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Why trees?
• Population dynamics & genealogy
• Biology, Evolution
• Growth processes
• Branched polymers
• Statistical mechanics
• Spanning trees, random matrices
• Quantum gravity (2d & 3d)
• Combinatorics
• Computer science, data bases, XML, etc.
• Optimisation problems
• Social sciences, economics
• etc.



First problem: RNA folding & random splitting trees

RNA primary, secondary and tertiary structure

(borrowed from Scott K. Silverman  scott@scs.uiuc.edu)

mailto:scott@scs.uiuc.edu
mailto:scott@scs.uiuc.edu
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GCCUUAAUGCACAUGGGCAAGCCCACGUAGCUAGUCGCGCGACACCAGUCCCAAAUAAUGUUCACCCAACUCGCCUGACCGUCCCGCAGUA
GCUAUACUACCGACUCCUACGCGGUUGAAACUAGACUUUUCUAGCGAGCUGUCAUAGGUAUGGUGCACUGUCUUUAAUUUUGUAUUGGGCC
AGGCACGAAAGGCUUGGAAGUAAGGCCCCGCUUGACCCGAGAGGUGACAAUAGCGGCCAGGUGUAACGAUACGCGGGUGGCACGUACCCCA
AACAAUUAAUCACACUGCCCGGGCUCACAUUAAUCAUGCCAUUCGUUGCCGAUCCGACCCAUAUAGGAUGUGUAUGCCUCAUUCCCGGUCG
GGGCGGCGACUGUUAACGCAUGAGAACUGAUUAGAUCUCGUGGUAGUGCUUGUCAAAUAGAAUGAGGCCAUUCCACAGACAUAGCGUUUCC
CAUGAGCUAGGGGUCCCAUGUCCAGGUCCCCUAAAUAAAAGAGUC

Problem: find the secondary (and the tertiary) structure from the base 
sequence

1. “kissing hairpins” & interlaced strands are
rare  (unfavored by kinematics & topology)

2. RNA can (to some extent) be considered 
as a planar tree

1.2 RNA secondary structure 1 PROPERTIES OF RNA

(i)

(ii)

(a) (b)

Figure 1.2: (a) Diagrammatics and height picture: the upper diagram shows a RNA secondary
structure, the base pairs designed as dashed rainbows over the backbone line, in the lower diagram
is drawn the corresponding height picture h(s). (b) Excluded structures: (i) kissing hairpins and
(ii) kinetically forbidden formations.

RNA folding uniquely based on its secondary structure. In fact, the separation of energy scales
considerably simplifies the RNA problem when compared to general protein folding. The total
energy of a secondary structure may be considered as a sum of its pairing energies,

E(S) =
∑

(i,j)∈S

εij (1.2)

This neglects for example loop cost energies which are specific to the indivual secondary structures
and re-organize slightly the energy landscape.

Sequence randomness vs. natural RNA. To be honest from the beginning on, we aim at a
description of random RNA sequences. The binding energies εij are supposed to be independent
quenched random variables and we intend to study RNA as a disordered system. This hypothesis
must be based on a solid ground, it certainly does not hold for the small RNA discoverd recently.
Therefore we have to specify the RNA types which this description is destinated to. In general,
it is reasonable to suppose that the RNA primary structure is not random since evolution has led
to its optimization. The quest for the relationship between the sequence heterogenity and folding
into a secondary structure constitutes a crucial unresolved problem.

For tRNA the comparision between natural and random sequences of same length has been
carried out by P. Higgs [Hig93]. By means of numerical simulations he has shown that the the
configuration of lowest energy of random tRNA is localized much above the minima for natural
sequences. This difference is attributed to enormous optimization and stabilization of the structure
of tRNA. Thus, tRNA can conceptually not be described by the above method and its length may
constitute a lower bound for the application of random sequence approaches. For the long molecule
of mRNA, the situation is completely reversed. Numerical studies have proven that natural mRNA,
which does not optimize its energetic groundstate, is well simulated by random sequences. So theyreferences
are a good candidate to be considered as ”a disordered system”.

Furthermore, the above discussion leads to the problem of choice of the distribution function
ρ(εij). From the analytical point of view we prefer a Gaussian. Other distributions are discussed
in [Bun02] and no significant effect on universal quantities has been found. The dependence of
RNA secondary structure on the energy model is discussed in [Bur05]

Sequence randomness has an interesting effect on the height picture representation: it maps
the secondary structure problem to the analysis of one-dimensional random walks in the half-space
h > 0. This problem is well-understood, in particular its return probability is caracterized by

4
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Random bond RNA model (R. Bundshuh and T. Hwa)

Question:   Which features are sequence dependent (biological 
functions) and which are generic?

Long chain with random sequence of bases

Allows numerical and analytical studies (in particular at IPhT...)

Exhibit a freezing transition at a finite temperature Tg

High temperature molten phase (many equivalent microstates - 
generic tree with fractal dimension 2)

Low temperature frozen state (the system is frozen in one of the 
minimal energy configurations, like in a glass or a spin-glass)



The (planar) random bond RNA folding model 

1)  Start from a strand made of L random bases

2)  Fold it in a planar way (neither knots nor pseudo-knots)

3) Assign to each configuration an energy
    sum of an energy for each bond

4) Take the bond energies to be independent 
     Gaussian quenched random variables 

    ... instead of a function of the random bases

5) And find the lowest energy configuration (ground state at zero temperature)

......This is a difficult problem: infinite range forces & topological frustration

e(i, j)e(k, l) = σ δikδjl

E =
∑

pairs (ij)

e(i, j) −
∑

free i

f

b1 b2 b3 · · · bL

e(bi, bj)



Greedy algorithm



A simple step-by-step strategy to find a (hopefully not 
too bad) approximation of the ground state
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A simple step-by-step strategy to find a (hopefully not 
too bad) approximation of the ground state

Chose as first pairing the pairing with lowest energy 

Chose as second pairing the planar pairing left with the 
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Greedy algorithm



A simple step-by-step strategy to find a (hopefully not 
too bad) approximation of the ground state

Chose as first pairing the pairing with lowest energy 

Chose as second pairing the planar pairing left with the 
lowest energy

Iterate until we cannot add any pairing

Since the pair energies are independent, this amounts 
to build an arch system by successive random 
deposition of arches

Greedy algorithm
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At each step, choose a new arch with uniform 
probability among all possible arches.
A final configuration is constructed via several 
deposition processes

Total probability

× 1

4

1

21
× 1

3



At each step, choose a new arch with uniform 
probability among all possible arches.
A final configuration is constructed via several 
deposition processes

Total probability

× 1

4

1

21
× 1

3

1

84
+

1

630
+

1

210
+

1

252
+2

1

126
=

4

105



At each step, choose a new arch with uniform 
probability among all possible arches.
A final configuration is constructed via several 
deposition processes

Total probability

× 1

4

1

21

Relation to fragmentation models?

Not a model for real-time RNA folding
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We generate an ensemble of 
configurations with non-trivial 
weights (different from those 

obtained by local processes, no 
combinatorics...) 



Tools: recursion relations for probabilities and height

heights = number of arches above a point (Dyck & 
Motzkin paths)

Many explicit results

Hausdorff dimension

Scaling functions in term of hypergeometric functions

J.S
tat.M

ech.
(2008)

P
04008

A growth model for RNA secondary structures

Figure 5. The decomposition used in order to derive the recurrence relation for
the average height function h(i, n).

2.4.1. Recurrence relation for the height function: the principle. We want to evaluate the
height hC(i, n) for a given structure C. The first arch a = (j, k) splits C into the two
independent substructures C1 and C2 with lengths n1 = n− k + j − 1 and n2 = k − j − 1,
respectively. We now consider the height over segment [i, i + 1]. With respect to the first
arch a, this segment may have three different locations, as indicated in figure 5. (a) if
i < j, the segment is situated on the part of the strand which belongs to C1 and thus the
height is given by hC1(i, n−k + j−1). (b) The case i ≥ k is similar, but we must shift the
position i → i−k+j−1. We thus find the height hC1(i−k+j−1, n−k+j−1). (c) Finally,
if j ≤ i < k, we have to count the height for the structure C2 with the readjusted position
i → i−j, the arches in C1 over C2 and the contribution from a. These three terms together
are hC1(i − 1, n − k + j − 1) + hC2(i − j, k − j − 1) + 1.

Upon averaging and using (8) we obtain the recursion relation for the average height
function:

n(n − 1)

2
h(i, n) =

∑

i<j<k<n

h(i, n−k+j−1) +
∑

0<j<k≤i

h(i−k+j−1, n−k+j−1)

+
∑

0<j≤i<k<n

[h(j−1, n−k+j−1) + h(i−j, k−j−1) + 1]. (14)

In the scaling limit n → ∞, we may insert the scaling ansatz h(i, n) ∼ nζH(i/n) from (11)
and replace sums by integrals, which yields after a few manipulations a Volterra-like double
integral equation for the scaling function H(x). It is possible, though tedious, to show
that the integral equation allows a solution H(x) ∝ xζ(1 − x)ζ with the scaling exponent
ζ = (

√
17 − 3)/2. Besides the quite complicated treatment of the integral equation we

have found evidence for this scaling form from numerical simulations (see section 6).
In the following, we shall develop a more systematic approach to extract the scaling

behavior which is based on recursion relations like (14). Furthermore, this allows us to
compute sub-leading corrections to the scaling limit and therefore to exactly quantify
finite-size contributions.

2.4.2. Generating functions for the local height moments. Since the relations for the height
h are additive in h, it is convenient to deal with the exponential function as a generating
function of the moments. We thus consider the generating function for the height h at

doi:10.1088/1742-5468/2008/04/P04008 9

ζ2 + 3ζ = 2 , ζ =

√
17 − 3

2
= 0.561 . . . , dF =

1

ζ
= 1.78... < 2
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Random deposition point model: successive deposition of points 
on intervals & create an arch whenever it is possible
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This model is equivalent to a tree growth model !

Random deposition point model: successive deposition of points 
on intervals & create an arch whenever it is possible

Closing + duality gives a decorated tree growth model

arch/tree growth at time t = arch deposition for size n=t !



2 steps growth process:  
  - add a leaf to a vertex:  1 black → 1 white

   - add a second leaf = “splitting”  1 white → 2 black

NB: attachment is just a special case

Proof of the equivalence 
deposition = growth by splitting
Use the recursion relation for 
probabilities for both models

k white → (k1, k2) black k1 + k2 = k + 2

k1 = 1 , k2 = k + 1
A growth model for RNA secondary structures 30

2
1

2

1

C
2

C
1

C

C

a

Figure 16. The decomposition of a configuration of model G used in the proof. To
be compared with figure 15.

We now go back to the proof of the theorem. In model G any configuration C (with

n points) can be constructed by first depositing a couple of points (1, 2), which form

a first arch a1 and then by depositing n1 points to the right of a and n2 points to the

left, with of course n1 + n2 = n − 2. Let us denote C1 and C2 the arch configurations

to the right and to the left of a1 in C. These configurations are arch configurations of

model G’, not of model G, since the arch a1 cuts the circle into two segments. Once the

first two points are deposited, amongst the (n−1)! possible ways to deposit successively

the last n − 2 points, each either to the left or to the right of a1, there are (n − 2)!

possible ways to deposit n1 points to the right and n2 points to the left, independently

of (n1, n2). In other words, the distribution for (n1, n2) is uniform.

prob(n1, n2) =
1

n− 1
, n1 + n2 = n− 2 . (123)

This can be shown easily by using the recursion relation

prob(n1, n2) = prob(n1 − 1, n2)
n1

n1 + n2 + 1
+ prob(n1, n2 − 1)

n2

n1 + n2 + 1
, (124)

with initial condition prob(0, 0) = 1. Once this is done, the conditional probabilities to

obtain C1 and C2 are independent, and given by PG′(C1) and PG′(C2).

The total probability to obtain a configuration C in model G is therefore given by

a sum over all (first) arches a1 in C. Each term of the sum is the probability that a1

is the first deposited arch, and that one obtains C1 and C2 in process G’. There is a

counting factor 2/s(C) associated to each initial arch a1, where the factor of 2 accounts

for the two possible choices for the first point 1 on a1, and the symmetry factor 1/s(C)

is there to avoid multiple counting when several arches are equivalent. Therefore we

have finally

PG(C) =
∑

arches a∈C

2

s(C)

1

n− 1
PG′(C1) PG′(C2) . (125)

Using Lemma (117) the symmetry factor disappears and we obtain for the probability



Simpler but more general model: 
growth of planar trees by splitting

v v

V

V’ V’
V

v’

Relative probability for specific splitting of a vertex

k → (k1, k2) , k1 + k2 = k + 2

wk1 ,k2

Relative probability for splitting of a vertex

wk =
k

2

∑

k1+k2=k+2

wk1 ,k2
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This includes attachement processes



• What kind of trees do we get?

• Like scale-free networks? (vertex with large 
coordination, infinite Hausdorff dimension)

• Or like generic trees (finite coordination, finite 
Hausdorff dimension)

• Universal properties?

• Do the Hausdorff dimension depend on the details of 
the transition rates matrix



Simple example: 
Maximal coordination 3
Uniform transition rates

Linear k-dependence

General approach: recursions for correlations

w1,2 = w2,1 =
w1

2

w1,3 = w2,2 = w3,1 =
w2

3

w3,2 = w2,3 =
w3

2

wk = ak + b



dH =
3(
√

100x2 + 84x + 17 + 2x + 1)

8(3x + 1)

x = a/b

Hausdorff dimension varies continuously

1 < dH < ∞18 F. DAVID, M. DUKES, T. JONSSON, S.Ö. STEFÁNSSON

Figure 6. Equation (4.13) compared to simulations. The Haus-
dorff dimension is plotted against x = a/b. {f:hausdorff}



Conclusion: the world as a tree?



Conclusion: the world as a tree?



Thanks to the organizers!


