’ refers to the supermultiplet of 256
massless states. The dependence on the helicities of these states
arises in the amplitude through a generalized curvature, R [1].
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has the expansion (in the Einstein frame)
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which is the general symmetric polynomial in the
Mandelstam invariants, which enter in the dimensionless
combinations

2n
o, =(s"+ 1"+ u”)4—Dn, (1.3)
where €, is the Planck length in D dimensions. The factor
of R* in (1.2) indicates the contraction of four powers of
the Riemann curvature tensors linearized around flat space
and contracted with a standard 16-index tensor, g3 [3].
The coefficient functions are necessarily automorphic
functions that are invariant under the D-dimensional dual-
ity group, G 4(Z), appropriate to compactification on a d =
(10 — D) torus. These groups are listed in Table I. They are
functions of the symmetric space, Mg\, defined by the
moduli, or the scalar fields, of the coset space K\G. It is
often convenient to express the analytic part of the ampli-
tude in terms of a local one-particle irreducible effective
action.
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TABLE I. The duality groups of maximal supergravity in D =
10 — d = 10 dimensions. The groups G,(R) = E;;(R) are the
real split forms of rank d + 1 and K are the maximal compact
subgroups. In string theory these groups are broken to the
discrete subgroups, G4(Z), as indicated in the last column.

D G4R) = Esr14+1(R) K G.(2)

10A GL(1, R) 1 1

10B SL(2, R) S0() SL(2, 7)

9 GL(2, R) SO(2) SL(2,7)

8§ SLG,R) X SL(2R) SOB3) X SO2) SL(3,7) X SL(2, Z)
7 SL(5, R) SO(5) SL(5,7)

6 SO0(5,5, R) SO(5) X S0O(5) SO(5,5,7)

5 Eq6)(R) USp(8) E6)(Z)

4 E;7)(R) SU8)/Z, E77)(Z)

3 Eg5)(R) SO(16) Eg5)(2)

Although this paper will be concerned almost entirely
with the analytic part of (1.1), A*t¢ it is important to
consider its relationship to the nonanalytic part, A""".
This part of the amplitude contains the information about
the massless thresholds that arise in perturbation theory
and contribute to the nonlocal part of the effective action.
Such contributions include the threshold structure of su-
pergravity scattering amplitudes, and depend on the space-
time dimension, D, in a sensitive manner. At sufficiently
high values of D, an L-loop perturbative contribution in
supergravity has ultraviolet divergences that are power
behaved in a momentum cutoff, A. Such divergences are
absent in string theory, and the dependence on a power of
A is replaced by a finite analytic term with a corresponding
power of €;!, where ¢, is the string length scale. As D is
decreased, it reaches a critical value at which supergravity
develops a logarithmic ultraviolet divergence. Introducing
a momentum cutoff now produces a nonanalytic factor of
the schematic form A%M" ~ R4sklog(—s/A?), which is
replaced in string theory by

Atonan — R4k log(—€2 ws), (1.4)
where u is a dimensionless scale, which is independent of
the moduli and may be determined by a detailed string loop
calculation. This expression is merely illustrative—the de-
tailed dependence on the Mandelstam variables and pattern
of logarithms is more complicated. For a discussion of such
effects in the expansion of the genus-one contribution, see
[4]. Of course, there is some ambiguity in how such
constant terms are assigned to the analytic and nonanalytic
pieces since u may be changed to w/@a by adding
R*sklogfi to the analytic term. In the subsequent discus-
sions in this paper our convention will be to associate all
such moduli-independent logarithms with the scale of non-
analytic s*log(—€2u/ fis) contributions to the amplitude.
Furthermore, we will not discuss the precise values of the
constant scales such as w, which can be determined by
explicit string perturbation theory computations, such as
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that carried out at genus one in [4]. As D is decreased to
values D < D_, the nonanalytic terms are proportional to
inverse powers of s, t, and u. For D =4, the four-
supergraviton amplitude possesses the standard infrared
divergences of a perturbative gravitational theory, which
will not be discussed here.

The first term in the expansion (1.2) (p =0, ¢ = —1)

has coefficient EEOD )_1) = 3 and is the classical supergravity

tree-level term, with poles in s, ¢, u, and is determined by
the Einstein-Hilbert action. This has trivial dependence on
the moduli. The subsequent terms have a rich dependence
on M that encodes both perturbative and nonperturbative
information. This contrasts with supergravity, in which the
continuous G4(R) duality symmetry is unbroken, and am-
plitudes are independent of the moduli. The simplest non-
trivial examples of automorphic functions arise in the ten-
dimensional 1IB theory, where the coset is SO(2)\SL(2),
so there is a single complex modulus, ) = Q; + i{),, and
the duality group is SL(2, Z). In this case the first two terms
in the expansion beyond the classical term are given by
particular examples of nonholomorphic Eisenstein series
for SL(2, 7)

@

EY(Q) = lm + anZx’

(m,n)#(0,0)

(1.5)

which satisfies the Laplace equation
AgE((Q) = Q3(9%, + 95 )E(Q) = s(s — DE((Q),
(1.6)

and where s is a (generally complex) index. Some impor-
tant properties of these functions are reviewed in
Appendix B 3. The Fourier expansion of E; in (B38) has
a zero mode or ‘“‘constant term” that consists of the sum of
two powers,

1/2
f dQE, = 2£(25)Q8

(1/2)
I(s =
+ 2 mr——2(2s — DAL,
\/_ F (S) é’( ) 2

which correspond to a tree-level and genus-(s — 1/2) con-
tribution to the interaction in string perturbation theory.
The nonzero modes correspond to exponentially sup-
pressed D-instanton contributions to the interaction. The
first term of this type is the lowest order term beyond the
Einstein-Hilbert term, which is the R* interaction for

which p=¢ =0 and the coefficient is EE(])%)(Q) =

E;/,((2) that has tree-level and one-loop perturbative con-
tributions [5,6]. The next term in (1.2), with p =1, g = 0,
corresponds to a 9*R* interaction in the effective action,

with a coefficient EE}%))(Q) = 1/2E5,,(€)) that has tree-

level and two-loop contributions [7]. Both the R* and
d*R* interaction coefficients can be determined by impos-
ing constraints implied by modified supersymmetry trans-

(1.7)
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formations that incorporate higher-derivative contributions
[8,9].
The next term has p = 0, ¢ = 1 and corresponds to the

9°R* interaction. Its coefficient EE(I)()]))(Q) is not an
Eisenstein series [10], but satisfies the interesting inhomo-

. . 2
geneous Laplace eigenvalue equation,

(Ag — 12)E5°(Q) = (L9 ()2,

0,1) (0,0) (1.8)

where the right-hand side is a source term proportional to
the square of the coefficient of the R* interaction. In this
case the constant term has power-behaved terms corre-
sponding to perturbative string theory contributions at
genus 0, 1, 2, 3, as well as exponentially suppressed
contributions corresponding to an infinite set of
D-instanton/anti—D-instanton pairs.

There is a certain amount of information about terms of
order 93R* and higher, but these terms raise issues that go
beyond the scope of this paper and will not be discussed
here (see [1] for particular examples). Our main aim will be
to extend the results up to order 9°R* to the higher-rank
duality groups that arise upon compactification to D di-
mensions on a d = (10 — D) torus. There has been some
work in this direction for the R* term in [6,10,11] and for
the 9*R* and 9°R* terms in [12,13]. Here we will not only
amend these and extend their scope, but more importantly,
set it in the general framework of automorphic functions
for higher-rank groups. Some of our ideas overlap with
suggestions in [11,14,15] and related papers [16,17], but
they differ in important respects.

Our procedure, outlined in Sec. II, will be to constrain
the expressions for the automorphic coefficient functions
by requiring them to reproduce the correct expressions in
three distinct degeneration limits:

(1) The decompactification limit from D to D + 1 di-

mensions. When the radius r; of one compact di-

mension becomes large, the part of the
D = (10 — d)-dimensional coefficient function,
EP) | that leads to a finite term in the rg — 00 limit

(p.q)
is required to reproduce the (D + 1)-dimensional

coefficient function, 52? :;)1). In addition, there are

suppressed terms with powers of r;" (where the
(D+1)
(r'.4g)’
where 2p’ + 3¢’ <2p + 3q. There are also specific
terms with positive powers of srﬁ that are necessary
to account for the nonanalytic thresholds in (D + 1)
dimensions (see the discussion in [18] for more de-
tails). The remaining terms are exponentially sup-
pressed in r; and will not be constrained in any direct
fashion.

values of n; > 0 depend on D) multiplying &£

*We have rescaled this interaction by a factor of 6 compared to
[10].

PHYSICAL REVIEW D 81, 086008 (2010)

(i1) Perturbative string theory limit. In the limit in
which the D-dimensional string coupling constant

becomes small, the expansion of £ Eg)q) in powers of

the D-dimensional string coupling, yp, is required
to reproduce the known perturbative string theory
results. In order to make this comparison, the con-
tributions from genus-one string theory are derived
in Appendix D using the methods of [4]. Fur-
thermore, the leading low-energy contribution to
0*R* from the genus-two string theory amplitude
compactified on 72 is derived in Appendix E.

(i) The semiclassical M-theory limit. In the limit of
decompactification to 11-dimensional supergravity
on T4*! the part of the modular function that
depends on the geometric moduli of the torus,
which parametrize the coset space SO(d +
1)\SL(d + 1), should be reproduced. This will
give the part of the coefficient function that trans-
forms under SL(d + 1,7). This is the limit in
which the effects of wrapped p-branes are sup-
pressed and the Feynman diagrams of compactified
11-dimensional quantum supergravity should give
a valid expansion in powers of the inverse volume
of the torus, Vdﬂ [1,6,7,10]. The analysis of one-
loop and two-loop expressions is reviewed in
Appendix G.

As we will emphasize, our analysis of these three limits
makes contact with properties of the “constant terms” of
the generalized Eisenstein series associated with various
parabolic subgroups of the U-duality groups [19]. This
viewpoint indicates the extent of the very powerful sym-
metries that relate these three limits for any value of n.
Furthermore, it gives a unified view of the relation between
the theory in different dimensions by considering a nested
set of (maximal) parabolic subgroups®

Eg(g) D) E7(7) R El(l) = SL(Z), (19)
where the sequence corresponds to successive decompac-
tifications, as outlined in point (i) above. We are here using
the usual economic notation for the duality groups in
Table I in which G; = E (411 refers to the real split
form of the classical group of rank d + 1 (and so is related
to the coset for string theory compactified on a d torus).

In other words, we will use the explicit properties of
string/M theory in higher dimensions to constrain the
particular automorphic functions that arise as coefficients
in lower dimensions. We will therefore be focussing on
very special cases of the general Eisenstein series. We will
see that these particular cases have many interesting
properties.

*We here restrict our attention to the classical Lie groups
relevant to supergravity theories in D = 3, although there are
likely to be interesting extensions to affine and hyperbolic cases
[20,21].
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This analysis of the coefficients in various dimensions is
somewhat complicated, as well as repetitive, so the casual
reader could choose to skip the details in the bulk of the
paper and read the brief summary in Sec. VI.

The main arguments will begin in Sec. III, where we will

describe the results for the R* interaction. The explicit

(D)
<5'(0,0)

terms of Eisenstein series that satisfy Laplace eigenvalue
equations on moduli space space, building on the work of
[6,10,11,15]. The D = 8 case is of interest because it
contains the logarithmic dependence that encodes the
one-loop logarithmic ultraviolet divergence of maximal
supergravity. The fact that string theory is finite is man-
ifested by the cancellation of an apparent divergence, sub-

ject to suitable regularization. This arises because 58)0

the sum of two Eisenstein series that each have poles in the
parameter s at appropriate values of s. A suitable analytic
continuation leads to a cancellation of the poles in these
two terms, leaving a logarithmic dependence on a modulus
that can be identified with the logarithm that arises in the
low-energy supergravity limit. Formally, these considera-
tions extend to lower dimensions D = 3, in which the
duality groups are those in the E; (44 1) sequence, where
d =10 — D. In all cases these series are finite, despite
apparent poles, which cancel leaving crucial logarithmic
dependence on moduli that are also expected for a consis-
tent string theory interpretation.

In Sec. IV this analysis will be extended to the 9*R*
(D)
(1,0)*

on the analyses in [10,12], we will first discuss the D = 9,
8 cases. The D = 7 expression will then be analyzed. This
is particularly interesting since it reproduces the two-loop
logarithm characteristic of the ultraviolet divergence of
maximal supergravity [22]. In order to satisfy the condi-
tions (i)—(iii), we are led to a specific combination of two
Eisenstein series for SL(5). As before, the precise combi-
nation of Eisenstein series is one for which the divergent
pole terms cancel, reflecting the absence of ultraviolet
divergences in string theory. The analysis of the D = 6
case with duality group SO(5,5) will be left for the dis-
cussion in Sec. VI, since our analysis is incomplete. In this
case we make strong use of results for constant terms of
Eisenstein series by Stephen Miller* and is not as complete.
There is no obvious obstacle to the extension to D <6
higher-rank duality groups, although this will not be dis-
cussed in this paper.

Section V concerns the 9°R* interaction in D = 9, 8,
and 7 dimensions. To some extent the D = 8, 9 cases
overlap with the analysis in [13], demonstrating how the
Laplace equation with a source term generalizes for the

coefficients in dimensions D = 6 will be obtained in

)is

interaction, for which the coefficients are & Building

“We are very indebted to Stephen Miller for many illuminating
discussions concerning the general structure of Eisenstein series
and their specific form for the cases of interest to us.
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larger duality groups. In each case the source term is the

(D)
E0.0)"

possesses both log and (log)? terms that are required for the
solution to have requisite interpretation in the low-energy
limit of string theory. For example, maximal supergravity
has a two-loop logarithmic ultraviolet divergence multi-
plying 9°R*, as well as a logarithmic contribution from
the one-loop D = 8 counterterm, which are reproduced by
our modular coefficients.

Section VI will summarize our results and describe some
issues relating to the extension to higher-rank groups and
higher-derivative interactions. In particular, we will sum-
marize in a compact manner the set of homogeneous and
inhomogeneous Laplace eigenvalue equations satisfied by
the coefficient functions for values of D discussed in this
paper, but which we argue should be valid in any dimen-
sion in the range 3 = D = 10. We will also make com-
ments about the form of certain coefficients in D = 6
dimensions.

Technical details are given in several appendices.

square of the R* coefficient, In D = 8 this source

II. DEGENERATION LIMITS AND EISENSTEIN
SERIES FOR PARABOLIC SUBGROUPS

The duality groups of maximally supersymmetric
closed-string theory are associated with the series of
Dynkin diagrams in Fig. 1 (i) that may be obtained from
the Egg) diagram by deleting the right nodes in a sequential
manner. This generates the diagrams for the £, series. In
terms of string theory compactified on a d torus T ¢, the
deletion of a right node labeled «,; corresponds to the
decompactification of aradius, r;, — o0 (d = 2). This is the
degeneration limit (i) of the previous section. The limit of
small string coupling, or string perturbation theory, corre-
sponds to deleting the left node labeled «. This is the
degeneration limit (ii) and gives a series of terms with
symmetry SO(d, d) (where the right node is again a ).
The 7¢ compactification of string theory may be viewed
as the T4*! compactification of 11-dimensional M theory.
The limit (iii) is one in which the M-theory volume of
T 91 becomes large, V4, — o, in which semiclassical
11-dimensional geometry is a good approximation and the
duality symmetry reduces to SL(d). This is the degenera-
tion limit in which the node «, in Fig. 1 (i) is deleted.

A. Parabolic subgroups

Parabolic subalgebras of a semisimple Lie algebra g =
Lie(G) with f) a Cartan subalgebra are defined as follows
[23,24]. If A is the set of simple roots (a basis of roots) and
R* the set of positive roots spanned by A, then b = §) +
®,cr+Gn, Where g, is the root space associated with the
root, and « is the associated Borel subalgebra. Consider a
partition of the positive root space A into disjoint sets A
and A, so A = A LI A,. We define, R, the set of positive
roots spanned by A; and R, the set of positive roots
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FIG. 1. The Dynkin diagrams relevant to: (i) the E;) (d = 8) type II duality groups of type II string theory compactified to D =
11 — d dimensions on a (d — 1) torus. Successive decompactifications to higher dimensions are obtained by deleting the nodes «,,
&y ...in (i); (ii) The T-duality groups SO(10 — D, 10 — D) obtained by deleting the left node a of (i) are the symmetries of string
perturbation theory in D dimensions; (iii) The SL(11 — D) groups obtained by deleting node «, in (i) are associated with the

geometric compactification of 11-dimensional supergravity on a (11 — D) torus.

spanned by A,. Define

pAz = f) + @ T

aERTU(—R))

=0+ @ au 2.1)
aERU(—R))

IIAz = @ Qa-

aER,

This defines the parabolic subalgebra by, associated with
the set of positive roots Ry; [, is its Levi factor and 1n,, the

unipotent radical. Clearly if A, C Az, then p; C Py,

(i) When p, = b, R, is the set of all the positive roots
(and R, = @); the associated parabolic is the mini-
mal parabolic subalgebra.

(i1)) When pgyz = g (equivalently when R, = @), R, is
the set of all the positive roots; the associated para-
bolic subalgebra is the Lie algebra g.

(i11) Maximal parabolic subalgebras different from g
are defined by singling out one simple root «; and
taking A, = {a;}. We denote the maximal para-
bolic subgroup by P, , with rank P, = rank (G) —
1.

(iv) The (standard) parabolic subgroup of GL(n) is
defined as the group of matrices of the form, for

n=mn;+t- - +ng,
Ul * *
P(n,,..., nq) = 8 O ;q 02
where U; € GL(n;),
which can be factored in the form
P(ny,...,n,) = L(ny,...,ny))N(ny, ..., n,). (2.3)
Here,

Im * *
Ny, ....n)) =10 - =
0o 0 1, 2.4)
where [, = diag(1,..., 1)
is the unipotent radical and
u, 0 0
L(ny,....,n.)=1 0 " 0 (2.5)
0 0 U

is the Levi component. The minimal parabolic subgroup is
given by P(1, ..., 1). A given maximal parabolic subgroup
has a characteristic pattern of zeroes in the upper off-
diagonal elements of N. For example, the SL(3, R) maxi-
mal parabolic subgroup [25],

k % k
P(1,2) =0 =* = (2.6)
0 =* =
has a unipotent radical of the form
1 141 Vy
N(1,2) = (O 1 0 ) 2.7)
0 0 1

where v; and v, are real angular variables.

TABLE II. Maximal Parabolic subgroups of E, arising in
string theory are of the form GL(1) X X,;_;, where the rank-
(d — 1) subgroups are listed. We use the notation A; = SL(d +
1), D, = SO(d, d). Each parabolic subgroup can be decomposed
as the product P, = N,L,, of a unipotent radical N, and a Levi
factor L,. The Levi factors determine the Lie groups generated
by the remaining nodes of the Dynkin diagram, which are listed
in the table.

deleted node Eg E;, E¢ Es=Ds E,=A, E;=AA
left D7 D6 D5 D4 D3 Dz
upper A7 A6 A5 A4 A3 A2
rlght E7 Ef) D5 A4 A2A1 A]A]
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Three cases will be of particular interest in this paper.
These concern the maximal parabolic subgroups given in
the Table II, which are obtained by deleting the left node,
the right node, and the upper node of the Dynkin diagrams
shown in Fig. 1.

There are several interesting coincidences.

(i) In D =7, where the U-duality group is Eyu) =
SL(5), the symmetry group of string perturbation
theory is SL(4) = SO(3, 3), which is also the sym-
metry of M theory on T* in the decompactification
to 11 dimensions.

(ii) Ess) = SO(5,5) arises in the D = 6 theory, for
which the group SL(5) arises both as the symmetry
of M theory on T limit and as the U-duality group
upon decompactification to D = 7.

(iii) SO(5,5) arises both as the symmetry of string
perturbation theory in the D =5 theory and as
the decompactification limit to the D = 5 theory,

which has duality group Ess).

(iv) Eg() arises as the U-duality group in D = 5 and is
symmetric under the interchange of nodes 1 and 6.
This symmetry interchanges the limit of decom-
pactification to D = 6 with the perturbative string
theory limit.

B. Eisenstein series for maximal parabolic subgroups
and their constant terms.

The general Eisenstein series are automorphic functions
of d complex parameters, s; (i = 1, ..., d) associated with
different parabolic subgroups of the E,, groups. Their
definitions may be found in [19,26] and are briefly re-
viewed in Appendix B. The construction of the minimal
parabolic SL(d) series, is also described in Appendix B,
based closely on notes by Stephen Miller and extensions of
[25].

However, we are here primarily interested in very spe-
cial cases corresponding to Eisenstein series for maximal
parabolic subgroups, defined with respect to one particular
node associated with the simple root «,,. Such a series may
be obtained by taking residues of the minimal parabolic
series on the poles at s; = 0 for all i except i = u, so the
series depends on only one parameter, s = s,. The series
can be indexed by the Dynkin label [0*~!, 1, 09" *], where
the 1 is in the uth position. The particular values of u of
interest to us will be determined on a case by case basis.
Such a series for a maximal parabolic subgroup of the

group G will be denoted E[G()”‘I,I,O’I"‘];s'

The simplest example is provided by the SL(d) series
with u = 1 (the Epstein zeta function), which can be ex-
pressed as a sum over a single integer-valued d-component
vector,

E [5“") (2.8)

1,0972];s =

D> (migymi)~,

m'eZ\{0}
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where the sum is over all values of m' with the value m' =
m? = ... =0 omitted. The metric gij is the metric on
SO(d)\SL(d). Our conventions for labeling the SL(d)
Dynkin diagrams are shown in Fig. 1 (iii). A less trivial
case that we will also need to consider is the SL(d)

Eisenstein series with u = 2, which is given by

/ L. .
> (mlinilg,gmiint)=s,

miniezd

E SL(d) _

[0,1,0”’73];5 - (29)

where ZI here indicates the sum is over integers subject to
the constraint that at least one minor 8l/1 = mlin/l is non-
zero. For SL(3), this series is proportional to the Epstein

series, (2.8) with a shifted value of s, as we show in
ESL@
[09721];s

is proportional to the Epstein series with a shifted value of
s, a simple consequence of the symmetry under s — d/2 —
s, which follows from the Weyl symmetry of the weight
lattice of SL(d). Some relevant properties of the SL(d)
series are deduced in Appendix B.

The other cases that will be considered explicitly in this
paper are particular cases of Eisenstein series for SO(d, d).
In particular, these symmetries arise as 7-duality groups of
string perturbation theory in 10 —d dimensions, and
SO(5,5) is the full U-duality group for D = 6. We will
discuss the maximal parabolic Eisenstein series of the form
ES0d.d)

(1015
left in Fig. 1 (ii)—i.e., associated with the vector represen-
tation. A number of properties of these series are obtained
in Appendix C based on a novel representation motivated
by compactified two-loop Feynman diagrams. Although
the series with more general Dynkin indices are relevant,
we will not discuss them in this paper.

Appendix B 4. More generally, the SL(d) series

where the distinguished node is the one on the

Constant terms

The three degeneration limits (i), (ii), and (iii) that we
are interested in correspond to decompositions of the

Eisenstein series, Eg)u,l 104 ]is? with respect to parabolic

subgroups of the form, P,, = GL(1) X G,, associated with
one of three distinct nodes, «,,, of the Dynkin diagram, as
described earlier. The GL(1) factor is parametrized by a
real parameter r, which corresponds in limit (i) (v = d) to
the radius of the compact dimension r,, in limit (ii) (v =
1) to the string coupling in D dimensions yp, and in limit
(iii) (v = 2) to the volume of the M-theory torus, V,_p.
In considering these limits, we will retain all the terms that
are power behaved in r. These are contained in the constant
terms obtained by taking the zero Fourier mode with
respect to the components of the unipotent radical, N,
associated with the parabolic subgroup P, (defined in
Sec. IT A). This is an integral over the entries, v;, in the
upper triangular matrix, N,,

AS(u,v:g) = [

G
N /G(Z)m[\l dnE[ouflyLodfu];s(gn)r (210)
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where dn = [];dv; is the Haar measure on N,,. In order to
avoid complicated notation, we will replace [y /)y, dn

by [p so that

G Co) = G
AX (u5 v; g) - [P E[ou*l‘l‘od*u];s' (2'1 1)
The angular integral (2.10) generalizes the SL(2, Z) case of
(1.7). The constant terms are expansions in powers of r
with coefficients that are Eisenstein series (or products of
Eisenstein series, in the nonsimple case) of the schematic
form

AS(u, v 8) = Y el B (2.12)
l

where the values of the parameters s;, p; depend on u and

v, and r is a scale factor associated with the GL(1) sub-

group. This integration projects out the nonzero modes of

the Eisenstein series, which are nonperturbative in r and

exponentially suppressed in the appropriate degeneration

limit. The coefficients SEOD)I

series and their constant terms do contain exponentially
suppressed pieces corresponding to instanton—anti-
instanton pairs.

The Eisenstein series for other maximal parabolic
S0(d, d) series, as well as those for the higher-rank E
groups, are much more difficult to construct in terms of
explicit sums over integers but their explicit properties can
be obtained from their basic definition given in (BI).
Starting from that definition, the constant terms of their
parabolic subgroups have been derived in [27], which is
likely to be of use in developing these ideas further.

) of 9%R* are not Eisenstein

C. The expansion parameters

In considering M theory on a (d + 1)-dimensional torus,
T4, length scales are measured in units of the 11-
dimensional Planck length, €;; whereas for string theory
compactified on a d-dimension torus, T4 gcales are mea-
sured in units of the string length, €, or the ten-
dimensional Planck length scales of the IIA and IIB theo-
ries, €4, €5,. These length scales are related by the well-
known relations,

€ = g,}\/3€5’ f?o = gflx/%s,
(2.13)
61130 = 8119/453, Ry = gat,,

where g, and gp are the type ITA and type IIB coupling
constants, and R;; is the radius of the extra M-theory
circle.

Compactifying from 10 to D = 10 — d dimensions on
T ? leads to the relations

€72 = yptP2, (2.14)

where the quantity yp is defined by the (10 — d)-
dimensional 7-duality invariant dilaton, which defines
the D-dimensional coupling,

PHYSICAL REVIEW D 81, 086008 (2010)
20, _ 8465 _

_gptd
Vi Vi

Yio-a =€ (2.15)

where V4 is the volume of the d torus in IIA string units,
while V% is the volume in 1IB units. Note further that he
relation between the Planck length in D dimensions and
D + 1 dimensions is

€071 = ¢D2, (2.16)

where r,; is the radius of the (d = 10 — D)th direction of
T % in IIB string units.
The parameters that we will use to define the three
degeneration limits will be the following.
(1) The decompactification of a single dimension is
given by the limit r;/€; — oo in the string frame.
We will be interested in expressing the result in the
Einstein frame in (D + 1) dimensions at fixed cou-
pling, in which case we will need to consider
ry/€ps; — o with yp,, fixed. It will also be useful
to introduce the U-duality invariant quantity defined
in terms of the dimensionless volume of the string
theory d torus,

(2.17)

where we have set €5, = €, in this and all subse-
quent expressions since we will not need to use €7,,. It
is easy to deduce the useful relations

Ta  _Tra_—q/p-1) _  ~(1/2) D/@(D-1)
Tpr 0,00 =v,; vl . (2.18)

(i1) String perturbation theory is an expansion in powers
of the D-dimensional string coupling, e%s = y,lj/2
when y, — 0.

(iii)) Decompactification to semiclassical 11-
dimensional supergravity arises in the limit of large
volume of the (d + 1)-dimensional M-theory torus.
This volume, V., is defined by

Y2/ d+)

GMIJ = d+1 (219)

GMIJ’

where Gy (I, J = 1,...,d) is the M-theory met-
ric on 74! and G,; has unit determinant. The

dimensionless volume, V., can be expressed as

1 1
= Wydﬂ = W det(G )

_ e-apVi
= 8a Za
s

Vo
(2.20)

This can be converted to type IIB units by compac-
tifying one dimension of radius r, so that V4 =
ry X V4 and introducing the volume V& = rp X
V,_1, where ry = €2/r,, giving
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A _ B
)  e-anVi  o—ap(TE\4/B3VE
Va1 = 84 €_§1 ~ 8B <€—S> €—€l
_ (I”B )(d_8)/3 VL?

. 2.21)
10 €

The M-theory decompactification limit is given by
the limit V4, — oo.

IIIl. THE R* INTERACTION

The first term in the low-energy expansion of the maxi-
mally supersymmetric string theory amplitude beyond the
tree-level term is the R* term in (1.2), which is described
by a term in the effective action of the form

Spe =8P j dPxV—-GIED) R*.

In D = 10 dimensions the coefficient function is given
by [5]

(3.1)

19 () = g5L@ (), (3.2)

(0,0) [15:3/2
which is the standard Eisenstein series for SL(2, Z), that is
conventionally denoted E; /Z(Q)S and satisfies the Laplace
equation

3
(10) __ (10)
AR = 2 €00y (3.3)

where AU0 is the SO(2)\SL(2) Laplace operator,

AUY = 0303, + 35). (3.4)

The string frame expression for this interaction involves
the identification

1 1
- Eoo(@ = pﬂi/ ’E3 (), (3.5)
10 :

using the relation between the ten-dimensional Planck

length and the string scale €, = € 1095/ *.The perturbative
expansion is associated with the constant term,

1 e (10) 1 (25(3) )
e ) dQIS«),O)(Q) 2 +4£(2)), (3.6)
where y,, = g%. This exhibits a tree-level term and a one-
loop term.

We will here discuss the theory after compactification on
T4 for d =1, 2, 3, 4. In each case, we will present a
candidate expression and verify that it has the correct
properties in the three degeneration limits described in
Sec. L. Several aspects of this discussion reproduce earlier
work, but our analysis will stress the framework that gen-
eralizes to other terms in the low-energy expansion and to
the larger U-duality groups.

>We will follow the convention of writing EflL](SZ) as E;.
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A. Nine dimensions
The coefficient function in the nine-dimensional effec-
tive action (3.1) (with D = 9) was determined in [5,6] to be

= v, OVE; Q) + 42267, (3.7)

with v, = (rg/€,0)”%, which is invariant under the
U-duality group SL(2, Z). This coefficient function can
straightforwardly be seen to satisfy the SO(2)\SL(2) X
R* Laplace eigenvalue equation

(3.8)
where the Laplace operator for the nine-dimensional com-
pactification has the form given in (H6),

A0 =Ag +1vy9, (v0,) +iv,. (39

In order to see how the action behaves in various limits, we
write v; in terms of the other parameters as

8 3/2

=V (3.10)
or
3 gr 2 €S 7/4
b= 0 (1/2)(;) :y$/4<7) , 3.11)
rp rp
where yo = €,/(Q3rp), or
o) ()
po= (22 = (18) " (3.12)
: (510 610

We will now review the manner in which the expression
(3.7) reproduces the expected expressions in the three
degeneration limits of interest.

(1) Decompactification to D = 10

This limit is obtained by letting rz /€, — o0 in (3.7):

_ T8 o0, 4(Q2)
& =@ Eoo) T . (3.13)
The term proportional to r survives the limit to give
the D = 10 expression (3.2).
(i1) D = 9 perturbative string theory.
The perturbative expansion of (3.7) in the string
frame is given by evaluating the constant term

1 (12 1 /2£(3) roL
1 40,9 =—( 14 2(_+:>),
€ f—<1/2> 700 g\ y, {2 O

(3.14)

where yg = g%€,/rg = gi{,/r4 is invariant under
T duality and r = rg or r, (where rg = €2/r,).
This expression is manifestly invariant under r —
€2/r, as expected at this order in string perturbation
theory.® The coefficients are the same as those ob-

®The IIA and IIB four-graviton scattering amplitudes are
known to be equal up to at least genus four [28].
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tained directly from tree-level and one-loop string
scattering amplitudes.

(i) Semiclassical M-theory limit
The coefficient (3.7) is expressed in 11-
dimensional M-theory units by

<ﬁ/2_(1/2)E3/2(Q) + 45(2)’i/2)-
(3.15)

1
6700 gy

This expression coincides with that obtained by
evaluating the one-loop contribution of 11-
dimensional supergravity compactified on T2 [6].
This calculation has a A3 divergent piece (where A
is a momentum cutoff) that is regularized by add-
ing a counterterm, ¢R*, where the value of ¢ =
4£(2) is determined by imposing the equality of the
ITIA and TIIB one-loop contributions [6].
Furthermore, there are no higher-loop corrections
to R*, so the result (3.7) is exactly given by the
supergravity expression.

B. Eight dimensions

The effective action of the form (3.1) with D = 8 was
considered in [6,10] based on evaluation of the contribu-
tion of one-loop 11-dimensional supergravity compactified
on T3. This takes into account the effect of super-
supergravitons winding around the torus and has a manifest
invariance under the modular group of the three torus,
SL(3,7). This was completed to the full duality group
E53) = SL(3) X SL(2) by extending the expression to in-
clude the effects of wrapped M2-branes, giving

£®  _ 5L

~SL(2)
00 — Efokep) 1 2E

[1:1

which is the form presented in [11]. The expressions

E[SIL](IZ) = El and I:I[SlLo(f()3 /) are regularized Eisenstein series

(3.16)

(specifically, Epstein series) for the groups SL(2) and
SL(3), respectively.” Some properties of these series are
discussed in Appendix B and may be summarized as

follows. The series EflL](f) = E, and Eﬂ%ﬂ have poles at
s = 1 and s = 3/2, respectively, which correspond to the
presence of logarithmic singularities in the one-loop gravi-
ton scattering amplitude in D = 8 dimensions—which
may be expressed as poles in € in dimensional regulariza-
tion, where D = 8 + 2¢. The hat " indicates that the pole

part is subtracted, leaving only the finite part.

The Eisenstein series E[SILO(fi is a special case of the most
general minimal parabolic Eisenstein series for SL(3) and
is discussed in (B3). The general series has two parameters,
sy and s,, corresponding to the noncompact Cartan direc-
tions of the quotient SO(3)\SL(3), but the series of interest
here has s; = s, s, = 0. Appendix B 4 provides more

"The series l:]flLo(fz was denoted I:l‘;fy@ in [15].
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details concerning this series, which is defined by (B7) in
SL(3) -
[10)s 1

(B49) is written with an explicit parametrization of the
metric in terms of the U-duality invariant mass for D = 8

[11],
SL(3) _ —(s/3)
E[IO];.\' - 2
(my,my,m3)EZ3\{0}
y (Iml + m, Q) + Bm;|? N m3
Q, %)

the case d = 3. The expression for the series E

)_S. (3.17)

The divergence at s = 3/2 is regularized by setting s =
3/2 + € and subtracting the pole (see Appendix B 4 for
details),

2 A
ESLO) =T 4 da(y, — 1) + B

[0LG/2+e — ¢ noja2) O

(3.18)

where the regularized series Efﬁfﬁé ) is derived in (B55)
and is given by

. _ 4qr
E fn%ﬁfiz/z) =2, Ry 5(Q) + = log(ra)

+ (e W " (@) P (3 19)

In type IIB variables, the U modulus is acted only by the
SL(2) factor of the U-duality group SL(3) X SL(2). The
SL(2) Eisenstein series has a pole at s = 1 as shown in
(B41),

Ey(U) = =~ wlog(Uzm(U)I") + 2(y; — log(2)

+ O(e), (3.20)

and the regularized series is obtained by subtracting the
pole,

E (U) = —7log(U,|n(U)|*. (3.21)

So far we have discussed the singularities of the indi-
SL(3)
[10];s

) (3.16) is a linear sum of these functions. A

vidual Eisenstein series E (U) and E?"5’. However, the

: (8)
coefficient £ 0.0

crucial factor (not discussed in past work) is that the
singularities of the separate Eisenstein series should not
be regularized independently. In fact, the singularities in
(3.16) cancel each other when regularized in a manner
consistent with the considerations that follow later in this
paper. This implies that (3.16) should be written as

W, = lim(ELD

SL(2) 'y _
©0) — o9 noxG/2+e T 2Epgime) ~ 1ogroo)

(3.22)

where the hats have been removed since this expression is
finite and logu (o) = 47(2yE — 1 — log(2)) in order for
(3.22) to agree with (3.16). We will later obtain this result
from the decompactification limit for the coefficient of the
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R* coefficient in D = 7 dimensions, which is finite and
reduces to (3.22) when r; — oo to give the D = 8 expres-
sion. This is the first of several cases in which divergences
in different contributions to a coefficient function cancel
with a suitable regularzation.

The SL(2) Eisenstein series at s = 1 satisfies the
Laplace Eq. (B40)

o 2
ASO(Z)\SL(Z)EFIIj;( D=, (3.23)

while the SL(3) series satisfies

ASL(3)
ASO(3)\SL(3)E[10];(3/2) = 4, (3.24)

where the SO(3)\SL(3) Laplacian is given in (B50).
Therefore, applying the total SO(B)\SL(3) X
SO(2)\SL(2) Laplacian of the eight-dimensional theory
gives

8) o(8 A SL(3) A SL(2)
Al )5(0 0) ASO(3>\SL(3)E[m];e/z) + 2ASO(2)\SL(2)E[1];1

= 6. (3.25)

We will now verify that the expression (3.16) gives the

correct expression in each of the three degeneration limits

under consideration.

(1) Decompactification to D =9

The nine-dimensional limit is obtained by taking one
of the radii of the two torus to infinity, r,/€y — 0.
This is seen by setting T, = ryry/€2, Uy = r,/ry,
and

2
vyl = 0,13 = V;“”)(%) . (3.26)

Using the expansions for E[SILO(fz in (B52) and E(U)
in (B38), and the general definition of constant terms
in (2.10), the constant term of the combination (3.16)

in the GL(1) X SL(2) subgroup has the form

1/2
[ dBrrdBysEly),

—-(1/2)
o ry ) 144 ( ry )
=& ——1 , 3.27
€ 0.0 3 o8 Copg ( )

where the double integral is over the elements of the
unipotent radical corresponding to this subgroup. At
large r, and fixed r;, the nonpertubative contribu-
tions are exponentially suppressed and only this
constant term survives. The term proportional to r,
gives the contribution to the D = 9 action, in agree-
ment with those in (3.7) with r; = rgz. The
log(r,/€y) term in (3.27) is an important contribution
to the massless threshold behavior of the nonanalytic
term in the one-loop four-supergraviton amplitude in
eight dimensions, which has the form log(—€2s)R*.
The log(r,/€y) term in (3.27) combines with this
contribution into log(—r3s)R* which is part of the
infinite series (r3s)flog(—r3s)R* that resums into
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the nine-dimensional massless threshold, \/ER“, as
analyzed in [4]. The term proportional to log(ug) is a
scale contribution.

(i) D = 8 perturbative string theory

The perturbative string expansion of the R* coeffi-
cient in D = 8 is obtained from the expansion of
(3.16) in powers of yg! = Q3T,, which is associ-
ated with the constant term

[ V2 40, dBge®
s KR700

_20)

Y8

. . 2
+2(E/(1) + B, (U) + 5 loglys/ i)
(3.28)

after using the expansion of the regularized SL(3)
c o TSLB)
series E[IO];(3/2) in (B56),

i SLO) 25(3)

2
[10:G3/2) — +2E,(7) + = log0s)

—(yeT,)~1/2) _T1/2 —(1/2)
+ 0(6 (s72) , Vg )

(3.29)

The first term is the correctly normalized tree-level
contribution and the one-loop contribution is given
by

llm(E1+e(T) + El*e(U))
=E,(7) +E,(U) - ? log(,ug) (3.30)

where log(jig) is a constant scale determined in the
appendices. This expression matches the one de-
rived from the analytic part of the string amplitude
in (D18) obtained by decompactifying the genus-
one amplitude on a three torus. The presence of the
logyg term is important. As explained earlier and in
[1], this logarithmic term arises from the Weyl
rescaling of a R*1og(—¥2s) contribution in passing
from the string frame to the Einstein frame. This is
the nonlocal contribution of the massless states in
D = 8 one-loop supergravity. More generally, the
presence of logarithms of moduli is characteristic of
the presence of infrared thresholds. This expression
can also be derived by making use of the regulari-
zation of [29].

As with the complete R* coefficient, the genus-one
part, (3.28), is finite without the need to regularize
the divergent individual terms—the poles at s = 1
cancel between the two terms. This follows directly
from an analysis of the string theory one-loop cal-
culation as sketched in Appendix D 1, and is a
symptom of the finiteness of perturbative super-
string amplitudes.
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(i) Semiclassical M-theory limit

The one-loop four-supergraviton amplitude in 11-
dimensional supergravity compactified on T3 was
considered in [6,30] (see Appendix G 1 for details).
This is expected to reproduce the SL(3)-dependent
part of the amplitude on a three torus. The zero
Kaluza-Klein mode contribution in the loop gives
rise to the nonanalytic logarithmic terms character-
istic of the onset of one-loop ultraviolet divergen-
ces in D = 8 supergravity. Using dimensional
regularization by evaluating the amplitude in D =
8 + 2e dimensions, and subtracting the € pole, this
has the symbolic form (which is reviewed in detail
in [7]),

Anonan — R4 (log(—S¢€2,) + log(—T+€3))

+ log(—U€3,) — 21og(ug)), (3.31)

where the Mandelstam invariants of the 11-
dimension theory are denoted by capital letters
(and the invariants T and U should not be confused
with the complex structure and the Kihler structure
of the two torus). Translating to eight-dimensional
units, this gives

Anenan = 7 R4(log(—s€3) + log(—1€3)
+ log(—uf3)) + mR* log(’i/3/,u§),
(3.32)
where ¢§ = oV
The analytic part of the one-loop supergravity amplitude
is evaluated in Appendix G 1. In order to regularize the

ultraviolet divergence, this contribution is evaluated in
D = 8 + 2€ dimensions and is given by
1/2 " -
f AU, £8+29 — gSLO) v, @e/3) 4V,
—(1/2)

(3.33)

(0,0) [10];(3/2)+€

This only depends on the 73 moduli, which form the
“geometrical” part of the moduli space. The “stringy”
dependence on the Kéhler structure, U, is due to M2-brane
windings and is not apparent in the supergravity calcula-
tions. More generally, this is consistent with the SL(d)
invariance of toroidal compactifications of perturbative

supergravity on a 7 ¢ torus. However, the divergence of
SL(3)

[10];(3/2)+€
ized by subtracting the pole at € = 0 since it is no longer
cancelled. This reflects the presence of a one-loop loga-

rithmic ultraviolet divergence in supergravity. Therefore,

1/2 27 A
dU g(8+25) =7 ESL(%)
f —apy 00 € [101:3/2)

the SL(3) expression lim._oE must be regular-

+4£02) V5

—271og(V3/ pg) + O(e).
(3.34)

PHYSICAL REVIEW D 81, 086008 (2010)

After subtracting the pole, the regularized interaction is
given by the SL(3) invariant

1/2 A~
[ du,& = B

D42V,
_ay CU100 T kG2

— 27 log(V3/ ), (3.35)

ESL(3)

where [10]:3/2) is the regularized Eisenstein series defined

in Appendix B 4. The log("V3/¢3,) term in this equation
cancels against the one in (3.32).

The correspondence with string theory follows by using
the string theory/M-theory dictionary, which implies

2 2
202 2p2 apo  ajaflmy + m QP my
mi{R{, + myR{, + m3R5 = v, <7+ —

Q, vy
(3.36)

— 2
= Mg 3y

]::[SILO(f()3 ) in (3.35) is identified with the expression

so that
in (3.16). Expressing the volume V5 of the M-theory torus

in terms of the string theory variables using (2.21), we have

, (3.37)

so V3 is identified with the volume of the two torus T, =
ror,/€% on the type IIA side and to the complex structure
parameter U, = r,/rg on the type IIB side. Thus (3.34) is
written as

1/2 A
®)  _ fuSLO)
f dUE o) = Ef iz T 4{QU,
~(1/2)
— 27log(Us/ ps). (3.38)

In type IIB variables the U modulus is acted only by
the SL(2, Z) group of the U-duality group E;) = SL(3) X
SL(2). The U,-dependent part is completed into
the SL(2, Z)-invariant expression, E,(U) =
—alog(U,|m(U)|*) (see Appendix B 3) by the M2-brane
contributions in the full theory.

C. Seven dimensions

Compactification to dimensions D < 8 raises a new
issue since the leading dependence on s, f, # no longer
comes from the analytic R* interaction. The one-loop
supergravity contribution in 4 < D < 8 dimensions is fi-
nite and gives a well-studied nonanalytic contribution,
symbolically of the form determined by dimensional
analysis A"oman ~ gP/2=4R4 (suppressing a plethora of
logarithms depending on ratios of Mandelstam invariants)
[31]. Infrared divergences arise for D = 4. We are inter-
ested in subtracting this contribution in order to isolate the
analytic R* interaction.

After compactification of type II string theory, the ef-
fective action (3.1) with D = 7 is invariant under the
U-duality group SL(5). The natural conjecture is that the
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coefficient function, 82(7))0), is a SL(5)-invariant Epstein

series, similar to the one in [11]. According to this con-
jecture, the coefficient of the seven-dimensional R* inter-
action in the Einstein-frame action is

(7)  _ wSLO)
5(0,0) - E[looo];(S/z)' (3.39)

As before, our notation implies that the series is given by
the minimal parabolic Eisenstein series for SL(5) at a
special value of the parameters (see (B3) in
Appendix B). Setting s, = 53 = 54 = 0 gives the Epstein
zeta function, which has the general form of (B7) with d =
5. Using a familiar U-duality invariant parametrization of
the metric in terms of the SO(5)\SL(5) moduli gives

SL(5) _ 2s[Imy + myQ + B - nf?
[10001;(3/2) — Vs QZ

(my,my,ny,nz,n3)#0

E

T ~

g n\ 62
+ %]) . (3.40)
V3

The term in brackets is proportional to the SL(5)-invariant
mass squared in a parametrization that makes manifest the
string theory three torus with SL(3) metric g; [§ =
g(detg)~!/3, where g is the GL(3) metric] and associated
Kaluza-Klein charges, n;. The three scalar fields

B = Bip + OB, =123, (3.41)

arise from the reduction of the complex 2-form C® +
QB™S on the three two-cycles of the three torus T >.
Although this series appears to be divergent and in need
of regularization, analyticity in s guarantees that it is well
defined by meromorphic continuation. In other words, it
does not need to be regulated (which is a different inter-
pretation from that of [11]). A detailed analysis of its
behavior is given in Appendix B 5. Furthermore, as we
will soon see, decompactification to D = 8 leads to pre-
cisely the finite combination of terms that was determined
in the previous section.
(1) Decompactification to D = 8
The r3/€g — oo limit is associated with the constant
term in the maximal parabolic subgroup P,, =
P(3,2) with Levi subgroup GL(1)X SL(3) X

SL(2), which is the U-duality group for D = 8. In

SL(5)

considering this limit in E[ 0007, We will make use of

the relations

vyl = Qg/z%(nrzrs)2 = V2_(5/6)<;—3)2, (3.42)
s 8

recalling that v5 ' = Q,(r r,)?/€5.
The SL(5)-invariant mass that enters the exponent of
(3.40) decomposes into the sum of a SL(3)-invariant
term and SL(2)-invariant term under the decompo-
sition T3(ry, ry, r3) D T *(ry, 1) X S'(r3), which is
relevant for the P(3,2) parabolic. The quantity in
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brackets in the definition of the series in (3.40) then
becomes the sum of the SL(3) and SL(2)-invariant
mass squared, méL(S) = m??L(S) + m_qu(z)’ where

2 _1/3 |m] + mzﬂ + m3B|2 m%
Meriy = V2 O +—)
2 vy
1 |n +n,Ul?
2 1 2
M) = 77 (3.43)
v, UT,

with T2 = r]rz/@ and Uz = I"l/}"Q.

Details of the evaluation of the constant term of the
SL(5) Eisenstein series on this maximal parabolic
are given in Appendix B 5, with the result

¢ ESL(s)_
7 PG) [1000]:(3/2)
_ ~SL(3) P . 3
= r3(E[10];(3/2) + 2E, (V) 47710g(€8,u7)>,
(3.44)

where logu,; = log(47) — yg. This shows that the
R* interaction in D = 7 dimensions decompactifies
to the D = § interaction

GED =7 (5(8) — 4arlog( '3 )) + 0(e™ /%),
7<(0,0) 3\ (0,0 Og 7

(3.45)

The term proportional to r3 contains the requisite
D = 8 coefficient together with a r3 logr; term that
is essential for cancelling a similar term in the sum of
the infinite series of (s73)™ terms that reproduces the
eight-dimensional slog(—¢3s)R* threshold behav-
ior (as described in [4,18] and the introduction).

(i) D = 7 perturbative string theory.

The D =7 perturbative expansion parameter is
y; 1 = Q3v;, where vy = (ryryr3)/€3. The invari-
ant mass is given in terms of y; and v3 by

—(1/5
m%‘L(S) =V (1/ )(y7(m1 + Bgr - n + Q,Bys - n)?

+ mgw‘)), (3.46)

where we have introduced the SL(4)-invariant mass

lmy + Bys - nl? 1/3 .
m%LM) =—+vg/)’n-g-n.

U3
(3.47)

In the perturbative string theory limit, the U-duality
group reduces to its maximal parabolic subgroup
P, = P(1,4) with Levi subgroup GL(1) X
SO(3, 3).

The results of Appendix B imply
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I'(s =)

ESL(S) — *(45/5)2 25) + 771/2
ﬁw oo = 37 7 2428)

(s/5)—(1/2) p SL(4)
X ys E[lOO];sf(l/Z)' (3.48)
Setting s = 3/2, this gives
2{(3) SL(4
¢ ED = ey(i + 2ESLW ) (3.49)
7 P(L.4) (0,0) \y, [100];1

The overall normalization has been chosen so that
the first term is the standard tree-level contribution,
while the second term, which is independent of y-,
is the genus-one contribution. This agrees with the
perturbative genus-one string theory contribution to
R* evaluated in (D13).

(i) Semiclassical M-theory limit
We will now discuss the relation between the R*
interaction in D = 7 dimensions and the interac-
tion obtained by considering the one-loop (L = 1)
amplitude of 11-dimensional supergravity on a four
torus (derived in Appendix G 1). This limit corre-
sponds to the maximal parabolic subgroup P,, =
P(4, 1) with Levi subgroup GL(1) X SL(4) of the
U-duality group.

In this limit the SL(5)-invariant mass reduces to

2 _ ,-3/10 5 2=,6/5
My = Va  mi T3 Vi, (3.50)

where we have used WA/4 = (R11R10/€%1)5/4v3_1/2 and €; =
& —1/5

Therefore the constant term of SL(5) series evaluated in

Appendix B 5 implies that the R* interaction is given by

) {/1/4 5 SL(4) S
b p<41)g‘°’°)_€“< 4 E[1001;<3/2>+4§(2)V4),

(3.51)

which is invariant under the SL(4) symmetry associated
with the geometry of 7 * and precisely matches the expan-
sion of the M-theory L = 1 amplitude on a four torus in
Appendix G 1.

D. Six dimensions
For D = 6, the U-duality group is Es5is) = SO(S5, 5) and
the conjectured coefficient of the R* interaction is

£©® _ gsoGs)

0,0 [10000]:(3/2)’ (3.52)

which corresponds to the suggestion in [11,15], although
our analysis will be somewhat different (in particular re-
garding the regularization). The Eisenstein series depends
on the moduli parametrizing the coset SO(5) X
SO(5)\SO(5, 5). The Dynkin diagram of Fig. 1 (i) with
n = 5is symmetric under the interchange of nodes 2 and 5,
which means that the decompactification limit to D = 7
and decompactification to M theory are each described by
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a constant term associated with a SL(5) maximal parabolic
subgroup of SO(5, 5) (see Table II).
(1) Decompactification to D =7

Equation (C9) together with the relation V(s =

(r4/€7)5/% gives the explicit relation between the

SO(5, 5) Epstein series E[SILO(OS(;];@ /2)

series associated with one of the SL(5) maximal
parabolic subgroups. The decompactification limit
is obtained by deleting the last node a5 of the
Dynkin diagram for Esis) = Ds in Fig. 1 (i). The
decompactification limit ry/€; — o0 is associated
with the constant term of the parabolic subgroup,
P, which has the form

and the Epstein

as»
,
¢ &= e7r4(4g(2)€‘; vely) 653
as

where we have used the relation between the Planck
lengths in six and seven dimensions €5 = 63/4&:1/4.
The coefficient of the term proportional to ry is the
expected D = 7 R* coefficient and the term propor-
tional to r7 combines once more with terms in an
infinite series of (rZs)" terms to build the threshold
behavior in the nonanalytic term in D = 7.
(i) D = 6 perturbative string theory

We may now check agreement with the D =6
perturbative string theory expansion. This is ob-
tained by deleting first node «; of the Dynkin
diagram, resulting in a series of terms with
SO(4, 4) T-duality invariance. The associated para-
bolic subgroup is denoted P, . Substituting the

relation between the SO(5,5) Eisenstein series,

E} o), and Ef0tY, [given in (C15)] and trans-
forming to string frame using €4 = €_‘.yé/ *. we ob-
tain

2{(3)
6) S0(4,4)
e L 5(0,0)—(3?( . +2E[1000];1>. (3.54)

The first term on the right-hand side of (3.54) is the
tree-level string theory term and the second term
gives the genus-one contribution, in agreement with
the explicit string theory calculation given in (D5)
evaluated for d = 4.

(ii1) Semiclassical M-theory limit
Finally, we may check the M-theory limit, V5 —

o0, where Vs is the dimensionless volume of the
M-theory torus, 7. This limit is obtained by de-
leting node a, of the Dynkin diagram in Fig. 1 (i).
The associated parabolic subgroup is denoted P,,,.
In this limit we can use the relation between the

Planck lengths, € = ¢, V5", and the relation
(C9) to show that

086008-13
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gé_/;) 528,)0) = €7, V5(4£(2)

+ 1‘/5 (3/5)ESL(5)

[1000]; (3/2))- (3.55)

This equation agrees explicitly with the regularized
one-loop amplitude in 11 dimensions of
Appendix G 1. Note that the symmetry between
the nodes a, and a5 of the Dynkin diagram for
Es(s) in Fig. 1 (i) means that the decompactification
limit in (3.53) and the M-theory limit in (3.55) take
similar forms.

More generally, compactification of string theory on a
higher-dimensional torus, 7 ¢ (or M theory on T “*1) with
d >4, leads to a D = (10 — d)-dimensional theory with
exceptional U-duality group E,;(s+1). Consideration of
limits (i), (ii), and (iii) should again pin down the details of

the R* coefficients, 5(0 2)),

have not completed a detailed analysis of these coeffi-
cients, we have a sketchy understanding of some of their
properties, including the Laplace eigenvalue equations that
they satisfy, as will be described in the discussion Sec. VI.

in these cases. Although we

IV. THE *R* INTERACTION

The next contribution to the low-energy expansion of the
local part of the four-supergraviton effective action (or,
equivalently, to the analytic part of the low-momentum
expansion of the four-supergraviton S matrix) in the
D-dimensional type IIB theory after the €;!'R* term is
of the form

SE)“R“ = 612 D[deV— (D E(D) 84R4

“.1)

The duality-invariant coefficient function in D = 10
dimensions is a familiar nonholomorphic Eisenstein series
for SL(2) evaluated at s = 5/2,

5(10)

(1,0) 2E5/2(Q)~

4.2)
This coefficient function was initially obtained directly by
considering the two-loop (L = 2) amplitude of 11-
dimensional supergravity compactified on 7 2 in the limit
in which the volume, Vz, vanishes [7]. This follows from
the nine-dimensional expression to be presented in (4.9).
Its perturbative expansion is given by the constant term

1/2 2L(5
e, f_(m) 40,19, = 52( 51( 2°6) | 8 g(4)y10) 4.3)

which contains the correct tree-level and two-loop terms
(and the absence of a one-loop contribution also agrees
with string perturbation theory). The expression (4.2) can
also be strongly motivated by supersymmetry arguments
[9] that extend those of [8].
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The coefficient Sgl 3) satisfies the SO(2)\SL(2) Laplace

equation

A(lO)g(lo) 5(10)

(1,0) (1,0 (4.4)

In the following subsections we will discuss the general-
ization of the 9*R* interaction to D = 9, 8, and 7 dimen-
sions. Comments about the D = 6 will be made in the
discussion in Sec. VI with some more details in [32].

A. Nine dimensions
The effective 9*R* action in D = 9 dimensions (4.1)
(with D = 9) has the coefficient function

2( (2)

1
=57 COMES Q) + 220 R, 5 (Q)

Making use of the Laplacian on nine-dimensional moduli

4.5)

space, (3.9) we see that 5(10) satisfies the differential
equation

<A<9> - )52?0) = (4.6)

(1) Decompactification to ten dimensions.
In the rg/€,y — oo it is useful to write (4.5) as

GED =@ B<5(10) L 20 (@) (10

(1,0) (1,0) 15 g (0,0)
4( (2){3) (rp
15 (5 10) ) 7

The term linear in ry gives the finite ten-dimensional
result. The term proportional to 73 is known to be
necessary [1,4] in order to account for the ten-
dimensional normal threshold proportional to
slog(—€3,5)R*. As described in the introduction,
this arises from the interchange of limits needed in
making the transition from the D = 9 low-energy
limit 735 << 1 and the D = 10 low-energy limit

1 < r3s < rp€;%s.® The term proportional to rg>

multiplies the modular invariant function SEOOO)),

which is the coefficient of R* in D = 10. This fits
in with the general statement that terms suppressed
by powers of rp are coefficients of interactions with
fewer derivatives.

8The amphtude compactified on a circle has an infinite series
of massive square root thresholds of the form >cpls +
p/r2)1/2R4 ~3.d,(r3s)" /rgR*. In the limit ris > 1 this
series sums to the lo§arlthmlc singularity. However, this 1nﬁn1te
series of powers of rgs is relevant i 1n the low-energy limit r3s <
1 in the D = 9 interactions. The rB term in (4.8) is the n = 2
term in this series.

086008-14
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(i1) D = 9 perturbative string theory.
The perturbative limit is simply obtained by ex-
panding the Eisenstein series in powers of yy =
g3,/ r, giving

63(9 + 2 e

9

3 €3 4
x(%+ )+ o
s r

(L4 &

(7))
This reproduces the tree-level term proportional to
1/yy, the genus-one terms in (3.28), which are in-
dependent of yy and genus-two terms proportional
to y9. The coefficients of all these terms are consis-
tent with direct calculations in string perturbation
theory. Furthermore, since yq is invariant under 7'
duality, the expression exhibits the known equiva-
lence of the perturbative IIA and IIB theories for
genus less than or equal to four.

(i) Semiclassical M-theory limit.
The M-theory limit is also easy to establish. Indeed,
the complete expression (4.5) can be obtained di-
rectly by adding together the L =1 and L =2
contributions to the four-supergraviton amplitude
of 11-dimensional supergravity compactified on a
two torus [7], giving (in M-theory units)

12
e [ 0, =
-(1/2)

(4.8)

I 4

(9)

GEY), = 6 ( > 5 sl + 4
2

1
——={(2){(3
V;ﬁ ){(3)

— 8 VIE, /2>(Q>). 4.9)

The last term is the contribution of one-loop super-
gravity (L = 1), while the second term comes from
the finite part of the two-loop (L = 2) supergravity
amplitude. The first term is the sum of the L = 2
subdivergences and the triangle diagram in which
one vertex is a R* one-loop counterterm. The
divergences cancel between these terms leaving
the displayed finite contribution. Upon converting
from M-theory units to nine-dimensional Planck
units, this expression coincides with (4.5).

B. Eight dimensions

Compactification on 7 2 gives rise to the 9*R* effective
action (4.1) with D = 9, which is invariant under the D =
8 duality group, E33 = SL(3) X SL(2). Since this is a
product group, the automorphic function is generally, by
separation of variables, expected to be the sum of products
of eigenfunctions of the SO(2)\SL(2) and SO(B3)\SL(3)
Laplacian operators. As argued in [12], the modular func-
tion has the explicit form

PHYSICAL REVIEW D 81, 086008 (2010)

e® ESL(3)

SL(3)
10y = 2E[10%s/2) ~ 4E

Lok 12 E2(0).

(4.10)

Interestingly, we find by explicit computation that the total
interaction 52?,)0) is an eigenfunction of the total
SO(3)\SL(3) X SO(2)\SL(2) Laplacian

A(S)g(s) 5(8)

However, the total interaction is not an eigenfunction of the
cubic Casimir (whereas the FEisenstein series are). The
evidence that (4.10) is the correct expression is based on
the fact that it reduces to the expected expressions in the
three degeneration limits described earlier, as we will now
demonstrate.

(1) Decompactification to D = 9

This is the constant term corresponding to the
SL(3
[10]:s
and E,, it is straightforward to obtain the constant
term

ry /€y — oo limit. Using the expansions of E

12 g
I dBrrdBysEY,
L (1,0)

€9\3 o0 | 4mL(4) (1, 3)
+ 2)).
2(”2) €00) 45 (€9>

(4.12)

— 3 (9)
= €9}’2<(€(1 0)

The term linear in r, reproduces the D =9 9*R*
coefficient, while the term proportional to 75?2 is
proportional to the R* coefficient. The term propor-
tional to r§ is the expected contribution to the non-
analytic R* threshold term.
(i1) D = 8 perturbative string theory.

The coupling constant associated with string pertur-
bation theory, yg is a modulus in the SO(3)\SL(3)
part of the moduli space. The weak coupling expan-
sion can therefore be obtained using properties of
the SL(3) Eisenstein series described in (B53):

1/2 2
[ dBRRdQIESm) 5(5) 1/3E2(T)

/2 [10(5/2) — e 3%
(4.13)

1/2 SL(3)
dBrrdQ,E
/(1/2) [10:-(1/2)

s ! 1

= ~_3 2/3 EZ(T)

i 5 (4.14)

The perturbative expansion in terms of SL(2) X
SL(2) functions is given by the constant term
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e [ aBgra,e®
](1/ Brg (1,0)
- €4( y(s) + 2B DE)

+ g)’S(Ez(T) " EQ(U))), (4.15)

which contains tree-level, genus-one, and genus-
two contributions. All three of these terms can be
verified directly from the low-energy expansion of
the four-supergraviton scattering amplitude in string
perturbation theory compactified on T 2. The tree-
level term is standard. Higher loops are briefly dis-
cussed in Appendix D. The 9*R* interaction ex-
tracted by expanding the genus-one integrand has a
factor of E,(7), where 7 is the world-sheet modulus
that has to be integrated over the fundamental do-
main, Fg; ) [4,33]. Upon compactifying, the inte-
grand is multiplied by the lattice factor, giving

d*r
152) [ —2 ’T)F(2 2)(T U)
) T2

_ 2

Ez(T)Ez(U) (4.16)

in agreement with (4.15). We refer to Appendix D 1
for the evaluation of this integral. The two-loop
amplitude given in [34,35], when compactified on
T2 is proportional to 9*R* multiplied by

dST 2
o 7]

5 L), 4.17)

Fyw (detImr)?

where I', ;) is the genus-two lattice sum. This in-
tegral was evaluated in [15] (also reviewed in
Appendix E), giving

19 =

BN EW). @)

(i) Semiclassical M-theory limit

The expression (4.10) may be motivated by analyz-
ing the M-theory limit obtained by compactifica-
tion of the four-supergraviton amplitude in 11-
dimensional supergravity on 73 at one and two
loops. This builds in the SL(3, Z) invariance as the
geometric symmetry of 7 ; whereas, compactifi-
cation of perturbative supergravity does not build in
the SL(2, Z) part of the duality group, which is
sensitive to the effects of euclidean M2-branes
wrapped around 73. This results in the following
expression for the 9*R* interaction [1,7]:
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e ©
o j v,

(1/2)
_ 1 (Mo
¢ $5/3 2 [101:(5/2)
SL(3) 7{(3) 1
E[01]2<2§(4)V3 5 V3 . (4.19)

The first term arises from the two-loop (L = 2)
counterterm calculation given by the triangle dia-
gram evaluated in the Appendix G 1. The second
term arises from the M-theory one-loop (L = 1),
and the last term arises from the finite part of
the two-loop amplitude and is evaluated in
Appendix G 1. Transforming to the eight-

dimensional Einstein frame using €,; = {3 1/6
and V3 = U, and using the relation EflLO(f;
B 4Efou ~(1/2 &iven in (B9) gives
1/2
€ [ du, &y
S ) ap 1700
2 7¢(3)
= SL(3) SL(3)
B {')4( Efiojs/2) T E[01]2(2§(4)U% + 50, ))
(4.20)

It is easy to see that (4.20) has the unique
SL(3,7) X SL(2, Z) completion given in (4.10).

C. Seven dimensions

In this subsection we will show that the seven-
dimensional 9*R* effective action, (4.1) with D = 7, con-
tains the coefficient function

ESL(S) 3 ESL(S)

g(ﬂ _
[1000]:5/2) T [0010]:(5/2)"

o =3 4.21)

The symbol " signifies that each SL(5) Eisenstein series is
regulated by evaluating the series at s =5/2 + € and
subtracting the pole in the limit € — 0. These poles are a
signal of the ultraviolet divergence of the supergravity two-
loop amplitude in D = 7. The detailed evaluation of the
series close to the pole in Appendix B 5 gives

4772 877'2
SL(5) _ SL(5) _
E[IOOO] 5/D+e ~ 3¢ E[IOOO] 52 T 9 Gye—4)
+ O(e)
3
SL(5) _ 2w SL(5) 2 2., 2
E[omo] (5/2+e ~ Qg + E[omo] 52 T 27 — 67y — 117

+36'(2)) + O(e). (4.22)

It is significant that the poles cancel in the combination
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. A SL(5) 6 (" SL(5)
£§%<E[1000];(5/2)+e + ?E[OOIO];(5/2)—E>

_ }SLO) n EESL(S)

[1000:(5/2) © 3 [0010];(5/2)+10g(/17), (4.23)

which is therefore finite. The constant

logji; = 16/'(2) + 167%yg/3 — 767 /9, (4.24)

can be absorbed into the definition of the scale of the
logarithm in the nonanalytic part of the amplitude, leaving
the combination of Eisenstein series on the right-hand side
of the ansatz (4.21).

Using the properties of the SL(5) Eisenstein series in
Appendix B 5, it follows that this combination of
Eisenstein series satisfies

A(7)5(7) o 40772

(o =3 (4.25)

As with the coefficient Sgg)o)

inhomogeneous term on the right-hand side of this equa-

(7)
(1,0

which is in this case a sign that the low-energy supergravity
limit has a two-loop logarithmic ultraviolet divergence.
(1) Decompactification to D = 8
The ry/€g — oo limit again involves the constant
term in the P(3,2) parabolic. Using the relation
between the Planck length in seven and eight dimen-
sions, (3; = €gr3_ !, and the formulas of Appendix B,
we have

€\2 7
€5f 5(7) — p4r (8(8) + (_8) el
7 Jpapy 0O 873\ “ (1,0 r) 3

X (523?0) + 28% 10g(€8,&7/r3))
2 (r3\*
+=—=(=2))
15 (53) )
The term proportional to ry reproduces the eight-
dimensional interaction (4.10) and the coefficient
of the 1/r; term is the R* interaction in D = 8
dimensions. The term with a positive power r§ is
needed to contribute to the series of (3s)" terms that
sums to give the R*log(—¢2s) threshold in eight
dimensions.
(i) D = 7 perturbative string theory
Using the relation between the seven-dimensional
Planck length and the string scale €; = €sy;/ > in
D =7 the string perturbative expansion, which is
associated with the P, = P(1,4) parabolic with
Levi component GL(1) X SO(3, 3), has the form

in (3.25), the presence of the

tion implies the presence of an additive logarithm in £

(4.26)
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(5) 3 sie
55[ 5(7) _ 65(5 + 2R ( )
! P(1,4) (1.0) \ v, a3 [010J(5/2)

2 N .
_}_ﬂ ESL(4) +ESL(4)2)

3 [100];2 [001];
4% B
+Telogn/ ). (427

which matches the direct string perturbation theory
calculations of the tree-level, genus-one terms in
(D14), and the genus-two contribution in (E9).

The tree-level term and the first genus-two term
SL(5)

[1000](5/2)
(4.21), while the genus-one term and the second

genus-two term come from the P(4, 1) parabolic of
[SOIE)(IS(;];(S/Z)
the genus-two ultraviolet threshold, which has a
coefficient that is proportional to the inhomogene-
ous term on the right-hand side of (4.21).
(iii) Semiclassical M-theory limit
As before, the compactification of the 11-
dimensional supergravity amplitude provides the
data for the constant term for the parabolic sub-
group associated with node «, in Fig. 1 (i), which
gives a series of SL(4)-invariant terms.
The validity of the ansatz for the 9*R* coefficient,
(4.21), can be checked in this limit by using the relation
between the seven-dimensional Planck length and the 11-

dimensional Planck length €; = €, ﬁ/; '3 the 9*R*. This
leads to

VARSI 3/4
g; [ 5(7) — 1 (_ ; ESL(4)A
P&1) (1,0) Vi B [1001:(5/2)

L TRl 2 gt

come from the P(4, 1) parabolic of E in

the series in (4.21). Thew logy; term is

30 4 Tooiks/2) T & 010]2
612 S
e log(V,4/ m)). (4.28)

This series of terms again coincides with contributions
from Feynman diagrams in 11-dimensional supergravity.
The first term arises from the finite part of the two-loop
L = 2 diagrams in D = 11 supergravity on 7 *. This finite
contribution is given by the integral of the I' 4 4) lattice over

the fundamental domain of the torus, which leads using the
50G33) _
[100]:5/2

The second term in (4.28) arises from the one-

techniques of Appendix G 1 to the series {(4)E

SL(4)
E[010];5/2'

loop L = 1 diagrams and the last term from the triangle
diagram that contains the one-loop counterterm.

In order to understand the coefficients in dimensions
D = 6 in detail, we need to make use of the properties of
the constant terms that have not yet been obtained in detail.
However, we have pinned down the combination of two
Eisenstein series that arises in D = 6 [with U-duality
group SO(5, 5)] although we have not determined their
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relative coefficient. Further comments will be made in the
discussion in Sec. VI, where we will also present the
Laplace eigenvalue equations that we believe these series
should satisfy for all D = 3.

V. THE 9°R* INTERACTION

The next order in the analytic part of the momentum
expansion of the amplitude is encoded into the local effec-
tive action

Saops = 614 Dfdbx,/_G(D gD) A6 R4

) 5.0

At this order in the low-energy expansion, the structure of
the equation satisfied by the coefficient functions changes,
as is evident from the D = 10 SL(2, Z) case (1.8), which
has a source term on the right-hand side [10]:

_(5(10) )2.

©0.0) 5.2)

(Asopnsze) — 12EQ,

Although this has not been derived explicitly from super-
symmetry, it is easy to argue for the qualitative structure of
the equation based on a generalization of the arguments of
[8] used to determine the coefficient of the R* interaction.
The constant term is given by

4 [1/2 a0y _ af2L3)? o, 4L(2){(3)
e f_<1/2> 40,1 e( 03+ H5E
2
27

+ 0(e*4”92)), (5.3)
which has perturbative contributions up to genus three and
has contributions from D-instanton/anti—D-instanton pairs
with zero net instanton number.

Once again, we will see that the generalization to higher-
rank groups does not change the structure of the equation
although the eigenvalues of the homogeneous equation
change. The structure of the coefficient 5(01
mined for D = 10 in [8] and generalizations to D =9, §
were suggested by Basu [13]. We will demonstrate that in

each case 525 )1) satisfies an inhomogeneous Laplace eigen-

) was deter-

value equation. In D = 8 dimensions subtle effects due to
the regularization of the R* term in the source imply
additional contributions to the solution given in [13]. We
will later determine the D = 7 equation and properties of
its solution. The D = 6 9°R* which is of particular

|
1+
o

s [1/2 © _ {B3) | L(2)¢3)
€f(l/)d95(01) P (3823 + 525 (

576

740 4(1 . )+O(e,l/g8))
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interest since it contains the three-loop ultraviolet loga-
rithm characteristic of the ultraviolet divergence in maxi-
mal supergravity [36], will not be discussed here, although
a few comments will be made in the concluding discussion
in Sec. VI (and in [32]).

A. Nine dimensions

In this case the effective action, (5.1) with D = 9, con-
tains the coefficient function determined in [13] to be

58)1) —(6/7)55(1)01))+2§3(2) 1/7E3/2 22(32) 15/7E
472)(5) - 8£(2)
n 5635 . o/7) . ZS 8/7 (5.4)

The function SE(I] 1)) is the ten-dimensional coefficient that
satisfies the inhomogeneous Laplace equation, (5.1).

It is readily checked that £Y)  satisfies

0,1)
9) _ ()
(A( ) )5(0 =

The source term is again quadratic in the modular function
that arises for the coefficient of the R* interaction, as it
was for D = 10 in (1.8).
(1) Decompactification to ten dimensions.
The contribution (5.4) can be reexpressed in ten-

—(EGh) (5.5)

dimensional units recalhng that €, —(78/ ’ _(1/ 7
and v, = (rg/€,0) 2, giving
2£(2) (€10\2
© _ (10) 10\ o(10)
€55(01) Elor 3(5(01) 3 (E) 0,0
+4§(2) (@) g0 4 4{(2){(5) (”_3)4
63 \rp 10 " 63 o
84(2)% (€1p\*
80 (ﬁ) +0(e*rs)). (5.6)
5 rp

The term proportional to rp gives the ten-
dimensional expression in the rg — oo limit. Once
again, there is a growing term with the expected
power of r3, which contributes a term proportional
to (s7%)>R* to the expansion of the ten-dimensional
sR*log(—€3,s) threshold in the limit sr% — oo.
(i1) Perturbative string theory.

The perturbative expansion of this coefficient is
given by expanding in powers of the string coupling,

{5)¢) (rB N 66)

5(H)gp €7 {(4)g €
189 \¢4 /5 2t (H )

9 r%; 3 rB

(5.7)
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This expression is symmetric under the 7-duality
transformation rg — 1/r, and gz — g4/r4. The
genus-three term proportional to g4 comes from
expanding & ;) and was shown to match the ITA
results in [18]. The symbol O(e~!/¢#) indicates
schematically the presence of instanton/anti-
instanton pairs in the zero D-instanton sector.
(i) Semiclassical M-theory limit.

The contributions to the 9®R* interaction obtained
by compactifying the one-loop and two-loop
Feynman diagrams of 11-dimensional supergravity
on T % were evaluated in [10]. Collecting the L = 2
and L = 1 modular functions along with the genus-
one terms of (3.28), we find the modular invariant
expression

5c0)  _ s Cop 1 L E0G)Q) 1 {4
8o = 4 V(12 y3 189 V6+ 3
@ 2)
+ V7/2 §78 5/2 + g— ;/zEg/z)

(5.8)

This expression sums all the contributions deter-
mined from the analysis of the L =1 and L =2
loop amplitude on a torus, to which has been added

the contribution £(5)(2)/ VS, which arises from a
A? divergence of the L = 3 amplitude. This con-
tribution has been regularized by matching the
string theory genus-one contribution determined in
(3.28), and is a prediction for the three-loop super-
gravity contribution to the 9°R* interaction.

In the next subsection we will see how this nine-
dimensional interaction arises by decompactifying the
eight-dimensional term proposed in [13] and discuss fur-
ther properties of this expression.

B. Eight dimensions

In this section we analyze the eight-dimensional 9®R*
interaction, which has an effective action (5.2) that is
invariant under the U-duality group Ej3) = SL(3) X
SL(2). We will show that the modular function proposed
in [13] satisfies the differential equation

A(S)g(S) _ 12522)1) (5(8) ))2'

o (5.9)

where A® is the SL(3) X SL(2) Laplacian. The source
term appearing in this equation again involves the square of
the eight-dimensional R* coefficient.

1/2 2ar _
f /2 dBRRdBngf()I‘f;) = —55(1)01)) + ( 9 (1/2) log(vz) + ClVg/z + C2V2 (5/2)>E3/2(Q) +

+ 8log*(v,)) + O(e_Qé/zV;(l/z), ¢ (@) 0y
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The systematic solution of this equation will be obtained
in Appendix A, where we will see that it is uniquely
specified by matching the known properties of string per-
turbation theory. The solution is close to the one argued for
in [13] on the basis of consistency with the higher-
dimensional interaction (our normalization differs by a
factor 2/3 from [13]),

40
(8) SL(3) SL(3) SL(3)
€on = €on T g5 Eloi-anEU) +3 E[101<3/2>E1(U)
SL(3) T 4 £(2)
+f(U)+ E[lo](3/2) 3E (U)+—9
(5.10)

where the function f(U) is defined as the solution of the
equation

(Ay — 12)f(U) = —4E3(U),

where Ay = U3(03, + 7,). It is straightforward to ex-
tract the power-behaved terms in its expansion [see (I119)].
We have also introduced 8(0 ) satisfying

(5.11)

12)E5L8) =

o _(ESLG) )2.

[10]:(3/2) (.12)

(AsoensLe) —
The last three terms in (5.10) (absent in the solution pre-
sented in [13]) arise from the regularization of the R*
interaction.

We will now consider the limits (i) and (ii), but since we
have not evaluated the derivative expansion of the L = 2
amplitude on higher-dimensional tori, the limit (iii) will
not be discussed.

(1) Decompactification to D =9

In the decompactification limit r,/€q — oo the
SL(3, Z) modular functions in (5.10) have the form

1/2
dBrrdBysES
f 4 P03/

9 n _
- 1677'4 V2 ES/Z(Q) + m V 2 (513)
1/2 SL@3)
f(l/z) dBRRdBNSE[]()] .3/2)
= v, VPE;5(Q) + 7logr,. (5.14)

Substituting the latter expansion into the source term
in (I5), one finds that the interaction coefficient
becomes

4G )(5 + 4log(v,)

(5.15)
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where c;, ¢, are integration constants. They are
determined by taking at the same time the pertur-
bative string limit and comparing with the expres-
sions of Appendix I. We find ¢; = £(5)/(127) and
¢, = 0. In this case the zero instanton sector con-
tains instanton/anti-instanton pairs consisting of D
instantons and wrapped (p, g)-string world sheets
as indicated by the last term.

The SL(2, Z) modular functions have the expan-
sions

j‘l/2
—(1/2)

12 .
[ Vi) = 201U, =~ wog()

3w (5
775( )Uz_z,

(5.16)
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and the expansion of the function f(U) given in
[13] and in (119) is’

6f(U) = @(65 — 207U, + 4872U3) + (737)5§5)
2
—2£(2) logU, (47U, — 6logU, + 1)
+0(e™™). (5.18)

Therefore, the constant term associated with de-
compactifying to nine dimensions is

5.17)
J
2 ()4 15(5) 167L(6) (r
6 ®) _— p5,. ) 6 (9) 9 (9) 2
¢ [ " dBRRdBNSS(OyU—€9r2€(01)+€( o+ <r_2) e+ e ( gg))

- egf lo ( )(758)0) — 4727 -

Gu,

B 20 1 (rz)) B
o8 1 n

51 4 1oy (v, + 9§(2)(37+%lo (7)

(Vl)(1 + 410g<2—z> _ 47 log(vl)) +0(e ).

9

(5.19)

I
The term linear in r, reproduces the nine-
dimensional 9°R* interaction, the term indepen-
dent of r, is proportional to the nine-dimensional
R* interaction, and the term proportional to r, 4is
proportional to the nine-dimensional 9*R* inter-
action. The term proportional to r3 is needed to
reproduce the D =9 threshold of the form

in increasing powers of yg = (Q37,)"! is per-
formed in Appendix I. We may summarize the result
in terms of the functions 1(2)( ](p 9 that would be
obtained by evaluating the appropriate terms at
genus £ in string perturbation theory. The function

j(p ) is the expansion of the integrand of the

(—s)/2R* genus-/ string loop diagram to order o oiR*
Gi) D=8 pem;rbative string theory (the notation is explained in Appendix D):
The perturbative expansion of the coefficient 8(0 0
|
6 (12 ®) of2((3)? 64w (2) (0,1) 2775(3) )/ 0,1)
€3 ) dQldBRRf:(o,l) = {3 3ys +— 3 () + —=—log(ys) + = )’81 U2
# (T4 DG P Togton) + T vy lomtry? + 20,319 G")
+ O(e T, e—rz‘“yg“”))) (5.20)
The genus-one contribution to this expression has @), 0,1) 0
R 1PG9") = 55 5 Es(DEs(U)
§ €)
(EI(T) + B, (U) + logu).
"We correct a missing 1/7 factor in the 1/U3 term in [13]. (5.21)
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This follows both from the expansion of the coef-
ficient 58)1) and from the direct evaluation of the
genus-one string theory amplitude in (D10).

There is also a logarithmic correction to the genus-one
term of the form logyg in (5.20). This is a manifestation of a
logarithmic ultraviolet divergence in supergravity that
originates from the one-loop R* subdivergence of the
two-loop supergravity diagram. As before, the origin of
the logyy is in the transformation of log(—¢€2s) from string
frame to Einstein frame.

Comparing (5.20) with the expansion of £{) in

Appendix (I1), we see that the genus-two contribution is
given by

D) = 2B, (DB, U) + 7 (B, (7) + Ey(0) + 7(T)

11£(2)
36

In principle it should be possible to check (5.22) with the
expansion of the genus-two string theory amplitude of
[34,35] at order 9°R*, but this has not been done.

There is also a logarithmic term of the form yg logyg in
(5.20). As described earlier, such a term signifies the
presence of a two-loop supergravity logarithmic ultraviolet
divergence. In other words, there is a €53 R*log(—€2s)
contribution to the amplitude in string frame, which gen-
erates the yg logyg term in (5.20) upon transforming to the
Einstein frame.

The genus-three contribution in (5.20) extracted from

+ f(U) + (5.22)

the expansion of e®)

1) in Appendix (I1) is

(D) = oo (B(T) + EA(U). (5.23)
Little is known in detail about the genus-three superstring
amplitude apart from the fact that its leading low-energy
behavior contributes to 9°R* [28]. However, it is interest-
ing to note that this genus-three expression is given by the
evaluation of the two-dimensional lattice integrated over
the Siegel fundamental domain for Sp(3, Z) evaluated in
Appendix F.

C. Seven dimensions

The construction of the coefficient of the 9®R* interac-
tion in the effective action (5.2) with D = 7, follows the
same logic as in D = 8§, so this section will be brief. The
modular function multiplying the 9R* interaction in D =
7 is determined by

2o _ o)
(Am - ?)5(0’” =€) (5.24)
where
(7))  _ wSL(5)
5(0,0) B E[IOOO];(3/2)' (5.25)

As in the D = 8 case, the solution can be written as

PHYSICAL REVIEW D 81, 086008 (2010)

7 _ oSLG) o 25 Lsies)
5(0,1) B 5(0,1) + FE[oom];w/z), (5.26)
where S(S(fg) is a particular solution and Efol;)(fg]ﬂ 1’ is the

only solution of the homogeneous equation that has per-
turbative terms consistent with string theory. The relative
coefficient in (5.26) will now be confirmed by studying the
decompactification limit.
(1) Decompactification to eight dimensions
In the limit r3/€g — oo the (3, 3) entry in the matrix
in (B62) (after setting r; = r?) becomes

42/5
BSOS a6 (Q)
—[P(s,z) ootog:7/2 = 2£(6)4(7) %

m{(2) (€5 85 psLe)
5 \r) Enoso

8 (13\12/5_61(3) wSLQ2)
( ) ESLO RS,

15 (_8 [01];3

+

(5.27)

From this expression we recognize the term

EfOLl(ﬁ;E‘;L(Z) that decompactifies to eight dimen-

sions. The other possible solutions to the homoge-
neous equation (with Dynkin labels [1000] and
[0100]) are ruled out, because in the perturbative
string limit they give rise to terms that cannot be

identified with perturbative string theory (i.e. they

. . . 42/5
give wrong powers of the string coupling). The r;

term in (5.27) contributes to the D = 8 threshold.

Comparing with the eight-dimensional expression
for Sgg?l) given in Sec. VB, and using Efol‘l(f; =
27 /BE[SOLI(]%)_g /20 fixes the relative coefficient in
(5.26), as follows. In addition, we recognize the

term E[S{E)(f()s /2 I (5.27), multiplied by ry 8/5, which

is part of the 9*R* interaction in eight dimensions.
The other part of the 9*R* interaction is a term
—8/542SL(3) g2 SL(2)
3 BBy

(5.27), but arises from 55&1(?),

large-r; limit of the source term is obtained with
the use of

6/5
ESLO <Q ) £®
/1)(3,2) [1000];(3/2) €8 (0,0)

, which does not show up in

as follows. The

In this limit, the constant term of the particular

SSL(S)

o1 contains the contributions

solution
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sty _ (325 ose3) | Lastd) ¢
Lm) o) _(78) o1 T3 002 E (V)
5\4
L AU+ (-) £, + - ) (5.29)
r3

The first three terms reproduce the eight-
dimensional result (once added to the contribution

SL(5)
of Ej40101.7/2

the power r; 85, &, solves a homogeneous equation
for the SL(3) X SL(2) Laplacian with eigenvalue

10/3, which is the same as the eigenvalue of

SL(3)
E/lo1:5/2

the form kEFOLl(]gE;L(Z), where the coefficient k is

fixed by comparing with the 9*R* interaction,
which gives k = —872£(2)/5.
(i) Perturbative string theory

We will now find the constant part of the particular

SL(5)
€o)) »

vance to limit (ii), the limit of perturbative string
theory. In this limit, the result is expressed in terms
of functions invariant under SO(3,3) ~ SL(4), the
T-duality group. We will need the expansions

). Since the source term does not contain

in (5.27). The term we are expecting is of

solution, in the parabolic subgroup of rele-

ESL(S) ‘ — 2 3 _(6/5)
—[13(4.1) [1000];(3/2) {3y,

+ 2y;(1/5)ESL(4)

[100]:1° (5:30)

ESL(S) . _ *(7/5)ESL(4)‘
L<4,1) [0010:(7/2) — 7 [010):(7/2)
87L(4) 375 514)

15 Y7 Loo1]3
(5.31)

+

which can be found in entries (1, 1) and (1, 3) of
(B62) (setting y; = 1/r*). Thus the homogeneous
solution provides part of the genus-one and genus-
three contributions.

In order to study the perturbative string theory limit, we
will also need the decomposition of the SL(5) Laplace
operator into the SL(4) Laplace operator plus the second-
order differential operator associated with y-,

AT = Aso(s)\SL(s)

— Asounse@ T 3070y7)* + 5(y70y7).  (5.32)
The coefficients 5/2 and 5 in this equation have been
determined by using the known D = 8, 7 R* and 9*R*
interaction coefficients. The R* coefficient is given in
(5.30); whereas, the 9*R* case can be checked using
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SL() = o A4S
/10(4,1) Efioon s/ = 260077+ §E[100];2’ (5.33)
SL(5) 1 pSL@4) 47(2) SL@)
[p<4,1> By =7 Eporogsn + 3 Epor
(5.34)

The constant term of the particular solution associated with
the parabolic subgroup of relevance to the perturbative
expansion is a series of the form

3
SL(5 SL(4) p—
e;f g =0 ey, (5.35)
P(,1) =

The coefficient functions Sﬁ,SL(“) can be determined

by substituting this genus expansion into the Laplace
Eq. (5.24) and using (5.26), which gives

6E,"Y = 4£(3)7, (5.36)

21 SL(4) _ SL(4)
Asownsey — 5 )& = ~8LB)Epp,  (5:37)
(Asounszw — 106 = _4(E€1Lo(o4]);1)2’ (5.38)
(Asounsz — DEFY = 0. (5.39)

Equation (5.36) gives the tree-level contribution. The
genus-one coefficient is determined by (5.37), which is
solved by

SL(4) __ SL(4) I SL(4) SL(4)
& o aE[loo];Hzﬁ ta E[001];1+2ﬁ + bE[Ol()];(7/2)
2403) s
+ TE[IOO];I’ (5.40)

for any a, a’, b. The constants a, a’ must be zero to match
the genus-one contribution in D = 8, and b can be fixed by
the decompactification limit. Equation (5.38) defines the

genus-two function 5§L(4) which, by construction, in the
decompactification limit becomes the genus-two contribu-
tion B,(T)E,(U) + f(T, T) + f(U, U) of the a5R* inter-
action in eight dimensions. Finally, (5.39) has two

independent admissible solutions E[S(i)(f]);3 and E[SlLo(o4]);3'
The first one combines with the solution of the homoge-
neous equation; see (5.31).

Thus, the complete perturbative expansion of the modu-
7)

lar function 550, )

is given by
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2£(3)* 1 2{(3) sia
57[ 5(7) _ €7< 4 ( E L(4)
7 P (0,1) s 3 V7 3 [100];1

SL(4) SL(4)
(1 DESD m) 38

SL(4 SL(4
+ 2y%(E[001]);3 + E[IOO]);3) + n.p.),

(5.41)

where n.p. indicates nonperturbative contributions. By
construction, this reproduces (5.20) in the decompactifica-
tion limit since, as discussed above, in this limit the dif-
ferential equation becomes the eight-dimensional one. The
genus-one contribution in string perturbation theory is

given by I'V(j\*) evaluated in (D15) is given by

(3) 01y _ 25 Lsi {3) sr
PG = 51 Eoworar) + 16, Enoorr

(5.42)
which determines the value of b = 57/756 — 1. It would
be interesting to determine the genus-two coefficient by
expanding the string theory amplitude [34,35].

Interestingly, as in D = 8, the value of the genus-three
contribution is given by integrating the three-dimensional
lattice factor over the Siegel fundamental domain for
Sp(3, Z) evaluated in Appendix F,

|do7|? o — L(ESL(AU + RS
Foron (det%mT)S (33) 270 10013 [0017;37
(5.43)
VI. DISCUSSION

In this paper we have extended earlier analyses of the
nonperturbative structure of the coefficients of terms in the
low-energy expansion of the four-supergraviton amplitude
to the higher-rank duality groups that arise in toroidal
compactifications of maximally supersymmetric string the-
ory or M theory. We have considered terms up to order
d%R* in the derivative expansion of the effective action
and compactification on T to D = 10 — d dimensions.
The R* coefficient has been understood in cases with d =
7. The 9*R* coefficient has been understood in detail for
d = 3, with partial results for d =4 (see below). The
9°R* coefficient, which has the richest structure, has
been understood for d = 3.

The derivation of the coefficient functions necessarily
followed a rather tortuous path since the aim is to discover
the modular invariant coefficients for low-dimension string
theory (high-rank duality groups) from information in
higher dimensions (low-rank duality groups), which in-
volves checking many limits. Nevertheless, the results
may be stated compactly. The three terms in the low-
energy expansion of the four-supergraviton amplitude

PHYSICAL REVIEW D 81, 086008 (2010)

can be expressed as local terms in the effective action of
the form

Syugs = £2+8-D [ PV =GPED 9* R, (6.1)

where (p, ¢) = (0,0), (1,0),and (0, 1) and k = 2p + 3¢ =
0, 2, 3. The coefficient functions Sii)q) are automorphic

functions of the coset space coordinates that transform as
scalars under the appropriate duality groups. Starting from
the known structure of these functions, we have determined
their form in the compactified theory by demanding con-
sistency in the three limits described in the introduction:
(i) decompactification from D to D + 1 dimensions;
(i) known properties of string perturbation theory in the
limit of small string coupling; (iii) The limit of large
volume of the M-theory torus, T4+l which is described
by loop diagrams of 11-dimensional supergravity.

Clearly many, if not all, of the properties of the coef-
ficients are highly constrained by maximal supersymmetry
combined with the dualities. In particular, we have found
that they satisfy Laplace eigenvalue equations, with or
without source terms, which are known to be consequences
of supersymmetry in the simplest examples [8,9], although
we do not have a general proof. Given such an equation for

EEI; )q), it is easy to derive similar equations satisfied by the

constant terms for maximal parabolic subgroups of any
given duality group. These follow from the decomposition
of the Laplace operator with respect to the same subgroups
as described in Appendix H. In summary, we found that the
coefficients are solutions of

3(11 — D)(D — 8)
(A(D) - D2 )52002)) = 6mdp-g0 (6.2)
5(12 - D)(D - 7) (D) 20’7T2
(A(D) — D=3 )5(1,0) = T‘SD—%O’ (6.3)

6(14 — D)(D — 6)
(a0~ TR 2T 2)e) = (€07 + cdposo

(6.4)

where the Laplace operators are defined on the appropriate
moduli space, and ¢ is a constant that remains to be
determined (see below). The overall scale of the Laplace
operators (and hence, the eigenvalues) of any one of the
above equations is convention-dependent, 10 but the relative
normalisations in the three equations is convention-
independent

The coefficients satisfying (6.2), (6.3), and (6.4) were
discussed in detail in the body of this paper for various

'The formula for the R* eigenvalues differs by a factor of 2
from Eq. (4.11) in [15], since our conventions differ.
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values of D. In particular, the inhomogeneous Kronecker
delta terms on the right-hand side of these equations con-
tribute in the “‘critical” dimensions, D = D, =4 +
6/L—the lowest dimensions in which the L-loop diagrams
of low-energy supergravity have logarithmic ultraviolet
divergences. These are L =1, D, =8 for R* [see
(325)]and L = 2, D, = 7 for 9*R* [see (4.25)]. In addi-
tion, (6.4) gives the L = 3 D, = 6 case for 9°R*, which
was not discussed here but will be described in [32]. It is
also notable that the eigenvalues in all these cases vanish in
the critical dimensions. This structure implies that the
solutions have logarithmic terms characteristic of the ul-
traviolet divergences of maximal supergravity. The coef-
ficients of these logarithms, suitably normalized, should
equal the residues of the epsilon poles in dimensionally
regularized supergravity, up to convention-dependent nor-
malizations. This is straightforward to verify for the D, =
8 and D, =7 cases (L =1 and L = 2, respectively),
where the analysis has been carried out in detail. The value
of the constant ¢ in the D, = 6 case determines the coef-

ficient of the genus-three logarithmic term in 58)1). This
has to be consistent with the residue of the € pole in the
three-loop supergravity calculation in [36], which is pro-
portional to £(3). A preliminary study indicates this is the
case [32].

Although our considerations are for the most part lim-
ited to D = 6, in Appendix H 2 we argue that (6.2), (6.3),
and (6.4) probably apply for all D = 3. This follows simply
by requiring that the Eisenstein series continue to satisfy a
Laplace eigenvalue equation for all D = 6.

Having obtained a coefficient function in D dimensions,
all results in dimensions greater than D follow, after some
work, by expanding in the radius, r, of a compact dimen-
sion. Importantly, we find that potentially divergent terms
cancel in this process, once account is taken of terms of the
form (r2s)", which diverge in the large-r limit in a manner
associated with the presence of nonanalytic thresholds of
the scattering amplitude. It appears to be very nontrivial
that whenever a coefficient function contains divergent
Eisenstein series the divergences cancel between different
terms. The presence of such cancelling divergences is
indicated by logarithms of the moduli that are signals of
logarithmic ultraviolet divergences in the low-energy field
theory.

As a detailed example of these results, consider the
SL(5)-invariant coefficients of the D = 7 interactions,
which was the lowest dimension considered in full detail.
The solutions we obtained were as follows:

(7)) _ gpSL(5)
€ 00 = Eliooo16/2y (6.5)
Pl lESL(S) + 3 o SLG) 6.6
(1L0) — 5 T[1000%:(5/2) T 3 [0010](5/2) (6.6)
g _ gSLO) + £5LO) ©.7)

0,1) [0010]:(7/2) 1) -
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In particular, the coefficient 82??0) multiplies 9*R*, which
has a nonanalytic two-loop threshold in D = 7 supergrav-
ity, accompanied by a logarithmic divergence. This is
manifested in the string expression in (6.6), which illus-
trates the cancellation of divergences mentioned earlier.
We have subtracted the constant logu; o) from the epsilon

regularized 58)0)’ because this quantity is the scale factor

of the threshold contribution s>R*log(—#€3s/m(1). The
higher-dimensional interactions can be deduced by consid-
ering the sequence of decompactifications corresponding
to limit (i).

We can also make some comments about Eisenstein
series for the groups G, = E; 1 (4+1) With4 =d =7 (of
relevance to 3 = D = 6, where D = 10 — d). These are
more difficult to analyze by elementary methods, but by
making use of some relations derived by Miller [27] we
find the following in dimensions 3 = D = 6:

(i) The D = 6 R* interaction with symmetry SO(5, 5)

has a coefficient 52(6)?()) = E[Sl?)g)‘giﬁ /2> @S described in

Sec. III D, but the analysis for 3 = D = 5 has not
been completed. However, the eigenvalues in (6.2)
coincide with those of the Eisenstein series &) =

00)
E[Gf’o,._i,o]s /2> as can be seen directly from (B2) setting

A =1[3/2,0,...,0]. This strongly suggests that the

R* coefficient is given by 823 ())) = EE;I‘,’O,_._’U];3 ), forall
D = 3, as suggested in [15].

(ii) Although the D = 6 9*R* interaction has not been
determined in detail, by looking at the decompacti-
fication limit it can be inferred that it must be of the

~5S0(5,5) ~50(5,5)
form Ep 500152 + ¢Eooo1]3-

of the second series is based on [27]. The value of ¢
is determined by the cancellation of the poles of
these series at s = 5/2 and s = 3, respectively.

(ili) The D=6 9d°R* interaction coefficient is
uniquely determined from (6.4) by matching the
different limits, in the same manner as in earlier
sections. In particular, this determines the constant
¢, which arises as the coefficient of a genus-three
logarithmic term. This is of special interest since it
is proportional to the coefficient of the ultraviolet
divergence of three-loop maximal supergravity in
D = 6 dimensions.

(iv) As argued above, in D = 3,4, 5, we expect that the
modular functions multiplying the 9*R* and 9°R*
interactions are still determined by (6.3) and (6.4),
but these equations alone do not determine the
Dynkin labels of the possible Eisenstein series
with the same eigenvalue. These must be found
by matching with the different limits, as done in
this paper for the higher D cases. This is an issue
that we will return to using more powerful methods.

Finally, we remark that the analysis of interactions of

higher order that 9%R* raise interesting new issues. In

where our knowledge
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particular, it was shown in [1] that the coefficient functions
for the 93R*, 919R*, and 9'2R* interactions in D =9
dimensions consist of sums of modular functions with
different eigenvalues. The generalization to higher-rank
duality groups should be interesting but is beyond the
considerations of this paper.
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APPENDIX A: APPLICATIONS OF THE
UNFOLDING METHOD

This section will present some applications of the un-
folding method to the computation of integrals of modular
functions that are used in the main body of the paper. At
several points we need to evaluate integrals of the type

2
CTg mf@, (Al

sLez) '2

IE, 1= [

where f(7) is a modular function, F; ) is a fundamental
domain for SL(2, Z), and E(7) is the SI(2, Z) Eisenstein
series defined by

03

|m + nQ|?" (A2)

EQ)= Y

(m,n)#(0,0)

The integral (A1) can be evaluated by means of the stan-
dard unfolding method using the fact that E (7) =

{(28)Y er \sro,z)(Sm(y - 7))°, with

rm={r<(1) Y),nEZ}

is an incomplete Poincaré series, leading to

dr 1/2
2 f dr f(r).  (A3)
~(1/2)

I[E,, £]=2£(2s) [0 ”

27
)

A second type of integral that we need to consider is
integration of a modular function f(7) multiplied by a
Lattice sum,

d*r
— g0 f(7),

scez) T2

1T ya), f1= / (A4)
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where I'; 4 is the (even) Lattice sum

F(d,d) == \/detg Z

(m!,n"YeZ4x 74
X exp(—z(gij + b;)(m' — Tn')(m/ — ?n/)>
72

_r Yy

(PL.PRIEA @)

+ imr(p} — p3)),

exp(= 77 (p} + Pk)

(A5)

where p,=m+m-(b+g)-¢" and pr={n+m-
(b — g)) - e* with e defined by g = e’e provide a basis
of the lattice A so that 77 = R?/(27A?), and ¢* is a
basis of the dual lattice.

This type of integral can be evaluated by the method of
orbits [11,15,29,37-39], as follows. The exponent in (AS5)
can be rewritten as

1 . L .
— (g + b)y(m' — n')(m/ — 7n))
T2

= i(l —7)MT(g + b)M( 17)’

Ty -

(A6)

where M is the d X 2-rectangular matrix with integer en-
tries

myp ny
(AT)

my  ng

The SL(2, Z) action, 7 — (a1 + b)/(cT + d) represented
by the matrix A € SI(2, Z) transforms the matrix M on the
right

mp ny

M — MA = (A8)

(4 )

Therefore the integral can be decomposed into various
orbits with respect to the SI(2, Z) action. The orbits are (i)
the singular orbit that corresponds to m’ = n = 0 for all
i=1,...,d; (ii) the degenerate orbit where all the sub-
determinants of the 2 X 2 matrices defined by the ith and
jth line of the matrix M are vanishing d/ = min/ —
m/n’ = 0, which reduces to n' =0 for all 1 <i=<d;
(ii1) the nondegenerate orbit where at least one determinant
d' is nonzero. Up to relabeling, the representative of the
orbit can always be taken to have the form

mg  ng
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my
o
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Moy = 1| mp  Jji | 0=ji<my 2=k=d (A9)

0 s
\ 0 ny )
Therefore the integral in (A4) can be expanded as
dry, /2
MWans1= [ i+ Y [ e [V
Fsieny T mi €Z9\[0} (1/2)
2 j _f(T)e_(W/Ta)(g,ﬁb,,)(m —rni)(m/ =7n/) (A10)

(m',n )EZ" 74\{0}>

We remark that the unfolding has been expressed in terms
of the matrix (g + b),;, which implies that the last line of
(A10) contains exponentially suppressed effects of order
exp(—g;;). If it is necessary to consider an expansion in
which exponentially suppressed terms are of order
exp( —gi;I), then one would apply the same formula start-
ing from the lattice expressed in terms of g~ ! after a
complete Poisson resummation over all m’ and n' integers
in (AS).

APPENDIX B: EISENSTEIN SERIES FOR SL(d)

The minimal parabolic Eisenstein series for a group G is
defined by [19]

ES) = >

YEG(Q)/B(@)

At H(gY) (B1)

where (-, -) is the inner product on the root system of G.
Any g € G can be uniquely decomposed according the
Iwasawa decomposition as g = kan, where n € N in the
unipotent subgroup, a is in the maximal Abelian subgroup,
and % is in the maximal compact subgroup K. We have
identified a with exp(H(g)). Finally, p is half the sum of
the positive roots and A is a vector in the weight space of
the Lie algebra g of G and B is a Borel subgroup of G."'
Eisenstein series are eigenfunctions of the invariant differ-
ential operators of K\G. In particular, they are eigenfunc-
tions of the Laplacian,'?

(B2)

ApGE§(2) = 2((A, A) — (p, p)ES (2).

"Because the function g — exp({A + p, H(g))) is defined on
G(A), where A is the ring of Adeles of @, it is common to
consider the sum defined on the group of Adeles although this
w111 not be necessary for the considerations of this paper.

Invariance under K implies that the eigenvalue of the
Laplacian is the same as the value of the second-order Casimir
of G (A, A) — {p, p).

They are also eigenfunctions of higher-order Casimir op-
erators of G.

However, we will only need this general definition in
order to discuss the special low-rank cases of interest here.
For the most part, we are interested in Eisenstein series for
SL(d), which can be analyzed relatively easily in terms of
their definitions as multiple sums (see, for example, [40]),
as we will see in this Appendix. Although we will not need
to explicitly consider the most general SL(d) series in this
paper, it is nevertheless illuminating to review their con-
struction since the maximal parabolic series can be ob-
tained from it. The following treatment is based closely on
notes by Stephen Miller and extensions of his thesis [25].

To begin, we consider H = ygy”, where y € SL(d, Z)
and g is the SL(d) matrix parametrizing the coset space
SO(d)\SL(d). Letting H, be the bottom right k X k
minor of H the general minimal parabolic Eisenstein series
[27] associated with the minimal parabolic subgroup
P(1,...,1),

d—1
EFEL,(d) e iTisinsy = Z n(detHk)(AHH—/\H—l)/z’

yESL(n,Z)/B(Z) k=1
(B3)

which is a special case of the general formula (B1). Here,
we haveset2s; = Ay_j11 — Ag—y — lforl =k=d—1,
and €, =l ifs; # 0Oand ¢, = 0 if 5, = 0.
The SL(d) series that are studied in this paper are
(i) The series E[ng,,)q given by Ay, =1+ Ay_; + 2s
andfor2 =i=d—1,wehave Ay,_; = Ay_;—; — L.
(i) The series Ep (9, . given by Ag=1+ Ay,
Ago1=1+2A;,+2sand for3=i=d—1, we
have)\d l_Ad l 1_1.
(ii) The series E[od 2 1 given by Ay =1+ A + 2s

andforl =i=d—2,wehave A\y_; = Ay, —
1.
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detH k=
where

H=vygy",
mlit « « o pillin <2l nl;:l 8ij»
(my, ..., my) is the last row of y € SL(2, Z)

Since detH; = 1 in the definition (B3), one does not
need to introduce 25, = A; — Ay — 1. However, in order to
make the symmetry more explicit, we introduce such
variables and consider the change of variables [40] s; =
Zjs1 —zj T 1/2for j=dand s, = —z, + 1/2,ie.,z; =
=>4 s; + 4. The variables z; are related to the A
variables by A,_; = 2z; + 1 for 1 =i = d. We define

(iv) Since

- 1 SL(d) ( 1)
H(z) =—=—E Nz —z+=)
(Z) 77_22]'{:[ Jzj [erm€a1]51054-1 ISil:!Sd A 2

(B4)
Then,

SL(d)
E[ElwvEd—l]islwvfd—l l_[

1
(Zj —z; t+ —) (BS)
1=i<j=d 2
can be analytically continued to a holomorphic function for
all z € C" and E(z) satisfies the d! functional equations

[19]

E(w(2) = E(2), (B6)
where @(2) = {z,(1), " " *» Zw()} is @ permutation of the z
elements of the Weyl group of SL(d).
d)

The poles of the series EEEL( are located at

. 1,-<-y5d—1];31,--~y5d—1. .
s; = 0 or s; = 1 and the residue at s; = 0 is given by the

Eisenstein series associated with the parabolic subgroup
P,=P(1,...,1,2,1,...,1) evaluated at the value of
(Sgy .-y Si—1, Si+1---»5,). Furthermore, the residue at
s; = 1 is given by the Eisenstein series associated with
the parabolic subgroup P; evaluated at the value of
the parameters (Spyevvs Sizny Siog +1/2, 574 +
1/2,8;49,...,5,) [40]. All the series discussed in the
main text and the following subsections can be deduced
by extracting residues of poles of the minimal parabolic
series (although we shall not exploit this procedure).

We will first present general features of the series

E[SIL(()%]_S and E[Sol‘fdo)d,g],s and then specialize to the particu-

lar cases of the SL(2), SL(3) and SL(5) series that are of
specific interest in the main text.

SL(d)
E[l,ﬂ"’z];s

is defined by setting A; =

1. The series

The series ESX?

[1,0472];s
1+ )\d—l + 2s and /\d—i = )‘d—i—l —1 for
d — 2. These Epstein series can be written in the usual

form as

2=i=

E SL(d)

[1,04°2];s = (B7)

Z 1

Lo ml)s’
(m!,..m1)EZ4\(0,...0) (m'g;jm’)
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where g;; is the metric with unit determinant detg = 1.
Since detg = 1, the inverse metric g~! = adj(g)” is given
by the transpose of the adjugate matrix. The elements of
the adjugate matrix are the determinant of the minors of
order d — 1 of the matrix g. If we introduce the dual

integers n; = €;;...; m/ -+-m/1, we can express the
series EEOLd(i)l]-s in terms of the inverse of g as
SL(d 1
ESL = . (BY)
[0972,1];s (n(g l)l‘]n‘)s
(ny,...ny)€29\(0,...,0) * ' J

Applying the general functional Eq. (B6), we find the
relation

L) s _ YE=9) siw
s E[I,Odﬂ];x - 7T(d/2)—s E[O"’2,l];(d/2)—s' (BY)
The Epstein series ESE9 hasa single pole at s = d/2

[1,0472];s
and converges absolutely for large values of NMe(s). It is
defined by meromorphic continuation for other values of s
[40]. These series do not have poles at the values s = k/2
for 1 =k =d— 1, which agrees with the expectation
from the string theory arguments given in the main text.
Note particularly that it follows, using analytic continu-
ation and 2(0) = —1, that

ESHD, =1,

[I,Odfz];O - (BIO)

Using the integral representation of the series in (B7),

L) st _ joo dt o= (r/imig m
0 t1+s

[L042]s
7’ ’ (m',...m1)EZIN{O}

(B11)

and it follows that the constant term on the parabolic
subgroup P,, = P(d—1,1) with Levi component
GL(1) X SL(d — 1) characterized by the matrix of the
form g = diag(r~@-V/dg ,d=17/d) contains the explicit
perturbative terms

SL(d) — (s(d—1))/dgSL(d—1)
</P(d L) E[I,O"’z];s re E[l,O"’-‘];s

+ 27(d=1)/2 (d=25)(d=1)?)/2d

(s — 41
X———2-[(2s—d+1). (BI2
OR ) (B12)
This implies by recursion that the Epstein series E[S]Légzz].s
has a single pole at s = d/2, so that
ESL(d) _ /2 + ESL(d)
[LO21(d/2)+e INOR [10721:(d/2)
,n.d/z( 1-*/(4)
+ T (e log@) — 1 2) + 0
r\’™* @
(B13)
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where vy is Euler’s Gamma constant and we introduced

the regularized series E[Sféz’lz];( 4"

Using the expression for the SO(d)\SL(d) Laplacian
given in [15], it is straightforward to verify that these series
satisfy the following Laplace equations:

d\2(d — 1)
AsoansL@BS gy, = S(s - E)—ESL(””

d [I,Od’l];s’
(B14)
d\2(d—1)
SL(d) _ SL(d)
ASO(d)\SL(d)E[OzFI,1];5 - ( - §>TE[Od71,1];S'
(BI15)

These equations are particular cases of (B2) for the value of
the weight vector A specified by the Dynkin labels
[5,0,...,0]and [O, ..., 0, s].

For s = d/2, the eigenvalue vanishes and the Epstein
series satisfy the differential equation

_ /2
~ SL(d) _d-Dm
Asoanst@Epy gi11.0a/2) = 7“%) (B16)
2. The Series Eﬁ{‘l("f))d,g];s
The series E[S(fl(fgd,g];s is obtained by substituting the
values Ay =1+ A4y, Ay—y =1+ Ay_» +2s and, for
3=i=d—2,A;-; = Ag—j—1 — 1 in (B3). This gives
1
EHD = — (B17)

0,1,01173 is - il 7ik\s’
[ ks I=k=d-1 (gijgkldl a@’ )S
[Mo 1]

where d = m'n/ — m/n', which can be interpreted as the
determinants of the order two minors of the rectangular

d X2 matrix introduced in (A7). Setting n’ =
(ny,-+,ng) and m" = (my, -+, my), we can introduce
the matrix
M:((n'g'n) (n'g'm))’ B18
nog-m (m-g-m) B
such that
2detM =2((n-g-n)m-g-m)—(n-g-m?
= gijgud"d’. (B19)
The series in (B17) can then be represented as
1
ESHD = —_—. B20
[0.1,07 s I=k=d—1 (detj\/l)s ( )
[Mq ;]

We recognize here the conditions characterizing the non-
degenerate orbit when unfolding the lattice I'(;, in
Appendix A.

The expression (B20) is a generalization of the s = 2
case that arises in the evaluation of the two-loop contribu-
tion to four-supergraviton scattering in compactified su-
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pergravity, which is evaluated in (G20). This motivates the
introduction of the following integral representation when
s> —1:

A d?
I4(A) = f dvy>] j 7
0 .Tsz‘(z,z) 7-2

% Z e*V(W/Tz)gij(mi"’”i)(mjf'?”j), (B21)

(m',n")EZIXx 74

where Fg1(27) is a fundamental domain for SL(2, Z), so
modular invariance is explicit. Evaluating this integral with
the unfolding method of Appendix A, the finite part that
arises from the nondegenerate orbit leads to the
A-independent contribution

o0 d?
(Mo =2 f dvy>~l f =
0 cr 73
< Z e~ (T/12)Vg(m' —7n')(m! —7n/)

I=k=d—1
[Mo,k]

1 00
=2 f dvv2s—26—27er/detJ\/l
15;—1 A/ det.’]\/l 0

[Mq 1]

I'es—1) 1
=2
Q2m)>! lg;q(detj\’l)x
[Mq ;]
IF2s—1 _ s
(277.)25—1 [0,1,09737;s"

=2 (B22)

Therefore

AZS N l A2s—1 ESL(d)
2s  m2s—1 [0
I'2s—1) s

(277.)2571 [0,1,0973];s

I(A) =242)

+2 (B23)

where the series E[Sféflz].l is finite for d > 2 and is defined

by analytic continuation from the region where Nfe(s) >

d/2.
For the d = 3 case, the normalization of the series
E[SOL ](dgd,,;]‘s is different and we have

A2 1 A1
B(A) =2{2) = + — ~——E5L0)
s(A) @ 2s  w2s—1 UM

r@2s—1)4@2s - 1)ESL(3)
(277.)23—1 [01];s°

+2 (B24)

In order to evaluate the constant term on the P,, =
P(d — 1,1) parabolic subgroup characterized by the
matrix of the form g = diag(r~ @ V/dg, | pd=1/d),
it is useful to split the lattice sum in (B21) into the
product of two lattice factors, Ca =
Ty (D0 gy gy (r@D/dg, ). Unfolding the
['y,1) factor [37] leads to the constant term
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2F(2S - 1) SL(d)
T [0,1,0973];s

T P(d—1,1)
d7'2
[ dVVZS 1[ —
73

_2(@2s — I)ESL(d )
T
e—ﬂ'r(("")z)/”(\/mz/t)j‘ 2

x>

25— [0,1,047%];s
mEZN[0} -(1/2)

dr\lg-1,4-1)- (B25)

The 7, integral projects on the sector p - w = 0 where p
and w are the Kaluza-Klein and winding modes of the
lattice. The piece independent of A arises'® from the
zero winding sector w? = 0, leading to'*

ESL(d), B 1))/dESL(d 1)
[P(d—l,l) [0.1,047 ;s

[0.1,07*]:s

+ (@=25)(d=2)(d=1)/2d) 7(d/2)~1

I's+1- %)
———=Q2s+2—-4d)
O
SL(d—1)
XE (B26)

We note, in particular, the d = 4 case, with our normal-
izations for the SL(3) series, we find

BN = r3/27(2s — DESLD
Lm) [010]:s ¢

[01];s

I's—1)

+ 3(2—s))/2 26 — 2
r Wir(s) l(2s )

ESL(3)

[10];s—(1/2) (B27)

which is used in various places in this paper.

Therefore the series ES- has single pole at s =

[o, 1 od s

d/2 so that
E[SoL%d 3L(d/2)+e % E[SOL fdo)" 31:(d/2)
s (e + 1ogom)
+12{(-1)— 1 — I;g ))) + O(e),

(B28)

where we introduced the regularized series EfOL i,%)H];( 4/2)

and similarly

BSee Appendix B 5 a for detailed example on the SL(5) serles.

14Conjecture 5 of [15] states that WE[O | od 1/2 Efl 0[, 21

Comparl?o)n of (B12) and (B26) implies that ESH@ =

27E> for all values of d = 4. (Lot
[0.1.002].1 /2 Tor all values o d

PHYSICAL REVIEW D 81, 086008 (2010)
(2m)

ESL(d) ESL(d)
[0973,1,0]:(d/2)+€e 24F(d _ 1)6 [0973,1,0]:(d/2)
Q2m)?
_ + log(2
I'd—-1)
+ 12(-1)—1— + O(e).
{1~ 1= =) + 0

(B29)

The antisymmetric rank-two d/ representation can be
converted into the antisymmetric rank-(d — 2) representa-

tion, d, ..., , = € ..., ,d" representation, so that

2detM = g;gpe*n razellsisaag, L d

ol syt

(B30)

Since g;;8u
g, it follows (for
gijgkleikrl rgen ejlsl"-sd
g~ . Therefore

— gik& i are the rank-two minors of the matrix
matrices with detg = 1) that
-2 are the rank d —2 minors of

4detM =

(d— 2)'1_[(g—1)”1d o s, . (B31)

This leads to the series with label [0¢73, 1, 0] evaluated for
the metric g~'. By Poisson resummation this sum can be
brought back to a sum over g, giving the following func-
tional equation, which is a particular case of (B6)

PO =9 osiw TG = 9T —s)
725—(1/2) [0,1,0¢73;s 7d—25—(1/2)
X ESU) (B32)

[093,1,0];(d/2)—s

where use has been made of the replicating formula
2I'(2s — 1)/Qm) =~ =T (s — 1/2)I(s)/ 72 73/2,

Using the expression for the SO(d)\SL(d) Laplacian
given in [15], it is easy to verify that the integral repre-
sentation implies

4(d —2)
SL(d) _ SL(d)
Aso(d)\SL(d)E[Q110614];Y = S(S E)TE 01,043 57

(B33)

4d —2) _si)
d E [0973,1,0];s°

(B34)

SL(d) -
ASO(dASL(d)EW‘"‘, 1,0s S<s 2)

These equations are particular cases of (B2) for the value of
the weight vector A specified by the Dynkin labels
[0,50,...,0]and [0, ..., 0, s, O].

For the value s = d/2, this gives

(2m)?

nra—2 B

S SL(d) —
Aso(d)\SL(d)E[O,l,Od’z]:(d/z) -
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3. The SL(2) Eisenstein series

Nonholomorphic SL(2) Eisenstein series are defined by

> e
|m + nQ|?’

(m,n)#(0,0)

E Q)= (B36)

with Q=Q,+iQ, €h={0,>0Q, €ER} in the
complex upper-half plane. The modular function

I'(s)

S

E Q) =—FTE(Q) (B37)
has an analytic continuation for all complex s and has
simple poles at s = 0 and s = 1. It satisfies the functional
equation E (Q) = E,_,(Q) which is a particular case of
the general functional equation satisfied by the Eisenstein
series (B6).

The Fourier expansion with respect to (), is given by

I'(s—%)
I's)
2 S

+ 22 QS a2 S

A

X Ky—(12(27|n|Qy)e? ™M,

E (Q) = 2{(25)Q8 + 27 £(2s — 1)QL
1
d25—1

(B38)

where K, (x) is a modified Bessel function of the second-
kind. These series are eigenfunctions of the Laplacian,

Ag = Q’g‘(a’f21 + 362) =4030004, (B39)

AQE((Q) = s(s = DE(Q). (B40)

Eisenstein series evaluated at special values

(i) The SL(2) Eisenstein series has a pole at s = 1.
Setting s = 1 + € and expanding for small € gives

Ep2) =~ = mlog(@aln(Q)lY)

+ 27 (v — log(2)) + O(e), (B41)

where vy is Euler’s constant. The regulated series,
E,(Q), is defined by subtracting the pole and a
constant to give

E (Q) = —mlog(Qs|n(@)1*), (B42)
where 7({) is the Dedekind function
T](Q) — eiq‘rﬂ/lZ l_[(l _ eQin’nQ). (B43)

n=1

Since AE;,.(Q) = €(1 + €)E;, (Q), for any € it
follows that
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AE, = m. (B44)

(ii) The series with s = 1/2 appears to diverge, but is
finite when defined in terms of a limit,

E, Q)= Lij(l)Eu/z)Jre(Q)
=20 (g +log(Q,/(4m))
+20é/2 Z Ko(2|mn|Q,)e2 ™,

(m,n)EZ*
(B45)

(iii)) The series with s = 0 is defined by analytic con-
tinuation to have the finite value

E (Q)=—1+e(#m'E, —2log2m)) + O(e?),
(B46)

which is compatible with functional equation of
Eisenstein series E, (Q) = E__(Q).

4. SL(3) Eisenstein series

For the d = 3 case, it is useful to introduce the integers
pi = € jkdf", where €;;; is the completely antisymmetric
symbol (€153 = 1), and (B19) becomes

2detM = elmelkng gipup, = (8 )" pupn  (B47)

which uses the fact that /" e/*" g, ¢, are the elements of
the adjugate of the matrix g;; and that g =
(detg)'adj(g)”, where detg = 1. Therefore the definition
(B20) gives the functional relation between Eisenstein
series

I'(s) ESLO) — I'((3/2) = s) ESLO)
] [01];s ,77.(3/2)73 [10]:(3/2)—s"

(B48)

1. Fourier expansions

Using the parametrization of SO(3)\SL(3) given in the
main text, the Eisenstein series EF]LO(fZ is defined by
VZ—(S/ 3)

SL(3) _
E [10s —

, (B49
(s #(0,0,0) (122 EmaBE 'f—f o O
where v; ! = Q,7T7 is the inverse volume of the two torus
of compactification defined in (2.17) expressed in terms of
the string variables, and B = Brg + ()Byg is the usual
combination of the Ramond-Ramond (RR) and Neveu-
Schwarz (NS) B field (in the construction from the L =
1 and L = 2 supergravity loops, there is no dependence on
the 3-form of 11-dimensional supergravity, therefore we
have to set B = 0).
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The SO(3)\SL(3) Laplacian is given by [11]
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sty 2825 —3) 13
, AsoensdEpoys =3 Eqos (BSD)
A — 403034 + s ~ Dy
SOBNSLE) 290%0 1,0, For s # 3/2, these Eisenstein series can be expanded
ing ;2 = v,Q, [11-13]:
+30,,(220,,), @so) e lon Tt D
which gives
_ I's—1 _ 2 - m;Q
ESL) — O (0) + 27 (s )§(2s B S92 lmy —m, o1
F(S) F( ) (my.m)#(0,0) ms
m3#0
X Koy (2arlms(my — my Q)| T,) e mmsm Bretmabis), (B52)
Using the variables (yg, T) (where yg ! = Q3T,), this can be rewritten as
SLG) _ ~(2s/3) 2) y@s=3/e (@s—1)/4_~(25+3)/12 my |s=(1/2)
E[]g]s 2§(2 ) ' + \/_ . Es (1/2)(T) + F( )T . 8 ’ m_
my #0,my#0 2
; 27 _ — QO |s—1
X KS,(l/z)(27T92|n’I1m2|)€2’”m1m291 + Flm)ézx /6 Mo e
(S) (my.,m)#(0,0) ms3
m3#0
X Ko_y(2mlms(my — myQ)|T,)e?mmsm BretmzBys), (B53)
[
Series evaluated at special values.— AE[SIL()(]3()3/2) — 4 (B58)

(i) Fors = 3/2, the expression has a logarithmic diver-
gence associated with the one-loop divergence in
eight dimensions discussed in the main text. The
expression needs to be regulated, leading [in the
(v,, )) variables] to

2
L =T Ay -
€

SL(3)
[10];(3/2)+€ E

[101:(3/2)
(B54)

1) +
+ O(e),

where the regularized series E[SILO(]%(Z /7 can be ex-
panded in limit (i) as

dar
B i/ = 12 Ban(@) + 5 log(r)
b O(em 0 g
(B55)
or in limit (ii) as
25(3)
E fglL()(]3()3/2) +2E,(7) + ? log(yg)
+ O(ef(mg)*“/z e 1" (B56)
Since
2
SL(3) _ SL(3)
AE[oia+e = 3 €0+ 20E 516 000 (BST)

we deduce that
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(ii) Fors = 1, the expression using the (£, »,) variables
in (B52) appears to diverge because it involves
E;(Q) and I'(s — 1) and so seems to have a pole
in 5. But the pole cancels between the first two terms
and no explicit subtraction is needed. This is ob-
vious from the expansion given in (B53) where no
divergences are met at s = 1. The resulting expres-
sion is therefore

ESLG) — lin

SL(3)
[10];1 E

[10]:1+€

= 25(2)yg<2/3> + y5 VO, ,(T)
+ 0(6_\/92/”2’ efl/\/QZVz)
vy, V8 (Q) — 7log(ry)
+ 271(yy — log(4m)))

+ O(e_(Tz)'s)f(l/z), e—TQI/ZyS’“/z)), (B59)

where we have used the expression for E,/,(T)
given in (B45) Using the duality relation between

Eisenstein series, this gives a definition of
AESL®) _ gSLO)
[o1L(1/2) — [10L1
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(iii) For s = 1/2, we get 5L B ﬁ s
SLB)  _ [imESE®) [1000]:(5/2)+€ — 3¢ [1000];(5/2)
B/ = UmEpgr, -

— »; I/OESLO () + §V5(2/3) + T(37E —4)+ 0(e). (B63)

1/2
+ 0 \/m oV \/@) The constant terms of E[SIL()(OS(;];(S ) for the parabolic
! subgroups considered in the main text are
— ,—(1/3) i
=Yg <—E1(T) — log(ys) ) . 4 i
T j;)(l 2 Ef g001.(5/2) = 27 {(5) + gE[loo];z
+ 2(7E - 10g(47T))) 1672
- log(r), (B64)
+ 0(e T P ) (B60) 1
The two set of Egs. (B59) and (B60) are compatible f fSLO) 2ESLE) 641 log(r)
=7 _ .
with the functional equation EEILO(]? = WEfoLl(fi s p(4,1) L1000K(5/2) [100:(5/2) 15 %
(B65)
5. SL(5) Eisenstein series
In the following subsections we will determine the en- f fiSLG) — ARSLO) 4j fSL@
tries in the matrix A% (u, v;7) defined in (2.10). Recall pG2)  L000EG/2) [10(5/2) "3~ Ik
that the columns of the matrix are labeled by u#, which 1672
specifies the root, «,, which labels which of the s;’s is T3 log(7). (B66)
nonzero. The series associated with a particular u is
ESLG) . The rows, labeled by v, specify the node
[04=1,1,04%];s ) ) . SL(5) —
a, that defines a particular parabolic subgroup of the SL(5) The series K, also has a pole when s = 5/2 +
series. €
The detailed discussion of each entry will be given in Lis 27 23
Sec. B 5 aand B 5 b. Since this is fairly complicated, we E [()Lo(lg];(s/z)ﬂ =35 7(67727% - 17
will first summarize the results. First note a simple con- € S5
sequence of the symmetries of the Weyl group is the set of +364'(2)) + E[OO(IO];(S /2y Ole),
relations (B67)
5 _
AfL(S )(u, 1;r)= 25—(5/2) F(lz“( )s) Ast/(;))_YW’ 4:7) and the relevant constant terms are
s :
3
_ _ A SL(5) _ 4gSL(4) 27 A SL(4)
AEL(S)(M, 2:r) = g5 I'((5/2) = 9I'2 — s) ];)(14) E[0010];(5/2) =r E[010];(5/2) + TE[om];z
I'(s — PT(s) , 5
8
SL(5) ) _2r
X AL (1,35 7). (B61) G log(r), (B68)

The explicit expressions for the entries are as follows:

N 29 A

SL(5) _ 64 SL(4) SL(4)
(B.76) (B.91) (B.92) (B.80) j;’(zt y Ergot015/2) = {Ar E{o011.65/2) +‘3 Eoio72
(B.97) (B.109) (B.111) (B.100) ’

SLG) (N 5
AT v =1 (g og) (B110) (B.112) (B.101) | EELLA (B69)
(B.78) (B.89) (B.93) (B.82) 45
(B62) 5
R . 32
SL(5) _ SL3)
where the entries number the equations where the constant L(S ) Efootos/2) = 1()§(4)E[10];(3/2) 45 log(r)
terms can be found. 5,4
Constant terms of Eisenstein series at the special values 4+ 2T RSLO)RSLQ) 4 5 (@),

in main text 3 o212

Since we are interested in the values of the constant (B70)
terms at particular values of s, we will here summarize
properties of the entries in (B62) at those values.

.. . 35 . .
(i) The SL(5) series has a single pole at s =5/2. (i) The SL(5) series EFILO(O(:];S is finite when s = 3/2.
Explicitly, setting s = 5/2 + € gives The constant terms of interest to us are given by
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SL(S) _ 6/54nSL(A) 16/5 Fig. 1 (iii) the matrix g;; has the block diagonal form
ﬁa(m nooa = 7 Bloniyz) + 4£@r !
B71) (0 873
g5 O r4/5g4 ’ ( )
ESL(S). _ r12/5(ESL(3) + ZESL@
,/;’(3,2) L1000:(3/2) 32 L where g4 is a 4 X 4 square matrix of unit determinant so

+ 8arlog(r)). (B72)  that detgs = 1. The parabolic subgroup P,, = P(4,1) is
obtained by deleting the last node of the Dynkin diagram in

Fig. 1 (iii) and is characterized by the matrix of the form
Furthermore, using the functional equation for the

SL(3) series (B48) ESL®) = 7ESL®)  one sees —(4/5)
[01]:1 [10]:1/2 o = (r g 0 ) B4

that E[S]Lo(ﬂ /, also contains a logarithmic term in its 0 r1/5

P(2, 3) constant term.
For these parabolic subgroups, the Levi subgroup is
a. Parabolic subgroups P(1,4) and P(4, 1) GL(1) X SL(4).
For the maximal parabolic subgroup P, = P(1,4) ob- Constant term of the series E[SILO(S(;];XThe constant term for
tained by deleting the first node of the Dynkin diagram in  the parabolic P(1, 4) is given by
|

rf;) 10y EO00Ls = > N = exp(— 009 T gy n]). (BT5)
(m,ny,...n) EZN(O,..,0)}
Performing a Poisson resummation on m, one gets
f EPLOL = 2025)r0/5 + \/FLS =9 oS (B76)
p(l4) L1000%s T(s) [100ks—(1/5)’

which gives the element ASY®)(1, 1; 7) of the ASE® matrix in (B62).
The constant term in the P(4, 1) parabolic takes the form
I'(s o dt T _
v Ef o0y = 2. [ pE exp(—j[mzrm/ STl gy n]). (B77)
CR (.11, EZNO.... 00 7 ©

Performing the Poisson resummation on the integers (ny, ..., ny) gives
I'(s —2)
SL(S)  _ 4s/S|pSL(4) 2 _ 8—(16s/5
/P(4,1) Efioo0rs = 7 v/ Efjoops T 27 {(2s ‘DWV (165/5), (B78)
This gives the element ASL®)(4, 1; 7) of the ASY® matrix in (B62).
Constant term of the series EFOLO(OSI)];SThe constant terms for the parabolic P(1, 4) is given by
I'(s) SL(5) o dt T _ _
- E[OO(OI];s = Z T P —7[m2r16/5 + rm@IpT gl n]). (B79)
T JP(L4) (mny,.n) EZN(O,...0)}
Performing a Poisson resummation on (ny, ..., ny4) gives
SLGS)  _ as/sgSL@) 2rre — LS =2 5 (165
/10(1,4) Elooorys =7 ! Ejgor).s +27°L(2s 4)Wr (16s/5), (B30)
which gives the entry ASL®)(1, 4; r) of the ASY® matrix in (B62).
The constant term in the P(4, 1) takes the form
I'(s) SLG5)  _ © dt T, _
= _[1)(41)E[0001];S = D | P —T[mzr 16/5) 4 450" - g1 - n]). (B81)

(m,ny,...ny ) EZN{(0.....0)}

Performing the Poisson resummation on m gives
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SL(5)
[0001T;s

— 2£(25)

[ E
P(4,1)

)r16s/5 4 \/—
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2= (4s/5)ESL(4)

[001];5—(1/2)" (B82)

which gives the entry AfL(S)(4 4; r) of the ASES) matrix in (B62).
Constant term of the series ESL®) To evaluate the constant terms for the parabolic P(4, 1) specified by the metric in

[0100]:s

(B74), we will write the lattice sum in (B21) in the factorized form

FP(4,1) = Z

(p.g)€Z?

e~V (p+qr)/m Z

Starting from the representation in (B21) and unfolding the I'; ;) lattice gives

A
V(M) = IHA) + f dvy! /
0

0
We are particularly interested in the finite part (order A°)
of this integral, which is given by

I'es—1)

SL(5)

40| —
(A& 0 =2 [0100]:s*

(B85)
P(4,1)

The finite part of the first term on the right-hand-side of
(B84) is given by

F2s — 1) s

4 — 8s/5
L(A)*po = 2%/ QT ks

(B86)

To analyze the second term, we perform a Poisson resum-
mation on half of the integers in the lattice I' 4 4 giving the
representation in terms of Kaluza-Klein momenta p and
windings w,

4/5\2
THr
F““”:( v )

(pW)EAp )

(B87)

The integral over 7, projects onto the subspace p - w = 0,
where p?> =m’ - g,-m and w? =nT - g;! - n. This is
solved by either p =0 or w = 0. So the finite part of
the second term in (B84) is given by the contribution

with w = 0,
p8/5 f T dvys3 [ " drt
0 0

X Z e~ aVrioS(m2 /1) —mwi(V p*/r*/%)

m#0
pez*

Is(A)(‘U)lAO =

I'(s — %)F(s — %)

— r6*(12s/5) 25 — 3
{( ) 77.25'—2

ESL(4)

[100]:5—(1/2)" (B8Y)

Thus, the constant term for the parabolic P(4, 1) is

Z e—WTz(Vr_(4/5)p2+V_lr4/5w2)+2i7r7'1p~w

e77TVr’(4/5)((m77}1)T'g4-(m77"n))/7'2. (B83)
(m,n)EZ®
o d 1/2
% Z e_ﬂ.rm/sv(mZ/fz)f dTIF(4,4). (B84)
T2 m#0 —(1/2)

SL(5)

s SL(4 s
s = /S5 L(4) 4+ 6012 /5)W3/2§(2s -3)

[010:s

| E
P(@4,1)

I'(s = 2) SL(4)
Xy F(s) Eloo]s (1/2y

which gives the entry AfL(S)(4, 2; r) of the Afl‘(s) matrix in
(B62).

For the parabolic subgroup P(1, 4) characterized by the
metric in (B73), the lattice sum takes the form

— —(16/5) 2
Tpua = Z e mVr P prarl?)/m
(p.q)€Z?

% Z e—rrVr“/S((m—Tn)T'g4'(m—?n))/Tz_

(B89)

(B90)

(m,n)EZ’

Performing a complete Poisson resummation on the I'(; ;
lattice and then using the same manipulations as before
leads to the expression for the constant term

ESL(5) _ (2S— l)rIZS/SESL(4)
'[P(M) 0100 — ¢

[001T;s

I(s—1) ESL@
F(s) [010];s—(1/2)

(B91)

+ it 8s/5) > 7

which gives the entry AfL(S)(l, 2; r) of the AfL(S ) matrix in
(B62).
Constant term of the series Eﬁi)(ls())];sThis series is defined

ESL(S)

in Sec. B 2, as [OlOO]s(g;I)’ which is the same series as

discussed in the previous paragraphs but evaluated with the
inverse metric. Applying the previous results it follows that
the constant term on the parabolic subgroup P(1,4) is
given by

SL(5) /8s/SESL@ 6—(12s/5) 3/2 —
[1’(14) Ejgorors = 7 Eporop, + 702025 = 3)

% I(s — %) SL(4)

[(s) [001];5—(1/2) (B92)
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which gives the entry AfL(S) (1, 3; r) of the AfL(S ) matrix in
(B62).

On the parabolic subgroup P(4, 1) the constant term is
given by

s _ 125/5 ¥ SL(4)
fp(4,1) Ejgoiop, = £@2s = Dr g Efoor:
I'(s—1)
s/ SL(4)
+ =@/ )WE[OIOJ:S—W”’
(B93)

which gives the entry AfL(S )(4, 3;r) of the AfL(S ) matrix in
(B62).

b. Parabolic subgroup P(2,3) and P(3,2)

The maximal parabolic subgroup P,, = P(2,3), ob-
tained by deleting the second node, is characterized by

the matrix
4o — ,r(lZ/S)g2 0
3 0 r8/5g3 ’

where g3 is square 3 X 3 matrix and g, a square 2 X 2
matrix both of unit determinant. The other parabolic P,, =
P(3,2) is obtained by considering the matrix

gs = r—(8/5)g3 0
5 0 ’,‘12/5g2 :

For these parabolic subgroups, the Levi subgroup is given
by GL(1) X SL(2) X SL(3).
Constant term of the series EflLO(OS(;];SFor the parabolic

P(2, 3), the metric takes the form given in (B94), leading
to the integral representation

d o dt
gSLO T / dr
/P(2,3) [1000];s F(s) ( Z (s

sz, i) €EZ5\(0,...0)} ¥ ©

(B9%4)

(B9S)

X exp(— 7—:[rg/sm g3 ml

+ 2T g, n]) (B96)
Performing a Poisson resummation on the two integers n;

and n,, one gets one gets for the constant term for the
parabolic P(2, 3)

ESL(S)‘ - rlz.y/sESsz)
[P(Z,B) [1000];s [1]:s

I'(s = 1) A—Bs/5) gSLO)

+ F(s) [10];s—1°

(B97)

which gives the entry ASED(2,1; 1) of the ASY® matrix in
(B62).

The parabolic P(3,2) is obtained by using the metric
(B95) and performing the Poisson resummation (my, ...,

PHYSICAL REVIEW D 81, 086008 (2010)
m3) one gets gives the coefficient ASL®)(4,3;r, 5) of the
A}gL(S) matrix in (B62):

ESL(S) = rSS/SESL(:?)'
[13(3’2) [1000];s [10];s

Ot
3/2 2/ 6—(12s/5) 1 SL(2)
L Y Efigs=arr
(B98)
which gives the element A§L(5)(3, 1; r) of the AfL(S) matrix
in (B62).
Constant term of the series E[SOLO(&)];SFor the parabolic

P(2, 3), the relevant metric is that in (B95) and the integral
representation for the constant term is given by

S 00 dt
[0001]:s Z 1+
P23) TG o omemaez\00p 10 T

T
X exp(— T[r_(g/S)m gyt eml

+ r125pT gt n]) (B99)

Performing a Poisson resummation on the three integers
my, m,, and m3 one gets the constant term for the parabolic
P(2,3),

f ESLO)  _ 8s/SpSLO)
PQ2.3)

[0001];s — [01];s
I'(s —3)
3/2 2 6—(12s/5) @ SL(2)
T T Eieeny
(B100)

which gives the entry AfL(S)(Z, 4; r) of the AfL(S) matrix in
(B62).

In the case of the P(3,2) parabolic we perform the
Poisson resummation on the two integers n; and n,, one
gets

ESL(S). — r12s/5ESL'(2)
,/‘P(3,2) [0001];s [1]:s

I's—=1) ,
—(8s/5) @ SL(3)
T(s) r E[Ol];s—l’
(B101)

which gives the entry AfL(S )(3, 4; r) of the AfL(S ) matrix in
(B62).

Constant term of the series Ef(ﬁ((fg];sln the case of the
parabolic P(2, 3), we decompose the lattice sum (B21) as
Tpo3) = Daoy(r 129 g,) 333 g;).  Performing a
Poisson resummation on the I'(, 5 factor gives

24/5

Lop =—3
(m,n)EZ*\{0}

e*TrV’l1‘12/5((m*n7')T-gz’1 «(m—n7))/ 1

(B102)
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and unfolding the lattice sum following the method de-  We are interested in the finite part of this integral,
scribed in Appendix A results in re 1
23) _ s~ SL(5)
A o0 I (M) o = 2—5— E - B104
I2I(A) = B(A) + 125 [ dvyas3 f an T W =20 5T Jps Fowere - B109
0 0 75
y Z Y5 og e/, V) The first term in the right-hand-side of (B103) leads to
e 2 2
2 re
D X B(A)]yo = 27570165/ (é oy Y s ELD .
X dr L + 2r24° [ dvy>3
f Y 0 (B105)
f & Z e*‘n’rlz/S((lF)Mg 185 "My, (19)7 /Vry) The second term is treated as in the previous section. The
C T% (o] integration over 7 projects on the sector p - w = 0 of the
' I3 3 lattice and the contribution constant in A is given by
X L33 (B103)  the p = 0term

© av o dr _ 5 -1, _ 2 5
I M) 0o e = 1122 L N ﬂ) SIS e T ol V)

V(9/2)—23 5 nEZz\&)O)
peEZ?
_ 1 ovas I — 9y ESL® - ESLO) (B106)
) 75— 0/2) [1]s—(1/2)~[10];s—(1/2)"

In the last line the sum is over the representative [M, ] defined in (A9)

M0,1=(’(’)’ jl) 0<j<m  n#0. (B107)

The finite contribution from the last line is given by

2

0 d2 B : _ _ _
(152'3)(/\)|A0)3rd1me = 2r24/5[ dVVZS_3[+—T Z o~ TP IVIADME, g3 Mo (17)T /72)
0 ¢ 7 [Mq,]

s —1)

= gqp8s/5 2 — o )29 :

{(25){(2s — 1), (B108)

where we have used the fact that this contribution only arises from the sector with I'33) ~ 2>V 3,
Collecting the various contributions, the constant term for the parabolic P(2, 3) reads

res —3)
SL(S) _ - _ SL(3)
jP . E{pioops = 2r74°2(25)¢(25 — 1) + 2m)? 57 16/3) Fas = 1)g(zs 3)E 1.
\/_ P2+ /5) ) SL(2) SL(3)
' p(s) Erit-a/2Enos-asy (B109)
which gives the entry AfL(S)(Z, 2;r) of the ASES) matrix in (B62).
Similar manipulations apply to the analysis of the parabolic subgroup P(3, 2), leading to
P pply y
res —2)
SL(5)  _ l16s/5 _ SL(3) F4—(4s/5) SL(2) SL(3)
fP(3 2 E[moo];s r®(2s 1)E[m] +m ’ T(2s — 1) E[l]s 1E[1o]s (1/2)
Ires —4
+ 2(27)3r12*<24s/5>(s7)§(2s —4)(2s = 3), (B110)
I'es—1)

which gives the entry ASL(S)(3 2; r) of the ASE® matrix in (B62).
Constant term of the series E;
parabolic P(2, 3)

[0010] JApplying the same manipulation as before, one finds the constant term for the
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I's —2)
SL(S)  _ _.16s/5 _ SL(3) 4—(4s/5) SL(2) ySL(3)
‘[Pm) Ejgot01s =7 {(2s I)E[IO];S + 7 T2s — 1) Ef i Eois—a/2)
I'es —4
t20mpr2- iy LS =8 o 0505 — 4y, (B111)
I'es—1)
which gives the entry ASEO)(2, 3. 1) of the ASE®) matrix in (B62).
Finally, similar manipulations applied to the parabolic subgroup P(3,2) lead to
1
SL(5) __ s JT s I'(s — i) SL(2) SL(3)
-/;’(3,2) Ejpoios = 27477425 — 1)£(25) + = r2H @/ o Efs /2 Eoths—1/2)
res—3
+ (228 0165/9) (25 {(2s — 3)ESED) (B112)

I's—1)

which gives the entry AfL(S )(3, 3; r) of the AfL(S ) matrix in
(B62).

APPENDIX C: THE SO(d, d) EISENSTEIN SERIES

We will here consider Eisenstein series for SO(d, d)
groups defined with respect to the Dynkin label [1, 047 1]
[recall our convention for labeling the nodes in the case of
SO(d, d) groups shown in Fig. 1] (ii). These are analogous
to the Epstein series discussed earlier in the case of SL(d)
groups. In this case the series depend on the coset SO(d) X
SO(d)\SO(d, d).

In order to define these Eisenstein series, we will con-
sider various integrals involving the lattice sum I'(, 4

F(d,d) =4/ detg z

T
eXP<_—(gij + by)(m; — 7n;)
(mi,nHyezdx74 T

X (m; — i'nj)), (1)

which typically arises in compactifications of string or field
theory loop integrals on 7 . We will introduce the volume
of the d torus, V(; = y/detg and the rescaled metric, g,

defined by g;; = V(2 d/fg,-j, so that detg = 1. A sensible
definition of the SO(d, d) Eisenstein series of relevance
to us is the manifestly invariant function

S

E sodd _ m
[L0Ts 2725 +2 — d)(s)

d*r
X — E -2 (M Tug — Vi)
.TSL(Z,Z) 73

(C2)

The analysis in the body of the paper and in the following

[10]:s—17

demonstrates that, for the appropriate values of s, this has
the correct behavior in the appropriate limits. Furthermore,
it satisfies a Laplace eigenvalue equation of the appropriate
form, as well as the correct functional equation.

[The definition of the Eisenstein series in (C2) differs
from that given in (3.10) of [15] and in [11,14].]

We are particularly interested in the series with s =
d/2 — 1, which is given by

(d/2)—1 2
50(d,d) _7 a7 _
E[Lod*l];(d/z)—l 1’*(% _ 1) Faon T% (r(d,d) V(d)),
(C3)
where we have used Ey(7) = —1. Instead of subtracting

the volume factor, we could have regularized the series by
analytically continuing in s as in Appendix D.

Using the differential equation for the lattice factor
given in [15]:

d(d —2)
(Aso(z)\SL(z) — Aso@xso@n\sod,d — T)F(d,d) =0,
(C4)
we find that
Aso(d)xso(d)\so(d,d)E[SLOO(ji‘%;S =2s(1 —d+ S)E[Sl,oéfi‘fis-
(C5)

These equations are particular cases of (B2) for the value of
the weight vector A specified by the Dynkin label
[s,0,...,0].

Using the method of orbits [11,15,29,37-39] reviewed in
Appendix A, this Eisenstein series can be expanded in
terms of SL(d) series as
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ESO(ddLIj) . V(d) s foo dT2 ; (d/2) *w(nz,g,]mj/rz) n V(d) {(ZS +1- d) 77-S+(1/2)
(1,0 ks ['(s) meZh o) T [2s+2—d) T(s)
1—d
(s + 2) f"" dT) /27571 oy 7)
I's+1- e N0}
s d’r ,
+ V(d) f —E +17(d/2)(7-)€7(77/72)(gij+bij)(mi77'”i)(mj7T”j), (C6)
(@s+ 1=, S e 3
leading to
SO(dd) _ y,25/dySL(d) 2-(s+1)/d _(d~1) ,{2s+1—4d) [(s +1 o) 124 SL(d) e
Efory = Vo B T Vo / {2s+2—4d) T(s) L0-2ps41-@/n T O, (CD)
I
where we have made use functional Eq. (B9) for the  Since ') is given by the sum
SL(d) series. This expansion corresponds to the constant e (mnr )
term of the series for the parabolic subgroup obtained Lo =ra Z e e (C12)

by deleting the node a,; with Levi subgroup GL(1) X
SL(d).
For the d = 3 case comparison of the expansion in (C7)

with the expansion of the SL(4) series, Eﬁfl(g]) in (B27)
leads to
SLE) _ 50(3,3)
E o101 = {(2s - 1)E[100];s . (C8)
In the case of s = d/2 — 1, we get'”
50(d,d) 1—- (d/2) SL(d)
_[ E[lod id/2)-1 V Eod 211:(d/2)—1
Vi 72
+ = 9
3 TE- D) ()
SL(d) — _
where we have used E[l 0210 — 1.

Constant term on the Parabolic subgroup P,,

The constant term of the series defined in (C2) on the
parabolic subgroup obtained by removing the first node of
the Dynkin diagram in Fig. 1 (ii) is expressed in terms of
series for the parabolic subgroup with Levi component
GL(1) X SO(d — 1,d — 1). This is analyzed by splitting
the metric of the d torus in the form

(& O
81 (0 rz)r

so that the lattice factor I, ;)

(C10)

= Tg-14-1) X T1,1), giving

[ ESO(dd) = 2! '
,. (1,041 %:(d/2)—1 F¢ =1 Jryu, 73

X TCy-1,a-1La1) — Vig)- (C11)

>This expansion matches the one of Appendix C of [15] which
uses SL(d) series with non unit determinant. We would like to
thank Boris Pioline for a clarification about this point.

(m,n)EZ?*

one can evaluate this integral by unfolding the I'(; ;) factor

as in [37], to get
[ ES0d.d) _ ld/2-1 (/ &

P fsuz,z) T%
X Cg=1,a-1) = Via-1)

[1,0471]:(d/2)—1 F(d )
> f AT it
meNo Y0 T2

1/2
< [ dnrw_l,d_l)), (C13)
—-(1/2)
where V(; = r;V(,-1). Using the second representation in

(AS) for the lattice sum in the second line, we find

S0(d,d) _ e
[pa Ep o a1 = 24 = 2)rg

MO S0(d—1,d—1)
+ rd\/—r(d E[l 042, (d—1/2)—1°

(C14)

For the SO(5, 5) case used in the main text, we have

S0(5,5) 3 S0(44)
[P E[1 01:3/2) 2{(3);’5 + 2rsE

[1000];1 (C15)

APPENDIX D: GENUS-ONE INTEGRALS IN
STRING THEORY

In this Appendix we evaluate the one-loop integrals
arising in the derivative expansion of the genus-one four-
graviton amplitude in 10 — d dimensions, which was dis-
cussed in [4].

First, we will introduce some notation appropriate for
the evaluation of the terms that contribute to the analytic
part of the amplitude at any order in a’ = €2 on a genus-h
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world sheet. This expansion involves integration over the
world-sheet moduli, M, with measure dw(M). In princi-
ple, this leads to integrals of the form

ﬂ@o“%——[ du(M)P) (Mg DI

where I'; 4 is the genus—h generalization of the (even)

Lattice sum defined in (A5), and the function jﬁl” D(M)is a
specific modular function of the world-sheet complex
structure. This integral is invariant under SO(d) X
SO(d)\SO(d, d).

For genus h = 3, the integration over the moduli space
of Riemann surfaces can be evaluated directly by integra-
tion over the fundamental domain for Sp(h, Z), which is
evaluated in Appendix F. Beyond that order, the dimension
of the (complex) moduli space of Riemann surfaces 3(h —
1) is strictly smaller than the number of parameters in the
period matrix h(h + 1)/2, which leads to technical diffi-
culties in defining the integration over moduli for genus
h = 4.

Much more is known about the genus-one function j;
than other values of 4.'® In the genus-one case (h = 1)
there is a single modulus so M — 7 and fMI du(M) =

(p.q)

/ Fsroo d*7/73. The functions J(" 9(7) are invariant under

SL(2,7) transformations of 7. Although the genus-one
string amplitude is finite, when performing the derivative
expansion the separation of the analytic contribution from
the nonanalytic contribution may introduce divergences in
each term separately, which cancel in the total amplitude.
In particular, (D1) diverges for large 7,. Following the
method of [4,33], one can cut off the fundamental domain
so that 7, = L. The total string amplitude is independent of
L and all dependence on L cancels between 7\ (j7?)) and
the nonanalytic part of the amplitude. This is a fairly
simple procedure and in this Appendix we will only quote
the result for the L independent contributions.

Determining the form of the functions ](” 4)

part of [4]. At low orders in the expansion j;"'* is simply a
linear combination of SL(2) Eisenstein series E; and one
can apply the results of Appendix C, giving s manifest
SO(d, d) invariance

2{(2s)(s + 94—
,n.s+(d/2)71

was a major
(p.q)

1) 50,0
[1,047 ss+(d/2)—1

19, =

d2
+mJ CTE,0. (D2)
SL(2,Z)

5
The last term is divergent for Me(s) > 1 but can be regu-
larized by cutting off the fundamental domain at 7, = L,
where L > 1, as in [33]. As mentioned above, terms that
diverge as positive powers of L can be dropped since they

'°This notation identifies j(l 9 with j»9 introduced in the i =
1 case in [4].
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cancel with contributions from nonanalytic terms in the
amplitude, which we are not considering here. The only
real concern might have been logL terms, which arise at
poles in s,but these are regularized by subtracting them.
For Me(s) €10, 1[ the integral of E; converges, and since
this function is an eigenfunction of the SL(2) Laplacian in
(B39), we deduce that

d*r
/ g (1) = for
Fsren 7'2

By analytic continuation, we set to zero the value of this
integral for all values of s different from s = 0 and s = 1
so that

Ne(s) €]0,1[.  (D3)

2{(2s)0(s + 4 —
@)1

1) _so.q)

(d) _
I (Ey) = (L0 s +(d/2)—1"

(D4)

Substituting s = 0 in the expansion of the SO(d, d) series

(C7), and using the fact that ES]LO(d)O] —0 = ESOL (d())l] — =

—1 and that the volume of the fundamental domain for
SL(2,7) is /3, we find that

F(z) ESod.d)
/2 L0 (d/2) -1

v 1
Vi <4 (@) + Ve (z ) gsL@

1) =

d/2 [092,11:(d/2)—1

+ O(e’gff)). (D5)
We will now consider the d = 2 and the d = 3 cases in
more detail.

1. The genus-one amplitude on a two torus

For the special case with d = 2 an application of the
method of orbits of Appendix A, together with the regu-
larization by analytic continuation described above, gives

F(s)

d*r
e I e L)

(D6)

where T and U are, respectively, the Kéhler and complex
structure of the 7 2 of compactification. This leads to the
following expressions for the one-loop contributions to the
higher-derivative interactions.

(i) The coefficient of the R* interaction [4] is given by
the lowest order term in the expansion of the genus-
one diagram, which has ](0 0 —1. Setting s = € and
considering the small € expansion of (D6) gives

T
PE)=[
F SL(2,7) 7-2

1

€

E (75

= L)+ By (U) + loga) + o(e),
(D7)
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where the hat notation again denotes the subtraction
of the pole part of E; and logu = w(yy —
41log(2) — 3log(m)). The 1/€ pole corresponds to
the ultraviolet divergence of the one-loop supergrav-
ity amplitude. This pole cancels against an equiva-
lent nonanalytic contribution in the genus-one
amplitude [4]. The same finite expression is obtained
by decompactifying the analytic D = 7 R* coeffi-
cient shown in (D18). Therefore, the analytic con-
tribution is given by

IPGPY) =~ (8,(1) + £,(U) + loge). (DY)

The logu term is interpreted as the scale of the
massless threshold contribution, R*log(—¢2s), to
the nonanalytic part of the amplitude in eight
dimensions.

(i) The 9*R* coefficient is determined by the function

j(zl’o) = E,(7)/(4m)? [4,33], which gives

128 = E,(T)E,(U).  (D9)

167

(iii) The genus-one contribution to the d%R* coefficient
[4] is determined by the function ;"' =

10E5(7)/(4m) + £(3)/32, resulting in

1G0T = S Es(TEA) + S0 (&, (1)

+ E,(U) + logu). (D10)
The logu term contributes to the massless thresh-
old contribution, €4s3R*log(—€2s), to the ampli-
tude in eight dimensions.

2. The genus-one amplitude on a three torus

In this section we evaluate the genus-one contributions
to the R4, 9*R*, and 9°R* interactions for the special
case of a three-torus compactification d = 3.

By definition of the SO(d,d) Eisenstein series in
Sec. , the one-loop integral of the three-dimensional torus
gives

3 2{29)(s +3) 5033
TE) == Eloosrar - ©1D
For He(s) large this integral would divergence for large 7,
and it needs to be regulated either by subtracting the term
proportional to the volume as in (C2) or equivalently by
using the analytic continuation in s as above. Applying
(D4) to the d = 3 case and using the relation (C8) between
the SO(3, 3) and SL(4) series, 1(13)(EX) can be expressed in
terms of SL(4) series,
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2I(s + %) ESL@

Oy —
I = —7) Eorogsa/2r

(D12)

(i) The R* interaction [4,33] is given by the lowest

order term in the expansion of the genus-one dia-
gram, which has j(lo’o) = 1. Applying the result in
(D5) to the case d = 3 and comparing to the expan-
sion of the SL(4) series into SL(3) series given in

(B12) gives

2
B)(1) — FS0B3)  _ HpSL@) _ SL(4)
(1) = E[mo];(1/2) B 2E[010];(1/2) B ;E[loo];l’
(D13)

where we have made use of the relation

SL(4) __ @ SL(4)
TE{o1011/2) = Efiooj1

(ii) For the 9*R* interaction [4,33] the function j(zl’o) =
E,(7)/(47)? which gives

derived in Appendix B.

I(3>(~<1,o>):@ 5063 _ 1 siw
1Y 960 [100:(5/2) ~ gg() 1010k(5/2)

(D14)

(iii) For the 8°R* interaction [4], the contribution to the
analytic part of the interaction is given by the
function j(lo‘l) = 10E5(7)/(4m)> + £(3)/32, result-
ing in

25£(6) {B)
(3):0,1)y _ S0(3,3) S0(3,3)
LGy = Y Efioora/2 T 32 Efiook1/2)

_Ppsw {03) ESL@

g1 [0101(7/2) T T L1001 (D15)

Upon decompactification, r; — oo, the results of the
previous section must be recovered. This is the limit cor-
responding to the constant term of the SO(3, 3) Eisenstein
series on the parabolic subgroup obtained by deleting the
node «; in Dynkin diagram represented in Fig. 1 (ii),

[ 19(E,) = I?(E,)

al

{(25){(2s + DI'(s +3)

1+2s
+dr” 5+(1/2)
+ r3—Zs g(zs - 2){(25 - 1)F(2s — 2)
3 22s*577.5*21-*(s)

(D16)

Equivalently, using the SL(4) representation, this expres-
sion corresponds to the parabolic P(2, 2) obtained by de-
leting the node «,. The constant term of the SL(4) series

E[SILO(O“]);S on the parabolic subgroup P(2, 2) is given by
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re-—s)

ESL(4). — rsEs T) + r2—577.25—2—E s U).
fm,z) g = 73D ¥ 73 O
(D17)

The SL(4) representation makes explicit the factorized
|

[ 120 = rP w0 - -+ 210g(r:) ~ oglm) -

al

=13(E14(T) + E|_(U)) + €log(r;)(E 4 (T) —
= ry(E(T) + E,(U) + 2log(rs/m) — 2yg) + Ole),

leading to a finite answer in the decompactification limit
(apart from the logr; term which is needed to build the
correct eight-dimensional thresholds [4]). The exphclt 1/e
pole in the first line cancels against the 1/€ pole of /; @) (E.)
evaluated in the previous section.

APPENDIX E: GENUS-TWO STRING INTEGRALS

In this section we consider the genus-two partition func-
tion arising from the compactification of string amplitudes
on d torus T <. The leading term in the s, 7, ¥ — O limit is

2 -TSMZ,Z) (detSmT)3 (d,d)'

This integral [34,35] is over the Siegel upper-half-plane for
Sp(2, 7). The resulting expression is an automorphic form
invariant under the T-duality group, SO(d, d; Z). The lat-
tice factor for a compactification on a two torus is given by
a theta series summed over the even-lattice,

Lo = (VD)2 Z

(m:'pnm)ezmxzw

X (my = 7pn™)(Sm7 =) (ml = 7eqni)). (E2)

eXP(_ﬂ'(gij + bij)

It was remarked in [15] that the lattice factor satisfies the
differential equation'’

Agpp) +dd=3)lyq =0,
(E3)

(Aso(@)xso@nsod,d) —

so that the integral in (E1) satisfies the differential equation

(Aso@xsonsowa + dd —3NI(1) =0. (B4

(i) For d = 2 the SO(2, 2) Laplace operator is a sum of
the SL(2) Laplace operators acting on the 7" and the

"7Our normalisations for the SO(d, d) Laplacian differ by a
factor of 2 compared to [15].
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dependence on the Kéhler modulus 7 and the complex

structure modulus U. The equivalence of the two formula

is due to the fact that SO(2,2) = SL(2) X SL(2).

Ye) + O(e)

For the case of the R* interaction in (D13), we have

E|_(U)) + 2er;(yg + log(m)E,_(U) + O(e)

(D18)
|
U moduli and (E4) gives
A7+ Ay = 212(1) =0, (ES)
which is solved by
@y = L
1,7(1) = G(EZ(T) + E,(U)). (E6)

The normalization has been determined from the
large-volume limit The normalization is determined
by the large-volume limit the integral (E1) behaves
as

Z )

1(2)(1) T2 +0(T,), (BT

where we have used the value of the fundamental
domain for Sp(2, Z) given in [41]

[ gy
F

$p(2.2) (dflt%mT)3 3

(i) For d = 3 the eigenvalue in (E4) vanishes as ex-

pected since there two-loop supergravity amplitude
has an ultraviolet divergence in D = 7. In this case
the integral in (E1) needs to be regulated and the
finite part is given by

1
If) (Eso(3 3) 4 fS06, 3))

6o 101012 [001]:2
I asi@) SL(4)
= on (E[IOO] o T E[om] 2)- (E9)

The normalization has been fixed using the large-
volume limit and the expansion (B12).

(ii1) For d = 4 the differential equation is not sufficient

to determine the solution. The Eisenstein series
ES0Wdd)  pSOd.d)

[04=1 1 [0972,1,0:s
a,-1 and a4 of the D, Dynkin diagram of Fig. 1
(i1) satisfy (B2)

associated with the nodes
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S0o(d,d
ASO(d)XSO(d)\SO(d,d)E[OdE1, 1§;s

_ds(l—d+5) _sowa
=% Epeu (E10)
d,d
Aso(d)xso(d)\so(d,d>E[go(3£2,1,)0];s
_ds = d+5) psowa (E11)

2 [0972,1,0];s"

The series associated with the other nodes «, with
1 = u = d — 2 satisfy the differential equation

s0(d,d
ASO(d)XSO(d)\SO(d,d)E[OMEI’ 1,)001714];5

=us(2s —2d +u + 1)ESO(d‘d)

[09-1,1,0,0]:s" (E12)

Therefore, (E4) 1is satisfied by E[SOZE’%‘SAZ,
50(d,d) 50(d,d) 50(d,d) o
Efo2 10120 Epora1,00110 Epo-3.1,007.42 for all val-

ues of d. With other solutions for each value of d.

It would be interesting to confirm the conjecture in [15]
SO(d.d)  SO0(d.d)
[04-1,1]:2> [0472,1,0]:2°

the only solution is the sum of E
APPENDIX F: INTEGRALS OVER SIEGEL
FUNDAMENTAL DOMAINS

For genus & = 4 the parametrization of the moduli space
M,, of genus h curves is given by period matrices supple-
mented by the Schottky relations [42], and the integration
is not over the Siegel fundamental domains for Sp(h, 7).
The quantities protected by supersymmetry, such as the
R4, 9*R*, and 9°R* interactions evaluated in the main
text receive perturbative contributions up to genus three
and are given by integrals over the Siegel fundamental
domain for Sp(h, Z).

For the case of the two torus, we consider the integral

A )
" fSp(h,Z) (detSmT)h"'l (2,2)-
This integral is an automorphic function invariant under

the T-duality group SO(2,2). By applying the SO(2,2)
Laplace operator, we obtain [15]

(FD)

(Ar + ANIP = h(h — 1)I?, (F2)

where Agpo)xsoensoe2 = Ar + Ay. The large-volume
limit of 122) is given by

Tlim 1512) = vol( Fspn2)TH, (F3)
2—»00

where vol(F, 7)) is the volume of F,;, 7) computed in
[41]:

he FQk)T(k
vol (Fspinz) = 2 n % (F4)
k=1

With this boundary condition the solution to (F2) is given

PHYSICAL REVIEW D 81, 086008 (2010)
by

@ _ VOI(fSP(h,Z))

h 2(2h) (E,(T) + E,(U)). (F5)

Now consider the case of the three-torus compactification,
|d(h(h+ l))/27.|2

e REE (F6)

o[
Fspnz) (det%mr

This is a SO(3, 3) automorphic function, which satisfies the
differential equation derived in [15],

3
Aso(3)><so(3)\s0(3,3)1§,3) = Eh(h - 2)1513), (F7)

which is satisfied by 7} = aEfy o) + bE; for any a
and b. The large-volume limit
Jim 7,7 = vol(Fs,q,2)V4 (F8)
3—000

determines the solution to be

o Yl Fsp02) gsoas | gsoas)

g 20(2h) [010]:% 0011%
~ Vol(Fspin2) st sz
B W(E[loo];h + E[()Ol];h)‘ (F9)

APPENDIX G: SUPERGRAVITY LOOP
AMPLITUDES

1. One-loop amplitudes in D = 11 and the epstein series

In this Appendix the expressions for the scalar box
function and the scalar triangle function reduced on a d +
1-dimensional torus 7 ¢*! will be evaluated. The scalar
box function arises as the coefficient of R* in the four-
graviton one-loop amplitude in 11-dimensional supergrav-
ity [6]. This diagram has a one-loop divergence that is
subtracted by a R* counterterm. The scalar triangle func-
tion arises from the contribution of this counterterm as a
vertex in a one-loop four-graviton amplitude, which can-
cels the subdivergences of the two-loop 11-dimensional
supergravity amplitude and multiplies 9*R* [7]. These
results generalize the d = 1 discussion given in [1] to
higher values of d.

The expression for the scalar box function is

D—d—1)/2 o
L(lD—d—l)(S, T) = 7' u [ ﬂt(d—1)+9)/2
Vd+l A2t

3
X [ dw,
Tsr r=1

L iold n
X Z gt mym; 7T[Q4(S,T)’

(G

mlezdﬂ

where D=114+2¢, Ty ={0=< 0w, = 0, = w3 = 1},
and the function Q4(S, T) is defined by [7]
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045, 7T) = —Sw(w; — ) — T(w; — w1)(1 — w3),
(G2)

with an equivalent definitions for the (S, U) and (7, U)
regions. The scalar triangle function is given by

(D=d-1)/2 e
IgD—d—l)(S):ﬂ- f ﬂt(de+7)/2

Vi A2 T
2
X f l_[da),
O=w;=w,=1 .7
X e—wtg”m,mﬁ-mQ;,(S)’ (G3)
m €74+
where the function Qs(S, T) is defined by [7]
Q}(S, T) == —Swlwz. (G4)

The masses of the Kaluza-Klein states running in the loop
are denoted g"/m;m; and the volume of the d + 1 torus is
Vi

We will first analyze the momentum expansion of the
scalar box function. This expression contains a nonanalytic
contribution from the massless supergravity states in (10 —
d) dimensions together with analytic terms,

1P, 1) = 125 4-D(s, 1) + 1P ~V(S, 7). (G5)

4,nonan
The nonanalytic part is the usual field theory contribution,
3

1P (s, ) ~ ]T dw,(Q4(S, T4 D912, (Go)
1

ST p=
For d = —1 this is the 11-dimensional supergravity
contribution, M., ~ (—€2,5)%?; for d = 0 it is the ten-
dimensional supergravity contribution Mit?) ~

Slog(—¢3,S); for d = 1 it is the nine-dimensional contri-
bution M) ~ (—€2,8)~"/2, with an extra power of §~!/2
for each extra compact dimension. A detailed discussion of
the relation between these various expressions obtained by
decompactifying successively from d =1 to d = 0 and
d = —11is given in [6,7,18].

It is convenient to separate the zero-momentum part of
the analytic part of the amplitude

1P, 1) = 1P747(0,0) + IS, ). (G7)
In order to isolate the divergences one must perform a
Poisson resummation over the Kaluza-Klein modes m; in

IiD_d_l)(O, 0) [6,7]. Evaluating this integral with D = 11
and a momentum cutoff A gives

SN PN
e~ TG

2
IilO*d)(o) 0) = 7(10-a)2 jA dit!/?
0

{myez+!
10—d)/2
= 10273 4 710=d)/ E[SL(Z”I})/
3/(d+1) " [1,0071,3/2)
27 Vi
(G8)
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where g;; = Vi/ dg,, is the metric of the d torus and
detg;; = 1. The ultraviolet divergence is now localized
in the zero winding sector /1; = 0. The finite part is the
contribution from the nonzero winding, which is invariant
under large diffeomorphisms, described by the action of

SL(d + 1,Z) on the d + 1-dimensional torus and is pro-
SL(d+1)

(L0 ](D-8)/2"
integral evaluated in dimension D = 11 + 2e€ gives

portional to the Epstein series, E The same

[10-4526) ) ) = 710~/ +e f‘” di1/D+e
0

X Z e—ﬂ'fg,,rh’rh’

ez
— 0-0)2 1 I'((3/2) + )
V;@Tk)/(dﬂ)) 732
T
SL(d+1)
XE G 6/04e (G9)

The higher-order terms in the expansion in powers of the
external momenta give

igD_d_l)(S, T) = ZZ(V%E[IHI))"_(D_‘{_I)U&

n=1 n!
% T2+ n) ESL@D
qd+5+n=D [0¢-1,15;,(d—D+9)/2+n’
(G10)
where
3
Gt = [ Tldw.r. (G11)
Ty r=1

Similarly, the triangle diagram will be written as the sum
of analytic and nonanalytic terms,

1P700(8) = 1,8 V(8 + IP77s), (612
where
D—d—1 2
Ié,nonan )(S) -~ f l_[ dwr(Q3(S))(d—D+7)/2,
0=w;=w,=I1 ,
(G13)

and the analytic part will be separated into a zero-
momentum part and a momentum-dependent part,

P01 9(s) = [ 0) + I9(s). (G14)

The zero-momentum part is given by

2
Iglo_d)(O) _ 77(107[1)/2 jA dff3/2 z eﬂrfc,,rh’rhf
0 {rh}EZ‘”'
1 3
VI Gy

(G15)

= F10-d)/2 75 4 (10-d)/2

SL(d+1)
X Epy b5y

086008-43



MICHAEL B. GREEN, JORGE G. RUSSO, AND PIERRE VANHOVE

The momentum expansion of I (3D_d+1)(S) is given by

e S
FPa(s) = 23 (VA4 Dpme-02 S
n=1 °
% I(=5 + n)ESL(dH)
3+d+n D [0 1 1%:((d=D+7)/2)+n’
(G16)
where
8" Ef l_[da) (Q3)". (G17)
O=w;=w,=1,

2. Two-loop amplitudes in D = 11 and Eisenstein series

The finite part of the L = 2 four-graviton amplitude in
11-dimensional supergravity compactified on 7 ¢ will be
evaluated in this Appendix. The leading term in the low-
energy limit has the form [22] (s> + 2+ u?)I,_,.
Following [7] I;—, can be rewritten in the form of a
genus-one string theory amplitude, which has the low-
energy limit

I(ll—d) _ fA2 dVV3[ &
’ 0 A T%

X e*VVZ/d(*n'/Tz)g,ﬂj(m"*Trz")(mj*fnj)’
(m',n"eZ4x 71

(G18)

where Fp={r=r1 +in|—-1/2=7=1/2|7n]*+
|7,|> = A?}. Using the method of orbits this integral has
three kinds of pieces [7]

Ign—d) = A87O) £ AS[() 4 pfin. (G19)

We are interested in the finite part of the integral, which
can be evaluated by the method of orbits as detailed in
Appendix A and is given by

, o0 d?
pin = 2[ dvv3f 7
0 Cr 75

% Z e V'Vf/d(ﬂ'/rz)g,v_/-(m" —7n')(m/—7nl)

1=k=d—-1
[Mq ]

2

dvv2 —ZWVVZ/’I\/det
VZ/d 1<[;] detM f

: ! 1 SL(d)
3’V8/ |Z (det,’]\/l)z 7T3V§I/d E[O,1,0d73];2’

=k=d—1
[Mx]

(G20)

where the sum is over the representatives My in (A9) and
the matrix M is defined in (B18).
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APPENDIX H: LAPLACIANS ON K\G MANIFOLDS

In the next subsection we will discuss the Laplace
operator on some of the cosets of explicit relevance to
the discussions in the text. In the subsequent subsection
we will use an iterative method to relate the Laplace
operator and its eigenvalues for different values of D,
which leads to Egs. (6.2), (6.3), and (6.4).

1. Explicit examples for D = §, 9, 10
These cosets are parametrized by scalar (moduli) fields.
These scalars enter in the supergravity in the form of a
sigma model with action

[deV— GDp, (o), ol0k0;,  (HI)

Sscalar = €D 2

and the associated Laplace operator is given by

35 (Vh(a)h ).

A,

(H2)

\/h(a'

The explicit expressions for these Laplacians in terms of
our choice of fields in the Einstein frame in various dimen-
sions is as follows.

(1) The scalar field action of D = 10 type IIB is

[dw 1/_G(lo)a Qa

Sscaldr —

10d 2651‘0 (H3)

The SL(2, R) symmetry acts on the complexified
coupling constant (), and the SO(2)\SL(2)
Laplacian is defined as

— 40293~ — O2(a2 2
Ag = 4030005 = Q3(03, + 03). (H4)
Note that our normalization conventions are such
that the Eisenstein series E ({)) has eigenvalue
s(s — 1).
(i1) The nine-dimensional scalar field action with

GL(2,R) = SL(2, R) X R* invariance is
1 (2
S%zlgr = 6—3 fdgx _G(9)<§ aM 10g1/16“ IOng

1 a#QaMQ) )
2T

Here, the SL(2, R) symmetry acts on {) and R* acts

as a shift on logr; — logr, + A. The Laplace op-

erator acting on scalars in D = 9 is

AO = Ag +1v19, (v0,) +ivia,.  (H6)

(iii) In eight dimensions the U-duality group is
SOB)\SL(3, R) X SO2)\SL(2, R) where
SL(3,R) acts on (), the -eight-dimensional
volume »,, and the combination of Ramond-
Ramond and Neveu-Schwarz—Neveu-Schwarz B
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fields, B = Bgg + QBys. The SL(2, R) group acts
on the complex structure U. The SOB)\SL(3)
Laplacian is given by [11]

- o — Qo P
AsoensLe) = 4030005 + M—QRR
Vydly

+39,,(v30,,). (H7)

The full Laplacian for the eight-dimensional theory
is the sum of the SO(3)\SL(3) and the
SO(2)\SL(2) Laplacians,

A(S) = ASO(3)\SL(3) + ASO(Z)\SL(Z)
= 4U30ydy + 403000 +

+39,,(¥30,,).

2. Connections between Laplace equations in different
dimensions

In this Appendix we will give a derivation of (6.2), (6.3),
and (6.4). We will take the dimensionless radius of the (d +
1)th dimension on the string theory torus to be large, i.e.,
large r . /4. This corresponds to deleting the last node of
the Dynkin diagram in Fig. 1 (i) for the group G, =
E;i1(a+1), which reduces its rank. In this limit the
Laplace operator, A?Y) = A% decomposes as (where d =
10— D)

A(D) — A(D+1) — aD(rdE),d)z - bD(rdard)’ (H9)

where ap and bp are numerical coefficients whose deter-
mination is discussed below. In the decompactification
limit

€071 = €872, (H10)

We will now determine the Laplace equations, (6.2),
(6.3), and (6.4), by a recursive method, as follows. Given

a modular function 5252) in dimension D, the modular

function 52?;)1) in D + 1 dimensions can be obtained via
the relation

€8D+2k—D f dP x4 /_G(D)EEZL) 92k R4

= (72D f dPxV =GP (r 000 + - )9 RY,
(H11)

LX)

where k = 2p + 3q and *:--” stands for the terms that
either grow faster than r, or vanish in the limit r; — 0. As
we have seen in the examples in the body of the paper the
divergent terms contribute to the threshold behavior, and
not to the analytic part of the D + 1 dimensional ampli-
tude. They can therefore be ignored. Therefore, the r,

PHYSICAL REVIEW D 81, 086008 (2010)

dependence in (H11) is completely determined by the
requirement that the term decompactifies to D + 1,
£® _( rq )((4p+6(q+l))/(D*2))

EPED 4. (HI2)

(rg) (p.9)

€D+l

The formula (H9) then establishes a recursive relationship
between the eigenvalues )‘EzD? )q): knowing the eigenvalues in

ten dimensions, one can derive the eigenvalues in all lower
dimensions.

The direct determination of the numerical coefficients
ap and by in low dimensions is complicated, due to the
complicated structure of the Laplace operator. However, a
simple way to find them is by using as input the eigenval-
ues for the R* and 9*R* interactions in D and D + 1
dimensions where they are known. Then the eigenvalue for
the 9°R* interaction is a prediction. It is actually sufficient
to determine ap and by in 7 = D = 9. We find

(a7, b7) = (_%,%, (ag, bg) = (_%%,

. (H13)
(549, b9) = (_E’Z .
With this information one can consider the ansatz
A0 _ ApaBipg — DID — Cpg) (H14)

(p.g) D—2

The (D-independent) coefficients A, ,), B(,.q) C(p.q) are

determined by substituting the relation (H12) between
the coefficients into the Laplace equation satisfied by

52%- It follows that, for 7 = D = 9,

(4p + 6(q + 1))?

A(D) — /\(D‘H) _

)~ Mg T PT (D 2)2
_pydptolgtl) ;6£q2+ D, (H15)
For the three cases under consideration
Aoy =P 0 e
Ay =22 20D )
AD) 6(14 — D)(D — 6) (HIS)

on = D-2 ‘
Assuming that (H15) holds for (p, g) = (0,0) and (p, g) =
(1,0) in any generic dimension 3 = D = 10, one can
determine ap and b
D—-2
= _ ) by = —
T a0 D

As a check that this extrapolation to arbitrary dimensions
3 = D = 10 makes sense, one verifies that (H19) also
solves (H15) for (p, g) = (0, 1). Another check is that
(H16)-(H18) [or, equivalently, (HI5) with (H19) and

D?* —3D — 58

IEEY . (H19)
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0 = 2p + 3¢g = 3] give the correct eigenvalues in six di-
mensions. Since the information about the D = 6 eigen-
values was not used at all, this is a nontrivial check.
Summarizing, the basic rule behind the above derivation
is the requirement that a modular function in D dimensions
decompactifies to a finite term in D + 1 dimensions. This
determines the r; dependence, and hence the shift in the
eigenvalues. Since this rule applies equally tothe 3 = D <
6 modular functions, we expect that in these dimensions
the modular functions for the interactions R*, 9*R*, and
d%R* satisfy the differential Eqgs. (6.2), (6.3), and (6.4). It
should be noted that the source term in (6.4) is also
determined by the decompactification procedure since

5232)) decompactifies appropriately.

APPENNDIX I: DETERMINATION OF ggﬁ)l)

We will here solve the inhomogeneous Laplace equa-
tions that define the coefficients of the 3R * interactions in
D = 8 dimensions. In each case we will find a unique
solution satisfying certain boundary conditions obtained
from string perturbation theory.

We wish to solve (5.9),

A®ED =126

_(£®
o,1) 1) (E g0 In

(0,0)

The general form of the solution is the sum of a particular
solution and a solution of the homogeneous equation. The
homogeneous equation (A®) — 12) F = 0 has one solution
that is compatible with string perturbation theory,

— RSLB)
=623 = Efjgj- 32 E3(U). a2

There are other solutions, such as E[SILO(]SE with s, =

3/4(1 = \/17) and E,(U). However, none of these solu-
tions is compatible with string perturbation theory.
Therefore,

® _ SL(3)
8(0’1) = a,(3/2),3E[10];7(3/2)E3(U) + ?, (13)

where the particular solution 2 can be expressed by sepa-
ration of variables as

P :ASL(3) + BSL(Q)(U) + CSL(3)DSL(2)(U), (I4)

where ASLG) and €S are SL(3,7) automorphic func-
tions and BSL@(U) and DSL@(U) are SL(2, Z)-invariant
functions of U. By expanding the source term, each piece is
found to satisfy the following equations:

(Asoansze) — 12450 = —(B5D. 2 (15)
(AsopnsLe) — 12)BSEA(U) = —4(E,(0))?, 16)

(Asoansze)xsoonsLe) — 12)CSEIDSLA(U)

_ 4RO
= —4B70 R(U). (17)
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The SL(3, Z) functions can be expanded using the varia-
bles (v, ) with an explicit SL(2, Z) invariance acting on
Q) or using the variables (yg, T) with an explicit SL(2, Z)
symmetry acting on 7. The T-duality group in eight di-
mensions is SO(2,2) = SL(2) X SL(2), where the SL(2)
factors act on T and U, respectively. This ensures that the
perturbative answer is symmetric under exchange 7'+ U.

The first differential equation in (I5) defines an SL(3, Z)
invariant function

_ oSL(3)
ASEO) = g, (18)
The SL(3) functions will be written as functions of the
(v, T) variables, in terms of which the SO(3)\SL(3)
Laplacian takes the form

Asoansee) ~ T5(97, + 07,) + 30, (v59,,)- 19)

SL(3)
[10]:3/2°

determine the perturbative expansion of Efol‘ﬁ) The ansatz

Using the expansion given in (B55) for E one can

1/2 a 1
] dQldBng(SOLS) =3+ —(A(T) + a; log(yy))
—(1/2) ' Yg X8

+ AZ(T’ yS) + ZAn(T)y§172

n=3
(I110)
leads to
2/(3)? 2
o= W= an
and the set of equations
N 2
(Ar = 124/(1) = =8(()E, (1) + S-¢B). (12)
(AT + 38)78()%6)73) - 12)A2(T’ yS)
N 27 2
= (28,0 + 7 tog)) 113)
(A7 — 6)A5(T) =0, (114)
(Ay — 32+ 3n—n?)A,(T) = 0; n=4 (115

with Ay = T5(07, + 97,).
(1) Equation (I12) gives the genus-one contribution.
Because the source term is linear (I12) is solved by

AD) = dBAT) + SLOR(T). 16)

An explicit evaluation of the genus-one contribution
in (D10) shows that a} = 0.
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(i) Equation (I13) is solved by

7 .
As(T, yg) = ahB(T) + f(T) + Jo + TG BN (T)
2 27 4
+G?wf&00mmg
+ f 10g(y8) I17)

where f(T) is the particular solution to
(Ar = 12)f(T) =

This is the same as the equation for B2 (U) in (16)
as is required by 7 duality at genus two. The struc-

—4RX(T). (118)

ture of this equation is similar to that of 52(1)03) This is

complicated to solve explicitly, but it is straightfor-
ward to determine the power-behaved terms in the
large-T, expansion, as given in [13],

¢@) {(3)¢(5)
f(1) = 130 2—2(65 —207T, + 48 2T2) + 67TTS
), )
3 ogT, (47T, — 6logT, + 1)
+0(e7™). (119)

Since there cannot be a T contribution to the genus-
two 9°R*, we conclude that @} = 0.
Equation (I14) is solved by A5(T) = a3 E;(T).

(iii) Equation (I15) has solutions A(T) = bE(T) where
s is not real. Therefore they do not fit with string
perturbation theory, so we must set » = 0, which is
compatible with the absence of contributions be-
yond genus three.

The perturbative expansion for E(SO S) therefore has the
form
1/2 24037 2((3) 1
[ doabwsy) =55 — (3E,(T)
~(1/2) 3% 9 s

+ mlog(yg)) + Ay (T, yg)

By considering the powers of yg in (I16) and (I7), we see that
(I7) has genus-one and genus-two contributions,

1/2
f dQdBgrg CSFO DSL (1)

-(1/2)
_mmY) hy(T, U, yg), (121)
Y8
where
(Ar + Ay — 12 (T, U) = =8Z3)E,(U),  (122)
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(AT + AU + 36y8(y§8y8) - 12)h2(T, U, yg)

= —8E,(TE,(U) - —El(T) log(ys). 123)
These equations are solved by
A 2 N
m(T,U) = hy(T,U) + SCOE (U) + 150) 24)

A~ 2 A N T A
hy(T, U, yg) = hy(T, U) + _EI(T)EI(U) + —E1(U)

E\(T) + E](U) log(ys)
2
+ 5—4 log(yg) + — 51 (I25)
where
(Ay + Ay — 12)h(T, U) = 0, i=12 (126

The only solution to this equation which is symmetric
under 7 < U, and that can a priori be compatible with
the decompactification limit has the form

BiE;(T)E;(U).

General solutions with eigenvalue equal to 12 of the form
E; (V)E(T) + E,,(U)E; (T) would have nonrational
values of s, s, and thus would lead to nonrational powers
of r, in the decompactification limit. On the other hand, a
possible solution proportional to E4(U) + E4(T) is ruled
out for the reasons explained above.

Finally, the perturbative contributions from the homoge-
neous solution (I2) are

h(T, U) =

1/2
[ dQ dBRRESL )

E;(U)
7(1/2) [10];—(3/2)

(yg "E3(T) + m{(4)ys)E3(U). a27)

This expression contains genus-one and genus-three terms.

Collecting the perturbative contributions to 5(01)’ we
have
1/2 f f
f dQdBrrE,) = =3 + L+ fo + yfs,  (128)
—(1/2) y Y8
with
2 2
fo= §§(3) ) (129)
3
fi= (a‘(3/2)'3ﬁ + ﬁl)Ez(T)E3(U)
2 . . 27 (3)
+ BT + By () + 775 Tog(vy)
T
+ = 7(3), 130
e (130)
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f2 = SEADELW) + 1(T) + F(U) + BoEA(TES(V)

1172

+
216

+ 5 Bi(7) + By (0))

2

T . R T
+ E(ﬂ- + 4E(T) + 4E(U)) log(ys) + 57 log(yg)?,
(131)

_ %-3/2)3
60

Strikingly, after combining the different log contributions

the final result containing log parts is symmetric under the

exchange of U-T variables.
Symmetry under the T < U also determines the relation

(I33)

E;(U) + a3 E5(T).

/3 (I32)

Of_(3/2)’3 = 60(13

Decompactification to ten dimensions and the value of the
genus-three coefficient found in [10] fixes

ay = 22—7 (134)

Comparison with the genus-one computation in (D10) fixes
27 40

a_3;m3t TBI =35 (I35)

which implies that 8; = 0. The large-volume limit of the
genus-two contribution fixes 8, = 0. Thus we find

fo= §£ 3)?, (136)
20 2 . .
fi= ﬁEs(T)EAU) +3EBE(T) + E (V)
27 (3) T
+ 9 log(yg) + 3 £(3), I37)
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2 . - A R
f2 = FEADE() + [(T) + (V) + G By (T) + By (1))

n %(w + 48,(T) + 48, (U)) log(yy)

2£(2) ,  114(2)
+ 9 log(yg)” + 36 (I38)
2
f3= ﬁ(E3(U) + E;(7)). (139)

Finally, the SL(3,Z) X SL(2, Z) invariant expression for
CSLO DSLA () that solves (I7) and has the above pertur-
bative expansion is given by

CSLOB) DSL(2)( U) = lI::SLG)
3

- T ~SL(3)
noje2E1U) + K

[101:(3/2)
LISe)
+ B, (U) + =2
TE(U) + 5

This has terms that were not present in [13], that originate
from the regularization of the source term.
The complete form of the solution is given by

40 1. .
®) _ oSLB) SL(3) SL(3)
Eon=Con T 3E[1o];f(3/2)E3(U) * §E[1o];(3/2)E1(U)
T ~SL(3) - £(2)
+ f(U) + %(E[lo];(S/Q) +4E,(U)) + 5
(140)
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