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Abstract

The statistical distribution of eigenvalues of pairs of coupled random matrices can be expressed in terms
of integral kernels having a generalized Christoffel-Darboux form constructed from sequences of biorthogonal
polynomials. For measures involving exponentials of a pair of polynomials Vi, V2 in two different variables, these
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satisfy “dual pairs” of first order systems of linear differential equations with polynomial coefficients, having
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connecting the consecutive windows, and deformation equations, determining how they change under variations in
the coefficients of the polynomials Vi and V2. Viewed as overdetermined systems of linear difference-differential-
deformation equations, these are shown to be compatible, and hence to admit simultaneous fundamental systems
of solutions. The main result is the demonstration of a spectral duality property; namely, that the spectral curves
defined by the characteristic equations of the pair of matrices defining the dual differential systems are equal upon
interchange of eigenvalue and polynomial parameters.
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1 Introduction

1.1 Random matrices
1.1.1 Background and motivation

Random matrices [?, ?] play an important role in many areas of physics. They were first introduced
by Wigner [?] in the context of the spectra of large nuclei, and the theory was greatly developed in
pioneering work of Mehta, Gaudin [?, ?] and Dyson [?, ?]. It has found subsequent applications in solid
state physics [?] (e.g., conduction in mesoscopic devices, quantum chaos and, lately, crystal growth[?]), in
particle physics [?], 2d-quantum gravity and string theory [?, 7, ?]. The reason for the success and large
range of applications of random matrices is, due, in part, to their universality property; when the size of
the matrices N becomes large, the statistics of the eigenvalues tend to be independent of the model, and
determined only by its symmetries and the spectral region considered, relative to critical points and edges
in the spectral density. Matrix integrals are also known to give special realizations of K P, Toda and
isomonodromic 7-functions, and thus have a close relationship to integrable systems [?, 7, 7,7, 7 2 7 7].

Random matrices also have important applications in pure mathematics, for example, in the statistical
distribution of the zeros of (-functions [?, ?, ?]. They are also related to other statistical problems such
as random word growth and the lengths of nondecreasing subequences of random sequences [?, ?].

The model we shall consider here is called the “2-matrix model” [?, ?, ?, 7, ?, ?, ?]. This involves an
ensemble consisting of pairs of N X N hermitian matrices M; and My, with a U(N) invariant probability
measure of the form:

1 1

T—du(Ml, Mg) = ’7'— exptr (—Vl(Ml) - ‘/Q(MQ) + MlMQ)dMldMg 5 (1—1)
N N

where dM;dMs> is the standard Lebesgue measure for pairs of Hermitian matrices, V7 and V5 are polyno-

mials of degrees d; + 1, ds + 1 respectively, called the potentials, with coeffficients viewed as deformation

parameters, and the normalization factor (partition function) is

N :/ d/,b ’ (1_2)
M,y J Mo

which is known to be a KP 7-function in each set of deformation parameters, as well as providing solutions
to the two-Toda equations [?, ?, ?].

This model was introduced in [?, ?] as a toy model for quantum gravity and string theory. The main
interest was in a special “double scaling” limit, where N — oo and the potentials V; and V5 are fine-tuned
to critical potentials. The asymptotic behaviour in such limits is related to finite dimensional irreducible
representations of the 2D-conformal group [?, ?, ?]. The best known example is when V; and V5 are cubic
polynomials, tuned to their critical values, which reproduces the critical behaviour of the Ising model on
a random surface [?, ?]. It is important to note that the 2-matrix model contains more critical points
than a 1-matrix model; for instance, the 1-matrix-model cannot have an Ising transition [?].

String theorists have also introduced a generalization, known as the “multi-matrix model” [?, ?, 7, 7],
where one has a set of m > 2 matrices (IV x N hermitian) coupled together in a chain, with a measure
of the form

m

m m—1
1 1
T—du(Ml,...Mn) = —exptr —§ Vi (M;) + § M;M; 4 HdMi , (1-3)
N N - - .

j=1 j=1 =1

and the Vj’s are again polynomials in their arguments. This model has the same universal behaviour as
the 2-matrix model and, in some sense, does not seem to contain any more information. Throughout



the main body of this work, we will concentrate on the 2-matrix-model, for which the statistics of the
eigenvalues can be calculated using biorthogonal polynomials [?, 7, ?, 7, 7, ?]. In the appendix, it will be
explained how to extend all the results in the present work from the 2-matrix model to the differential
systems associated with this multi-matrix model.
1.1.2 Relation to biorthogonal polynomials
By biorthogonal polynomials, we mean two sequences of monic polynomials

mp(z) =" 4+ - | on(y)=y"+---, n=0,1,... (1-4)

which are orthogonal with respect to a coupled measure on the product space:

//dx dy T (z) o (y)e 1@ V2 Fay —p 5 (1-5)

where V;(x) and V5(y) are polynomials chosen to be the same as those appearing in the 2-matrix model
measure (?7), and a suitable contour is chosen to make the integrals convergent. The orthogonality
relations determine the two families. Once the biorthogonal polynomials are known, they may be used
to compute four different kernels:

N-1

N 1 N N ,

K12($7y) = Z h_ﬂ—n(x)an(y)e_‘ﬁ(x)e_V2(y) ) Kll(xﬂxl) = /dy K12(‘T7y) ea: yv (1_6)
n=0 "

N , N o N ., N oy 'y

Kooy, y) = [ do Ki2(z,y)e™ | Ko (y',2') = drdyKi2(z,y)e™ e” ¥ . (1-7)

All the statistical properties of the spectra of the 2-matrix ensemble may then be expressed in terms

N
of these kernels [?] and the corresponding Fredholm integral operators K;;, ¢,j = 1,2. For instance the
density of eigenvalues of the first matrix is:

N 1 N

Pi(x) = N Ku(z,z), (1-8)
the correlation function of two eigenvalues of the first matrix is:
N / 1 N N o N nN /
Pi(z,2') = N2 Ku(z,2)Ku(e',2') — Ku(z, 2 )Ku(e',z) ) (1-9)
and the correlation function of two eigenvalues, one of the first matrix and one of the second is:
N 1 (N N N N ,
Pra(w,y) = Nz Ku(z,2)Ka2(y,y) — Ki2(z,y) (K21 (y, z) —e™) | . (1-10)

Any other correlation function of m eigenvalues can similarly be written as a determinant involving these
four kernels only.

The spacing distributions (the probability that two neighbouring eigenvalues are at some given dis-
tance) can be computed as Fredholm determinants. For example, the probability that some subset J of
the real axis contains no eigenvalue of the first matrix is the Fredholm determinant:

N
lev,l = det (1 — K0 XJ) , (1-11)



where x is the characteristic function of the set .J.

An important feature in the study of the N — oo limit is that the kernels K;; may be expressed [?] in
terms of sums involving only a fixed number of terms (either d; + 1 or dy + 1), independently of N, as a
consequence of a “generalized Christoffel-Darboux” formula [?, ?] following from the recursion relations
satisfied by the biorthogonal polynomials. This allows one, in the N — oo limit, with suitable scaling in
the spectral variables, depending on the region considered, to treat N as just a parameter.

1.2 Duality
1.2.1 Dual isomonodromic deformations

The notion of duality arises in a number of contexts, both in relation to isospectral flows [?] and isomon-
odromic [?, 7, ?] deformations. What is meant here by “duality” in the case of isomonodromic deforma-
tions is the existence of a pair of parametric families of meromorphic covariant derivative operators on
the Riemann sphere

0 0
D = p + L(z,u) , Dy = 3_3/ +M(y,u) , (1-12)

where L(z,u) and M(y, u) are, respectively, [ x [ and m X m matrices that are rational functions of the
complex variables z € P! and y € P!, with pole divisors of fixed degrees, depending smoothly on a set
of deformation parameters u = (u1,us,...) in such a way that:

1) The matrices L(z,u) and M(y,u) are obtained from the integral curves of a set of commuting (in
general, nonautonomous) vector fields defined on a phase space M by composition with a prescribed pair
of maps (possibly depending explicitly on the deformation parameters) from M to the spaces of rational,
I x I or m x m matrix valued rational functions of the spectral parameter x or y, respectively, with pole
divisors of fixed degree.

2) The generalized monodromy data of both the operators D; and D, are invariant under the u-
deformations. (This includes the monodromy representation of the fundamental group of the punctured
Riemann sphere obtained by removing the locus of poles and, in the case of non-Fuchsian systems, the
Stokes matrices and connection matrices [?, ?].)

3) The spectral curves determined by the characteristic equations:

det(L(z,u) —y1) =0, det(M(y,u) —21) =0 (1-13)

are biholomorphically equivalent.

(A similar definition can be given for the case of dual isospectral flows of matrices L(x, u) and M(y, u).)
Such “dual pairs” of isomonodromic families occur in many applications. They are related to the

solution of “dual” matrix Riemann-Hilbert (RH) problems [?, ?, ?] which, in certain cases, are equivalent

to determining the resolvents of a special class of “integrable” Fredholm integral operators K, I~{, with

kernels of the form:

I ,

K(z,a') =) % : (1-14)
=1

Riy.y) =y L0800 (1-15)

a=1

w



Here, the vector valued functions

£($7u> = (é(mvu)w"{l(xvu)) 5 g(x,u) = (gl(x7u),...gl(x,u)) (1'16)
f(y7 u) = (fl(y7 u)a s fm(y’ u)) ) g(y’ u) = (gl (y’ u)7 e -gm(ya u)) : (1'17)

depend on the spectral variables x and y as well as on some, but not necessarily all the deformation
parameters (uj,us,...). They satisfy overdetermined, compatible differential systems in these variables
which imply the invariance of the monodromy of associated “vacuum” isomonodromic families of covariant
derivative operators

0 0
Dy = o +Lo(z,u), Dy = 8_y + Mo (y,u) . (1-18)

The dual kernels K (x,z") and K (y,y') are related to each other by applying partial integral transforms
with respect to one of the two spectral variables (x,y) (e.g., Fourier-Laplace transforms) to an integral
operator on the product space P! x P1. Application of the Riemann-Hilbert dressing method for suitably
chosen “dual” sets of discontinuity data then gives rise to the “dressed” families (?7?), which have a similar
relation to the resolvent kernels of the two operators. (Additional deformation parameter dependence may
enter, besides that contained in the vacuum equations, characterizing the support of these operators.) The

Fredholm determinants det(1 — K) and det(1 — I~{) may then be shown, through deformation formulae,
to coincide with the corresponding isomonodromic tau functions, and with each other (see e.g. [?, ?7]).

Such systems arise naturally, as discussed above, in the study of the spectral statistics of random
matrix ensembles, both in the finite case, and in suitable infinite limits. An example of such dual pairs
is given by the class of exponential kernels in which:

file) = (1), gi(x) =e7T (1-19)
fa(z) = (—1)%%% | Gu(z) = e ", (1-20)
For the case | = m = 2, these include the sine kernel
sin(u(z — 2')) ~ sin(v(y —y'))
Ks(z,2') = ————+>, Ks(y,y)=— 71" (1-21)
(x —2a') (y—v)
governing the spectral statistics in the scaling limit of the GUE in the bulk region [?].

Other examples include the various Painlevé equations Pry, Pry, Py, Pyr [?, 7, 7] which each possess
“dual” isomonodromic representations. A last class of examples, unrelated to random matrices, but
including a special case of Py, consists of the isomonodromic representations of the WDVV equations
of topological 2D gravity entering in the theory of Frobenius manifolds [?]. These possess both Fuchsian
representations with n finite poles with residues of rank 1, and non-Fuchsian n x n representations, having
a single irregular singular point of Poincaré index 1 at oo.

1.2.2 Duality in the large N Limit
It is proved in [?], under a suitable large N assumption, and conjectured for other cases [?, ?] that in a par-

N
ticular large N limit (where the coefficients {ug, v} scale as N, and the supports of p1 (x) := limy_ P1()

N
and pa(y) := limpy_ P2(y) are connected intervals [a1,b1], [az, b2] respectively), the following functions:

b1 / bg !
P1 (CL‘ ) ’ 1., / P2 (y ) /
d ==V — —2-d 1-22
T — T g(y) N 2(y) w Y- y/ Y ( )

f@)i= Vi) - |

ai



are inverses of each other. In other words, if y = f(z) then g(y) = x. One can see that the functions f(x)
and g(y) are related to the eigenvalues of the operators which implement the derivative with respect to
2 and y for the biorthogonal polynomials. The spectral duality theorems ?? and 7?7 which we present in
this work are a more precise statement related to this conjecture, with a rigorous proof valid for all N.

1.3 Outline of the article
1.3.1 Biorthogonal polynomials and differential systems

In Section 2, we consider the normalized quasi-polynomials

u(z) = %mwﬂw L daly) = %an@)e%@) n=0,...00 . (1-23)

Viewing these as the components of a pair of column vectors
O\E:(¢o,w1,...¢n,...)t and 2:(¢07¢17"'¢n7"')t s (1—24)

we obtain a pair of semi-infinite matrices () and P that implement multiplication of ¥ by x and derivation
o0

with respect to z, respectively. Equivalently, we obtain the transposes Q' and P! by applying —diy or
multiplication by —y to ®. By construction, these satisfy the Heisenberg commutation relations
o0

P Q=1, (1-25)

and, as shown in Section 2, they are finite band matrices; ) has nonvanishing elements only along
diagonals that range from 1 above the principal diagonal to ds below it, and P has nonvanishing elements
only along the diagonals from 1 below the principal to d; above it, where d; +1 and ds +1 are the degrees
of the polynomials Vi (x) and V5(y), respectively.
The first result (Prop.??) following from the finite recursion relations satisfied by the quasi-polynomials
{n(2)} and {pn(y)} is a set of “generalized Christoffel-Darboux relations [?, ?], which imply that the
N

N
kernels K11(z,2") and K22(y',y) may be expressed as:

N (i)

N
Ku(z,2') =~ T —

(Y Bewm)
Y-y

where ¥(z) and ®(y) are the do+1 and d; +1 dimensional column vectors with components [¥)n_d,, - - ., ¥N]
N N

N /
) K22(y7y):

) (1_26)

N-1 N-1
and [@N_d,, - - -, ON], respectively, and ¥ (y) and & (z) are the do+1 and d; +1 component row vectors
with components [ U +drl] and [¢ N Py . drl]’ respectively, where the underbarred quan-
tities {¢ (y)} and {¢ (y)} designate the Fourier-Laplace transforms of the quasi-polynomials {¢n(y)}

N N
and {¢,(y)}. The matrices A and B are, essentially, the nonvanishing parts of the matrices obtained by
commuting @ and P, respectively, with the projectors to the appropriate finite-dimensional subspace. A
similar “differential” form of the generalized Christoffel-Darboux relations holds, following from applying

N N
the derivations 9, + 9, and 9, + 9, to the kernels K11(z,2") and K22(y', y).
The recursion relations satisfied by the quasi-polynomials {1, (2)}n=0...co and {¢n(y) }n=o0...co may be
conveniently expressed (Lemma ?7) as:

au(r) = N‘?H(x) . boly) = Ng(y) :



where the “ladder” matrices 1?/ and b are linear in z and in y, respectively, and are formed from the rows
N

of @ and the columns of P (see egs. (??, ??) for their exact definitions).
The vectors ¥(x) and ®(y) also satisfy the following differential equations (Lemma ?7)
N N

N

0
J9=-D —_D 1-2
ax% 1(37)% ’ Q(y)%’ (1-27)

2

9
dy

N N
where the matrices D1 (z) and Ds(y) are, respectively, of size (da + 1) x (da + 1) and (dy + 1) x (d; + 1),
with entries that are polynomials in the indicated variables of degrees d; and ds, respectively (and also
polynomials in the matrix entries of @ and P). Furthermore, if {ux}x=1.4,+1 and {vs}s=1. 4,41 are
the coefficients of the polynomials V{(z) and V3 (y), respectively, and these are varied smoothly, the effect
of such deformations is given by the following system of PDE’s (Lemma ?7)

) N, ) N,
—Vv = UxkV, — V==V ,;V¥,

oug N N ovy N N

0 N,® 0 N,

— & = Uxo®, ——0=-V, o, (1-28)
Oug N N ovy N N

N, ¥ N, ¥ N,® N,®
where the matrices U g(z), V j(x), U k(y) and V ;(y) are again polynomials in the indicated vari-

ables and in the matrix entries of @) and P.

1.3.2 Compatibility

So far, these statements are just a re-writing of the infinite series of recursion relations, differential
equations and deformation equations satisfied by the functions {1, (2)}n=0...co and {¢n(y)}n=0...00, Pro-
jected onto the finite “windows” represented by the vectors ¥ and &. However, we may now view these

equations as defining an overdetermined system of finite diffeJ;’ence—cli\i[fferential—deformation equations for
vector functions of the variable {N,z,y, ux,v;}, and ask whether, as such, these systems are compat-
ible; i.e., whether they admit a basis of simultaneous linearly independent solutions. The affirmative
answer to this question is provided in Section 3 by Prop. ?7?, which states that sequences of invertible
(d2+1)x (da+1) and (dy +1) x (d1 + 1) matrices \IIVJ(JU) and §IV>(y) exist (fundamental solutions), for which

all the column vectors satisfy the above difference-differential-deformation equations simultaneously.
The compatibility of the deformation equations and finite difference equations with the x and y
differential equations imply, in particular, that the (generalized) monodromy of the polynomial covariant

derivative operators
— 4+ g — 4+ lj)v 1-29
o 1(z) oy 2(y) (1-29)

is invariant under both the {ug,v;} deformations and the shifts in N. A similar statement can be made
of the corresponding operators

o _p o _b.
%*_1(5”% 87}*_2(?4) (1-30)

N-1 N-1
annihilating the Fourier-Laplace transformed vectors & (x) and ¥ (y).



1.3.3 Spectral duality
A result that is not at all obvious from the above discussion is proved in Prop. 77; namely, that the pairs

N N N N
of matrices (D1(z), Dy(y)) and (D2(y), D;(x)) have the same spectral curves. More specifically, we have
the following equalities between their characteristic equations, which actually are identities

N N

it det #1441 = D) | = vz det 11,01 - Dy (1-31)
N N

i det [, 11 = Dylo)] = v det [y = D) (1-32)

(Note that the two integers d; + 1 and ds + 1 which determine, in one case, the dimension of the matrix,
in the other, its degree as a polynomial in the variable x or y, are interchanged in these equalities, as are
the roles of the variables = and y.)

What is even less obvious, and actually depends on the validity of the Heisenberg commutation relation
satisfied by @) and P, is that these curves are not only pairwise equal, but in fact they all coincide, since

N N N N
the pairs of matrices (D1 (z)), D;(z)) and (D2(y)), Dy(y)) are conjugate to each other (Theorem ?7),
so we also have the equalities:

N N

det |:y1d2+1 - D1(=’E)} = det |:y1d2+1 - Ql(iﬁ)] (1-33)
N N

det {mldﬁl - Dg(y)} = det |:x1d1+1 - QQ(y)} . (1-34)

Moreover, the transformations relating them are x and y independent, and are just those defined by the
matrices entering in the generalized Christoffel-Darboux relations:

N N N N N N N N
ADi(z) =D, (x)A, BD:(y)=Dy(y)B . (1-35)

These same matrices also relate the system of deformation equations, where they enter as gauge trans-
formations depending on the deformation parameters {ug,v;}.

The key to proving all these results lies in noting (Theorem ?7?) that, as a consequence of the differential
equations and recursion relations satisfied by the ,’s, ¢,’s and their Fourier-Laplace transforms, the
following quantities are in fact independent of all the variables N, x, y, {ux } k=1...d,+1 and {vs} j=1.. dy+1-

N

fN(:U) = (i (y)’B%Q/)) ) QN(QT) = <§ (‘T)vX%(x)) ’ (1'36)

N—1 N—-1

where %(x), %(y), ¥ (y), ® (x) are any solutions of the full system of difference-differential-deformation
equations. This allows us to conclude that there exist compatible sequences of fundamental solutions ¥ (x)
N

and ®(y) of the above difference-differential-deformation equations, and the corresponding equations for
N

N-1 N—1
the Fourier-Laplace transformed quantities ® , W such that

N-1 N N-1 N
(2,A\P)>El, (E,B@)El, (1-37)
N N



for all values of {N,z,y,uy,vi}.

This fact may be viewed as a form of the bilinear identities implying the existence of 7-functions [?, ?].
The development of this relation, and its connection with the isomonodromic deformation equations,
which requires a study of the formal asymptotics of the fundamental solutions near x = co and y = oo
will be left to a later work [?].

In the appendix, all the above results are extended to the sequences of multiorthogonal functions that
replace the biorthogonal quasi-polynomials in the multi-dimensional case associated to the multi-matrix
model discussed above.

2 Biorthogonal Polynomials

2.1 Biorthogonality measure

We first consider sequences of biorthogonal polynomials with respect to the measure arising in the study
of the two-matrix model discussed in the introduction. Consideration of the recursion relations obtained
by multiplication by or derivation with respect to the independent variable gives rise to representations
of the Heisenberg relations (string equation) in terms of pairs of semi-infinite matrices. However, most
of the results obtained here may also be shown valid in the fully infinite case.

Let us fix two polynomials, which we refer to as the “potentials”,

di+1 u do+1 v
K J
Vi(z) = Z 7331{ ) Va(y) = Z 72/J . (2-1)
K=1 J=1

The coupling constants are normalized in a convenient way so that the derivatives are

di+1
Vi)=Y ugz®"". (2-2)
K=1

We may define two sequences of mutually orthogonal monic polynomials m,(z), 0, (y) of degree n such
that

/ dx/ dy (I)Um (y)eiw(m)ivz(y)jqcy = hndmn , (2'3)
T ry
() =2"+... on(y)=y"+... . (2-4)

In order that the integrals be convergent, one should suitably define the two closed contours of integration
T, fy. If we require that these be the real axis, the degrees of the potentials must be even with the
leading coefficient having positive real part. In applications of random matrices to string theory however,
the integral is not convergent on the real axis, and the contour should approach co in some appropriate
Stokes sector in the complex plane.
It is more convenient to deal with the quasi-polynomials defined by
1

1/Jn($) = \/Tﬂ—n(x)e_‘/l(w) ’ an(y) =70 (y)e—Vz(y) ’ (2'5)

and their Fourier—Laplace transforms

¥ () = / dreh(@), ¢ (1) = / dy e, (y) . (2:6)



The choice of normalization is somewhat arbitrary. We have here chosen the most “symmetric” one,
in which the leading coefficients in the various recursion relations are the same. In this notation the
orthogonality relations take on a simpler form.

[ vn@e, @) = [ayo, wont) = [ [ dsdyo@onwe o (2-7)

(We suppress for the present the specification of the contour of integration.) We shall think of the spaces
spanned by the 1, (x)’s and ¢, (y)’s as infinite graded spaces in duality through the pairing in eq. (?7?).
It can easily be seen, using these relations and integration by parts, that multiplication of the ,,’s by
x produces a linear combination of 1,,’s with n — ds < m < n + 1 and multiplication of the ¢,,’s by ¥y
produces a linear combination of ¢;’s with n —dy < j < n+ 1. Moreover it is clear (through integration
by parts) that multiplication of the #,’s by « is dual to application of 9, to the ¢,’s and vice-versa.

2.2 Recursion relations and generalized Christoffel-Darboux formulae

We denote by @ and P the semi-infinite matrices which implement multiplication and differentiation by
x on the space spanned by the v,, quasi-polynomials. Introducing the semi-infinite column vectors

O\Ié::[w07'.'7¢n7'”]t and g;:[¢07...,¢n,.,_}t7 (2-8)

the above remarks imply that

zU:=QU, — Vv :=PU,

00 o] €T oo 00
yo=—-Po 3<I>=—Qt<1> (2-9)
e’} oo, ayoo oo’

ap(0) 7(0) 0 0
(1) a(l) (1) 0
Q= : .. 3 3 - (2-10)
aay(d2)  aap1(d2) -+ ao(d2) v(d2)
0 . . . .
[ Bo(0) Bi(1) oo Bay(dr) i
7(0)  Bo(1) Bu(2) e Bay(dit1)
—Pi=| 0 ) K@ (2-11)
0 0 72 HB)
satisfying the string equation.
[P,Q]=1. (2-12)

The fact that both matrices have a finite band size as indicated in (??), (??) follows from the fact that
they are related polynomially to each other through the potentials V; and V5 as follows.



Lemma 2.1 The two matrices P and Q satisfy the following relations

(P+ V{(Q))20 =0, (2-13)
(—Q" +Vs(=P"),, =0, (2-14)
where the subscript >0 means the part above the main diagonal (main diagonal included).
Proof. It is obvious that
{Q Ul = at@) = e (@)e
o]y, Vhn
= hZ—:lwnH(x) + lower terms. (2-15)
] = (g VW) bl = e
|, Ox Vhy
= n Z;l tn_1(x) + lower terms. (2-16)

Eq. (?7?) means that @ has only one diagonal above the main diagonal with entries given by

’7(’”’) =V hn+1/hn . (2'17)

Eq. (?7) then implies that eq. (??) holds and P has d; diagonals above the main one. Repeating
the argument for the ¢, quasi-polynomials similarly shows that —P? (i.e. multiplication by y) has one
diagonal above the main one, eq. (??) holds and —Q* (i.e. differentiation by y) has ds upper diagonals.
This proves the lemma and also shows that P and @ are of the finite band sizes indicated in (?7?), (?7?).
Q.ED.

Egs. (??) are just equivalent to the following set of recursion relations

< g)] — 0 hua) = (W) (@ +Za7 Jous (2-18)
:ngn:a%wn( )= =(n = Dt 25 nt s ) (219)
:—Pt g;}nzyczsn( ) = 7(n)bn+1(y +Zﬁj )én—;( (2-20)
Q8| = Juls) = 20— Do) - j;)axn FDonsw) (221)

In the following we also define
a_i(n):=v(n)=:6-1(n), a;(n):=0,Vj&[-1,do], B;(n):=0,Vjd&[-1,di]. (2-22)
Defining similarly the semi-infinite row vectors consisting of the Fourier-Laplace transformed functions

Ui=[, 0 -] and Bi=[g, .0 ], (2-23)

it follows from the dual pairing (??), and integration by parts that:

10



Lemma 2.2

- dq
B2 ERTRUED SR IR (2-24)
oo In j=——1
_ do
[g@t = o= amy, W, (2-25)
e dn 1=—1
_ do
[g@ — w6 @)=Y am+Do (@), (2-26)
o dn 1=—1
_ d1
o] = ap@= X B, @ (2:27)
©  Inp j=——1
Now, we introduce the shift matrices
01 0 0 0 0O 0 0 0 O
0O 0 1 0 O 1 0 0 0 O
A—l0 00 1 0 A li—At={0 1.0 0 0 (2-28)
0 0 0 0 1 0O 01 0 O
0 0 0 0 O 0 0 0 O

(The notation A~! is a convenient shorthand for the transpose A’, but only signifies that A~! is the
right inverse of A. It leads to the abbreviated form A=/ := (A?)J.) Introducing the diagonal semi-infinite
matrices

a; = diag(a;(0), ;(1),...) , B; = diag(3;(0), 8;(1),...) , (2-29)
where we set «;(n) :=0 and 3;(n) := 0 when n < j), egs. (?7), (??7) can be concisely written as
h j d B; h 7 7?7 b 1
d2 ) d1 )
Q=Y Aa; —P:=>" Mg . (2-30)
j=—1 j=—1

The commutation relation in eq. (??) gives in particular the following quadratic relations between
the coefficients {a;, fi},

dy dy
Zﬁ](n +j)aj_l_1(n +7) = Za]—_l_l(n)ﬁj(n +Il+1), ¥Yn,VIe€|0,d] (2-31)
=l =l
.
Y Bt Rar(n+k) = > ax(n+1+1)Bi1(n), Vn,VIeE[0,do] . (2-32)
k=l k=l

Our first objective is to define a set of closed differential and difference systems for vectors consisting
of finite sequences of the functions {¢,}, {¢,} and their Fourier-Laplace transforms, equivalent to the
systems (?7?)-(??), and to study their properties and relations. Consider first the sequence of functions
{tn(x)}. For these we have a multiplicative recursion relation defined by the coefficients {a;(n)} and
a differential recursion relation defined by the coefficients {3;(n)}. We shall show presently that we
can define closed systems of first order linear ODE’s for any consecutive sequence of dy + 1 functions
(UN—dyy---,¥N) (or (QN%, .. ’QN+d2—1)) with coefficients that are polynomials in . Similar systems
can be constructed for any sequence (¢n—d,,..-,¢n) (or (Y ... 7gNﬂlrl)). We introduce the fol-
lowing definitions and notations

11



Definition 2.1 A window of size d; or ds is any subset of dy or ds consecutive elements of type 1y,

an ¢n oOr gn, with the notations

\]I\;:: [wNﬁlw"wwN]tv de% %ZZ [¢N%1a"'7¢N]tv del
N t N t
\IJ::['IZ)Na"'va-Fdl] ’ NZO’ o= [¢Na"'7¢N+d2] ; N2>0
%::[yN—dz""’%N]’ NZdQ, %::[QN—dl""’éN}’ NZdl
N N

U=yt ] N20,  ®=lp . ..0.,], N20.

(2-33)

(2-36)

Notice the difference in the positioning of the windows for the vectors constructed from the ,,’s and the
¢n’s, and the fact that the barred quantities are defined to be row vectors while the unbarred ones are

column vectors.

N—1 N—1
Definition 2.2 For any N for which these are defined, the pairs of windows (¥, ® ) aswell as (®, ¥ )
N N

of dimensions do + 1 and dy + 1, respectively, will be called dual windows.

The reason for identifying these particular windows as dual will appear in the sequel.
Let us now consider the kernels

N-—1

K (,2') Z e L Ky = 3% (1)6ny)
N Nn_—lo

K12 X y Z 1/}77 n ) K21(y/am/) = gn(y/)?n(l‘l) )
n=0

that appear in the computation of correlation functions for 2-matrix models [?].

Define the following pair of matrices, which will play an important role in what follows:

0 0 0 0 |-y (V-1
N adz(]\f) T a2 (ZV) aq (]V) 0
A= 0 ag,(N+1) e ar(N+1) 0 ;
0 0 ova,(N+2) e 0
L 0 0 0 Ozd2(N+ dg — 1) 0
[0 0 0 0 |-y (V-1)
N Ba,(N) e B2(N) B1(N) 0
B:= 0 Ba,(N+]) e B1(N+1) 0
0 0 Ba,(N+2) e 0
0 0 0 Bay(N+dy —1) 0

(2-37)

(2-38)

(2-39)

(2-40)

For any N, the recursion relations (?7), (??), (??), (??) and the differential relations (??), (?7?), (?7),
(?7) imply that the following generalized Christoffel-Darboux formulae, as well as their “differential”

analogs are satisfied.
Proposition 2.1 Generalized Christoffel-Darboux relations:

do j—1

(e — ) Kn(w,a) = YN =Ly — 3 S ay(N+ k), ¥nig

j=1k=0

12



_ _(Ngl(x'),fi%(x)) , (2-41)

di j—1
N
' — Koy, y) = —vN=Dby on+Y > Bi(N+k)b,, N ik
j=1 k=0
NN ’
= (i (y )71B%<]IV>(y)> : (2-42)
“Differential” generalized Christoffel-Darboux relations:
N , N N NA
(O +02) Kua(2',w) = —(2(«),(B) ¥ (2)), (2-43)
N
N N N N1
Oy +0y) Ka(y'y) = = (L), (A) () | - (2-44)

Proof. Use the relations (7?)-(??), (7?)-(??) and simplify the telescopic sums by cancellation of common
terms. Q.E.D.
Although it will not be needed in the remainder of this paper, for the sake of completeness, we also
include the following analogous result for the kernels K75 and K1, which may be similarly derived. It is
related to the above by applying Fourier-Laplace transforms with respect to one of the variables.

Proposition 2.2

(x+8 )KlZ x y = ( tl 7 > ) (2_45)
—1 N

(y+5)K12$y = ( t JB% )) ) (2-46)

N N—l N

o — 80) Rn (¢ 2) = g y), B oz ) , (2:47)
N
N N—-1 N

O~ Ral) = - (T Eew) . (2-48)

N

2.3 Folding

We now introduce the sequence of companion-like matrices ]e\lf(w) and b(y) of sizes do + 1 and d; + 1,
N

respectively.
r 0 1 0 0
0 0 0
= N >d 2-49
%(x) 0 0 0 1 ) > dz , (2-49)
—aa,(N)  —ea(N) (z—ao(N))
L (V) Y(N) y(N)
r 0 1 0 0
0 0 0
= N >d; . 2-50
bW o 0 0 1 e (2-50)
—Ba, (N)  =Bi(N) (y=Bo(IN))
L 7~ (V) ¥(N) v(N)

13



We then have the following:

Lemma 2.3 The sequence of matrices a, b implement the shift N — N +1 in the windows of quasi-polynomials
N

in the sense that

= = 2-51
av@)=v@. bEY= ). (2-51)
and in general
¥ = a ---av, P = b ---bd . (2_52)
N+j N+j—-1 N N N+j N+j—1 NN

Proof. This is nothing but a matricial form of the sequence of recursion relations (??), (?7?) expressing
the higher order polynomials as linear combinations of a fixed subset with polynomial coefficients. Q.E.D.
We will refer to this process of expressing any v, () by means of linear combinations of elements in
a specific window with polynomial coefficients as folding onto the specified window.
The determinants of the matrices a and B are easily computed to be

det(a) = (=1 aa, (N)/7(N) , det(b) = (=1 F1Ba, (N) /(N - (2-53)

From egs. (??), (??) we find the relations
d2 dl
Ad, (N) = Vdy+1 H 'y(N - ]) ) Ba, (N) = Ud;+1 H ’Y(N - .]) : (2'54)
j=1 j=1

Since the coefficients v(N) are the square roots of the ratios of normalization factors, they cannot vanish
for any N, and neither can ag,(N) or (4, (N), since the deformation parameters uq, +1, v4,+1 are the
leading coefficients of the polynomials V;(x), Va(y) and hence also may not vanish. It follows that the
matrices a and B are all invertible. We denote their inverses as follows

[ —caaN)  z—ao(N) = (N)
ady (N) @y (N) ay (N)
_1 1 0 0 0
2= - o
0 ' 0 0
i 0 0 1 0 ]
[ =Bapa(N) y=Bo(n) —y(N) ]
Bay (N) Bay (N) Bay (N)
N -1 1 0 0 0
0 - 0 0
i 0 0 1 0 ]

N N
The shifts N — N —1 are thus implemented by the inverse matrices a, b, and the folding may take place
in either direction with respect to polynomial degrees.

14



2.4 Folded linear differential systems

We now define the following sequences of finite diagonal matrices

o= diag [a; (N +j —d1),a;(N 4+ —dy+1),...,05(N+3)] , j=—1,...dy, (257

gj:: diag [B;(N +j—d2),B;(N+j—do+1),....0;(N+j)] , j=—-1,...d;1 . (2-58)

N
Recall that a_1(n) = y(n) = S_1(n) by our previous conventions, but the diagonal matrices a_; and
N

B_, differ in dimensions. When the context leaves no doubt as to the dimension we will write them as

o_1=7:= diag [y(N —d1 —1),...,7(N = 1)] (2-59)

or
N

B, == diag [y(N — ds — 1),7(N — da),...,7(N —1)] . (2-60)

In either case, we denote the inverse matrix as
V= (% ! (2 61)
N '

We can now give the closed differential systems referred to previously.

Lemma 2.4 The windows of quasi-polynomials U, & satisfy the following differential systems
N N

9 N
— = —-D N >d 1 2-62
81, lJI\; 1(:6) l]I\; ) = Q2 + 5 ( )
9 N
—® = —-D(y)®, N>di+1, (2-63)
oy N N
where
N NnN—1 N di N
Di(z) =7 a + fo +Z:1 Pi v  v2, 3 € glar+1(z] . (2-64)
=
N NN-1 n dz
Da(y) =7 b +a0+> a; b b b € gl (2-65)

j=1

These, taken together for all N are equivalent to the relations (77), (?7) when the recursion relations (7?), (?7)
are taken into account.

Proof. Consider the case of the v,,’s. The differential relations (??) may be written by stacking them
in a window of size dy + 1, as follows

do
0 N N
=_7 _ ; . 2-66
or % Nqil jz:;) Ai N\Ija' ( )

Using the folding relations eq. (?7?), we immediately obtain (?7?), (??). The same procedure applied to
eq. (77?) yields (?7?), (27). Q.E.D.
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We can repeat a similar procedure for the sequences {yn(y)}neN and {Qn(x)}neN. The corresponding

N N
windows are represented as row vectors ¥ and @ since their components are naturally dual to the ¢,’s

and ,,’s respectively. The matrices defining the relevant folding are now

v(N-1)
—Oél(N+1) 0 .. O
g — v(l\.f—l) 7 (2-67)
: 0 0 1
—aq,(N+d2)
—oe o 00000
Yy=Bo(IN) b
7(]\‘}71) 1 0 O
—B1(N+1) 0 0
N —
b =] O , (2-68)
0 0 1
—Ba,(N+d1)
v 0000

and we again denote their inverses as

W el

As previously , we now have:
N
Lemma 2.5 The sequence of matrices {g} {b} implement the shift N — N — 1

N—1
U =Ub; & =fa. (2-70)

- . . N N . N N
Similarly to the diagonal matrices a;, (;, we define the matrices a; and @j as

a; = diag (a;(N), a;(N +1),...,0;(N+d1)) , j=—1,....ds (2-71)
évj .= diag (3;(N), B;(N +1),...8;(N +d3)) , j=—1,...,ds . (2-72)
As before we have the two definitions
&0y =7 = diag (Y(N),7(N +1),,...9(N +dy)) (2-73)
B =Y = diag (V) /(N +1), .. AN +d2)) (2-74)

which will be used if there is no ambiguity regarding dimensions.
By repeating a procedure similar to what led to the differential systems in Lemma 7?7, we find:

N-1
Lemma 2.6 The dual windows of Laplace—transformed quasi-polynomials ¥ , ® satisfy the following differ-
ential systems

§ N-1 N-1 N
ay V() =¥(@Dhy(y), N=>2di+1, (2-75)
o N-1 N-1 N
2 P (x) = @ (z)Dy(x), N>da+1, (2-76)

16



where

N _ 4 & N—jn_
D, (y) :=szl+Ngol+ZNble2--- b (2-77)
N =
N _ N-1 Ao _iN-1
D, () ::§N11+g0 n Nguvgzmzvga 5 (2-78)
N =
Summarizing, we have thus obtained four differential systems
Size (d2 +1) X (d2 +1) | Size (d1 +1) X (dy + 1)
9 N H N-1 N-1 N
9 2(@) = = Di(2) ¥(2) 5§E(w=:£@02xw (2-79)
H N-1 N-1 N 9 N
@ () = @ (@) Dy (@) | 5 Bly) =~ Daly) Bly)

oy ¥ v
It should be noted that the two matrices Dy and D, (as well as Dy and D,) have so far only superficial
similarities. In particular they do not depend on the same subsets of the coefficients {c;(n)} and {8;(n)}.

On the other hand the pairs (D1, D,) and (D2, D,) do depend on the same «;(n)’s and 3;(n)’s although
they are of different dimensions.

2.5 Deformation equations

The following Lemma gives the effect of an infinitesimal deformation in the coefficients {ux, v} expressed
as differential equations for the (semi)-infinite vectors U, ®oo of biorthogonal quasi-polynomials (as well
as their Fourier-Laplace transforms) and for the matrices P, Q. (Derivations with different conventions
can be found in [?, ?, ?].)

Lemma 2.7

duc ¥ = UN L, (2-80)
t
o,y = ~(V') e, (2-81)
t
de® = —(U) @, (2-82)
0o, @ = V'3, (2-83)
where
K'——i K 1 K J.__l _pt\J 1 _ pt\J .
UX = K{[Q ]>0+2[Q ]0} , V= J{[( P L0+2[( P ]0} . (2-84)
Componentwise these read,
K
OugPn(z) = Z UJK n)Yntj(z) , (2-85)
§=0
J
o, (2 Vil (n = j)n—j(@) (2-86)
7=0
K
uK¢n Z - n—] an g( ) s (2_87)



J

81)J¢n(y) = Z VjJ (n)Pn+5(Y) , (2-88)

j=0
where we have used the notation
K K J
U (n) i=Untjun » Vi (n):= Vil jum . (2-89)

(The same relations hold for the Fourier-Laplace transforms with respect to the variables x and y, since the
coefficients do not depend on these variables.)
Moreover, we have the following equations for the matrices P,Q:

Our @ = —[Q,U"], (2-90)
2,Q=1Q, V"7, (2-:91)
Ouy P =—[P,U"], (2-92)
8y, P =[P, V"] (2-93)

Proof: Equations (??) and (??) are just definitions, (??) and (??) follow from (??). Eq. (??) is proved
in a way similar to Lemma ??. From the definitions (??), one has:

10y, P 1 1
K = = —— UK [ —V1(3?)__ K _4
U5 8] =) = =5 o) 4 Dl — o) 09)
and 10u,h 1
- (UK)t é] = % ¢n(y) =—-=K n¢n(y) + ——=0, Un(y)ei‘/Z(y) . (2_95)
R R e R
Since Oy, ™, (x) has a degree lower than n, one sees that eq. (?7) implies that
1
K\ _ K
U")s0=-% @%) (2-96)
and similarly eq. (?7) implies that
K\ _
(U )<0 =0. (2-97)
They also imply that the diagonal part must be:
10u,h 1 10u,h 1
K _  ~“Huk'n - K _ —Zuk'™m __ - K _

which proves (?77).
The equations (?7)—(??) follow from multiplying (??) and (??) by  and (??) and (??) by y and the
linear independence of the component functions forming the vectors The coefficients of the expansion

must vanish, and that is precisely the relations (??) to (?7). Q.E.D.
We also require the “folded” version of the deformation equations. This leads to eight equations giving
N-1 N-1

the action of d,, and 0,, on U, ¥ , d and @ . They are introduced in the following lemma, for which
N N

we need to define diagonal matrices which play roles similar to that of the matrices defined in (?7?), (?7?)
(?7), (?7?) for the differential equations with respect to x or y.

N.d . K K

U jx = diag(U;" (N—d),...,U;*(N)) , (2-99)
N.,d X 7 A J .

V jgi=diag(Vy (N—d—j),..., V; (N—j)) . (2-100)

With this notation we have:
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Lemma 2.8 The deformation equations can be written in the folded windows (and dual windows) as

0 N, ¥ § N-1 N-1N,¥
3 -¥¢=UxV, 77— ¥ =¥ Uy,
aUK N N aUK (2_101)
9 N, ¥ § N-1 N-1 N, ¥
- U=-V, U, - ¥ =-V V,,
vy N N v
1o} K 5 N-1 N-1 N,®
~——&=-Ux®, a— & =-2 U,,
Oux N N Our (2-102)
o _ No® o N‘; _ ngl J\{,;D
ot RAT T Rk
where « «
N, ¥ N,do N, ¥ Nedq—1,d;
UK:Z Uj,KN§71 ]%7 HK:Z% Nh'—l U Kk,
=0 N I (2-103)
N, ¥ N,ds  N—; N—1 , N—1 N—j N+4dq—1,dq
V=Y Vi, aa, V,=> b b V s,
=0 j=0
K K
—j,d N—j N—1 N,® N—1 N—j N4do—1—j,do
uN* =Y "0 kb b, U= "a--a U jx
=0 e (2-104)
1\{,/@ Z Nﬁ‘-‘}',dl b b 1\{;15 Z Nﬂ'+{d/271,d2
= o ) v = a a i, J -
J =~ 7,J N1 N J = I N1y 7,J
Proof. This follows exactly the same lines as the proof of Lemma 77. Q.E.D.

3 Compatibility of the finite difference—differential-deformation
systems

We want to now prove that the recursion relations (??), (?7?), the linear differential systems (??) and
the systems of deformation equations (??), (?7) are all compatible in the sense that they admit a basis of
simultaneous solutions (fundamental systems).

Proposition 3.1 The shifts N — N + 1 in egs. (?7?) implemented by a and b and the sequence of
N
differential equations (?7?), (??), respectively, are compatible as vector differential-difference systems.

That is, there exists a sequence of (dz2 + 1) X (d2 + 1) fundamental matrix solutions {\Il(m)} and
N N>do+1

(d1 +1) x (d1 + 1) fundamental matrix solutions {tI)(y) simultaneously satisfying the equations

N }N2d1+1

¥ (1) = a(0) ¥(e) (1)
+1 N
9 N
o U(r)=-Di(2)¥(r), N>dy+1, (3-2)
r N N
and
Ninl(y) = Jlg(y) ®(y) , (3-3)
D a)= Do) Bly), Nzd+1, (3-4)
Y N N



respectively. The same result holds for the barred quantities and the shifts N — N — 1 implemented by
N N—1
ng and b. That is, there exist fundamental solutions { ¥ (y)}n>d,141 of dimension (de + 1) X (dg + 1)

N-1
and fundamental solutions { @ (x)}n>d,+1 of dimension (dy + 1) x (dq + 1) simultaneously satisfying the
recursion relations and differential systems

N—1 N N

¥ (y)=¥(y)bly) , (3-5)

a% W)= WD), Ndi+1, (3-6)
and

8 (1) = () M) | (37)

§ N-1 1 N

5 2@)=2(@)Dy(z), Nz2d2+1, (3-8)
respectively.

Proof. We prove the compatibility for only one of the four shift-differential systems, the others being
completely analogous.
The statement amounts to proving that

5 N X (s N1 P N1 d
4 D) = Ho (0, + D)) on =0, + A Dlo) o) + A0 o a0) . (39
where the dependence of aonz has been emphasized.
Let .
V(o) i= [ (@), On(@)] o N2 dy (3-10)
be any solution to the equation
N -
<6$ + Dl(x)> %(x) =0. (3-11)
At this stage the labeling N — ds,..., N has no particular meaning because there are no 1/~)n (x)’s with
n & [N — dg, N|. Nevertheless we can define
= J j > -
G- a alle) g1, (3-12)
and N N
~ — 1 ~
U (z):=a - a ¥(z), 0<j<N-—d (3-13)
N—j N

Because of the recursive structure of the matrices a, the above definition, e.g., for N\?‘_l actually defines

not dz + 1 new functions, but only one new function: z/NJNH. Therefore, componentwise, we have defined
a sequence of new functions ., (x), which satisfy the recursion relation

da

2Pm(r) = D aj(m)mj(x) ,m > dy . (3-14)

j=—1
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By this definition and by the structure of the matrix

dy
N NN—I N
Di=7 a +8+)

Jj=1

N

B N+3—1N+:;—2 o 1&\1/ ’ (3-15)

the differential system componentwise now reads

dy
Opthn(x) == > Bi(n+)Pnij(®), n=N-—dy,...,N, (3-16)
j=-1
where the &n’s that fall outside the window N — ds, ..., N have been defined above in terms of the ones

within the window. Therefore we need to prove that the newly defined function

~ _xz—ag(N) - a(N) -
(@) = — N (@) - ; o @) (3-17)

satisfies the same sort of differential equation as the preceding ones. (A simple argument by induction
then shows that all ¢y, satisfy the same sort of differential equation for any j > 1). This in turn
amounts to proving that

d1

Opni1(x) == Y BN+ 1+ j)dnr14(x) - (3-18)

j=—1

To do this we compute

do
V(N)amd;NH(Tf) = di (iMZN(x) - Zal(N)l/?Nz(ff)>

da
=) N+ )N + )by gj(@) - (3-19)

I=—1j=-1

Rearranging eqgs. (77, ??7), we have to prove the identity

dy dy dy
—(N) Y BN+ 1+ )dnsag(@) = D> a(N)BH(N = 1+)) -y () + ()
j=—1 1=0 j=—1
da  dy
=Y > N+ BN + )N alx),  (3-20)
l=—1j=—1
or equivalently
~ da & ~
In@) = =D Y a(N)B(N=1+5) N (@)
l=—1j=—1
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ds d1

+ 30 D @V + BN + )by a(@) - (3-21)

l=—1j=—1

But this last equation is nothing but the Heisenberg commutation relations in eq. (??) and eq. (??). This
means that rearranging the coefficients in front of 1Z;N+r(x) in the RHS of eq. (??), the only nonvanishing
coeflicient is that of 15 ~(z) and it is exactly 1. A similar argument may be used to prove that the relations
(??) hold also for 1 <n < N —dq

For future convenience we remark that this verification amounts to the fact that the coeflicients of
the @/;N_H(x)’s are the same as for the orthogonal quasi-polynomials ¥y ,(z), since it relies only on
the recursion relations, which are the same. Given that the quasi-polynomials x4, (x) are linearly

independent, the equality of LHS and RHS follows also for any other sequence. Q.E.D.
Prop. 77 means that we can define ds + 1 sequences of functions {z/;éq)(z)} in such a way
neN,q=0...d2

that in any “window” of size dy 4+ 1 they constitute a fundamental system of solutions to the differential
system (?7?). One of these sequences is obviously provided by the orthogonal quasi—polynomials. Each of
them satisfies both the recursion relations

da

2P (z) = 3 () (z) (3-22)
=—1
and the derivative relations
RUCHEY Z Bi(n+ i)Y () . (3-23)
j=-—1

Remark 3.1 In principle, in order to define these d2 + 1 sequences one should solve the differential system (?7?)
in a given window and then define recursively the rest of the sequence backwards and forwards. To pass from
the semi-infinite case to the infinite one, we may define the full sequence 1/)§LQ) for n € Z just by application of
products of the matrices a and their inverses, provided the a;(n)’s are so defined that all the Jz\ir’s are invertible.

In a completely parallel manner we can define d; + 1 sequences of functions { S{” (y)} N J which
n€N,q=0...d;

provide fundamental systems satisfying

N
0,7+ Da(w)] @) =0 (3-24)
Moreover, with minor modifications, we can construct analogous sequences for the dual systems
N—1 N—1 N
9y ¥ (y) = ¥(y)Dy(y) (3-25)
N—1 N—1 N
O 2 (x) = 2(z)D(x). (3-26)

N
The only difference is that the matrices g and b now implement the shift N — N — 1. The barred

(@) (@) i i i i
sequernces {@n (y)}nEN’q:O“d1 and {gn (y)}na\wzoud1 will therefore satisfy the recursion relations
da

2 (z) =Y am+0e? (x), 0,67 (x) Z B8,(n ¢><4> (z) , (3-27)

l=—1 j=—1
da

WG = 3 Bt I @), 906 = 30 w6 (3-28)

j=—1 I=—1
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A completely analogous statement holds for the matrices defining the deformation equations in any
window.
Proposition 3.2 The shifts N — N + 1 implemented by a in eq.(??) and the sequence of differential

equations
N, ¥
8uK‘I’:UK‘I’7 a’U‘]@:7VJW7 N>dy+1 (3_29)
N N N N

N
are compatible, as are the shifts N +— N — 1 implemented by b in (??) and the sequence of differential

equations

N-1N,¥
=-¥ V,;, N>1. (3-30)

N
N,® N,®
Ouy® = —Ug®, 0, 2=V ,;®, N>di+1 (3-31)
N N N N
N—1 N—1 N,® N—1 N—1 N,®
Oue @ = — @ Uy, O, & =@ V,, N=>1. (3-32)

Proof. We will prove compatibility of only one of the eight kinds of systems with the shift; the remaining
cases are proven similarly.

As for Prop. ??, we first define a continuous parametric family (depending on ) of solutions to the
system

N, ¥ -
[auK - U K} v=0. (3-33)

We then define the shifted functions N\iij = a ---
~ K ~
Ousethn =Y _Uf(n)nyj,  n=N-—dy,...,N . (3-34)
=0

Then we have to check that the newly defined 1) N1 also satisfies

K
OugetPp = D UL (N+ 1)y (3-35)

=0

(and by induction the corresponding equations for QZ;NJ,_T, r > 1). As before, we use the relations

d2
~ x—ag(N) - a(N) -
YN = —— o UN(T) - Yn-1(x) (3-36)
W) ; ()
and the differential system satisfied by the 1; Nedgs- - - ,1; ~- To conclude the equality we can reason as in
the remark in the proof of Prop. ?77. Q.E.D.

The final proposition in this section assures that the deformation equations are compatible with the
x,y differential equations in all windows.
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Proposition 3.3 The system of equations

N
N
N,¥
(%K - U K> ;I;(w) = 0, (3-38)
N, ¥
(% +V <J>> () = 0, (3-39)
U (r) = a(@@)w(X), N>d2+1, (3-40)
N+ NN
is compatible, and hence sequences of fundamental systems of solutions {\Il(x)} to all equations
N N>d
exist. The same statement holds for the system ’
N
<3y + Dz) oy) = 0, (3-41)
N,
<5'uK + U K) oy) = 0, (3-42)
N,
(31;1 v m) o@y) = 0, (3-43)
®(y) = b@)®y), N=di+1. (3-44)
N+ N N

The corresponding systems for the barred sequences are also compatble, and hence also admit simulta-
N—1 N—1
neous sequences of fundamental solutions W (x) and ® (y).

Proof. The proof will only be given for the system (??)-(??) since the others are proved in the same way.
The compatibility follows from Props. 77 and 77 together with a proof of compatibility of the equations
(?7)-(77?). Indeed, from the ds + 1 functions in

% = W;N—dz (‘Ta u, 1))7 cee 71/;N(‘Ta u, v)]t (3_45)

we can consistently define a whole sequence of functions Un's by means of the x—recursion relations in
such a way that componentwise the system reads

dy
81)1/;77, = - Z ﬂj(nJrj)q]}n-‘rj ) (3_46)
i=—1
Ougthn = ZUf((n)wTH‘] ) (3-47)
=0
Doy = =Y Vi —j)dny . (3-48)
§=0

Taking cross derivatives and using these expressions one gets, e.g.,

K d1 dl

00 = =30 30 U+ 830+ Dinsson = 3 (ool +)) sy (309

k=0 j=—1 j=—1
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dy

K
818%7;71 = - Z Z U;f(n)ﬁ] (n+j+ k)qﬁn-&-j-&-k . (3-50)

j=—1k=0

The expressions for the derivatives of the coefficients §; may be obtained from the deformation equation
(??) for P and then substituted back into eq. (??). However, to prove the equality of the two cross
derivatives it is sufficient to collect the coefficients of @nﬂ and note that exactly the same coefficients
appear when the functions {Jjn} are replaced by the orthogonal quasi-polynomials {#,}, for which the
equality of the two expressions certainly holds. Since the orthogonal quasi-polynomials are linearly
independent functions, the individual coeficients must agree. (This is essentially the same argument as in
the remark at the end of proof of Prop. ??). The mutual compatibility of the 0,, and 9,, deformations
is proved in exactly the same way. One just takes the the cross derivatives in equations (?7) and (?7)
and notes that, since these are the same as for the case of the orthogonal quasi-polynomials {¢,}, the
corresponding coefficients in the cross differentiated expression must be equal. Q.E.D.

4 Spectral Duality

The aim of this section is to state and prove some remarkable relations between systems related to dual
windows (in the sense of Def. ?7), which will justify the terminology. One of the main results will be

that the four spectral curves given by the characteristic polynomials of Dy, D,, Dy, D, associated to the
N—1 N-1
four systems (eq. (??7)) on the two pairs of dual windows (¥, ® ), (&, ¥ ) are actually the same curve.
N N

4.1 Dual spectral curves
First we need a linear algebra lemma.

Lemma 4.1 Let T be a square matriz having the block form

0| F| O 0 0
0 0| F| O 0

=1 0ololol| ™ ]o | (4-1)
0 0 0 0 | Fu
Go | G1 | Ga| -+ | Gqg
where the d + 1 blocks have compatible sizes and the diagonal blocks are square. Then
det[1 —T] =det[1 — D] , where (4-2)
d—1
DtZGd+ZGk~Fk+1“~Fd, (4—3)
k=0
and 1 denotes, according to the context, the unit matriz of appropriate size.
Proof. Let
0| F1| O 0 0
0| 0 |F| O 0
New=109/l0]0|" |0 (4-4)
00 0 0 | Fy
0| 0 0 0 0
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We multiply the matrix 1 — T from the right by the matrix

1|F | AR | FRF | F - F
0 1| By | FoF; | Fy - Fy

1-Np) "= o] o . . : (4-5)
00 0 1 I
00 0 0 1

Since the matrix (1 — Np)~! is unimodular, the determinant of 1 — T remains unaffected. Then one
computes

10|00 0
0/(1|00 0
1-T)- 1-Np)'=|0]0J1] 0] O : (4-6)
0[0]0 0
* | x| *| *x |1—D
from which the statement follows by taking the determinant. Q.E.D.

N N N N
Proposition 4.1 The spectral curves associated to the characteristic polynomials of Dy, D,, Dy, D,

are pairwise equal. More precisely, we have the formulae
N N
Ug, 1 det [$1d1+1 - Dz(y)] = Vg, det [ylderl - 21(@] ; (4-7)

N N
ug,1 det [$1d1+1 - Q2(y)] = Vg, det [y1d2+1 - Dl(l‘)] ; (4-8)

which connect the spectral curves of the differential operators of different dimensions operating on the
two pairs of dual windows.

Proof. We will only prove one equality since the other is proved similarly. We start with the computation
of the characteristic polynomial of D(x)

d1

N N—1 N N
det[—W a}det 1_1\&117/ yl—ﬂo—z:l
j=

N
det {yl - Dl(x)] B; NA,

—1)2 N GN
= %det 1- a1 yl—ﬁo—;ﬁj]vgil-uf\l’ , (4-9)
where we have used the identity in eq. (??). Now we use Lemma ?7 with the identifications
N N
Gq, = At (yl— ﬁo) , G = 2.7 Bapa s k=1...dr, Fp= gk’ (4-10)
and thus obtain
N QN
det |1— a 7 {yl-fo -> B WA ra) | =det Lan @ ~ Tap) - (411)

Jj=1
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The matrix Ty, is defined by

a
Netdi—1
0
0
N N
|52 |52 g
0|0
Nepdi—1
0|0
al| 0
N
0| a
N—

(4-12)
0
0
i , (4-13)

N
1 _6d1]’3;

N
- |(y1— ﬁo)zf

We regard T,y as an endomorphism of C%+! @ Ch+1, Let Py be the involution interchanging the two
factors of the tensor product and let the matrix C' implement the reversal of order endomorphism within

the (da + 1) x (d2 + 1) blocks:

A direct inspection shows

CPoTL P07t =

do+1 times

—_——
C := Blockdiag (R, R,..,R) , R:

_ o o OO
oL O OO
OO O = O
oo o o

€ GLg4, 41 - (4-14)
N—d 7
0 b 0
0 0 0
0 0 b 0 (4-15)
N1
0 0 b
NN-1 N N-1 N_1
by, ¥ |"bag a7 | xl— QO) 04
N-1 N—-1 |

where we now have ds + 1 square blocks of dimension d; +1 (i.e. the number of blocks and the dimensions
of the blocks have been interchanged). The barred symbols are precisely those defined in eqs. (7?7, 77?),

(72, 72).

We now use Lemma 7?7 again to get

Udg-‘rl
Y(N —1)

5 det [yl — gl(a:)]

det [1(a, 41)(a +1) = L]
det [1(q,+1)(dat1) — CPr2Tay, PraC "]



d2 .
N _ N-1 N—jpn_
= det |11~ 7 b|al-"a -3 b - b ;'
N—-1 j=1
N N
= det|— 7 b]| det {leQ(y)}
N—1
ud1+1 N

= ————det|xzl1—D . 4-16
7(N _ 1)2 e |:‘T —Z(y):| ( )
This concludes the proof. Q.E.D.

Remark 4.1 Notice that this proof was based purely on an algebraic reinterpretation of the characteristic equa-
tions for Dy (z) and D,(y) in which the same set of recursion parameters {a;(n), 5;(n)} appear. No assumption
was required about any relations between these parameters, and therefore the equalities (??), (?7?) are really just
identities.

4.2 Duality pairings

In what follows we will derive a deeper form of duality; namely, that the linear differential equations
satisfied by dual windows are also dual, in the sense of having the same associated spectral curves.
This follows from the generalized Christoffel-Darboux formulae satisfied by kernels Kj;;,%,j = 1,2 when
the biorthogonal polynomials and their Fourier-Laplace transforms are replaced by any solution to the
equations of Prop. 77.

Proposition 4.2 If {én(y)}neN and {g?)n(y)}neN are two arbitrary sequences of functions satisfying both
the recursion relations under multiplication by y and the differential relations under application of d,
(constructed as in Prop. ?7), then

N1 N - - N N
(Oy + Oy) (2 (y’)JB%‘]IV)(y)) =W-y) (%(y'), (A" @ (y)> : (4-17)
and
N-1 N - N N
(Ozr + Ox) <‘1> (x’)vA]‘IVf(iv)> = (z —2') (%(x’), (B)" ¥ (zv)> : (4-18)

Proof. We shall prove the equality (??) only; since (??) is proved identically. The expressions on either
side of eq. (?7) read (understanding the ¢ ’s to depend on y’ and the ¢,,’s on y):

N-1

(Dy + 0y) ( U (y), B %(M)

d; j—1
Jj=1k=0
da da
= YN-1D¢, > au(N+D)dnp —y(N=1) Y ae(N=1)ip, by
4 it d, I=—1 ) ) I=—1
+Y 3N (N+E)Bi(N+E)Y .\ ONshy
j=1 k=0l=1
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diy j—1 do

*ZZZﬁj(N+k)al(N+k*j+l)£~N+k PNkt (4-19)

j=1 k=01=—1

and

N
~  ~ d2 j—1 ~ ~
= (¢ —y) | YN =D on-1— Z Z aj(N+k)dy  ONtk
j=1k=0
dy d1
= YN-1)ona1 Y ﬁj(Nﬂ')ﬁNH —y(N=1)1, Y Bi(n—1)dna
ds 1-1 dy = ) ~J:_1
33y ar(N+k)B; (N +k—1+5)0 ) dn
I=1 k=0j=1
de -1 dy
DD aNFR)G(NFR)D (s - (4-20)
1=1 k=0j=—1

The claim now is that these two expressions are the same. There are two ways of proving this. The
first is a straightforward computation collecting all bilinear terms of the form

Foo(y'y) =4y, (4)On+q(y) (4-21)

in the difference between (??) and (??) and proving that their coefficients vanish. The coefficient of F),
with p > 0 and ¢ > 0 vanish identically, as do the coefficient of F},, with p < —1 and ¢ < —1. The
coefficient of Fj,, with p > 0 and ¢ < —1 vanishes due to relation (??) withi=p—¢—1andn=N +gq.
The coefficient of Fj,; with p < —1 and ¢ > 0 vanishes due to relation (??) with { = ¢ —p — 1 and
n = N + p. These cancellations are summarized in Table 77.

The second way does not involve any computation; in fact, we can already conclude that the coefficients
of all terms QN+p(y')¢N+q(y) must agree. We know that for the polynomial solutions {¢,(x), ¢, (y)}

and their Fourier-Laplace transforms {¢ (y'),¢ (2')} the two expressions are the same because

- N-1
@ +0) (L) Eew) = 0 +0) 0/ -0 X 0,0)6.0)
n=0

N-—-1
— W) Oy +0) Y Y (6 = (¢ — ) (g@'), (
n=0

=
o
D
S
N——
=
[N}
™

where we have used the generalized Christoffel-Darboux formulae and the identity

[(y/ —Y), (ay’ + (%)] =0. (4-23)

Since the ¢ (y')’s are linearly independent and so are the ¢, (y)’s, the functions
qu(y', y) = QN_H)(ZJ/)QSNW(Q) (4-24)

are also linearly independent. Considering eqs. (??) and (??) as linear equalities for the Fpq(y’,y)’s, one
concludes that the coefficient in the two equations must be equal. Q.E.D.
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Before stating the next result, we define new pairings by studying the effect of deformations on the
kernels. By using the same Christoffel-Darboux trick one easily computes

a N—-1 K
a2 Vn@)9,@) =D > UF(N=D¥n-ridy, (4-25)
n=0 j=11=1
) N-1 K g
vk > n@)e, (@) =) > VJ‘K(N_Z)QwawN*l : (4-26)
n=0 j=11=1

This pairing does not change if we take Fourier—Laplace transforms of ¥ or @, so we can easily write the
deformations of the two kernels K77 and Kos.

Proposition 4.3 For any two sequences satisfying both the deformation equations and the z-recursion
relations we have

N N . K J - -
— ( ¥ (y).B g@)) = =) | 2D UF(N=DYy, one (4-27)
J J
(), B %(zﬁ) = —u) | 22DV (N=Don5¥ (4-28)

so (e hew) =@ - (ZZUJK (N=Dtsidy (1-29)

Qur j=11=1

§ (N N AR . y

o ( ® (z ),A%(J;)) v =) | UZ;Vj (N=dy,,on-1 | - (4-30)
Jj= =

Proof. We prove only one identity, the others being completely similar. If the two sequences consist of
the orthogonal quasi-polynomials (and the corresponding Fourier-Laplace transforms), then the equality
follows immediately from:

0 N NN 9 N-1 /
Dup (Ni_l(y ),Im(y)) = un 75— —v) ; ¢ () on(y)
K J
= W-v (X U.yK(N_l)ﬁN,lﬁqﬁN—l : (4-31)
j=11

=1

Expanding both sides by means of the recursion relations and the deformation equations in order to
obtain linear expressions in Fj, 4(y’,y) in the LHS and RHS one concludes that the coefficients must be
the same. But the same final expression relies only on the recursion relations, and hence the equality
holds for any pair of sequences of functions @n(y’ ) and qgn(y) satisfying these same recursion relations
(by the same argument as in the proof of Prop. ?7?). Q.E.D.

Theorem 4.1 If {@n(y)}neN and {¢n (y) Inen (or {én(x)}neN and {¢, () }nen) are arbitrary pairs of
sequences of functions satisfying the recursion relations (??), (??), (resp. (?7)), (??), the differential
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relations (?7?), (??), (resp. (??), (?7?)) and the deformation equations (??)-(??), then the bilinear expres-
sions

fn(y) = (i @),ﬁ%@)) » (4-32)

N1 N -
gn(z) = (‘P (ﬂA){,’(@) ) (4-33)

are independent of y (resp. x) and N, and also are constant in the deformation parameters {ug,vs}.

Proof. Using Prop. 7?7 and setting y = 3’ we find at once that
d -
- =0
i fn(y) =0,

ie. fn(y) = fn does not depend on y. A similar computation shows that gy (z) is independent of z.
Now we also compute (for, say, M < N)

N-1 N M1 M
(i (), B (1/)) - <£ (), B

Letting y = ¢y’ we obtain fN = fM, and similarly for gy To prove the independence of the deformation
parameters ug and vy, we use Prop. ?7? in a similar way to the above and then again set y = ¢’ (or
x = ') to conclude the proof. Q.E.D.

Theorem 7?7 allows us to conclude that we can choose fundamental systems of solutions to the pairs
of dual differential-difference-deformation equations normalized in such a way that the pairing gives the
identity matrix.

N—1
(y’)> =@w-v) ). ¥ ¥)only) . (4-34)
n=M

20
Sl

Corollary 4.1 There exist two pairs of sequences of fundamental matrix solutions to the difference—

N-1 N-1
differential-deformation equations (??)-(??), (??)-(??) (&, ® ), (®, ¥ ) such that
N N

N—-1 N N—-1 N
(‘P,A'Il))zl, <‘I',IB%<I>>EI. (4-35)
N N

We conclude with the following theorem.

Theorem 4.2 The differential-deformation systems

0 D, 0 U, 0 v 4-36

y(]%__ 2(20‘]%) ’U.K%__UK‘]%) ’UJ%_VJ(]%a (_ )
N—-1 N-1 N N—-1 N—1 N,V N—1 N—1 N,¥

Oy ¥ = W Dy(y), Oue ¥ =¥ Uy, 0, ¥ =-¥ V,, (4-37)

B Da(y) = Dy(y) B , (4-38)
N NN,® N, N
N NV N NN,®

0o, B= V;(y)B-B V.(y) - (4-40)



N N
In particular, since the matrices D, (y) and Da(y) are conjugate to each other, their spectral curves are
the same. Similarly, the differential-deformation systems

N N, U N, W
0p W =—Di(z)W, Oy W= UxW¥, 0, T=-V,¥, (4-41)
N N N N
N-1 N-1 N N—1 N-1 N,® N-1 N-1N,®
0, @ = @ Di(z), Oue 2 =—2 Uy, 9,, 2 =2 V,, (4-42)
N
K=1...di+1; J=1...dy+1, are put in duality by the matrix A,
N N N N
AD:(z) =Dy (x)A , (4-43)
N NN¥ N® N
O, A=A Vy()— V;(x)A, (4-44)
N N,® N NN, ¥
Oug A= Ug(r)A—A Ugk(z), (4-45)

N N
and hence the spectral curves of D, (z) and D1(z) are also the same.

Proof. The three relations follow easily by taking a fundamental system of solutions for the two com-
patible differential-deformation systems and using Theorem 77. Q.E.D.
This theorem together with Prop. 77 proves that the four spectral curves

N Prop. 7?7 N
det [yl - QQ(J?)} =0 < det [xl - Dl(y)} =0
| Thm. ?? | Thm. ?? (4-46)

N Prop. 7? N
det |yl — Da(z)| =0 ~ =" det |21 —D;(y)| =0

all coincide.

4.3 Concluding remarks

In this work, the main results concern the compatibility of the difference- differential-deformation systems
arising from the “folding” procedure (Proposition ??), and the resulting spectral duality Theorems ??
and ?7?7. The constancy of the bilinear pairings between solutions given by Corollary 7?7 may be viewed
as a form of the bilinear relations for Baker functions which imply the Hirota bilinear equations for the
associated tau function of eq. (77).

Another consequence of this compatibility is the fact that the (generalized) monodromy of the co-

variant derivative operators -L — gl (z), and % - lj)vg(y) is independent of both the continuous deforma-
tion parameters {ug,v;} and the integer N; i.e., we have a dual pair of differential operators families
whose coefficients satisfy differential equations in the parameters {uy,v;} and difference equations in the
discrete parameters N that generate isomonodromic deformations. Associated to such isomonodromic
deformation equations, there is a sequence of isomonodromic tau functions in the sense of refs [?, ?].

N N
However, since the highest terms of the polynomial matrices D1(x) and Ds(y) have a very degenerate
spectrum (in fact, they have rank 1), the standard definition of the isomonodromic tau function does
not apply. To introduce a suitable definition for this situation, an analysis of the formal asymptotics at
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2z = 0o (or y = o0) is required. Also, the systems of Proposition ?? represent in a sense, the “vacuum”
isomonodromic deformation systems associated with the Fredholm kernels appearing in Proposition ?7.
When the corresponding integral operator is supported on a union of intervals, the computation of its
resolvent is equivalent to a Riemann-Hilbert problem with discontinuities given across these cuts [?]. The
resulting “dressed” Baker functions determine isomonodromic families of covariant derivative operators
having, in addition to polynomial parts, poles at the endpoints of the intervals, which may be viewed as
new deformation parameters. The associated isomonodromic tau functions are given by the Fredholm
determinants of the integral operator supported on the union of intervals. [?, ?].

The study of the formal asymptotics associated to the vacuum systems, the corresponding isomon-
odromic tau functions and the relation of these to the spectral invariants will be developed in a subsequent
work ([?]), as will the study of the N — oo asymptotics of the biorthogonal polynomials and associated
Fredholm kernels.

A Appendix: Multi-matrix model

The “multi-matrix-model” is a generalization of the 2-matrix-model, which was introduced in the context
of string theory and conformal field theory [?, ?], and has been extensively studied [?, ?, ?]. Our
notations in the following mainly follow [?]. Calculations of spectral statistics in this model again involves
biorthogonal polynomials which obey linear differential systems of finite rank. It will be shown in this
appendix that these also satisfy an extended form of the spectral duality relations derived for the 2-matrix
case. The results will be summarized, but only a brief sketch of the proofs will be indicated.

Consider m > 2 random hermitian N x N matrices M1, M, ..., M,,, with the measure
m m—1 M
d,LL — H e_TrVk(Mk) H eTerMk+1 H de , (A-l)
k=1 k=1 k=1

where dMj, is the standard Lebesgue measure for hermitian matrices, and the potentials Vi, k=1...m,
are polynomials of degrees dy + 1, with coefficients

dp+1 u
k.l
Vi(z) = upo + ; T’xl : (A-2)

As in the 2-matrix case, all the correlation functions and statistical properties of the eigenvalues of
the m matrices can be expressed in terms of determinants involving m? Fredholm integral kernels, which
are constructed from an infinite sequence of biorthogonal polynomials and their integral transforms [?].
In this case, the biorthogonal polynomials

m(x) =2 + ... , on(y)=y" +... (A-3)

are defined to be orthogonal in the following sense:

m m—1
/// dz;dzy ... dzpm_1dz., H e Vi(zk) H "R o (x1) op(Tm) = hpdni (A-4)
k=1 k=1
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where the integral is convergent on the real axis if all the degrees di 4+ 1 are even, and the leading
coefficients are positive. Otherwise we need to consider other integration paths in the complex plane,
without boundaries, so that integration by parts may be done. This uniquely determines the polynomials

7, and o, for all n.

From 7,, we define the following m sequences of functions {¢1n}, o s+ - A¥mantno oo

1
’(/)l,n(l') = —Wn(x)e—vl(x) ,

Vhn
om(z) = / dy 1 (y) &

Uryrn(z) = / dy Yen(y) e e W for m-1>k>2,
and from o, the following m sequences of functions {¢1n}, o s+ - {1Pmintn_o oo
1
‘Zsm,n(x) = ,/hngn(m)eivm(x)
Pr—1n(z) = / dy drn(y) € e 1 for m >k >3

I
oL
<
<
N
3
—~
K
~
@
8
<

¢1,n($)

which are dual bases for the respective spaces they span:

/ Az Vo () dps(x) = O -

A.1 Recursion relations

We define the semi-infinite matrices Py and Qy, for each k =1,...,m, such that [?, 7]

n() = 3 Qi (@) 5 in(e) = 3 Peuia(e)
l l

(A-5)

(A-8)

where it will be shown below that these only involve finite sums. From the pairing (??), and integration

by parts, we have
0
w0k (2) = Y Qkuy®hi(@) . o dkn(®) = =D Pig ()
l l

Note that these matrices all satisfy Heisenberg relations [?]

[P, Qi) = 1.
Using the definitions of v, ,, and ¢y, ,,, we find the following relationships between them.
Pchrlek kE[l,m—1]7 —Pk:Qk+1—V]€I(Qk) k€[2,m—1]7 —P1:Q2.

In particular, this implies that
Q-1+ Qr+1 = Vi (Qkr) for ke [2,m—1].

These relations are enough to ensure that all the matrices Qi and P, are of finite band type.
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(A-12)



Proposition A.1 The matrix @y has r; bands above the principal diagonal and s; bands below the
principal diagonal, with

k—1
r1=1 and rg= H d; for ke [2,m], (A-13)
I=1
m
sm=1 and sp= [[ d forke[l,m—1]. (A-14)
I=k+1

Proof: @; multiplies the vector of polynomials {7, (z)}n—0...co by &, and can therefore raise the degree at
most by 1; i.e. @1 has at most one line above diagonal. From the same argument, since the multiplication
by P + V/(Q1) takes the derivative of the vector polynomial [m,(2)]n=0..co With respect to z, it must

lower the degree, therefore Py has at most d; = deg VY lines above diagonal and so does Q2 = —P;. Using
?77? recursively, it follows that @) has at most 7 lines above diagonal. Repeating the argument with the
polynomials {o,,}, we see that Q}, has at most s, lines above the diagonal. Q.E.D.
Denoting
a1 (n) == Q(nn1) + (A-15)
the recursion relations may be written componentwise as
+r +7k
TP (z) = Z k(M) Venti(@) . Tgpn(2) = Z g (n = D)ogn—i(x) (A-16)
lifsk lifsk
which implies
9 +ra 9 Fre—1
5 Vin(@) = —lz 21 (M)Y1nta(2) ,  5-Vkn(z) = | > ri()rngi(z) , ke 2,m], (A-17)
=—S2 =—S8k—1
and
9 +7rg 9 +re—1
%Qﬁm(ﬁﬂ) = ZZ azi(n—Ud1n—i(2) , %%,n(x) = _z > e ri(n—Drni(z) k€ [2,m] .
=—S2 =—Sk-1
(A-18)
Note that
— _ _ hn+1
011(n) =om_1(n+1)=7n) =4/ —. (A-19)

A.2 Folding

Again, it is possible to “fold” these recursion relations to form finite rank linear differential systems with
polynomial coefficients. For each k, define the following windows of size ry + sj.

wk,N—sk
Uy, = } ; Q= (Gr,N-r, - Ok Ntsp—1) - (A-20)
N N

,(/Jk,N-i-’l‘k—l
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Shift operators: For each k, define “ladder” matrices of size ry + sg,

0 1 0 0
0 0 0
ag(z) =
N 0 1
D‘k —sg (N) I—()kao(N) _Oék,,rk.—l(N)
ag,r ag . (N) *°° ag.r. (N
Oékkmgk (1 (])V rp+1) 1k ki) ) 0 " k( )
Otk Tk (N T‘)C)
x—oy,0(N) ‘.
ai(z) = ar,ry (N=7%) 0 0 (A-21)
N .
:(N+ ) 0 1
Ak, —s Sk
- ak,rkk(N_rk) 0 0 0
which implement the shifts® in V.
ak(x) \I/k = \Ifk s (I)k Zlk(.’b) = (I)k . (A—22)
N N N+1 N N N—-1

Differential systems: The differential systems® satisfied by the vectors ¥y, y(2) and @y y(z) are:

o N N N 9 N
- Vi(@) = Di(x) Ye(z) , o= Ppla) = — ‘I;Vk(ff) Dy () (A-23)

N
where Dy (x) and Dy(z) are matrices of size 1 + si, and with polynomial coefficients of degree at most
dy in x.

N
The matrices Dy (z) are given by:

N IN 2N o 2y -
Dl(l') = — 2,0 — Z (6% 2,1 ai (.’E) — (6% 2,—1 H ( aq (SL’))
— SN+ = 20 \N =it
N N Tk—1 KN l Sk—1 LN -1 —1
Di(z) = @ p-10+ g1, ar, (z)+ A p—1,-1 < ay (5€)>
=1 je1 NAl=d =1 j=o \N—l+s
form>k>2, (A-24)
where kN
a ;= diag (o (N — sg), ..., (N +rpy—1)) . (A-25)
Similarly:
{v IN Thk—1 -1 IN Sk—1 l -1 1IN
D1 () =—Qg20 — Z ap (v) | @21 — Z H ( ay ,($)> 2611
=1 \j—oN~—J =1 \j=1 \N+J ’
{\/‘ EN Tk—1 -1 Sk—1 —1 EN
D = Qp_ a o
k() @p-10 + ; E)ﬁfj(x) ak 1+ Z H (Nﬂ )> LG

5In the m = 2 case, we had a =a1, a=a;, b= (a%)~!, b= (a})~ L.
6Notice that the notations are changed for m = 2. D is now what we called —D} and D5 is what we previously called
—D&.
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for m>k>2 (A-26)
where

Q4= diag (Oéj,l(N —1- Tk), cee ,O&jﬁl(N — 1+ s, — 1)) . (A—27)

Christoffel-Darboux matrices:
Consider the kernel

Zcbkn Yk () - (A-28)

Nkk

The generalization of the Christoffel-Darboux theorem for this kernel reads

(z-y)K (z,9)

Sk l
Zzakz — DNk N—j10rN— = DD k(N = j+ D)o bk N—jti

Nk.k 1=1 j=1 1=1 j=1
= Qp(x) Ap Wr(y) - (A-29)
N N N
where Ay is the (ry + si) X (rg + sg) matrix:
N
0 0 akyrk(N—rk) 0 0
0 0 : " 0
0 0 Ozkl(N—].) Ozkr.(N—].)
A, = ' Tk A-30
Nk —Oé]“,Sk(N) —Oék,,l(N) 0 0 ( )
0 ' 0 0
0 0 —Ozk’+5k71(N +sp—1) 0 0 0
There is also a “differential Christoffel-Darboux theorem”, for k£ > 1:
Tk—1
(az+ay)l]§ (z,y) = Zzak LN = §)Vk,N—j+19k,N—;
k,k =1 j=1
Sp—1 1
- Z Zoék—L—l(N — 7+ Dk, N—j Ok, N—j1
1=1 j=1
= (@) Ap—1 Yi(y) (A-31)
N N N
where
‘i]’vk: (VrN—spr - Nt a—1)" (iz)v = (PrNoro_y - PkNtsi_i-1) > (A-32)
and for k =1,
l
(3x+ay)-7]§11($,y) = —Zzazl = )1,N—j1d1,N—j
’ =1 j=1
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l

s2
+ Z Z g, (N —j + D1 N—jP1,N—j+1

=1 j=1
= —O1(z) A Vy(y), (A-33)
N N N
where R A
%1 = (PIN—ss oo VINtr1) ‘1])\} = (P1,N=ro -+ OLN+4ss—1) - (A-34)

A.3 Duality

N N
All the systems Dg(z) and D (x) have the same spectral curve. This result follows again in two steps.
e For each k, we have:

N N
Dk(l’) Ak = Ak Dk<.’13) (A—35)
N N
which implies that
N N
det (yl - Dk(x)) = det (yl - Dk(x)> . (A-36)
e The relationship between spectral curves for different k is:
N N
det (gcl - Dk+1(y)> o det (yl —Vi(z)1 + Dk(m)> fork>1, (A-37)
and
N N
det (xl - Dg(y)> ox det (yl + D, (m)) . (A-38)

Proof: We prove 77 using the same method as for m = 2. Here is a sketch of the proof for k > 1.

Let \i/kN(x) and ékN(y) be any solutions of the differential systems

N

N
or N k(y) = = Px(y) Di(y) - (A-39)

9
oy N N

(=3

We construct the functions z/?kn(x) with N — s, —sp—1 <n < N+rp+r._1 —1 and ggkn(y) with
N —rp—rg—1 <n < N+ s+ sp_1 — 1 by recursively applying the shift operators (which are again
compatible with the differential systems). This gives

(0z + 0y) Pr(y) A Vi (z) = (z — y)
NN N

e(y) Ag—1 Pi(z) . (A-40)
N N

= o

This equality holds term by term, since the coefficients for each monomial of type @kn(x)qgkl(y) are the
same as when ¢y () = Vg (z) and ¢ (y) = ¢r.i(y), which are linearly independent functions of x and
y. By taking @ = y one has, for any @y (y) and Uy (),

- N N -
q)k(l‘) (Dk(l‘) Ak —Ak Dk(l‘)> \I/k(ac) =0. (A-41)
N N
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Since this holds for any basis of solutions, the factor in brackets (...) must vanish. Q.E.D.

Here is a sketch of the proof of (??); it is very similar to the proof of Prop. ?7. First, we show how
to prove that

det (y1 + Dy(x)) o< det (21 — Da(y)) , (A-42)
the other cases being similar.
First, notice that:
N
det (—1a 27_82>
det (y1 + D1(z)) =
det< ai ... ap >
N—sy; N-1
) 1év
2,1
xdet | 1 _Na—ls ~ ]\?El...N_a‘lﬂ—l— Z Na_1’ ~ Nallil...N_al X (A-43)
2 OL2)752 52 l=—s2+1 52 a2,752 + 2t

Using lemma 7?7, the last determinant can be written as the determinant of a block matrix 77 of size
(7"1 —+ 81) X (7‘2 —+ 82).

det (y1 + D1(x)) = ¢1 det (1 —T1) , ¢1 = const. , (A-44)
where
i 0 ay 0 0 i
N+ro—1
0 0 0
Ty = 0 0 0 a (A-45)
N—so+1
N N N N
9 _ A9 ry—1 Yy— Qg o Ao _so+1
Najs IN Najs IN UIN-s2 Iy Najs IN
L 2 O‘2,752 2 0427752 042,752 2 a2,752
On the other hand, by the same argument, we have
det (1 — D2 (y)) = ¢ det (1 — T3) , ¢o = const. , (A-46)
where
[ 0 as 0 0
N+ri1—1
0 0 0
T, = 0 0 0 as (A-47)
N—s1+1
2N 2N 2N 2N
&2 e A 1r—1 o r— 1o ) Q] 541
Naf 2N Naf 2N 2N-s1 5N @2 N
L 1« 1,—s1 1« 1,—s1 « 1,—s1 s1 o 1,—s1

It is easy to see that T7 and T5 are equal up to permutations of rows and of columns, and therefore they
have the same determinant.

The other equalities with £ > 1,

N N
det <x1 - Dk_H(y)) o det (yl — V(x)Id + Dk(a:)) fork>1, (A-48)
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are proved by the same method and by induction on k. We define the sequence of functions z;(z,y),
1 <35 <k+1,such that

re=x , Thr=y , Tj1=Vi(r;)—zp 2<j<k. (A-49)
We then prove by induction on j that
det (zj—1 — D;(z;)) oc det (z; — Dja(zj1)) 2<j<k. (A-50)

Each step of the induction is similar to the method described above for & = 1. This completes the proof
of 77. Q.E.D.

It can also be proven that all these systems are compatible with the shifts and deformations. It
follows that if ®(z) and ¥ (x) denote fundamental solution matrices for the systems (??), it is possible
N N

to choose their normalizations such that

(I)k(l') Ak \I/k(z) =1. (A—51)

This may again be viewed as a form of the bilinear identities that allow us to deduce bilinear equations
for 7-functions.
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Coeft. of Eq. (77) Eq. (77)
b e PN -1+ PN -1+
YN PN Y o (N 45— DB(N+5—1) Y2 (N 45— 1DBi(N+j—1)
Y N —(N 1) =35, a;(N)Bi(N) (N -1) =37, a;(N)B;(N)
ﬂ ON+q da da
p §+o”,q >0 = > (N +@)Bp—grt(N +p) = > (N +q)Bpqrt(N +p)
ptqg=>1 l=q+1 I=q+1
ﬁ _ ¢N—q
p g g>1 > akip(N + k) Brta(N + k) Z Atp(N + k) Brrq(N + k)
ptq>3 k= -
Zaa —14+7)8j-1(N —1+7)
Yy 1OV V(N = Dao(N) = (N — Do (N — 1) B ZO‘J _
Do (N+j—1)B;(N+j—1)
S o ~ ~ B B
P PN-1 Y (N - DB (N) YN =1)Bo(N) =v(N = 1)Bo(N — 1)
j=1
5.3 Zaj (N +7)Bj+q(N + j)
N —
72’2 2 ! _ Z B4a(N —q) =¥ (N = 1)Bg-1(N — 1)
j=—1
i3 Z i(N +p+§)Bivpr1(N +p+j)
N4pPN-1 N -1 N
ppz 1 *ZO‘J 1)Bjt+p+1(N +p) " (N +7)
- - ZQJN+J )Bj—q-1(N +j—1)
Ly-1fnvta YN = Dag(N +4)
g>1 — Y a1t (N +q)B;(N - 1)
J=0
- - ip(N +37)35(N +j
ngp(bN (N = Dayr (N - 1) Jz:;) jtp( 7)8i( 7)
p=2 = > ap(N)B;(N —p)
j=—1
i 3 D @i(N+j+p)Bjspra(N+j+p)
YngpPN—a j=-1 0
422 p>0 — 3 BispralN +p)a;(N — )
j=—1
o D aip(N +)Bi-q(N +5)
%N7P¢N+q 0 j=a—1
q>0,p>2 — > aipra(N +)B;(N = p)

We have defined o :=01if j ¢ [-1,...,d>

Jand B; =0if j ¢ [—

j=—1

1,....d).

Table 1: Comparison of coefficients in eq.(??) and eq.(?7).
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