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Abstract

The loop equations for a chain of hermitian random matrices are computed
explicitely, including the 1/N? corrections. To leading order, the master loop
equation reduces to an algebraic equation, whose solution can be written in
terms of geometric properties of the underlying algebraic curve. In particular
we compute the free energy, the resolvents, the 2-loop functions and some
mixed one loop functions. We also initiate the calculation of the 1/N? expan-
sion.

1 Introduction

The multimatrix model, or chain of matrices is defined by the probability
weight for A" + 1 hermitean matrices of size N x V:

1 . r
du(My, ..., My) = —dMy ... dMy = Tt IThoo V(M) =200, MicaMi] ()

7 i= (N/2m)~ sW+DN o~ F /dMO_”dMN o= Tt AL Ve(My) =i, My My

(2)
where My, (k = 0,...,N) are N x N hermitean matrices, and dMj is the

product of Lebesgue measures of all real components of My. Z is the partition
function, F' is the free energy. T' is the temperature, it can be chosen equal
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to 1 in most of the paper, except when one is interested in derivatives with
respect to T'.
The potentials Vj, are polynomials of degree dj + 1:

dk+lg 4
Vile) = o+ 3 2o 3)
7=1

In order for 7 to exist, we have to assume that all V}’s are bounded from
below on the real axis. However, that constraint can be relaxed by studying
"normal matrices” instead of hermitean matrices?, or by considering Z as a
formal power series in the coefficients of the potentials. For simplicity, we
assume here that the Vi’s are real3.

Each My lies in the potential well V; and is linearly coupled to its neigh-
boors Mjy_y and Myy;. My and My have only one neighboor, and thus the
chain is open. So far, the problem of the closed chain has remained unsolved.

The multimatrix model is a generalization of the 2-matrix model. It was
often considered in the context of 2-dimensional quantum gravity and string
theory. Its critical points are known to represent the minimal conformal field
theories, characterized by a pair of integers (p, ). It is known that one can
get a (p,q) critical point with a multimatrix model where N’ = ¢ — 2. The
necessity of studying multimatrix models can be understood from the fact
that the one matrix models contains only the critical models with ¢ < 2.

Recent progress have been made in the understanding of the two-matrix
model [3,4,9,10,18,19], and it has been often noticed that the chain of
matrices presents many similarities with the 2-matrix model [7].

The loop equations of the 2-matrix model have been known for a long time
[12,22] and have been concisely written in [10] including the O(1/N?) terms.
The loop equations for the chain of matrices have been written in an appendix
of [13] and in a draft of [15] without the O(1/N?) terms, and without any
proof, and also with misprints. The present paper is mainly a translation
from french to english of the draft [15], with proofs, and additional results.
It thus fills a gap in the appendix of [13]. In particular, the 1/N? terms
are included, opening the way to finding next to leading order corrections

Zi.e. the eigenvalues are located on complex paths instead of the real axis. For a

potential of degree di + 1, there are di homologicaly non equivalent complex paths on
which Vj is bounded from below [2].

3Most of the results presented here remain valid for complex V)/s. The asumption of
real potential merely allows to have a more concise derivation of loop equations.
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as in [10]. The leading order solution is also presented in an an updated
algebraic geometry language.

The paper is organized as follows:
1. introduction
2. definitions of the loop functions.

3. the main result and its derivation: the master loop equation. Readers
less interested in technical details can skip the derivation.

4. to leading order, the master loop equation is an algebraic equation. We
discuss its solution.

5. computation of the free energy in the large N limit, along the lines

drawn by [3].
6. computation of other resolvents and correlators in the large N limit.
7. next to leading order, along the lines drawn by [10,11].
8. examples (2 and 3-matrix models, gaussian case, one-cut case).

The most important results of this paper are the master loop equation
eq.(28), the free energy eq.(111), the two-loop function eq.(162), the mixed
correlators eq.(165), eq.(182) and eq.(172).

2 Definitions

2.1 Moments

We define the moments:

1

no n1 n 1 n n1 no
Trgnnrnn ::WHI‘MO MM MM 4+ — (tr MM M M) (4)

2N

where <> means averaging with the probability measure of eq.(1). If all
the potentials V}’s are bounded from below, it is clear that the moments
are well defined convergent integrals. If on the contrary the V.’s are not all
bounded from below, then the moments are only formaly defined through
their expansions in the coupling constants.
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2.2 The complete one loop-function

We define the complete one loop-function as follows:

> T,
Wizo,...,2n) = Z T ST E—ye (5)

Tlo,...,’rLJ\fZO ZO Zl o ZN

which can also be written

1 1 1 1
Wizo,...,2xn) = —={ tr
2N ZO—MO,Zl—Ml Z_/\/—M_/\/

IRyt — S— (6)
2N rZ_/\/—M_/\/”.Zl—Ml,ZO—MO

Notice that it is only a formal definition (even when all the potentials are
bounded from below), it makes sense only through its power expansion in
the vicinity of all z; — oo. That function is merely a convenient concise
notation for dealing with all the moments at once.

2.3 Uncomplete one loop-functions

We also define “uncomplete” loop-functions. For any integer k& between zero
and N 4+ 1, and for any ordered subset of [0, N] I = {i1,...,5x} (0 < iy <
iy < ...<ip <N), we define:

; . . Y — 1 1 1 1
mlv“vlk(zll’ U 72%) T 2N < tr zig =My zip =M, Tz — My, >

—I_ﬁ < tr e —1M1 Tz —1M¢2 N —1M¢ >
= (=1)V*'* Res H dz; W(zo,...,2x)
i¢l

- Pol W(z,..., : 7
Pob W T 9

where Pol means the polynomial part in the vicinity of oc.

2.4 The resolvents

As a special case of eq.(7), the resolvent of the £*® matrix of the chain is

defined by:
1 1
Wila) = < tr m> (8)
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In particular, the resolvent of the first matrix of the chain will play a promi-

Wo(z0) := % <tr . —1M0> (9)

The master loop equation derived in section 3.1 is an equation for Wy(zo) as
a function of zg, and in section 4, we determine the large N limit of Wy(zo).

nent role:

In section 6.1, we derive the large N limits of the other resolvents Wj.
Instead of Wy(z), it appears more convenient to consider the following
function:

Z1(20) == Vg(20) — TWo(zo) (10)

and more generaly we define:

Z_l(Zo) = TWO(ZO)
Zo(z0) 1= 2o (11)
Zk+1(20) = Vk/(Zk(Zo)) - Zk—1(20) 1< k < N

For short, we write:

Zy, = Zi(2o) (12)

Notice that all Z;’s are polynomials in both zo and Wy(2o), and therefore,
any polynomial of the Z;’s is a polynomial in zg and Wy(zo).

2.5 Polynomial loop functions P and U

We define the functions fi(zk,...,2):

fri:=0 ifl<k—1

fk,k—1 =1
Jige(2k) 1= Vi(zx)
Trae1(zs o zip1) o= Vi (i) fra(2ks - 20) — 212041 frg—a (20, - - 05 21m1)
(13)
Then we define for & < [:
Pri(zo0y. .. 2n) i= Pol fri(zgy ... z20)Wi(zo,. .., 2x) (14)

where Pol means the polynomial part in the vicinity of co. Py, depends on
N + 1 variables, and is polynomial in the variables z, ..., z.



By definition of fj; we have:

Pri(z0,...,2x5) = Pol V/'(21) Pri—1(z0, ..., 2n)— Pol zi_y 21 Pri—a(z0,. .., 2n7)
2

o (15)
In particular, we define:
P(zoy...,2x) = Pon(z0y. -y 21) (16)
which is polynomial in all the variables, and
Ulzoy...,2n) = Piy(z0,. .y 20) (17)

which is polynomial in all the variables but z.

We also define:
Blzor o x0) = (Vi(zo) — 20)(Vie(ew) = 2aa) = TP(z0, .o 2n) (1)

which is also a polynomial in all variables. These polynomials will play an
important role in the master loop equation.

2.6 2-loop functions

We define the loop insertion operator as in [1]:

4 — 1 g _Zii (19)
V(=) N 2k Ogy
where Vi(2) = gio+ D 1oy ng’kzk, and the derivatives are taken at ¢ = 0 for
k> d;+ 1. Tt is a formal definition, which makes sense only order by order
in its large z expansion.

It is such that (for |z| > |Z/]):

Vi (2" 1 oV (=" 1
=4 = —0p;——— 20
aVi(z) M aVi(z) k’l(z —2')? (20)
When applied to eq.(2), it produces a resolvent, i.e. the expectation of a
trace: 9F 7 |
=T =——(t 21
aVi(z) Wil) = -5 < - MZ> (21)



and more generaly, the action of %(Z) on an expectation value inserts a new

trace.
In particular, we define the following two loop functions (i.e. two-traces):
0
Wilzoy...o2n52) = T Wi(zgy...,2
J( 0 N ) 8\/;(2) ( 0 N)

-I-l ¢ 1 ¢ 1 1 1
2 rZ—M[rZ_/\/—M_/\/”'Zl—Ml,ZO—MO

VW o, ) (22)
0
M/il ..... Zk,l(2217722k72) = Ta‘/l(z)m ..... Zk(Z“’?ZZk)
= (—1)N‘H_IC Res H dz; Wazo, ..., zx; 2)23)
i¢l
Preri(zo,. .y za2) = Pol fri(zry ..y z20)Woilzo, ... 205 2) (24)
ZEgeeey zl
Pji(zo,...,2n32) == Ponij(20,- .-, 205 2) (25)
Ui(zoy. .. 2n52) = Poaij(zo, ..., 205 2) (26)
In particular, the following two-loop functions will play an important role:
oW (2" 0*F IWi(z)
Wia(2' = — =T =W, 12
W= TG T e ) s

1 1

= t t 2
<rZ—M1rZ/—Mk>C (7)

where the subscript ¢ means connected part < AB >.:=< AB> — < A><
B >.

3 Loop equations

3.1 Main result: the master loop equation

We prove below that the master loop equation (named after [22]) can be
written:

T2
E(ZO,Zl, . 7Z_/\/) = WU;O(ZO7ZI7 . 7ZN7 ZO)

(28)




where the functions Zj(zo) have been defined in eq.(11). Examples for
N =1 (the 2-matrix model) and V' = 2 (the 3-matrix model) are explicited
in section 8.

As an intermediate step in proving eq.(28), we need to prove the following
formula for all 1 < £ < N:

(zk = Zk)Wok,.. N (20, 2y - - 20) = Wosrgr,.n (20 Zk41, - - -, 287)
—P07k_1(20, Zl, ceey Zk—h Zhyooo 7Z_/\/)
_%Pl,k—1;0(207 Zla R Zk—h Rky- 32N ZO)

(29)

3.2 Derivation of the master loop equation

e Proof of eq.(29) for k= 1:

The invariance of the matrix integral under the infinitesimal change of
variable (see [14,8,10], and pay attention to the non-commutativity of
matrices, and to the hermiticity of the change of variables):

T 1 1 1 1
(SMO -
QZl—MlZQ—MQ Z_/\/—M_/\/ZO—MO
-I-T 1 1 1 1 (30)
QZO_MOZN_MN..‘ZQ_MQZl_MI
implies
4 T
TWO(ZO)W(Z()lev N '72./\/) + WWO(Zlev <oy RN ZO)
:‘/O/(Z())W(Z(),Zl,...,Z_/\/)—P070(20,Zl,...72_/\/)
—z2iWoa,..w(20, 21,5 2n) + Woo n(20,22, -+, 2x)
(31)

The LHS comes from the Jacobian of the change of variable, and the
RHS comes from the variation of the action. The first two terms of the
RHS come from d tr Vo(My) = tr Vj(My)d Moy, and use of eq.(5). The
last two terms of the RHS come from é tr MoM; = tr M6 My, and use
of eq.(6).

Using 71 = Vj(z0) — TWo(z0), this can be rewritten:

(21—Z1)W0,1 ..... N(207217---7ZN) = Wo,z ..... N(Zo7227---7ZN)
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—P070(Zo, Zlgeensy Z_/\/)
T
_WWO(ZO’ 21y ey 2N 20(32)

Therefore we have derived eq.(29) in the case k = 1.

e Proof of eq.(29) for k = 2:
Notice that eq.(32) implies:

— Res le W(207217227"'7ZN)‘/1/(21) = ‘G/(ZI)WO,Z ..... ./\/(207227"'72./\/)
_P0,1(207 Z17 22y - 72./\/)
—Wa, w22, 2w)
T
_WP1,1;0(207 Zla 2505 RN ZO)
(33)

The change of variable:

1 1 1 _|_1 1 1 1
QZQ_MQ“'ZN_M_/\/ZO_MO QZO—MO,Z_/\/—M_/\/.”ZQ—MQ
(34)
gives (since 0 M, is independant of M; there is no jacobian, the LHS is
zero, and the RHS is the variation of tr V(M) — MoM; — My Ms):

5M1 —

0 = —Resdz; W(z,21,22,...,21)V/(21)
—20Woa, n(20, 22, 2n) + Wa  a(22, .., 20)
—2oWo ., N(Zm 22y n 7ZN) + Wos,.., N(Zoa Z3ye 0y ZN)
(35)

(22—22)W0,2 ..... ./\/(207227---72./\/) = W0,3 ..... ./\/(207237---72./\/)
—P071(Zo, Zl, F2 PR Z_/\/)
T
_WPI,I;O(Zm Z17 2505 RN ZO)
(36)

Therefore we have derived eq.(29) in the case k = 2.

e Proof of eq.(29) by recursion on k:



We have already proved eq.(29) for £ = 1 and k = 2. Now assume
that eq.(29) holds for k — 1 and k, we are going to prove it for & + 1.

Note that eq.(29) for k — 1 implies (multiply by zz_; and take the
residue at z;_1; — 0o and z — o0):

Res dzp—1 Res dzp 2k i Wo k1.5, N (20, 251, Zky 2kt 1y - - 5 ZN)
= L1 Wo,k+1 ..... N(Zo, Zh4lse s ZN)
- ZkP—(l)lek Zk_lszOJC_Q(ZO, trte ZN)|20:Z0 ..... Zk:Zk
—T Pol P
N zk_(l),zk “hk- l’k_Z;O(ZO’ e BN ZO)|20=ZO 77777 2 =2

(37)

and eq.(29) for k implies (multiply by V/(zx) and take the residue at
zE — 00):

— Res dzi Vii(22) Wo k1,0 (20, 2k Zb41, - - -5 Z0)
= Vi(Zi)Wojetr,.. 8 (20, Zhgts - - o 20)

_Pz(zl Vi(zk) Pog—1(z0, 2wl g _—

_m Pz(lzl Vk/(Zk)Pl,k—1;0(Zo, ce e NG ZO)|z0:Z0 ..... sy

(38)

Then consider the change of variable:

1 1 1 1
oM, = = ...
2 Zk41 — Mk+1 2y — My zg — My
—|—1 1 1 1 (39)
220 — Mozy — My Zk4+1 — Mk+1
it gives
0 = —Resdzp Vi(2k) Workkt1,.. 8 (205 Zky Zht1y - - -5 ZN7)
— Res dzp_1 Res dz 231 Wo ko1, n (20, 2kt - - -, 207)
— 21 Wo k1, 8 (205 Zht 15 - -5 280) + Wo k2, v (20, 2425 - - -5 200)
(40)

using eq.(37) and eq.(38), as well as V/(Zy) = Zx_1 + Zp41, we get
eq.(29) for k 4 1.
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e eq.(29) for k = N:

In particular, the previous recurrence derivation shows that eq.(29) for

k = N reads:
(zn — Zn)Won (20, 2x) = Wolzo)

_PO,J\/—I(ZO? Zh ety Z./\/—la Z./\/)
_%PI,N—I;O(Zm Ziyeeos ZN=-15 2N Zo)
(41)

e Proof of eq.(28):
In particular, from eq.(29) for K = N — 1 we derive:

(42)

Res dz./\/—l Res dZ./\/ Z./\/—IWO,ZN_l,ZN(ZOa EN -1, ZN)
ZN—1W0(ZO)

_ ZA[li(l)}ZN ZN—IZ_/\/PO,N—Q(Z(h e 7Z./\/)|20:Z0 ..... ZN=Z N
—T Pol P
- o ZN-1% _1.0l20,--., 2N 2
N2 zp_i2n NN LN 1’0( 0 ?» ZN 0)|zo=Z0 ..... ZN=T A

and from eq.(41), we derive:

— Res dzy Vi(zn) Won (20, 2x7)

= Vi (Zn)Wo(z0)
!
_PZJ(\),-I VN(ZN)PovN_l(ZO""’ZN)|20=Z0 ..... In=TN
_m 1:;(\)/1 V_/(/(ZN)PI,N—I;O(Zm ey RN ZO)|20:Z0 ..... PINEAY
(43)
Then, the change of variables
1
My = 44
N= e (44)

gives

0

= —Res dzy Vi (zn) Won (20, 2x)

— Res dzy_1 Res dzy zny—1Woop_y on (20, 20021, 287)  (4D)

i.e., using eq.(42) and eq.(43):

0 = (VylZn) = Zn-1)Wol(2)
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—P07_/\/(Zo,. . 7Z_/\/)
T
—WPLN;O(Zo; NS Zo)

(46)
Recalling that Z; = Vj(z0) — TWy(z0), we get:

(ValZo) — ) (Vi Zxe) — Znes) — TPoscZos . ... )
T2
- WPI,N;O(Z(MZIF'WZN;ZO) (47)

which ends the proof of eq.(28).

4 Large N leading order, algebraic equation

Throughough this section and sections 5 and 6, we abusively denote with the
same name, the loop functions and their large N limits.

To leading order, the master loop equation reduces to an algebraic equa-
tion for Wy as a function of zg:

E(ZO7ZI7"'7ZN):O (48)

where 71 = Vj(z0) — TWo(z0) and Zpy1 = VI(Zk) — Zk—1.

E is a polynomial of given degrees in each variable, and with known
leading coefficients. The problem is that most of the subleading coefficients
of E(zo0,21,...,2x) are not determined by the loop equations. They are
determined by additional hypothesis, which will be explained in section 4.5.
Prior to that, we need to study the geometry of that algebraic equation.

The complex curve Wy (equivalently 7Z;) as a function of z is a one-
dimensional submanifold of CV*!, which is the intersection of N dimension
N algebraic submanifolds. The curve Wj as a function of zg is thus a Riemann
surface £.

Instead of viewing the Z;’s as (mutivalued) functions of zg, it is more
appropriate to view the Z;’s as (monovalued) complex functions over &:

p — zi(p) (49)

such that for all p € &:
Zk(20(p)) = zk(p) (50)
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Since the function zo(p) is not injective, i.e. the point p such that zo(p) = 2o
is not unique, the Z;’s are multivalued functions of z5. Similarly, one could
consider any z; as a multivalued function of any z;.

Instead of dealing with multivalued functions, we slice £ into domains
called sheets, such that in each domain the functions we are considering are
bijections. The zg-sheets are thus domains in which the function zo(p) is
injective. More generaly, the zp-sheets are domains in which the function
zk(p) is injective.

Let us study the zg-sheets first. For that purpose, we define:

r_, = —1
rg = 1
L = dOdl---dk—17 k‘:l,,N—l—l (51)
SN+1 = —1
SN = 1
Sk = dk+1...dj\/_1d/\/, k‘:—l,,N—l
4.1 z;-sheets
The equation
E(Zo,Zl,...,Z_/\/) :0 (52)

has degree 1 + didy...dy in Wy and degree dod; ...dy in zg. Therefore,
Wo(z0) (or equivalently 7;) is a multivalued function of zy which takes 1 +
dydy . ..dy values: in other words, there are 1 + did;y...dy zo-sheets. We
identify these sheets by looking at the asymptotics of Zy when zg — oo.

e The physical sheet

From eq.(9), there must exist at least one solution of the algebraic
equation such that:

Wo(zo) o zio +0(1/2}) (53)
which implies that:
25 = O(20F) (54)
and in particular
oy = Oz ™) (55)
The zg-sheet in which these asymptotics hold is called the zg-physical

sheet.
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o Other sheets

Notice that the equation for Wy (zy) as a function of zy is the same
algebraic equation. In other words, there is a solution of the algebraic
equation which is such that:

Zp = O(Zj\?) 5 Sk — dk-l—l .. .d_/\/_ld_/\/ (56)

ie.
N = O(Zé/dl...d_,\/‘_ldj\f) 7 2 = O(Zé/dldk) (57)

Since the number of si roots of unity is exactly so = dy...dy_1dy,
we have all the solutions.

We thus have rg +so = 1+ d; ...dy_1dy sheets. In one of them we have
zy ~ O(zy"), and in the d; ... dy_1dy others we have zg ~ O(z}}).

4.2 Algebraic geometry

We now consider the algebraic curve £ in a more geometric language. An
abstract point p € £ can be represented as a couple (zg, z1) such that z; =
Z1(zg), or by any other parametrization. For instance it can be described as
a point of CV, at the intersection of N codimension 1 manifolds.

Algebraic geometry is an active and important part of mathematics, and
lots of tools have been invented to describe the geometry of algebraic Rie-
mann surfaces. We refer the reader to [16,17] for an introduction.

A Riemann surface is locally homomorphic to the complex plane C, that
means that small domains of £ can be maped on small domains of C. The
map, which is one-to-one and holomorphic in that domain is called a local
parameter, let us call it:

pe& —ux(p)eC (58)

Any complex valued analytic function on & can be localy represented by an
analytic function of z(p).

For instance, zg = z(p) is often a good local parameter on &, except
when zg approaches a singularity. Therefore all functions on £ can be localy
written as functions of zy. They can also be locally written as functions of
any 2.

Notice that the function zo(p) is not injective, it takes the same value
zg for different points p, namely the same value of zg corresponds to 1 + sq
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points p. Therefore the function z(p) which is a well defined monovalued
function on € is a multivalued function of z5. The z¢-sheets are domains of
& where the function zo(p) is injective. In particular in each sheet, there is
only one point p,, where zy — oo.

Let pet be the point in the physical sheet, such that zo(peot) = co. In
the vicinity of pey, we have eq.(54):

z(p) _~  z"(p) (59)

P—*Poo+

i.e. Zi(zo) is analytical, which indicates that zg is a good local parameter
near Pooy -

Now, let p..— be the point at oc in the zy-physical sheet, i.e. where
2x (Poo— ) = 00 and with behavior eq.(56):

z(p) _~ 2z (p) (60)
P—Poo—

i.e. Zp(zy) is analytical, which indicates that zy is a good local parameter
near poo—. In the vicinity of po._, the function zo(p) takes the same value zo,
sg times, therefore there are sy sheets which meet at p.,_. It is clear that zg
is not a local parameter near p.,_, but zy is.

It is also clear that there can be no other point p such that zo(p) = co.
The algebraic curve £ has only two points at co.

Notice that the intermediate z;’s with 0 < & < A are not appropriate
local coordinates near p..4+ neither near p,,_ (unless many of the d;’s are
equal to 1).

Let us summarize as follows:
- The function z(p) has a pole of degree ry = dod; . ..dg_1 near peot. zo(p)
is a local parameter near po .
- The function zx(p) has a pole of degree s; = djt1...dy_1dy near po_.
zx(p) is a local parameter near p._.
- The function zi(p) has no other pole.

Remark: From eq.(53), it is easy to prove by recursion that:

Res zp_1dzp, = =T = — Res zp11dzr , Res zpy1dzp = —T = — Res z,_1dzy
Poot Poo+ Poo— Poo—
(61)
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4.2.1 Genus and cycles

Let g be the genus of €. It can be proved (using the Riemann-Roch theorem,
or the method of [19]) that

N
g S Gmax ‘= Hdk —1 (62)
k=0

Notice that the polynomial P has 1 4+ gmax coefficients, and its leading coef-
ficient is fixed, i.e. gmax 1s the number of coefficients of P not fixed by the
loop equations.

Let A;,B;(: =1,...,9) be a canonical basis of non-trivial cycles on &:

Ai()B; = 6 (63)

the choice of non-trivial cycles is not unique, and we will see below one
possible convenient choice.

4.2.2 Endpoints

If z is considered as a function of z; (k # [), it has singularities (branch
points) everytime that:

dzr(p) =0 (64)

Indeed at such a point we have: z](z) = dz/dzp — oo.
The zeroes of dzi(p) are called the endpoints, and are noted:

€ki (izl,...,rk—l—sk—l—Zg) (65)

Generically, the zeroes of dzp are simple zeroes and they are all distinct,
which means that z; behaves as a quadratic function of a local parameter
x, while z; behaves linearly in x. Therefore, z/(z;) has a square root branch
point near zj(eg;).

4.2.3 Critical points

It may happen that some endpoints coincide. This is called a critical point. It
is not a generic situation, it happens only if the potentials V},’s are fine tuned
to some critical potentials. The critical points are relevant for finding the
representations of (p, ¢) minimal conformal models. A (p, q) critical point, is
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such that there exist k # [, and a point e € & such that: dz; has a zero of
degree p — 1 at e and dz; has a zero of degree ¢ — 1 at e. Near e, z;, as a
function of z; behaves with a p/q exponent.

From now on, we assume that the potentials V}; are not critical, i.e. the
endpoints are all simple and distinct.

4.2.4 Cuts

The cuts in & are the contours which border the sheets. Viewed in the
zp-plane they are lines in C joining two endpoints.

That choice of lines (i.e. the choice of sheets) is largely arbitrary, provided
that they indeed go through the endpoints.

There is a canonical choice, which comes from [13], given by the contours
where the asymptotics of the biorthogonal polynomials and their Fourier
and Hilbert transforms, have discontinuities, i.e. some Stokes lines. That
canonical choice is defined as follows: the set of z;-cuts (contours on &) is
the set of points p € £ such that there exists p’ # p with zx(p") = zx(p) and

%(/j

remark that for all p and p’ such that z;(p) = z4(p") we have:

Zk-}-ldzk) = 0 (66)

! / ’

p p p
/ Zk_|_1d2k = / (Vkl(zk) — zk_l)dzk = —/ zk_ldzk (67)
p p p

so that the canonical cuts are left unchanged if we reverse the order of the
chain.

4.3 Sheet geometry

We are going to describe briefly the sheet geometry, see fig.(4.3) for a better
vizualization.

The equation zx(p) = z; has ry + s solutions for p, i.e. the curve £ is
divided into ri + si sheets. When z;, — oo, r; solutions approach p.., while
sg approach p.,_. In other words, r; sheets contain p.4, while s; sheets
contain pe,_.

Let us denote Cj the contour which separates the reunion of sheets con-
taining peo+ from the reunion of sheets containing p.,_, oriented such that
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it turns around p..4 in the positive direction. That contour C; will play an
important role later. Note that Cj is not necessarily connected (as in our
example fig. 4.3).

Let us also denote:

e pyik(zr) (=1,...,r) all the solutions of z(p) = 2z, which are on the
same side of Cp than p.y,

e p_;r(zk) (=1,...,s;) all the solutions of zx(p) = 2z, which are on the
same side of Cp than p.,_.

4.4 Filling fractions

It is well known that the discontinuities of Wy(2p), i.e. the discontinuities
of Z_1(z) along the Zy-cuts in the physical sheet are related to the large N
average density of eigenvalues of the matrix Mj:

L (Wolz0 4 10) — Wo(z0 — i0)) (68)

 2im

po(z0) =

The support of pg is the set of cuts of Z_;(z), with endpoints the zo(eg;)’s
which belong to the physical sheet.

The ratio of the average number of eigenvalues in a given connected com-
ponent of the support of pg to the total number N of eigenvalues is a contour

integral:
1 o(€o0,it1) 1
TE = /Zo(eoyi) p(z0)dzg = 9T %z;ldzo (69)

where the contour of integration on & is one of the zp—cuts defined in section

4.2.4, oriented in the clockwise direction. ¢; is non-zero only if the contour is
a non-trivial contour, or if it encloses a pole p.,4 Or poo_.

Therefore, there are at most g+ 1 possible values of ¢;, the support of the
density has at most ¢ + 1 connected components.

It is possible to choose the potentials Vi,...,Vy such that all the non
trivial cycles A; are in the physical sheet, and such that the cycles A; are all
cuts. The filling fractions in that case are the A-cycles integrals:

1
;= T _ d 70
€ 5em Aiz 1dzg (70)
For more generic potentials, we define the filling fractions by eq.(70),
eventhough they don’t really correspond to numbers of eigenvalues. The
cuts are integer homological linear combination of A-cycles.
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Figure 1: Sheets for z;: example with rp = 6, sp = 4 and g = 1. The two
black cirlces represent p.,. and p.,_. The empty cirles are the r; + si +
2g endpoints. The thick lines, going through the endpoints, are the cuts
separating the sheets. Each region separated by lines is a sheet, there are
rr + sk sheets. The sheets form “flowers” near p..; and p.,— (the petals
have an angle 27 /ry near po.+ and 27w /sy near po.—). There are g “handles”,
with A and B cycles: here A can be chosen as a cut, and B is represented
as a thick dash-dot line. Each cross x (one in each sheet) represents a point
p € &, such that zx(p) = z.
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We also define the chemical potentials as the B—cycle integrals:
I = —% z_1dzg (71)
B,

We will see in part 6.1 that this description remains valid for the densities
of all matrices M}, (and not only My). We will prove (see eq.(160)) that px(zx)
the density of eigenvalues of My is the discontinuity of zz41 (or equivalently
zk—1) along the cuts.

It is easy to prove, by integration by parts, that:

% z_1dzg :% Zp_1dzy = —% Zpe1dzy (72)

A; A; A;

% z_1dzg :% Zh_1dzr = —% Zp+1dz (73)
B; B; B;

If we anticipate on section 6.1, this proves that the filling fractions are the
same for all densities, up to integer linear combinations. If the support of the
density of eigenvalues of M}, has my < g+ 1 connected components [ay,;, b ;]
(1 =1,...,my), the filling fractions in each connected component are:

bi,i g+1
/ pr(zk)dz, = Z Apij€ (74)

ki

where the coefficients Ay, ; are integers (possibly nul or negative).

4.5 A or B cycles fixed ?

As we said before, the loop equation is not sufficient to determine all the
unknown coefficients of F. Some additional hypothesis are needed, two of
them are often considered in the litterature:

e condition B: if all the potentials are bounded from below, and the
partition function is well defined, one is interested in finding large N
limits for the free energy and various expectation values of traces of
powers of the matrices. In that approach, one has to find a solution
of the loop equation which gives an absolute minimum of the free en-
ergy. The genus ¢ and the filling fractions ¢; are not known, they are
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determined by the minimization condition dF/de; = 0, which reduces
to:

Yi=1,...,9 %zldz():() (75)
B;

All the B cycle integrals must vanish. That condition is sufficient to
determine g and all the ¢;, and it is sufficient to determine the unknown
coefficients of K.

This allows to find the large N limit of the free energy. Subleading
large N corrections, i.e. the so-called topological large N expansion
of the free energy, exist only if ¢ = 0, as was shown in [6,10]. If the
genus g is > 1, there exist asymptotics for the subleading corrections
to the free energy, which have no 1/N expansion, they are oscillating
functions.

condition A: if one is only interested in the formal large N expansion
of the free energy, one has to find a solution of the loop equation which
corresponds to the perturbation of a given local extremum of the free
energy. Therefore, g and the ¢;’s are fixed parameters which character-
ize the minimum around which we perform the perturbative expansion
(moduli). The following equations

Vi=1,...,9 % z21dzg = 2ime; (76)
A;

are suflicient to determine all the unknown coeflicients of F.

In the following, we will always assume that we have condition A, unless

specified. Most of the results obtained for condition A, immediately translate
to condition B, by exchanging the roles of A and B-cycles, like the large N
free energy. But some quantities, like the large N 2-loop functions, get
contributions from the oscillating asymptotics, and will not be computed in

this article. So, from now on, we assume condition A.

4.6 Parametrization

It is possible to parametrize the algebraic curve £ in terms of 8 functions.

Given g and a canonical basis of non-trivial cycles A;, B;(i = 1,...,¢), it

is known [16,17] that there exists a unique basis of holomorphic 1-forms du;
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on & such that:

% du]‘ = 52']‘ (77)
A

The matrix of B periods is defined as:

Tij = % du]‘ = Tji (78)
B;

7;; 1s a symmetric g X g matrix, with positive imaginary part.
If we choose an arbitrary basepoint py € £, we define the Abel map:

ﬁ@:ﬁw (79)

which defines an embedding of £ into C9.

For any 0 < k < N, z(p) is a function on &, with a pole of degree ry, at
Poots and a pole of degree s;, at p.,_. z; must have ry + s; zeroes, which we
denote pi;(0), (1 =1,...,7r% + sg). The zeroes must satisfy:

rr+sk

Y lpri(0)) = raii(pocs) + sril(poc-) (80)

=1
then:

[125° 0(ii(p) — ii(pr,i(0)) — Z;7)

HP) = GG ) = ipor) — 2 10 (p) — Fp) — B )

(81)

where 6 is the Riemann theta function [16,17], Z'is an arbitrary non-singular
zero of §. The ratio of the RHS and the LHS is a function on &€ with no pole,
therefore it must be a constant, which we call Ayg.

We have a parametrization of £ in terms of 8 functions.

4.7 Two-loop functions and Bergmann kernel
4.7.1 The Bergmann kernel

The Bergmann kernel B(p; p') is the unique bilinear differential form on € x &
with the following properties:
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e B(p;p), as a function of p, is a meromorphic form, with only one double
pole at p = p’ with no residue, and such that in any local parameter

A dz(p)dz(p')
B(p;p )p_m, (z(p) — z(p'))?

e Vi=1,....9 §peA¢B(p7p/):0'

z(p) we have:

(82)

4.7.2 The 2-point function

For 0 < k <N and 0 <1 <N, define the following meromorphic differential
forms on £ x C:

dzp-1(p)

Bri(p; z) := dz(p) dz (83)
5 Izp41(p)
Bri(p; z) i= ——— dz(p) dz (84)
a‘/[(Z) zx(p)
We have the “thermodynamic identity”:
Bri(p; 2) = = Brsra(p; 2) (85)
and zp_1 + zg41 = V/(zx) implies:
~ dzi(p)dz
By (p; Bri(p;z) = =0 i—m—— 86
ki(ps 2) + Bra(ps 2) k,l(z — () (86)
We are going to prove below that:
Bra(p;z) = = >0, B(pip-ju(2))  0< k<l
Bra(piz) =201 B(p;p+j,1(2)) [<k<N (s7)
Bri(p; 2) = 32255 B(pip—ju(2)) 0<k<l
Bra(p;z) = — Z 1 Bpipria(z))  I<k<N

where B is the Bergmann kernel, and the p;;’s have been defined in 4.3.

Proof of eq.(87)
First notice that eq.(85) and eq.(86) imply:

Bii(p; 2) = Bog(p; 2) 0<k<I (58)
Bri(p;z) = —Byu(p;z)  I<k<N
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and:

N dzi(p)dz
Bo.(p; Byilpiz) = —————
01(p;z) + Baa(p; 2) (z — z(p))> (89)
Consider the two-loop functions introduced in eq.(27):
1 1 Bo(p+1,0(2); 2)
a(z;2)=(t t = 7
Wou(z; 2') < T Ve T — M1>conn Tzo(prro(2))d=" (90)

1 1 By a(p_in(2);2')
Wialz:2') = { t — TNAP-LNAE 91
wilz2) < oMy - M1>Conn dzn(p_in(2))dz’ 1)

Mo My

defined integrals for z in the physical sheet, therefore By,(p;z’) can have
no pole when z' = z(p) if p is in the z-physical sheet, and By (p;z') can
have no pole when z' = z/(p) if p is in the zy-physical sheet. Note that
the derivatives d/0V|(z’) are formally defined only for large 2/, which implies
that:

Bo(p; 2') can have no pole when p = py;,(2'), j=1,...,r,

By (p; ') can have no pole when p = p_;;(z'), j =1,..., 5.
Since the RHS of eq.(89) has poles at all p = py;;(2'), we must have:

Bo(p; 2') can have no pole when p = py;,(2'), 5 =1,...,r,

Bo(p; ') has double poles when p = p_;,(2'), 7 =1,..., 5.
That implies that:

The expectation values <tr Z% tr Z,_I—Ml> and <tr Z_l tr Z,_I—Ml> are well

Bi(pi ') 1= Boa(p:#) + 3 B(pip—sa(+)) (92)

has no pole when z(p) = 2.
It obeys the following properties:

e Since Wy(zo) behaves as 1/z¢ near oo in the physical sheet, Wy,i(zo; 2')
must behave as O(1/z2) near p..4, while dzy has a double pole at pooy.
Therefore By,(p;z') has no pole when p — poy, and thus B;(p; 2') has
no pole when p — peo4.

e Similarly, By (p; 2') has no pole when p — pe._, and with eq.(89), that

implies that By (p;z’) has no pole when p — pe—, and thus B(p;z’)
has no pole when p — po_.
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e Near an endpoint eg;, Zx_1(2x) has a square root singularity, i.e. the
derivative 0zy_1(p)/OVi(2")].,(p) has an inverse square root singularity,
i.e. a simple pole which is exactly compensated by the zero of dzy(p).
Therefore By (p; z') has no pole when p — e, and so for By(p; z').

e Near any other point, z;_; is an analytical function of z;, and thus By
is analytical.

e Bj; must satisfy:

% Bri(p;2') =0 (93)
PEA;

and so must B;.

Finaly we find that B; is a meromorphic form with no pole, with all its
A cycle integrals vanishing, therefore: B; = 0, QED.

Remark:
We have:
B(p,p') = dpdy In 0(ai(p) — u(p') — 2) (94)
Notice that
1 1 ar;
di’/:f B’,’/:d ’/fil 95
W) = 55z B = da g g9

Once B is known, eq.(95) give an explicit way of computing the Abel map
u(p)-

4.8 Abelian differential of the 3rd kind and tempera-
ture

4.8.1 Abelian differential of the 3rd kind

There is a unique abelian differential dS on &€ with only two simple poles at
Poot, Such that:

ResdS=—ResdS=1, Vi=1,....9 %dS:() (96)
Poo+t Poo— A;
It has the property that:

dS(p) = /poo+ B(p,p') (97)

'=poo—
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We define:
i ::% ds (98)
B;

And, given a basepoint pg, we define the following multivalued function
on &:

Ap) = e o™ (99)
A has a simple pole at p..4+ and a single zero at p.,_, therefore the following
quantities are well defined:
~v:= lim 2o(p) . = lim zy(p)A(p) (100)

p—=root A(p) P—Poo—

Notice that the product 47 is independent of the choice of the basepointpy.

4.8.2 Derivatives with respect to T

Consider the abelian differentials:

Ozp— - 0
iip) = | daip) Sl i= TEED| ) (0
ZE\P ZE\P

We clearly have (from zp11 4 zx-1 = V]/(21) and thermodynamic identity):

dSk(p) = —dSk(p) = dSk11(p) (102)

Therefore dS}, and dgk are independent of k.
They have the following properties:

e near poi, 21 ~ 1'/z0 + O(25?), thus dSy ~ dzo/20, i.e. dSp has a
single pole at p,y, with residue —1.

e Similarly dSy has a single pole at p.,_, with residue —1, i.e. dSy has
a single pole at p.,_, with residue +1.

e near an endpoint e;, Zr_1(zx) has a square root singularity, thus
828’“—7?1 has an inverse square root singularity, i.e. a single pole at
2
ek,i, which is compensated by the single zero of dzg, and therefore dSy
has no pole at eg;.

e near any other point, z; is a local parameter and z;y; is analytical in
Zg, 1.e. dSp has no pole.
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e The A; cycle integrals of dSy vanish.

There is a unique abelian differential with such properties, it is the abelian

differential of the third kind defined in eq.(96):
dSk(p) = —dSk(p) = dS(p) (103)

In particular, we have that:

0

4.9 Derivatives with respect to ¢; (condition A)

Consider:

1 aZk+1(P)

1 Oz
dUk,i(p) = — 72]6 l(p) = % 786»

 2%m e dzr(p) ., digg(p) :

2(p)

dzy(p)
zx(p)

(105)
We clearly have (from zp11 4 z5-1 = V]/(21) and thermodynamic identity):

duyi(p) = —diigi(p) = dups1,i(p) (106)

Therefore duy,; and duy; are independent of k.

Following the same lines as in the previous section, we show that duy;
and duy,; have no poles, i.e. they are holomorphic one-forms. Moreover we
have:

86]‘

% dig, = 29 — 5., (107)
A] 862»

There exists a unique set of holomorphic one-forms with those properties, it
is the holomorphic forms du; introduced in eq.(77), therefore:

dﬂkﬂ' = —duw = duZ (108)
This shows that: ar
aej =7 Ti,j (109)

where 7; ; is the matrix of periods introduced in eq.(78).
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5 Large N free energy

5.1 The large N free energy
The free energy F' defined in eq.(2) has a large N limit:

F=F0©40O(N?) (110)

We prove below, a generalization of the formula of [3]:

N
1
o (0) — E E{es(Vk(Zk)—§Zkvkl(2k))2k+1d2k
k=0 T

—I-TILL—I-E &1 —T2(1‘|‘N1HT)

= ZRes Vi(zr) — —Zka(Zk))Zk 1dz

Poo_

k=0

+Tp+ > 6l — T*(1+N1InT)

(111)

where p is the generalized version of [3] and is defined as follows for any
peé:

poo= /p:Jr(ZZo — 2_1)dzg + /:_(% — zyt1)dzy — T'lnzo(p) — T'In zp (p)
N
N ACIDIED PESOEN (112)

k=1

p is independent of p (indeed du is a telescopic sum which cancels com-
pletely).

Proof of eq.(111): We remind that we assume condition A. We define:

N
. 1
4K = 2Tu+2 EZ el — ) 4 E E{off (Vi(zx) — §zkzk+1)zk+1dzk
al 1
+ g Res (Vi(zk) — =2rp2k-1)2k—1d2 (113)
=0 Poo— 2

Notice that Res,, zzzr—12r41d2zr + Res . _ 2p2p—12p41d2, = 0, so that the
expression in eq.(113) is the same as in eq.(111).
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Let us compute:

e av e V()

82k+1
* Z " i),

+ Z Res 0251
k

(Vi(zr) — zpzp41 )dzp

Poo— a‘/[(Z) £
+27 ) +2 Z i)

we introduce the following multivalued functions:

b 52k+1 x b azk—l
(kPIZ/ dzy Qcpiz/
P L vl e ) )
By integration by parts, and using eq.(20), we have:

oK _
4 A Res Alt dz; — Res L do + ATWi(2)

aVi(z) Poot 2 — 2] Poo— 2 — 2]

- Z Res Cu((Vilzr) = ze)dze = 2zedzig )

- Z Res Gi((V(zk) — zr-1)dzy — zpdzpoy)

Poo—
+2
2141 1
= —Res dz; — Res dz; + 4TW,(z)
Poot Z — Z] Poo— Z — Z}
— Z E{es Ce(zp—1dzr — zrdzpy1)
oot

— Z Res Q}C zkp1dzy — zpdzp_1)

Poo—

= — Res ala dz; — Res L dz + 4TW(2)

Poot Z — Z] Poo— Z — Z}

N

oVy
Zk_|_1d2k + Z Res (2 )zk 1dz + 4TWi(2)

(114)

(115)

+Res (yandansr — Crzandzo — % (G — Goot)2k-1d2

Poot
Oo k=0
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Near

N
+ Res onZodZ-l - §N+1ZN+1dZN - Z(ézk - §k+1)2k+1d75k

Poo—
k=0
HTW +222:626V1(2) (116)

Poog We have z_; ~ T/zy + O(25?), therefore 2o ~ T//z_; + O(1), and

thus (_; has a zero at p,4. That implies that:
Res (_1z_1dzg =0, Res §N+1ZN+1dzN =0 (117)
Poo+ Poo—
Moreover, notice that aj(kz) o dzj_1 = — 2;’;(‘;) . dzy, therefore:
b O0zp41 Ozp—1 /p oV (zx) Okl
—(_ = d = d = '
Cr(p)—Cr-1(p) /pwr (8%(2) . + Vi(2) . Zk - Vi(2) 2k ) =2
(118)
Thus:
4 oK = Res wdzl + Res Mdzl + 4TT/V1(Z)
aVi(z) Poot 2 — Z] Poo— 2 — 2]
+ I}o(:f (vandzasr + Res §020dz 1+ ZT —|— 2 Z @V
=  Res wdzl + Res A1 — A dz; + 4TI/V;(Z)
Poot zZ — Z] Poo— zZ — Z]

G AT

+ Z 5em % disc, ( Cozodz_ 1) + Z % disc, ( NZNdZN+1)
— 22: ﬁ %{;Z dlSCBi §020d2_1 — 22: % figé dlSCBi C_/\/Z_/\/dz_/\/+1)

— Res Cvendzasr — Res §

(119)

where we have used Riemann bilinear identity, and disc means taking dis-
continuity of the considered multivalued function when crossing cycles.

Now compute dp/dV(z), all terms cancel but:

@M _ 1 _/p 82_1
WiE) - r—alp) o, V)

dzy  (120)

d _/p aZNH
LT L i)

0

(b

ZN
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which is independent of p. In particular for p = peoy, this proves that (o (Poot)
and (y(peo—) are finite, and:

o Y B |
Thus:
N ~ 0
ljiff Cozodz_1 = TCO(poo-}-) = T@V;/ZZ) = TﬁN(pm—) = lziff Cvandza 41

(122)

Now compute the discontinuities (crossing B; is equivalent to going around

A):

. x 82_1 . 862'
iscs, Co el 20 Vi) (123)
this implies that ¢y has no discontinuity along B;, and
. 0z_4 ar;
disc. (o = dzg = — 124

this implies that (o has a constant discontinuity along A;. Moreover zy and
dz_1 are monovalued, i.e. they have no discontinuity along A; or B;. Thus:

. . ol o or;
%46 disc4, (ozodz_1) = _W %46 zodz_y = —21,71'628‘/1(2) (125)

Using similar arugments for z,r, we arrive at:

oK -1 — — 2
A Res Mdzl + Res Mdzl + 4TW(z) (126)

oVi(z)  rper  z— 2z Poo— 2 — 2]

4

When [ = 0, by definition eq.(11), we have

TWo(z) = Res z1dzg = — Res 2_1dzg
Poot 2 — 20 Poot Z — 20
= Res z_1dzg = — Res z1dzg (127)
Poo— Z — Z Poo— Z — 2
therefore: 9K
2%
=0 128
o) (128)
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which proves that K is independent of V4. In particular we can choose Vg

quadratic, and then we integrate M, out, i.e. we reduce the problem of a

chain of lenght A" with potentials Vg, ..., Vy to a chain of lenght ' — 1 with
2

potentials V; — %1, ..., V. It is easy to check directly that:
22 22 T
FN(go,vl,...,VN):FN_I(Vl—gl,...,VN)—71nT (129)
and thus:
52 52 2
Ky(Vo,...,Vy) = [X’N(?O, Vigoo oy Vi) = Kyv—1 (Vi — 51, Vi) + 71nT
(130)

Therefore, by recursion on N, we find that K is independent of all V's. K
could still depend on 7" and the ¢;’s. K has been computed for N = 1 and
N =0 [3], and we find:

T2
K= 7(1 +NInT) (131)
which is the same result as if all potentials are chosen gaussian (see section
8.2).
QED

Remark: En route, we have proved that for all [, the resolvent of the [*h
matrix is:

1 1 1 1
Wi(z) = =Res zip1dz; = —= Res zi_1dz;
Tpoo+ zZ— Z] Poot Z — Z]
1 1 1 1
= pRes camda= g Res Tmmnda (132)

Remark: we have:

N N
p=—TIn~vyy+ Z en; + Res (Z Vi(zk) — Z Zk_lzk) ds (133)
7 k=0

Poot
= k=1

where dS and v and 4 and 7; are defined in eq.(96) and eq.(100).

Proof of eq.(133): Consider the functions:

. PT PoT
= [t o= [ e (030
Poo+ co—

20 ZN
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They satisfy:
Res ¢pdS =0, Res dppdS =0 (135)
Poo—

Poo+
and they have the following discontinuities along A; or B;:
discq, po = —discy, o =T,  discp, ¢o = —discp, p = 2im¢; (136)
From eq.(112) and eq.(96), we have:

i = Res pdS = Res ¢odS + Res opnpdS — T'ln~5

Poo+ Poo+ Poot

N N
+ Res (Z Velzalp)) — zk_1<p>zk<p>> s (187
Poot k=0 k=1
We need to compute Res . oxdS, we use Riemann’s bilinear identity:
. 1 ) 1 )
Res ondS = —Res gydS + Z S f[; disca, pprdS — Z o fg discp, pardS

= qu (138)

QED.

5.2 Derivatives with respect to ¢;

We have: p
u
=1 139
ikl (139)
indeed, from eq.(112), we have:
du POz POz
= — dzg — d 14
de; /p L 06 |, / _de o (140)
0 20 [ele] ZN
using eq.(108) we have:
aIU/ ) /poo—
= urw du; = n; (141)
De; Poot
We have: )
dFr
=TI, 142
d (142)



Indeed, from eq.(111), and using eq.(108), we have:

OF©)
4 = 2T772 + QFZ + 2 Z €755 + Z Res (‘/k(Zk) — Zka_}_l)dui
7 k

862' Poo+

Poo—

— Z Res (Vi(zk) — zpzp—1)du;
(143)

Let us introduce the multivalued function:
P
ui(p) = / du; (144)
Poo+
its discontinuities along the A4 and B cycles are:

discq;u; = 75, disca u; = 6;; (145)

After an integration by parts, we have:

oF
4862' = 2T +2I+2 Z €iTij — Z Ip{o(:f wi(Vi(zr)dzr — zip1dzy — zpdzgyy)
j k
+ Z Res u;(V;(zx)dzg — zp_1dzi, — 2pdzp_1)
— Poo—
= QTUZ + QFZ + 2 z]: €T — zk: IP{OZS- ui(Zk_lek — deZk+1)
+ zk: lz}off wi(zps1dzy — zrdzi_q)

= 2T +2I+2 Z €;7;.; — Res w;z_1dzg + Res ujzpyrdzp 44
- Poo+

Poo+

J
+ Res w;zyp1dzy — Res u;zodz_y
Poo— Poo—

= 2Ty +2I 42 Z €;7i; + Res wizydzy st + Tui(poeo—) — Res u;zodz_y
; Poo+ Poo—

(146)

using Riemann’s bilinear identity and eq.(133), we find eq.(142).

5.3 Derivatives with respect to T

We have:
— = —Invy (147)



indeed, from eq.(112), we have:

8/,6 p 1 82_1 P 1 aZN+1
ar _ - d -
aT /pm(zo aT ZO) ZOJF/OO_(ZN aT

Ydzy —Inzg —Inzy

%
(148)
using eq.(103) and eq.(99), we have:
du Podzg  dA Poodzy  dA
— = —_ - — — 4+ —)—Inz —1
oT /poo+(20 A)—I_/OO_( ZN + A) oo ey
= ln% —Iny4+InzyA —Iny —Inzg—Inzy = —Ilnyy  (149)
We have: . N
dFr +3
= T(—— InT 1
T = # = T —=+NhT) (150)
Indeed, from eq.(111), and using eq.(103), we have:
oF du
4@'_T = 2,LL—|—2T —I—ZZcm—l—Zl}off (Vi(zk) — 2pzp41)dS
— ZRes (Vi(zr) — zk2p-1)dS — 4T (1 + N1InT) — 2N T(151)

Poo—

using eq.(147) and eq.(133), we find eq.(150).

Remark: The derivative of the free energy wrt to T can be computed
directely from eq.(1):

o(F/T?)

— N2
aT

N N N
= <tr PRAVAEDY MkMk_1> (152)
&/T k=0 k=1

The matrix integral is defined for fixed filling fractions, i.e. for fixed ¢;/T".
We can thus write:

= ——(tr Y Vi(My) =Y MgMy_y ) (153)
T De; N o k=1

Using the change of variable d My = M}, we get the loop equation:

1

2T = v (tr MpVi(My) — My(Myp—y + Myy1)) (154)
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which implies:

A(FIT?) 1 1 al I
—TZ%—f Z: 6l = N < tr ;(Vk(Mk) - §Mka(Mk))>‘|‘(N‘|‘1)T
(155)
i.e.
FF
T_a_T_TZGF —ZRes Vi(My) — Mka(Mk))Wkdzk—l—(/\/—l—l)

(156)

which is equivalent to eq.(150).
Note that eq.(154), is nothing but the infinitesimal version of the rescaling
M — aM,,. In particular one can choose a = VT, and get directely from

eq.(1):

NA Loy p

(157)
Taking the derivative of eq.(157) with respect to T', gives again eq.(150).

F(grjs grjr iy T) = T*F (gr ;T Gu TV 6/ T 1) —

6 Other observables, leading order

6.1 Resolvents, leading order

So far, we have found that Wy(z9) and W (zy) obey algebraic equations. We
have been able to determine the resolvents for the matrices at the extremities
of the chain, but not for intermediate matrices. We are going to determine
Wi(z) for 0 < k < W.

We start from eq.(132):

Wi(z) = — — f S (158)

unT Jo, 2z — 2

where the integration contour is Cj defined in 4.3. Indeed, the residue is
a contour integral around p.,4, and since equation eq.(132) was derived
formally for large z (i.e. order by order in the large z expansion), we have
to assume that the contour of integration encloses all the r; solutions of
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zk(p) = z. Moreover, the residue is the sum of poles at the py;x(zx)’s and at

Poo+:
1 Zk—1 i 1 de
_— dzr — s _— i,
um Jo, 2k — 2 k ; 2k-1(Pik(28)) + 2% fék -1 2k
Tk 1 V”(Zk—l)dzk—l — de_Q
= 2. 2k (Pik(28)) + i fék Zk—1 Vi (20m1) — 702
Tk 1 V”(Zk—l)zk—l
= Zg—1(P+jk(2k)) + —% ———dz_4
— ( +7 ( )) Qi o ‘/k/_l(zk—l)
Tk
Jk—1,dy_,
= 21 (p4in(2r)) + RS (159)
o1 Gk—1,dy_1+1
Therefore:
Tk Sk
gk— CGk=1dy_1 Gk+1,dy 4,
TW.(z) = + z = - 4 z _i(z
k(2) = Ghotdy i1 ; k—1(P4ik (2 9k+1,dk+1+1 ; k+1(P—jk(2))
(160)
Notice that we have:
Tk
Gk+1,dp 4y Jk—1,dy_,
D7 cima(pin()) = siVi(e) + S S (161)
fR— Gk+1,dpy1+1 Gk—1,d;_1+1
6.2 2-loop functions, leading order
From eq.(87) and eq.(160) We find (I < k):
1 1 L
T T dzpdz = — B(pyi s Pij
(gt ot 5 st
(162)
6.3 2-point one loop functions
6.3.1 Wi
Define the following polynomial of two variables:
FE(z0y ..oy 2k, Zht1y - -5 ZN)

Qri+1(zrzke1) =  Resdzo...dzp_1dzigs ... dzy 7
o0 [T=o(Vi(z) = 241 — 2j-1)

37



= E(Zm" Zk 17Zk72k+172k+27"'7z./\/)

Tk
- )™ ng,d +1 H gy,d +1 H (k41 — 2k (Pik(2x)))
j= k‘H 0F#j=—s}
TE41
- )i Hgy,d +1 H gy,d +1 H (2x — 2k(Pip+1(Zr+1)))
J=k+2 0#j=—sp41

(163)

where the Z;(2x, zx41) are defined by:

Zy(2ky 2141) = 21 Zk+1(zk72k+1> = Zk+1
Zj+1(2k72k+1) = Vzl(Zj(ZkaZkH)) - Zj—1(2kazk+1) J >k+1 (164)
Zi (26 2h41) = VI(Zj(20, 2641)) — Zja (2r, 2601)  J <k

We conjecture (proved in appendix B for k = 0):

Qrht1(2h; 2ht1)/ Hf é ;,]d +1 ;'\;k+2 g;',]d +1
[0 (zrar (prin(28) = zian) T (zi(pjinn (2541)) — 28)
H;kﬁl(zk — 2k(pyjht1(Zr41)))
It TIE, Cerpr (pag (2)) — 2421
e Hg:l(zk-i-l 21 (P—jk(21)))
[LE (2 (p=jort (2h41)) — 21)

1 — Wikt1(2k, 2541) =

Remark:
Qrpt1(2x, 2641) = Qror (Vi (28) — 2041, 21) (166)

and we may conjecture that the spectral curves of the differential systems
defined in the appendix of [5] are:

. Qk,k+1(2k72k+1)
det (Zk+11rk+sk - Dk(Zk)) = (_1) g E—1 r; N s; (167)
H]':o 9j.d;+1 L j=k41 95,4, +1

so that the property eq.(166) would be nothing but the duality discovered
in [5].
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6.3.2 The function U in the large N limit

Since the function U appears in the RHS of the master loop equation, it is
important to be able to compute it in the large N limit.

Define (notice that U; = U):

k-1

Uk(z0, 25y -y 2n) i = Pol - Wi(zo,...,2x) fen(2k, oy 20) z;  (168)

Z1 g0y ZN
1

J
We shall prove that:
Uk(Zo,Zk,---,Z_/\/) = Hk,N(Zkv"'va)WO(ZO)
N P(Zo,c0,Z1— 1,210 2N ) —P(Z0 e s 1,21 41 500y 2
-, (Zo 11,71 AZ/Z)_ZZ( o 1241 N)Hk,l—l(zk, o ,Zl—l)
= Vir(2w) — 2v

—I— E./\/ 1 E Z()7 ,Zl 13274 7Z_N’) gl(ZO,...,Zl,Zl+1,...,ZN) HkJ_l(Zk’ . 721_1)
(169)
where
HkJ(Zk,..., ) —P01207 ’ZNH fkl Zhyeoey? HZ] HZ] 170
=0 % i<k J>1
l.e. Hy; is a polynomial in z, ..., 2, and satisfies:
i Vi(z) — VI Z
Hippg=1, Hy=0ik>I1+1, Hy = (=) i k)f{k+1J-—f{k+2J
2r — Z
(171)
In particular for k =1 eq.(169) reduces to:
U(Zo,...,z_/\/) = V./\/(Z./\/) — RN -1
+ Z./\/ 1 E(Zo, 2 2k41,5- i;\;)l_EZ(kal, ,Zk+1,Zk+2,...,zj\,')1,-_[17k(z17 o 7Zk)
= HI,NJ(\/Zh ce 7ZN)W0(20)
_ k:—ol P(Zo,...,Zk,Zk+1,...,z_:;)l—_]jz(il(-)l,...,zk_},l,Zk+2,...,ZN) Hl k(217 . ’Zk)
(172)
Proof of eq.(169):
Let us define:
k-1
Ar(20y 2y oo oy 2N) 1= Pol Hz]- Jerr v (Zht1s s 2n)Wizo, .oy 2n)
Zl,...,Zk_l,Zk+1,...,ZAf ]':1
(173)
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Sk(2072k7"'7z./\/) = Pol fO,k—l(Z()a"'?Zk—l)

20509 Zk—1:Zk 41304 ZN

S Gegrs i )Wi(zo, oy zw) - (174)

Ti(z0s 28y --y2n) = Pol for—1(z0, -y 2k-1)Vi(21)

ZQgeeey ZN

fk—}—l,./\/(zk—l—h'"7ZN)W(ZO7"'7ZN) (175)

From eq.(13) we have:
U = Pol V{Ay — Usss (176)
and from eq.(29), we have:
(25 — Z1)Ap = Upsr — Si(Zos o+ o, Zoery 21+ 207) (177)

That implies:

Vilzr) = Vil(Zk)
ZE — Zk

Tk(Zo, .. .,Zk_l,Zk, Ce ,Z_/\/) — Tk(Zo, .. .,Zk,Zk+1, .. ,Z_/\/)17
- €178)

Uy

U1 — Upyo

2p — Ly

It is easy to prove (by recursion), that fon — fox—1V{(2k) fes1.4 is linear
in zx, in other words we can write:

Jow = for1Vi(z1) frarnv + 21 Bs (179)
where By, is independent of zj, therefore:
Ti(z0y .y 2ky ooy 2n) — P20y .oy 28y - .., 2x7) = independent of z;,  (180)
and thus eq.(178) can be rewritten:

Vii(z) = Vil(Zk)

Uk = Uk+1_Uk+2
Zk—Zk
_P(ZO7-..7Zk—172k7"'72-/\/) B P(Z()""’Zk’zk+17'”7ZN)(181>
Zk—Zk

From which, the initial conditions Uxy1 = Wy, Uprya = 0 (easily derived)
imply eq.(169).
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6.3.3 The extremities correlator W y

From eq.(172) and eq.(41), we derive:

N . .
Won (20, 2x) = 2:1 ElZo, -+ Bty Zirs -, 2) (182)
’ = (Zr = Z)(Zrs1 — Zrr)
where: .
Zi := zp(p+10(20)) »  Zk = zk(p-1,n(2n)) (183)

7 Subleading epxansion

The aim of this section is to generalize the calculation of [10,11], and compute
the next to leading 1/N? term in the topological expansion. In this purpose,
we expand the various observables in a 1/N? power series:

Zi(z0) = Z(z0) + ~—= 2V (z0) + . .. (184)

1
mP<1>(ZO,...,ZN)+... (185)

and so on. Then we expand eq.(28) to order 1/N?:

P(zo,...,2x) = P(O)(ZO, cezZn) F

N
N 20 By — PO (20, 20, .. ZQ) = UD (20, 2, ..., 2 20) (186)
k=1

where: .
ok e
By = (0. 20) (187)
aZk z]:ZJ(O)
From the definition of the Z;’s eq.(11), we easily find:
20 (20) = Hipr 747 (20) (188)
where (the Hy;’s have been defined in eq.(170)):
Hypo=H (2, ..., 7 (189)
We have:
Fl,—l = 0 5 FI,O = 1 , FLk == ‘/];/(ZIEO))FL]C—I - Fl,k—? (190)
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i.e.

I7 — akfl,k(zlv"'vzk)

H 191
Lk 621 e aZk Z]:Z](O) ( )
Therefore eq.(185) reads:
PO 20, 7OV 4 g0, 70 7O,
20 (zp) = L0 A 3 )+ U (0, 21 Vi) g

szzl Hy o By

Similarly to what was done in [10,11], we determine the polynomial P("),

by the condition that Zl(l)(zo) has singularities only at the endpoints eg;
in the zgp-—sheet. That condition is sufficient to determine all the unknown
coefficients of P, Now, let us compute U;(OO).

7.1 Computation of Ug(z,...,zx;2)

Notice that there is no explicit depedence on V in eq.(26), therefore:

AU (zo,...,2x)
dVo(z)

Uo(zo,...,2x352) = (193)

For k > 1, write z, = ZIEO) + (&, and Taylor expand eq.(172) in the (’s:

Ulzo,...,2x) = Vilaw) — 2v-1

N 1 N
- Z(Ek + §CkEk,k + Z GiEri)

k=1 i=k+1
k—1

(H 11+ Z GiH jo1i) (194)

=1

where Fj, was defined in eq.(187), and Fj is:

DPEO) (2, ..., 2x)
Ey, = R 195
kit 0z10z Z]:Z(o) ( )
H, ; was defined in eq.(189) and:
Hy g = Ofipler,. s 2) (196)
0z 2=70

J

42



From eq.(170) and eq.(189) we derive:
I7 1 o r7(0)\ 7 -
Hy gy = §Vz (Z;7) Hyior Higa g (197)

Then take the 9/0Vy(z) derivative, using 9¢x/dVy = —07;/0Vy, and take
the ¢ — 0 limit:

2l (0)
E 0Z; o
U ( 0, 7---7 — (a‘/o QVO( ) 2 ; a‘/o(Z) k,j 1,k—1
X T k=1 5,0
OH 1 k-1 o7y __
> — I H, e 1
=t ( () (s ) Y

From eq.(11), one easily derives:

04 9720 oy 97D 07
= Ve(Ze7) = = Hipgo 199
oVo(z) — OVplz) * (Z7) Vo(z) Uﬂavo(z) (199)
and from eq.(189)
8F1 k—1 kol 82](0) (0) k—1 aZ
k-1 _ m 7 ONE. . T _s 7o
aVo(z) = @VO(Z)VJ ( J ) 1,514 j41,k-1 Z@VO(Z) 1,k=1;j

(200)

7.2 Computation of 0E;/0Vj(z)
Let us define 7j(zo, z1):

20(20721) =20, 71(270721) =z, 7j+1(20721) = Vj/(7j(20721))—7]‘—1(20721)

(201)
We have:
07;(z0,21) H 0*Z (20, 21) \ (0) —
77 — H . 77 /// Z H )
821 21:250) 1,7—1 » 82% = Z z:: J 1] 1 7+1,k—1

(202)
Consider the polynomials defined in eq.(163):

Qo,i(z0,21) = E(O)(ZO(Zm 215 Zn (20, 21))
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50

= Cla—2") [[ (21 = 21(p-jolz0)))  (203)

J=1

(where C' = — H;\il g;fd]_l_l), and take its derivative (using eq.(202)):

a620,1(2707 21)

0z _ZE - 1_CH —le io(z0)))  (204)

zZ1=

That implies:

N _
8E] —_— aH1] 1
Za‘/o(z)HL]—l—l']z_:E] 8‘/0( )

) Z;‘\il Ej Hyj
o) 20— 21(p_io(z0))

(07 9x(p_jo(z0))
(2) dVo(2)

S0 N T7
U0 (2, 20, 2052) = % ( 02" 9z(p-jo(0)) ) Y1 Bi g
=1

9Vol2) MWolz) Zo Z1(0) — z1(p-1,0(20))
iv: 02 Epi 7 iv: 82](0) o T
a o e v kg Hk—1
o= Vo(z) 2 b Vo(2) J
N k-1 aZ(o)
i _
- FEy Hyp
; = IVo(2) !
50 N I
_ 07" 9z1(p—jo(z0) SV BT
=1 V() Io(2) 0 Z1(0) — z1(p-10(20))
02" [ Bry
_3%(2)2 THI 1+ZEkJH1k 1 Hoy o
k=1 i>k
1 aZl(O) e 117 7(0)\ 72 —
_53‘/0(2) kz:; o B V; (Zj ) Hy; y Hjt1p

N —_—
(Z]’:l B Hl,j—l)

0

20 Zl()

— 2 (P—I,O(Zo))



N _
aZl(o) 50 (Zj:l E]' H17]‘_1>
MWolz) = 70 — 21 (p_10(20))

1@Z1(0) N N o o
—= ZZE’” Hiypo1 Hyjq

2 J—

1979 & _
— L NN B V(2O H L Hipge (206)

82@0,1(207 21)

N . S0 1
= 2 (Z E; H1,]‘—1) Z 70)

0z 2=2{" j=1 = 21— 21(p-10(20))
N N N N
_ — 0*7
= NN B H o Hiya + Y B ka(z;,m) (207)
k=1 j=1 k=1 21 n=21

plugging eq.(207) and eq.(202) into eq.(206), we get:

U;(OO)(ZO’Zl(O),--'v @) B i 1 9z1(p—jo(z0))
T —_
2ojmt B Hjm =1 Z1(0) — z1(p-10(20)) dVo(z)

(208)
which can be compared to [11].

7.3 Next to leading order

Using eq.(208) into eq.(192), and using eq.(87), we get the 1/N? correction
for the resolvent:

0 0 S0
Zl(l)(ZO) _ P(l)(ZJ?; Zl(_)7 ey ZJ(\/)) o Z 1 azl(p_jvo(zo))
Ek:1 Hy e By =1 Zl(O) — % (]3_1,0(20)) aVO(ZO) 20
%0 1 B(p-10(20), p1,0(20))

=1 Z1(P1,0(Zo)) - 21(]3—1,0(20)) dZo(Pl,o(Zo))dZO(P—l,o(Zo))
+P<1>(z0, AR 4 2

./\/' J—
Yooy Hig1 By,

(209)
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and we remind that P is completely determined by the condition that
Zl(l)(zo) has singularities only at the endpoints eg; in the zp—sheet, and has
vanishing B—cylce integrals.

From there, it should be possible to extend the calculation of [10,11] to
the chain of matrices, and compute the 1/N? term in the free energy for the
chain of matrices. This will be left for a later work.

8 Examples

8.1 Example: one-cut asumption (genus zero)

Let us assume that the genus is g = 0.

It was already discussed in [10] that for multimatrix models, the so called
one-cut asumption should be replaced by a genus zero asumption. Indeed,
in that case, the number of zg-endpoints, i.e. the number of zeroes of dzg
is equal to the number of sheets, therefore there is exactly one cut in the
physical sheet. £ is in one to one correspondance with the complex plane
C, and it is well known [16,17] that the parametrization eq.(81) is rational,

P—Poo—

and with s = —— it can be written:

cot

zi(s) = i: Qi st (210)

i:—sk

z(s) has two poles: one pole of degree ry at s = oo, and one pole of degree
sk at s = 0. This parametrization is identical to the one found in [13] by the
biorthogonal polynomial’s method.

The set of equations:

Vi(2k(5)) = ziqa(s) + sz_l(s)
Vo(z0(s)) — z1(s) ~

v Y (211
elens) = ewaalo) 5, =
Qo1 = QN ,—1 =7 = ’NY
is sufficient to determine all the ay; (one is free to impose ag; = ay 1

because s can be changed into any constant times s).
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The Abelian differential of the third kind is:

d
ds = -2 (212)
S
The Bergmann kernel is:
dsds'
B(S,S/) = m (213)
8.2 Example: gaussian case
Consider all potentials quadratic (i.e. dy = 1):
Vi(zp) == 92—’“2,3 (214)

A direct computation of the matrix integral eq.(2) gives the free energy:

T? 1
F=FO = Do - NT+T2 InT (215)
Define:
g 1
DkJ = det 1 . - . - 1 ) Dk,k—l =1 5 Dk7k_2 = 0 (216)
I a

The function f; of eq.(13) is:
Teg =221 Dy (217)
thus the polynomial P is a constant:
P(zoy...,2x) = Doy (218)
and the polynomial F is:
E(zo,...,2x) = (gozo — z21)(gnzy — 2y—1) — TP (219)
The leading order loop equations are thus:

k41 F Zh—1 = GrZk 5, Zo1in41 = 1P (220)
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Note that eq.(62) implies that the genus is necessarily g = 0, and thus
there is a rational parametrization of the form eq.(210), with r, = sx = 1,

namely:
T —1
zZp = D (Do,k—13 + Dip1ns ) (221)
o,N
We find:
=5 = ! (222)
’7 - ’Y - D07_/\/'
and:
pu=T+TnDyy—TInT=T—-TIn~¥ (223)

and it is easy to check that eq.(111) coincides with eq.(215).

8.3 Loop equations of the 2 matrix model

Let us take 7' = 1. The 2-matrix model corresponds to V' = 1 we have:

Joi(zo,21) = Vi(20)Vi(21) — 2021, fra(21) = Vi(21) (224)
i.e.
1 V/(Zo) - V/(Mo) V/(Zl) - V/(Ml)
P = —{ tr 2 0 ! L —1 292
(z0,21) = 5 < T = M, o — M, (225)
D 1 Vi(z) = V(M) 1 5
Ulzo,2z152) = <tr —H p—3 tr v (226)

and the master loop equation reads:

(Vi Zo) ~ B (VI(20) = Zo) = PZo, 22) = 55U (Zo, 203 Z0)  (227)

with 71 = V{(20) — Wo(20). We recover the equation of [12,13,10].

8.4 The 3 matrix model
Let us take 7' = 1. The 3-matrix model corresponds to N' = 2, i.e.:

Joa(z0, 21, 22) = Vi(20) V] (21) V3 (22) — 2021 V3 (22) — 2221V (20)  (228)
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fra(z1, 22) = V(1) V(22) — 2122 (229)
o Vo(zo) — Vo (Mo) V{(= ) VI(My) Vi(22) — Vi(My)
ZO — MO Ml <2 — M2
Vi (Ms) V( 1) = V{(My) Vi(20) — Vo'(MO)>
M, — M, 2o — My
Vo (20 V’(MO) 1 Vi(z2) — Vi(My)
ZO_MO >_ﬁ<tr —M2 >

P(Zo,Zl,ZQ) =

1
2N

EIH“

(230)

1
U(20721722;Z) = 5

— M1 Z9 — Mg z — MO c
Vi( 22) vy (M2) Vilzr) —V/(My) 1 1 >

tr tr

M2 Zl—Ml ZO—MO Z—MO

_|_

<
<
<tr —r 21) VI(My) Vy(22) = Vo(Ms) - 1 >
;
-(:

1
T tr
ZO—MO Z—M0>
(231)

and the master loop equation is:

(Vi(Zo) — 20) (Vi Za) — 20) — P(Zoy %2, 7o) = ~=U(Zo, 71, i %) (232)

N2
with Zy = 20, Z1(20) = V§(20) — Wo(20) and Zy(20) = V{(Z1) — Zo.
Large N one loop functions
We define:
Zi(22) = V3 (22) = Walza) ,  Zo(z2) = V{(Zi(22)) — =2 (233)
Wi 1(20,21) = Pz(zl Vo (20)Wo (20, 21) (234)
W 5(21,22) = Pol V3 (22)Wia(21, 22) (235)
Wi 1 5(20,21,22) = Pol Vo (20) V3 (22)W (20, 21, 22) (236)
eq.(182) reads:
o = 5 (HioZmd) BB}
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eq.(169) reads:

E VA
UQ(Z(),ZQ) = POI %’(ZQ)WO72(ZO,ZQ) = M (238)
22 Z9 — ZQ
eq.(172) reads:
U(20721722) = P1,2(20721722)
E - F Z
_ ‘/2/(22) — + (20721722) (207 1722)
Z1 — Z1
_I_‘/ll(zl) - ‘/ll(Zl) E(ZO7 Zl? 22) (239)

zZ1 — Zl Z9 — Z2
eq.(32) implies:

Py o= V(=) = Vl/(Zl)Wo,Z(ZO, 23) — P12(20, 21,22) = Pra(20. 21, 22)

Z1 — Zl Z1 — Zl
(Vf — 20 — 22) ( E(Zm Z, 22) E(Zm Z, 22)
(

(Zl — Zl) Z1 — Zl)(ZO — ZN()) (Zl - Zl)(ZQ - ZZ)
—|—1 _ E(ZO721722)N (24())
(21 = Z1)(z1 — Z1)
We have the relationships:
~ E(zo, 21,2
(51— ) Poalo ) = 20D ) (2a)
20 — Zo
E(20721722) E(207Zh'22)

(21 = 2)W(z0,21,22) = (21 — ZQ(ZO — %) (5= Z) (22— Z)

(Z1 — Z1)Ws 1 5(20, 21, 22)
(21 — Z0)(21 — 7Z)

(242)

But so far, we have not been able to compute Wy, 5. We conjecture:

(ZO + 29 — ‘/1/(21))W6717Q(207 21, 22) = E(207 <1, 22)
—(Vo(20) = 21 — W5, (20,21)) (V3 (22) — 21 — W, 5(21,22))  (243)

indeed, both sides are polynomials in zy and z; with the same degree and
same large zg, 21 and 29 behaviours.
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9 Conclusion

We have written the loop equations in a very explicit way. To leading order
the loop equations become algebraic, and using that fact, we have derived
many observables, like the free energy and many correlators.

We have computed some mixed correlators and we have given conjecture
for others. So far, the complete one-loop function has not been computed,
and we don’t even have a conjecture (except in the 3-matrix model). The
mixed correlators are important in the study of boundary operators [20].

It would also be interesting to generalize [10] to the chain of matrices,
and find the next to leading large N corrections to the free energy.

Aknowledgements The author would like to thank V. Kazakov for encour-
aging him to translate in english (and add new results to) old notes written in
french, and to thank M. Bertola for fruitfull discussions and careful reading.
When this work was in progress, M. Bertola found independent proofs for
some of the formulae in section 5, which will be published later.

Appendix A Some usefull formulas with residues
and polynomial parts

We make an abundant use of the following formulas:

1= Pol Z—ZZ = Pol Z—ZM = Res zcizz =~ Res (z—ZZ)C(lz—M) (1)
Pol ZV)E)_ e _1 . (V/(Zi - L’(M) B V'<ZZ) = Z(M)) 3)
Re e = AW g
e L
ZyM:z—ZM_lzz_ZM_P?IZ_ZM (6)



Appendix B Determination of W,
Define the following polynomial of zj:

Wi 1(20,21) = P201 Vo (20)Wo,1 (20, 21)

eq.(32) implies the following identity (to large N leading order):
(21 = Z1)(1 = Woa(z0,21)) = 21 — V(20) + Wo 1(20, 21)

which can also be written:

(1 - é)(l - Wo,l(Zo,Zl)) =1- VO/(ZO) _ WO’I(Z(J’Zl)

21 21

Notice that the RHS is a polynomial in z.
take the log:

7 Vo (z0) — Wi, (20, Zl))

In(1——)=—=In(1—-Wsi(20,21)) +In(1 —

21 21

take the fractionary part (Frac f := f — Pol f), we find:

—1In (1 — Wo (20, 21)) = Frac <ln(1 B ZI(ZO)))

20 2
i.e. )
Wo,l(Zo,Zl) =1—exp (— Frac <1n(1 _ 1(20) )>>
20 21
in other words:
1 dZo(p) Z1(p)
—In(l - = 5. ————In(l —
n ( Wo (20, 21)) 20m Jpec, %0 — Zo(p) n ( 1 )
= L L(mln(l—zo(p))
2 Jo, Z1(p) — =1 P
= Frac (ln(l _ ZO(Zl)))
21 2o
4 7
— 11’1(1 _ 0(21)) —POI <11’l(1 B O(Zl)
20 zZ1 20

where the second equality is obtained by integration by parts.
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In other words we have that:

(1 — Woa(z0,21))(21 — Z1(20)) = Polynomial in zq (8)

S1

(1 — Wo1(z0,21)) H(ZO — Zo(p-;1(z1))) = Polynomial in z; (9)

i=1
that implies that:

Q0,1(207 21)
(21 = Z1(20)) [[3%; (20 = Zo(p-ja(21)))

where (o 1(z0, z1) is some polynomial in both variables, of degree ry +s1,r+

S0, which vanishes each time there exists p such that zo = Zy(p) and z; =
Z1(p). That implies that:

11— WOJ(Z(), Zl) = (10)

Qoitenz) o [Lo Zo(pass(z) T[(e0 ~ Zolposn(e1)
x H(Z1 - Z1(p+j,o(20))) H(Zl — (P—j,O(ZO)))

(11)

i.e. Qo1 must be equal to (same degree, same zeroes):

E(ZO, 2152250y z_,\/)
QOJ(ZO? Zl) & %dzz coodzy - (12>
Hj:11(2j+1 + z;—1 — Vi(z)))
We thus have:
Qo.1(z0, 21)
W 20, % =1 — 571
0,1( 0 1) (21 - ZI(ZO)) H]‘:1(750 — Zo(p_j,l(zl)))
(13)
i.e.
" (20 — 7 pyia(z
Woa(z0,21) =14 go.dg+1 H]_l( 0 0(Pi(21)))
(z1 = Z1(p41,0(20)))
(14)
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